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ABSTRACT
Intricate comparison between two given tertiary structures of proteins is as important as the comparison 
of their functions. In literature, several algorithms have been devised to compute the similarity and 
dissimilarity among protein structures. But, these algorithms compare protein structures by structural 
alignment of the protein backbones which are usually unable to determine precise differences. In this 
paper, an attempt has been made to compute the similarities and dissimilarities among tertiary protein 
structures using the fundamental mathematical morphology operations and fractal geometry which can 
decipher the intricate differences. In doing so, two techniques have been used here in determining the 
global as well as local similarity in atomic level of the protein molecules. This intricate structural difference 
would provide an insight to biologists to understand the protein structures and their functions in more 
precise fashion.

1.  Introduction

Proteins are made of amino acids chain with its length typ-
ically ranging from 50 to more than 3000. A carbon atom 
(called C) is connected to a carboxyl (–COOH) group, an 
amine (–NH2) group, a hydrogen atom and a residue (which 
depends on the specific amino acid) to formulate a sin-
gle amino acid (Anfinsen 1973; Alberts et al. 1983; Branden 
& Tooze 1991; Chiu 2002; Petsko & Ringe 2004). The amine 
group of an amino acid is covalently bonded by polypeptide 
bond with the carboxyl group of another amino acid to form 
a protein. The sequence of carbon atoms forms the backbone 
of the protein. Whenever the protein is left in its natural envi-
ronment, it folds to a specific three-dimensional structure. 
This is due to the forces between the amino acids such that 
the total free energy is minimised (Lancia & Istrail 2003). This 
renders a stable three-dimensional protein structure. Thus, a 
protein can either be considered as polypeptides sequence 
of 20 amino acids occurring naturally which popularly known 
as primary structure of protein or as a tertiary structure into 
which a particular protein folds (Chew 2006). It is a known 
fact that the two proteins having more than 30% amino acid 
sequence identity would not necessarily mean protein func-
tional similarity and vice versa (Chew 2006; Galgonek et al. 
2011). Therefore, it is evident that the comparison of protein 
functionality requires the intricate comparison of their ter-
tiary structures. The search for an effective solution for tertiary 
protein structural similarity is justified because such tools 

can be of aid to scientists for prediction of the functions of a 
hypothetical protein, which would enable to drug design and 
to understand evolutionary network among proteins (Koehl 
2001; Krasnogor & Pelta 2003). In the literature, as in many 
cases, there is not even a single superposition that reveals all 
regions of similarity between compared proteins (root mean 
square deviation – RMSD, DALI, ProSup) (Zemla 2003). Also, 
there are many conceptual difficulties associated with vari-
ous methods (RMSD, ad hoc scores based on local secondary 
structure, hydrogen bonding pattern, burial status or interac-
tion environment), which have not been resolved (Goldman 
et al. 1999). Classical criteria such as the RMSD fail to identify 
similar shapes in a consistent way (Guyon & Tuffry 2010). To 
add on, various systems have been proposed for structural 
classification, such as structural classification of proteins 
(Murzin et al. 1995), class architecture topology homology 
(Orengo et al. 1997), Families of Structurally Similar Proteins 
(FSSP) (Holm & Sander 1993), and others. The similarity scores, 
in their cases are computed using structural alignment algo-
rithms such as DALI, CE, VAST, SSAP (Holm et al. 1992; Holm 
& Sander 1993, 1996; Gibrat et al. 1996; Shindyalov & Bourne 
1998) and others. Most of these methods are computation-
ally intensive and time consuming, especially when search-
ing large databases, due to intrinsic complexity of structural 
alignment (Choi et al. 2004). Also, the prevailing practice in 
the protein crystallographic community for computing struc-
tural differences is highly inappropriate, in particular when 
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Multiscale opening: Multiscale morphological opening (4) can be 
performed by increasing the size of S. Where the nth size of S is 
defined as:

 

A⊖ nS,A⊕ nS andA o nS denotes morphological erosion, dila-
tion and opening by S of size n.

2.1.  Morphological skeleton

Morphological skeleton of every geometrical structure is a sub-
set of the original structure which has the same connectivity as 
the original structure from which inference can be drawn. From 
each point of the skeleton, the distance to the boundary of the 
original set is the radius of a maximal circle (whose centre is at 
a point of the skeleton) which touches the boundary at least 
two different points. The skeleton of an object gives a clear idea 
about the shape of the object. For a geometric shape A, and the 
structuring element S, the skeleton (Maragos & Schafer Ronald 
1986; Avnir et al. 1998; Klette 2002) can be constructed through 
the operation as shown in (5).

 

2.2.  Geodesic dilation

Geodesic dilation is a morphological transformation to oper-
ate only some part of the image (as marker) to grow until the 
boundary of the image on which it is applied (Sagar et al. 2000; 
Sagar & Tien 2004; Radhakrishnan et al. 2004). This transforma-
tion is used to find out similarity between two 2D images. The 
advantage of this transformation is that the structuring element 
can vary at each pixel, according to the image. The geodesic 
dilation δx of an image Y inside X is defined as the intersection 
of the dilation of Y (with respect to a structuring element S) with 
the image X (6).

 

So geodesic dilation terminates when all the connected com-
ponents of X are constructed i.e. convergence is reached and 
defined in (7):

 

2.3.  Fractal dimension

A fractal dimension is an index for characterising fractal pat-
terns or sets. The patterns illustrate self-similarity and the fractal 
dimension indicates the extent to which the fractal objects fill 
a particular Euclidean space in which it is embedded. The most 
commonly used technique in determining the fractal dimension 
is Box Counting Method which is briefly stated as follows.

2.3.1.  Box-counting method
This method computes the number of cells required to entirely 
cover an object, with grids of cells of varying size. Practically, this 
is performed by superimposing regular grids over an object and 

S⊕ S⊕…⊕ S
�����������������

n- times

= nS

(4)A o nS = (A⊖ nS)⊕ nS

(5)SKn(A) = (A⊖ nS)�(A⊖ nS) o S, for n = 1, 2, … ,N

(6)𝛿nx = (Y ⊕ nS) ∩ X where n = 1, 2, … ,N

(7)∀n > n0,𝛿
(n)
x (Y) = 𝛿

(n0)
x (Y)

the medium- and the low-resolution structures are involved 
(Kleywegt 1999). Geometrical feature like fractal dimension 
of C of the backbone structure of one peptide chain proteins 
are considered in (Cui et al. 2005). Petros (Daras et al. 2006) 
applied the spherical trace transform to a protein shape to 
produce a rotation invariant shape descriptor. In order to 
address the problem of structure reconstruction, a method 
has been developed Contact Map Reconstruction (COMAR) 
(Vassura et al. 2008). In the approach given in (Cui et al. 2004), 
the interaction between amino acids determines the final 
structure of protein. So, proteins have an intrinsic self-simi-
larity in the compactness and the packing of their structure. 
In (Cui et al. 2004, 2005), the fractal dimension of the protein 
backbone structure has been used as a single feature in the 
structural level, which cannot be a robust representative of 
its geometric features, the geodesic distance between the 
whole structures in different faces and fractal dimension 
in atomic level have been introduced as different features. 
There are huge numbers of algorithms, which extract some 
features from the alternative representatives of the polypep-
tide chain such as three-dimensional Spline (Can & Wang 
2003; Bhattacharya et al. 2004). In this paper, these problems 
have been tried to resolve by introducing two different meth-
ods based on two approaches on using Fractal Geometry 
(fractal dimension) and Mathematical Morphology (geodesic 
dilation) which yield the desired output.

The organisation of the paper is as follows: In Section 2, the 
basic review of mathematical morphology operations; in Section 
3, data specification and source of data has been discussed; in 
Section 4, the result and analysis based on the two methods are 
discussed and conclusion is drawn in Section 5.

2.  Basics of mathematical morphology and fractal 
dimension

Mathematical morphology is a widely used paradigm in the 
field of image processing (Serra 1982; Matheron & Serra 2004). 
Morphological tools are popular for image segmentation, image 
decomposition. Morphological operations include erosion, dila-
tion, opening, closing are used for processing images. Let A be 
a slice of protein structure decomposed from tertiary protein 
structure and S be the structuring element with certain charac-
teristic information. In this technical note, each slice is subject to 
use some morphological transformation. The dots ‘.’ in each slice 
are in black colour pixels (A) and the background is with white 
pixels (Ac). The definitions of these basic morphological opera-
tors are as follows (Teo & Sagar 2006).

Erosion: Erosion transformation (1) of the slice A by S is defined 
as:

 

Dilation: Dilation transformation (2) of the atoms in the slice A by 
S increases the size of atoms.

 

Opening: Opening transformation (3) of the slice A by S is shown.
 

(1)A⊖ S = {a − s:a ∈ A, s ∈ S} =
⋂

s∈S

As

(2)A⊕ S = {a + s:a ∈ A, s ∈ S} =
⋃

s∈S

As

(3)A o S = (A⊖ S)⊕ S
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by counting the number of occupied cells. The logarithm of N(r)
, the number of occupied cells, versus the logarithm of 1

r
, where r 

is the size of one cell, gives a line whose gradient corresponds to 
the box dimension (Avnir et al. 1998; Develi & Babadagli 1998). 
To calculate the dimension for a fractal Skn, the Box-Counting 
dimension is defined as in (8).

 

3.  Data used and specification

The Protein Data Bank PDB (Berman et al. 2000) (http://www.
rcsb.org/pdb/home/home.do) is the largest and most com-
monly used repository; from which information regarding 
proteins is utilised. The most popular techniques in obtaining 
protein tertiary structure include the X-ray crystallography and 
nuclear magnetic resonance (Robillard et al. 1976; Billeter 1992; 
Drenth 1999). From the PDB (Berman et al. 2000) database, three 
proteins viz. 2LEP, 3V2J and 3V2M in the standard .pdb format 
are collected and are shown in Figure 1. The tertiary structure 
is represented in a standard Cartesian coordinates of the atoms 
presented in the protein 2LEP is shown in Figure 2.

(8)Dimbox

(
Skn

)
= limr→0

logN(r)

log
1

r

In the present work, the tertiary structure of protein is decom-
posed, with reference to z-axis, into non-overlapping slices. The 
methodology of the slice decomposition is explained in Section 
4. Some of the slices of protein 2LEP are depicted in Figure 3.

Each of the tertiary structure of the protein in Figure 1(b) and 
(c) has been converted into backbone structure by JMol viewer 
(http://www.rcsb.org/pdb/explore/jmol.do). The backbone struc-
tures of the two protein structures 3V2J and 3V2M (Figure 1(b) 
and (c)) are shown in Figure 4(a) and (b).

The three tertiary protein structures shown in Figure 1(a)–
(c) are consequently used to demonstrate the two approaches, 
respectively, based on fractal dimension and geodesic dilation. 
First approach is demonstrated on the thirty slices decomposed 
from 2LEP (Figure 2) are shown in Figure 3. The 3V2J and 3V2M 
protein structure and their corresponding backbone structures 
(Figure4(a) and (b)) were used to demonstrate the approach 
based on geodesic dilation.

4.  The intended methods

In this section, two different methods are proposed to compare 
between two tertiary structures in intricate level on the basis of 
mathematical morphology and fractal geometry. These meth-
ods, which are explained in this section, have been discussed for 
the sake of clarity on three tertiary protein structure acquired 
from PDB database (Berman et al. 2000).

4.1.  Tertiary structure skeleton and its fractal dimension

The details of method are described as follows:

Step 1. � The slices (non-overlapping) of the tertiary struc-
ture of protein f are obtained by slicing the ter-
tiary structure along z-axis on its m ordinates with 
m planes P1, P2, P3,… , Pm that are perpendicular to 
the z-axis. These slices are represented as different 
planner functions and are denoted as X 1, X 2,… , Xm 
such that 

⋃m

i=1 X
i = f , where f contains almost all 

atoms of the tertiary protein structures. Each slice 
Xi contains the protein atoms that share the same 
z-coordinate. The slices consisting of atoms of the 
tertiary structure of 2LEP (Figure 2) is represented 

(a)  (b)   (c) 

Figure 1. Tertiary structure of three proteins (a) for 2LEP, (b) for 3V2J and (c) for 3V2M.

Figure 2. Atoms of protein 2LEP with respect to z-axis.

http://www.rcsb.org/pdb/home/home.do
http://www.rcsb.org/pdb/home/home.do
http://www.rcsb.org/pdb/explore/jmol.do
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size n = 1, 2,… ,N is denoted for simplicity as Xi
c. The 

slice X7 contains all the atoms whose z coordinate is 
at −0.700 is shown in (Figure 3(h)). The 2D representa-
tion of the slice X7 is shown in Figure 5. By performing 
the multi-scale opening on X7 (Figure 5) slice until the 

by f . The function f could be decomposed with 
thirty slices like X 0, X 1, X 2,… , X29,and a few slices 
are shown in Figure 3.

Step 2. � The connected component of Xi obtained by open-
ing the Xi with respect to the structuring element S of 

(c)(b)(a)

(f)(e)(d)

(i)(h)(g)

(l)(k)(j)

Figure 3. (a)–(l) Atoms of protein 2LEP at different z-axis.
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Step 6. � In comparison between two different protein struc-
tures i and j, the difference operator � =

|||Dp(i) − Dp(j)
||| 

could be used. This difference would describe the 
intricate structural difference.

Similar approach has been followed to compute the fractal 
dimension Dp of the skeleton of the corresponding tertiary pro-
tein structure and use it as the feature of tertiary protein structure. 
Fractal Dimension Dp of a group of protein molecules are given 
in Table 1 irrespective of their residue.

4.2.  Geodesic dilation and its quantification

Unlike the existing algorithms, (Koehl 2001; Lancia & Istrail 2003; 
Choi et al. 2004; Cui et al. 2004, 2005; Galgonek et al. 2011) this 
method consider tertiary structure of proteins. Mathematical 
morphology is applied on the tertiary structure of proteins; they 
are converted into a collection of 2D objects. From the PDB data-
base, the protein structures 3V2J and 3V2M are viewed using 
JMol as shown in Figure 1(b) and (c), and the protein structures 
are rotated depending on the 3-axis, from which the 6-faces or 
views (front, left, right, top, bottom and back) of each tertiary 
protein structures are collected respectively as shown in Figure 
8.

Let the six faces of each of the backbone structure respectively 
denoted by X1(front), X2(left), X3(right), X4(top), X5(bottom) and 
X6(back). The six faces for each of the protein structure (3V2J and 
3V2M) are shown respectively in Figure 8(a)–(l). The aim of this 
section is to compute the similarity index between the backbone 
structure faces from source structure Xi

s and the target structure 
X
j

t.
Similarity index for Xi

s and Xj

t computed by geodesic dilation 
operation is as follows:

Step 1. � If Xi
s ∩ X

j

t = Xi
s ∪ X

j

t, then there exists exact similarity. 
In such cases, the dilation distance between Xi

s and Xj

t

, and between Xj

t and Xi
s would be zero.

Step 2. � By performing dilation operation with structuring 
element S, the minimum number of dilation required 
from intersection parts to the source protein struc-
ture faces and to the target protein structure faces 
are represented by Δs and Δt respectively and defined 
as Δs = min{n:X i

s ⊆
(
Xi
s ∩ X

j

t

)
⊕ nS}.

Step 3. � Similarly, by performing dilation operation 

Step 4. � Difference between the numbers of dilation with 
respect to all faces from source protein to target pro-
tein structure is defined as: 

 Here, the front views of two different proteins are consid-
ered to compute the global similarity between them. For this 
purpose, specifically the front views of 3V2J and 3V2M are 
considered. Figure 8(a) and (g), the common structural part 
of both the protein molecules is given in Figure 9(a) and by 

Δt = min
{
n:Xt

j ⊆
(
Xi
s ∩ X

j

t

)
⊕ nS

}
.

Δ =

6∑

I=1

|Δs − Δt|

Nth (Figure 6(b)–(k)) cycle yields a single connected 
component, such that all the atoms are contained by 
the connected component. Now, 

 is the connected component of X7 as shown in Figure 6(k).
Step 3. � The morphological skeleton Skn

(
Xi
c

)
 of the Xi

c con-
nected component is 

 For n = 0, 1, 2,… ,N and i = 1, 2,… ,m is obtained. Now, the 
morphological skeleton Skn

(
X 7
c

)
 of the X 7

c  (Figure 6(k)) con-
nected component is shown in (Figure 6(l)) and defined as: 

 For n = 0, 1, 2,… ,N and i = 1, 2,… ,m is obtained.
Step 4. � Similar approach has been followed for generating 

connected components for rest of the slices decom-
posed from 2LEP protein structure. The skeleton 
networks of these connected components of all the 
slices are generated and have been stacked as shown 
in Figure 7.

Step 5. � The fractal dimension Dp of the Skeleton Sk is deter-
mined by the Box counting method.

X 7
c = X 7 o nS

Skn
(
Xi
c

)
=
(
Xi
c ⊖ nS

)
�
(
Xi
c ⊖ nS

)
o S,

Skn
(
X 7
c

)
=
(
X 7
c ⊖ nS

)
�
(
X 7
c ⊖ nS

)
oS,

Sk =

m⋃

i=1

Xi
c , where i = 1, 2, 3,… ,m.

(b)(a)

Figure 4. 3D backbone structures of proteins (a) for 3V2J and (b) for 3V2M.

Figure 5. Slice of protein 2LEP at z-axis = −7.
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those protein molecules. The number of dilations required 
from the intersection part 

(
Xi
s ∩ X

j

t

)
 to both the protein mol-

ecules towards constructing the similar structure, i.e. the 

performing dilation operation with structuring element S, 
the minimum number of dilation required from intersection 
parts to the source protein structure 3V2J front faces and to 
the target protein structure 3V2M front faces are given in 
Figure 9(b)–(e) and (f )–(i), respectively. The Geodesic dila-
tion as a device determines the structural similarity between 

)c()b()a(

)f()e()d(

)i()h()g(

)l()k()j(

Figure 6. (a) A slice of protein 2LEP. (b–k) Different iterations of multi-scale opening of (a), and (l) the skeleton of the connected component of (k).

Figure 7. Skeleton network constructed for all the 30 slices of 2LEP protein.

Table 1. Fractal dimension of protein molecules.

Protein ID Residue number
3V2J 260 1.6612
3SMK 236 1.6201
3T0O 238 1.6465
4ECS 435 1.6495
3V2M 260 1.6561
3SV1 190 1.6054
4AG2 226 1.6959
1CAH 259 1.6611
1CAI 259 1.6605
4BIJ 476 1.6802
2LEP 69 1.5496
1CGI 245 1.6359
4EYM 371 1.6495
2CBC 260 1.6614

Dp
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Further, we extend this experiment over a set of 19 proteins 
of Homo sapiens having different residue which are {4AE8, 4AFQ, 
4AFS, 4AFU, 4AFZ, 4AG1, 4AG2, 4AUO, 4AYT, 4AYX, 4ECQ, 4ECR, 
4ECS, 4ECT, 4ECX, 4ECY, 4ED1, 4ED2, 4ED3}. For each pair of pro-
teins from the set Q × Q, we did find the difference operators ρ and 
Δ. The tables of these two operators are given in the Appendix 1. 
Also the PDB result of structural comparisons is also given at the 
beginning of the Appendix 1. The experimental result shows that 
if ρ ≤ 0.008 and Δ ≤ 12, two protein molecules are very similar in 
tertiary structures.

number of geodesic dilation from Xi
s ∩ X

j

t towards 3V2J and 
3V2M is four for each. Similarly, such geodesic dilation dis-
tance for other faces are given in Table 2.

Table 2 provides the geodesic dilation distance between the 
markers (Xi

s ∩ X
j

t ), intersection of source and target faces of corre-
sponding backbone structure) and the source backbone structure 
as well as the geodesic dilation distance between marker and 
target backbone structure. The Δ is the difference between the 
source and target backbone structure.

Figure 8. (a)–(f ) Six different 2D faces of 3V2J protein and (g)–(l) six different 2D-faces of 3V2M protein.
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Table 2. Geodesic dilation of different faces.

Protein ID
(
X
j

t

)
∩ (X

j

t
) Front Left Right Top Bottom Back

Δs

ΔΔt

3V2J(X i
s ) 3V2J ∩ 3V2M 4 4 5 6 5 3 27 2

3V2M(X
j

t
) 4 4 4 6 4 3 25

2LE8(X j

t
) 2LE8 ∩ 2LLS 10 6 6 7 8 10 47 64

2LLS(X j

t
) 19 19 21 18 15 19 111

1CAH(X j

t
) 1CAH ∩ 2CBC 1 1 1 1 1 1 6 1

2CBC(X j

t
) 1 1 1 2 1 1 7

1CAH(X j

t
) 1CAH ∩ 4EYM 10 10 9 18 18 11 76 15

4EYM(X
j

t
) 20 6 6 9 11 9 61

3V2J(X j

t
) 3V2J ∩ 3T0O 12 8 9 12 12 11 64 29

3T0O(X j

t
) 4 5 5 5 11 5 35

 

(c) (b) (a) 

(f) (e) (d) 

(i) (h) (g) 

Figure 9.  (a) Intersection segments between front face of 3V2J (Figure 8(a)) and front face of 3V2M (Figure 8(g)) protein structure, (b)–(e) reconstructed image after 
different dilation of intersection segments (Figure 9(a)) by taking front face of 3V2J (Figure 8(a)) as target structure and (f )–(i) reconstructed image after different dilation 
of intersection segments (Figure 9(a)) by taking front face of 3V2M (Figure 8(g)) as target structure.
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(fractal dimension and geodesic dilation) have been devised and 
employed to compute the structural similarity of protein struc-
tures. In the experiment, the atoms of all the protein structures 
are divided into slices by fixing the z co-ordinate values (along 
z-axis) and therefore no scaling effect does matter as such in 
doing the comparisons of the protein structures. It is needless 
to mention that the present work is based on area-based mor-
phological analysis and so one is free to make slices along the x 
and y axes too and in that case, the result would not be affected 
as reported here. In near future, the volumetric analysis of the 
tertiary protein structures is planned to study.

List of symbols

Slice of tertiary protein structure A
Structuring element S
Dilation operator ⊕
Erosion operator ⊝
Opening O
Slices at z coordinates Xi
Connected components X i

c

Skeleton of connected components Sk
Fractal dimension Dp
Source tertiary protein structure faces X i

s

Target tertiary protein structure faces X
j

t

Dilation of X i
s

Δs

Dilation of X j

t
Δt

Fractal dimension (difference) Δ
Geodesic dilation distance (difference) ρ
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4.3.  Result and discussion
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has been captured using two difference operators ρ and Δ. The 
difference between the fractal dimensions essentially meas-
ures the difference between the structural complexities. As � 
approaches to zero, the structures are closed to be similar. It 
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strated with examples in the Table 3 including the Tables A1 and 
A2 of the Appendix 1. In the Table 3, it is shown that the protein 
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