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Abstract—Firstly, this study proposed a new parallel adder
circuit model in Carry Value Transformation (CVT)-Exclusive
OR (XOR) paradigm. Secondly, an efficient multiplication
algorithm is discussed along with its performance analysis
on various inputs selection. Qur design of proposed model
for the addition of many integer pairs using parallel Cellular
Automata Machines (CAMs) can perform the addition in a
much better way with setting a preprocessing testing logic in it.
CVT and XOR operations together can do the efficient addition
of two non-negative integers for any bulk inputs using CAM.
Multiplication is the repetitive addition process, which could
be designed using recursive use of CAM. Our analysis up to
10 bits selection of all integer pairs suggest that the recursive
use of CAM for multiplication becomes much faster in real life
scenario for any types of inputs. Further exponential operation
is highly needed for various fields of computer science which
is also described in this paradigm.

Keywords-Carry Value Transformation (CVT) and Exclusive
OR (XOR) Operations, Adder Circuit, Multiplication, Perfor-
mance Analysis.

I. INTRODUCTION

In any bulk computational system a parallel architecture is
more suitable than pipeline system to achieve the high speed.
As parallel architecture consumes more area, cost is highly
increasing. But in Nano technology system where less area
is of prime importance, pipeline architecture is much better
even if its speed is far less than the parallel architecture.
An alternative route could be faster recursive circuit design
which is our main focus of this study.

Various architectures are designed in VLSI for the arith-
metic computation both in parallel as well as pipelined
system, and also using recursive process [1-9]. Carry Value
Transformations (CVT) (Special case of Integral Value
Transformation (IVT) [10]) and Exclusive OR (XOR) are
the two most important transformations operating on bits
of strings [11, 12]. For the large scale cellular automata
(CA) experiments, Cellular Automata Machines (CAMs)
become very special compared to any kind of computing
machine [13] and various CAMs are now available for all
the research communities. Using CAM an adder circuit is
proposed which can do better on using testing logic gate
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embedded in it [14]. Self time recursive parallel circuit [4]
is designed based on CAM [14], can do better performance
for the addition of two integers. This is because the CAM
used here operates on clock cycle only (without any gate
delays).

Some well-known multiplication algorithms [15-22] were
discussed based on area and speed. In most of the cases the
complexity is dependent on time delay to produce the final
result. There are many real time systems like video decoder,
encoder, and matrix multiplication etc. where system needs
to work with high speeds. It can be seen that a single
algorithm cannot satisfy all the criteria [9]. Appropriate
algorithm has to be chosen based on the application. Fur-
ther, exponentiation operation is used extensively in many
fields including economics, biology, chemistry, physics, and
computer science, with applications such as compound in-
terest, population growth, chemical reaction kinetics, wave
behavior, and public-key cryptography.

Various applications area in CVT-XOR paradigm are
fractal formation [11, 12], both chaotic and regular pattern
formation [12, 23], basis for development of theory like
IVTs, multi-number CVT-XOR arithmetic operations [24]
etc. Previously it has been shown that addition of two non-
negative integers (Say X and Y) is exactly equal to their CVT
and XOR operations sum i.e. X+Y=CVT (X, Y) + XOR
(X, Y). And if recursively CVT and XOR operations are
performed on two non-negative integers, then the maximum
number of steps to get CVT=0 is n + 1 where n= MAX
(X, Y) number of bits in binary [12]. It may be noted that
the CVT-XOR transformation is better known as Carry-Save
addition: the CVT and XOR values denote the carry vector
and the pseudo-sum vector respectively [25]. The idea of
delaying carry resolution is due to J. von Neumann and the
number of iterations leading to the addition result is same
as the longest carry chain [26]. So given any random integer
pair, number of iterations leading to CVT=0 does not depend
on the number of binary bits required to represent the pair.
Rather it is interdependent on the bits comprising the pairs
of various combinations.

For example, we take pairs (10, 5) and (1, 7) which are



taking 1 and 4 iterations respectively to get CVT=0. So
in this paradigm we have to fit a testing logic when CVT
becomes zero. Further using parallel CAMs we can improve
the time complexity (with regards to number of iterations)
where we need some preprocessing task rather than testing.
So parallel CAMs designed in this paradigm is also another
agenda of this paper.

The remaining part of the manuscript is organized as
follows: Section II proposed a new model of parallel CAMs
based on preprocessing task and its performance analysis.
In Section III, an efficient multiplication algorithm in CVT-
XOR paradigm is discussed. The performance analysis of
CAM circuit towards multiplication for the various integer
pairs up to m=10 bit is shown in this section. Lastly, in
Section IV we conclude the paper along with future research
direction.

II. PROPOSED PARALLEL CAM MODEL AND ITS
PERFORMANCE ANALYSIS

Previously a parallel CAM model is proposed for the ad-
dition of 8 integer pairs in parallel [24]. The designed model
is set with 4 levels of CAMs. For n bit integer pairs worst
case time complexity is (n+1)+(n+2)+(n+3)+(n+4) i.e.
(4xn)+10. But the proposed model produce the final output
as sum of many integers pairs computing their addition in
parallel and propagation manner.

Here, we propose another model of parallel CAM de-
signed with some different technique where our target is to
give the output of addition of many integer pairs separately.
We have seen in Section I that all the integer pairs do not
require equal number of iterations. We have designed the
CAM (shown in Fig. 1) in serially where first CAM (CAM-
1) will perform the addition for those integer pairs which
are taking single iteration (class-1), second CAM (CAM-
2) will perform the addition for those integers pairs which
are taking two iterations (Class-2) and so on. This is other
than the testing logic used for each CAM. If all the integer
pairs are inputted in the parallel CAM then all the outputs
(addition results) will be obtained after n unit (n iteration)
of time which is same as the time of CAM-n (assuming
Class-n is non empty). Otherwise, the addition result will be
obtained after k£ unit of time where k is the maximum class
level for which the class is non-empty and all other classes
from Class-k + 1 to Class-n are empty. Clearly 1 < k < n.

Performance Analysis of Parallel Model:

For an example say, we are trying to compute on using 16
CAMs and CAMs are executed for 16 units of time. During
this time CAM-1 can perform the addition for maximum of
16 integer pairs as it takes 1 unit time for each pair, CAM-2
can perform the addition of 8 integer pairs and so on. Finally
we obtain from first 8§ CAMs 16+8+5+4+3+2+2+2 and last
8 CAMs can do only 1 integer pair each. Thus, total of 50
integer pairs addition are possible. Further, each CAM is
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doing the operation for next inputted integer pairs except
few CAMs (CAM-1, CAM-2, CAM-4 and CAM-8). But
using single CAM in serial we can do only 16 integer pairs
addition in 16 units of time. Now if we increase the unit time
to 32, we are able to do 100 integer pairs addition. Therefore
with the increase of unit, more numbers of additions can
be obtained. In this implementation, care has to be taken
only for the initial selection of integer pairs based on their
iteration numbers leading to zero.

ITIT. MULTIPLICATION ALGORITHM USING CAM
AND ITS PERFORMANCE ANALYSIS

In this section, a multiplication algorithm is proposed
using the adder function and then the performance analysis
of multiplication algorithm of two positive integers using
recursive use of CAM is done up to m=10 bit for both
distinct and random integer pairs.

Multiplication Algorithm:

Step 1: Take input of two positive integers M1 (multiplier)
and M2 (multiplicand) of size n and m bit respectively.
Step 2: Set the size for M1 as 2 x m + 1 bits by padding
the zeros in MSB and take two registers R1 and R2 of same
size initially set to all zeros.

Step 3: Set a pointer arrow p to LSB of M2
fori=1:m-1

if LSB of M2 is 1

Copy the M1 into R1 slots

else

Set R1 slots as all zeros

end

Do the CVT and XOR operations on R1 and R2 respectively
to get their sum on R2.

Left shift of M1 by padding 0 on LSB and set pointer arrow
p for pointing to next left bit.

end

Step 4: Get the result, the multiplication of M1 by M2 from
R2 register.

Illustration of Multiplication Algorithm: Multiplication
of two non-negative integers can be seen as repetitive
addition of one integer by another. Here we have used left
shift technique and each left shift number becomes twice
by padding zeros in the right most position. Towards left
from the LSB position of M2, each time in multiplicand
if bit 1 is found, we perform the left shift operation and
add with the previous result using CAM but if 0 is found
we perform the left shift of M1 and set to the CVT part
(R1) all zeros. So, after CAM operation previous result
in XOR part (R2) is unchanged. Here, we are performing
the repetitive addition carefully on using CAM circuit. For
Example, take two 4 bits integers, one Multiplier =1101 (13)
and one Multiplicand = 1011 (11). Copy the Multiplier into
M1 of size =2 x4+ 1 =9 slots with 0’s padded in MSB
position and keep the Multiplicand in a 4 bit slot where



Input: Integer
Pairs (X;, Yy)

Class

v v
Class-1 Class-2
CAM-1 CAM-2

Output
after 2
iteration

Output
after 1
iteration

decision?

v v
Class-(n-1) Class-n
CAM-(n-1) | | CAM-n |

Output after
n-1

Output
after n
iteration

iteration

Figure 1 Proposed model of Parallel CAMs
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Figure 2 Proposed Block Diagram of Multiplication Algorithm for VLSI Implementation

READ head (pointer arrow) is pointing to the LSB position
which in this case is 1. At 1st iteration, M1 is copied to
R1. Then CAM is operated on R1 and R2 to get their sum
which is stored in R2. In 2nd iteration, arrow pointing to
M2 is shifted to left next bit position which is again 1. Left
shift is performed on M1 with O padded in LSB and then
M1 is copied to R1, then again CAM is operated on R1 and
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R2 (result of previous R1 and R2). Then in 3rd iteration,
read head pointing to M2 which is 0, in this case M1 is
left shifted, but R1 is set to all zeros and performed similar
operation like 1st and 2nd iteration. After 4¢h iteration, the
final result is stored in R2 which is the multiplication of M1
by M2. A proposed block diagram of the above Algorithm
is shown in Fig. 2 where CVT and XOR are R1 and R2




respectively and R is holding the final result which is copied
from R2.

Performance Analysis of Multiplication Algorithm:

Previously it has been seen that maximum number of
iterations leading to either CVT=0 or XOR=0is n+1 [11].
But in practical scenario, it is found that for many integer
pairs to get either CVT=0 or XOR=0 is significantly less
than the value of n. In the above multiplication, we have
used the recursive CAM for multiplication algorithm to get
intermediate addition result. So, the fastest multiplication
can be achieved in this paradigm. For an example, m=3
bit integers, the multiplicand and multiplier bits are equal.
As per the design of our algorithm, the pairs which are
converging to CVT=0 in one iteration, two iterations, three
iterations will take 1 x 3 iterations, 2 x 3 iterations, 3 X 3 itera-
tions respectively for their multiplication and corresponding
BAR graph is shown in Fig. 3. Therefore average iteration
for the multiplication of all 3 bits distinct integer pairs is
((27x3)+ (21 x 6) + (12 x 9) + (4 x 12))/64 = 5.67.

For m=3 bits, total of 64 distinct integer pairs
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Figure 3 Graph showing the number of integer pairs in percentage
wise (m=3 bit) to get the final multiplication result.

W
=]
T

n
0
T

5]
=]
T

18.7 %

I 6 25%
a 12

Iteration mumbers

0
T

o
T

Pecrcent of distinct integer pairs (%)

n
T

3

Similarly, we have generated up to m=10 bits for all the
distinct integer pairs and corresponding iteration numbers to
get their multiplication result in percentage wise is shown
in TABLE I. Based on our analysis up to m=10, it can be
easily seen that with the increase of bit number from m=2
to m=10 corresponding integer pairs take lesser number of
iterations. Most of the cases more than 80% of integer pairs
whose multiplications can be achieved in less than (m x
m)/2 iterations.

Further, random selection of integer pairs shows that
iteration number leading to CVT=0 decrease significantly
(randomly selecting number of integer pairs equal to all
possible (2" numbers) distinct of integer pairs for every
m as shown in TABLE II. For random selection, we have
used randi function in MATLAB version 2013a). Therefore
corresponding multiplication result can also be achieved
with lesser number of iterations. In Fig. 4 and Fig. 5 the
average cases of iterations number for all integer pairs
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(2 < m < 10) (verification by a computer program)
with the bit number up to m=10 bit are shown, we found
that the average iteration leading to multiplication result is
under 35 and 25 iterations for all distinct and randomly
selected integer pairs respectively. So, instead of getting
multiplication result in m X m steps (worst case complexity),
we can obtain the result significantly in fewer steps on the
average for any bulk inputs scenario. But, on the other hand,
it is increasing circuit overhead. From Fig. 2, it is quite clear
that one will need n-input OR gate to implement the logic,
where n is the multiplicand bits. Therefore transistors count
will be huge while implementing it in VLSI. This cannot be
allowed in efficient and reliable system designing. Parallel
multiplier similar to Fig. 1 may be designed to tackle this
problem.

Exponentiation is a mathematical operation, written as
b”, involving two numbers: the base b and the exponent n.
When n is a positive integer, exponentiation corresponds to
repeated multiplication of the base; that is ™ is the product
of b multiplying n times. The multiplication algorithm
can be used for the exponential operation to reduce time
complexity in this paradigm.

IV. Di1SCcUSSION AND CONCLUSION

We have thoroughly discussed the proposed parallel model
for the addition of integer pairs. It is observed that we
are able to reduce the significant number of steps to get
addition result for bulk inputs. Based on this model one
can easily design VLSI circuit. We have thoroughly dis-
cussed that the multiplication result is dependent on the
additive property of CVT and XOR operations. On using
convergence behaviour of integer pair, we have provided a
simple multiplication algorithm. It is found that with the
increase of bit numbers, success story (more numbers of
pairs reaching the convergence in smaller iterations) towards
the convergence behavior for getting CVT = 0 become
more prominent, thereby observed multiplication result to be
more and more effective with fewer steps. Further with the
selection of random integer pairs, iteration numbers leading
to get multiplication result can be reduced significantly. So
in both the cases distinct as well as random selection of
integer pairs, we can achieve the multiplication result in a
faster time space for bulk inputs.

We have used the MATLAB software for the computation
of various results which is very simple and provides some
mathematical hypothesis. In future the research can be
directed taking one real circuit and demonstrate its perfor-
mance using standard EDA tool like cadence or synopsys.
Then only our proposed algorithm can be compared with
multiplication methods and circuits available with respect to
their computation time, area overhead, power consumption
etc. Although the circuit has been tested only up to 10 bits
integers, it could be better for the circuits if the additional
validation using larger data set can be provided.



TABLE I PERCENTAGE OF NUMBER OF ALL DISTINCT INTEGER PAIRS FOR m=2 to m=10 BIT WITH REGARDS TO THEIR
ITERATION NUMBER TO GET MULTIPLICATION RESULT

Bit(m) Percentage of Distinct Integer Pairs (Iteration Number)
2 56.2% (2) | 31.2% (4) 12.5%(6)
3 422% (3) | 32.8% (6) 18.7% (9) 6.25% (12)
4 31.6% (4) | 32.4% (8) 23.4% (12) | 9.37% (16) | 3.12% (20)
S 23.7% (5) | 30.9% (10) | 26.5% (15) | 12.5% (20) | 4.68% (25) | 1.56% (30)
6 17.7% (6) | 28.8% (12) | 28.7% (18) | 15.2% (24) | 6.25% (30) | 2.34% (36) | 0.78% (42)
7 133% (7) | 26.4% (14) | 30.0% (1) | 17.5% (28) | 7.81% (35) | 3.12% (42) | 1.17% (49) | 0.39% (56)
8 10.0% (8) | 23.9% (16) | 30.8% (24) | 19.6% (32) | 9.27% (40) | 3.90% (48) | 1.56% (56) | 0.58% (64) | 0.19% (72)
9 7.50% (9) | 21.5% (18) | 31.1% (27) | 21.4% (36) | 10.6% (45) | 4.68% (54) | 1.95% (63) | 0.78% (72) | 0.29% (81) | 0.09% (90)
10 5.63%(10) | 19.1% (20) | 30.9/% (30) | 22.9% (40) | 11.9% (50) | 5.44% (60) | 2.34% (70) | 0.97% (80) | 0.30%(90) | 0.14%(100) | 0.04% (110)

TABLE II PERCENTAGE OF NUMBER OF RANDOMLY SELECTED INTEGER PAIRS FOR m=2 to m=10 BIT WITH REGARDS
TO THEIR ITERATION NUMBER TO GET MULTIPLICATION RESULT

Bit(m) Percentage of Randomly Selected Integer Pairs (Iteration Number)
2 62.5% (2) 37.5% (4)
3 6.25% (3) 78.1% (6) 12.5% (9) 3.12 (12)
4 51.9% (4) 42.9% (8) | 4.29% (12) | 0.78% (16)
5 6.64% (5) | 80.7% (10) | 0.29% (15) | 9.27% (20) | 3.02% (25)
6 0.87% (6) | 91.1% (12) | 5.59% (18) | 1.97% (24) | 0.36% (30)
7 0.08% (7) | 86.2% (14) | 10.3% (21) | 3.32% (28) | 0.01% (35) | 0.08% (42)
8 49.7% (8) | 44.7% (16) | 5.10% (24) | 0.38% (32) | 0.001% (40) | 49.7% (48)
9 7.67% (9) | 79.2% (18) 0.53 (27) 0.03% (36) | 9.33% (45) | 3.13% (54)
10 0.77%(10) | 90.9% (20) | 3.16% (30) | 2.94% (40) 1.78% (50) | 0.39% (60)

2D Line Ploi: Average Iterations %s. Mumber of m-bit Integer Pairs
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