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This paper addresses all possible equivalence classes of 1-variable Boolean functions and from these
classes using recursion and Cartesian product of sets, 15 different ways of classifications of n-variable
Boolean functions are obtained. The properties with regard to the size and the number of classes for these
15 different ways are a so elaborated.

Keywords: integer partition; affine Boolean function; truth table; classification; carry value transforma-
tion; XOR operation; Hamming distance
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1. Introduction

A partition of apositiveinteger nisacollection of positive integerswhose sumisn. For example,
there are five partitions of 4 and these can be represented as 4, 3+ 1,2+2, 2+ 1+ 1 and
1+ 141+ 1[1,2]. Classification or partitioning of Boolean functions has been along standing
problemin thefield of theoretical computer science. Classification of Boolean functions based on
anumber of important properties, such as balancedness, degree of nonlinearity, high correlation
immunity, neutrality, linearity, self-duality, monotonicity, reversibility, etc. have been discussed
in[4,5,8,10,13,14]. Many properties of these functions are well known and other properties are
yet to know; however, due to their exponentially growing number, detailed knowledge can be
obtained only for functions depending on asmall number of variables. In order to utilizethese and
other properties of Boolean functions, several approaches of classifications were suggested, an
overview can befoundin[3,11]. Such classifications are beneficial because large sets of Boolean
functions observing a given classification rule can be represented by a single representative, and
this can support the use of large numbers of Boolean functions more efficiently [12]. A systematic
classification of Boolean functions with n-variable having an affine function as representative in
each classisreportedin [9]. In this paper, similar to that, 15 other equival ence classes of Boolean
functions are generated by using the Cartesian product of the sets, starting from four 1-variable
Boolean functions. The properties of al these classes have been thoroughly derived and have
been included to make the paper complete and beneficial to the academic community.
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In the following sections, the paper is organized in the following way. In Section 2, distinct
partitions of 1-variable Boolean functions are discussed; the result of Section 2 will be more
useful, if we start with a set of higher cardinality, instead of four. For example, we could have
started with the set of sixteen 2-variable Boolean functions. In Section 3, the method of recursive
classification of n-variable Boolean functions is introduced and the properties of these classes
are discussed. In Section 4, we have studied the behaviour of those classes by using different
binary operations such as Hamming distance (HD), Exclusive digunction or exclusive or (XOR)
operation and carry value transformation (CVT) [6,7]. Section 5, deals with concluding remarks
emphasizing the key factors of the entire analysis.

2. Distinct partitions of 1-variable Boolean functions

Let S = {{00}, {10}, {11}, {01}} be a set of all 1-variable Boolean functions, the cardinal-
ity of the set S; is 4. Therefore S; can be partitioned into 15 distinct partitions corresponding

Table 1. Showsdistinct partition of 1-variable Boolean function.

Distinct partition of

Classtype Summand DPof 4 1 variable BF (base case) Equation no.
Type-| 1 1 S, = {{00}{01}{10}{11}} @
242 S, = {{00}{01}}, S| = {{10}{11}} @)
S, = {{00}{10}}, S, = {{01}{11}} ®
S, = {{00}{11}}, S = {{01}{10}} @
Type-ll 2 S, = {{00}{01}{10}}, S, = {{11}} ()
3+1 S, = {{00}{01}{11}}, S = {{10}} (6)
S, = {{00}{10}{11}}, S, = {{01}} ©
S, = {{01}{10}{11}}, S, = {{00}} ®
S, = {{00}{01}}, S = {{10}}, S| = {{11}} ©)
S, = {{00}{10}}, S| = {{01}}, S| = {{11}} (10)
Type-Il 3 2+41+1 S, = {({00}{11}}, S| = {{01}}, S, = {{10}} (12)
S, = {({01}{10}}, S| = {{00}}, S, = {{11}} (12)
S, = {({01}{11}}, S| = ({10}}, S, = ({00}} (13)
S, = {{10}{11}}, S = {{00}}, S, = ({O1}} (14)
TypelV 4 #4141 S) = {{00}}, S = ({01}, S, = {{10}}, S = {{10}} (15)
Table 2. Showsrecursion of distinct partition of n-variable Boolean function.
Summand  Recursion equation Equation no.
1 S =S-1x8.9) (16)
2 S =(51xS ) S =G1 xS ) S =(EUS) a7
5 S =G1xS D)= xS )G =G1 xS ). S =(GUSUSs) a8
S=S-1xS ) S =G1 xS ). S = S-1x S y) ’
4 S =G xS ) S=5Usus us’ (19)
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Table 3. Shows properties of different type of classes.

Class Possible Equation Number Size Bit positions
type partitions(T (4,y)) numbers of classes of classes fixed
Summand-1 4 Equation (3) 4 22'-2 2", 2" — 1 (Two bits MSB and MSB-1)
Equation (4) Pn— 2%+, whereP, = (2" + 1)
ands=0fork=0,1ands=1
fork=2,3,...,n
242 Equation (5) 22'-(n+1) Pn— 2¢, where P, = (2" + 1)
andk=1,2,...,n
Summand-2 Equation (6) on+l 2", 2" — 1 (Two bits MSB and MSB-1)
3+1 Equation (7) BaseCase(n=1): S, = (2,1} and S| = (2,1}
Equation (8) 1 x 3K x 22"-2n Recursion(n > 2):
Equation (9) foork=n—1,n—2,...,0 S,(Ciik) = [Si-1] + 2" wherei = 1,2,3,4
andk=0,4,8,...,2" — 4and
Equation (10) S =[S, 2429
Equation (11) BaseCase(n=1):S,={2,1},S, = {2,1},S, = {2,1)
Recursion(n > 2):
S\(Ci) = [[Sh-1] + 271,21, wherei = 1,2,3,4
andk =0,4,8,...,4x 31— 4,
S =[S1.2% and s, =[[S],2°]
Summand-3 2+1+1 Equation (12) 4% 3n-1 1x X x 222 fork=n—1,n—2,...,0 BaseCase(n=1):S, ={2,1},S ={2,1},S ={2,1)

Recursion(n > 2):
S\(Cis) = [Sh-1] +2"71,2°), wherei = 1,2,3,4
andk =0,4,8,...,4x 314,

o

S =[Sl 2 and g =[[S].24

Continued.
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Table 3. Continued.

Class Possible Equation Number Size Bit positions
type partitions(T (4,y)) numbers of classes of classes fixed
Equation (13) BaseCaen=1):S,=(2,1},S, = (21},S, = (2, 1)

Recursion(n > 2):
SH(Citw) = [[Sr1] + 271, wherei = 1,2,3,4
andk=0,4,8,...,4x 31 —4,

S =1[18].24, 2% and S, = [[S}], 2%, 2°]

Equation (14) Same as Equation (13)
Equation (15) Same as Equation (12)
Equation (16) Same as Equation (11)
Summand-4 1+14+1+1 Equation (17) 22" 12; =1 Each Class contains only one Boolean Function

‘B R IN0H MY
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to different types of summands of 4 as shown in Table 1. The recurrence equations of these
summands that classifies n-variable Boolean functions are shown in Table 2.

In this section, our thrust is to jot down the ideas in tables. Then we elicit these ideas and put
them down as theorems in Section 3 of the paper. Also in Section 3, an attempt has been made
to capture the major properties of the classes generated from Table 2 and for easy understanding
the entire analysis have been summed up in Table 3.

3. Proposed method for classification of n-variable Boolean functions

In this section, n-variable Boolean functions have been classified on the basis of different sum-
mands of 1-variable Boolean functions and different properties have been studied. Classification
of Boolean functions as per Equation (3) has been discussed in [9], it has been obtained that the
affine functions are uniformly distributed. Classification procedure of [9] is used for other Sum-
mands (Equations (1)—(15)) and accordingly 15 other classes are obtained and various properties
of those class functions are found out.

3.1 Classification of n-variable Boolean functions on the basis of Summand-1

Let S = {{00}, {01}, {10}, {11}} beaset of all 1-variable Boolean functions. From Equation (1),
theset S, = {{00}, {01}, {10}, {11}} isaset containing all the 1-variable Boolean functions. The
Cartesian product of the sets S, with S is defined as the following:

{0000, 0001, 0010, 0011}, {0100, 0101, 0110, 0111} }

S8 = {{1000, 1001, 1010, 1011}, {1100, 1101, 1110, 1111} (20)

Note that, S; contains four classes each containing a 1-variable Boolean functions where as,
the set (S, x S)) contains four disjoint classes of all 2-variable Boolean functions. Here, al the
classes have the same cardinality. This process is repeated for the next higher variable, using the
recursive formula of (16).

3.1.1 Different properties of the classes of summand-1

(i) The number of classesin the above classification is four for n-variables Boolean function.
(i) Theclassesare of equal size and the cardinality of each class equals to 22'~2,
(iii) For each class of n-variable the length of a Boolean function is 2", out of which 2 hits are
fixed and 2" — 2 hits are changing with respect to a Boolean function of that class.
(iv) The bit positions 2" and 2" are fixed for al the classes of n-variable Boolean functions.
(v) The bit positions which are fixed or changed are invariant for all classes with respect to a
Boolean function of that class of n-variable.

3.2 Classification of n-variable Boolean functions on the basis of Summand-2

In this section, n-variable Boolean functions have been classified on the basis of different
summand-2 of 1-variable Boolean functions and different properties have been studied.

3.2.1 Classification of n-variable Boolean functions on the basis of Summand-2(2 + 2)

LetS = {{00}, {01}, {10}, {11}} beaset of al 1-variable Boolean functions. From Equation (2),
S, = {{00}, {01}} and S; = {{10}, {11}} are two partitions of the set S;. The Cartesian product



Downloaded by [Indian Statistical Institute - Kolkata], [Ranjeet Kumar Rout] at 21:51 17 November 2014

00000000,
00000001,
00000100,
00000101,
00001000,
00001001,
00001100,
00001101,
00010000,
00010001,
00010100,
00010101,
00011000,
00011001,
00011100,
00011101,
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Class2,...,Class8

00000010,
00000011,
00000110,
00000111,
00001010,
00001011,
00001110,
00001111, Class10
00010010,
00010011,
00010110,
00010111,
00011010,
00011011,
00011110,
00011111

..... Class16

Figure 1. Thenaming of theclassesaregivenasClass1, Class2, ..., Class 2™ such that the complement of Classk
isthe Class (2"t — (k — 1)) wherek = 1, 2, 3, ..., 2". In the above figure, only the members of CLASS 1 and CLASS
9 are shown.

of the sets S; with S, and S| is defined successively as the following.
S x S = {{0000, 0001}, {0100, 0101}, {1000, 1001}, {1100, 1101}} (21)

and

S| x S, = {{0011, 0010}, {,0110,0111}, {1010,1011}, {1110, 1111}}. (22)
Note that, S; contains four classes each containing a 1-variable Boolean functions where as,
the set (S, x S) U (§ x S’l') contains eight digjoint classes of all 2-variable Boolean functions.
Here, each class contains exactly one 2-variable affine Boolean function as highlighted in Equa-
tions (21) and (22). This process is repeated for the next higher variable, using the recursive
formulaof (17) as shown in Table 2. Here both the sets S, and S, are complement to each other.

THeoreEM 3.1 The recursive procedure of Equation (17), when repeated up to (n — 1) times,
classify the set of all n-variable Boolean functionsinto 2% number of disjoint classes. such that,
each class contains exactly one n-variable affine Boolean function along with some n-variable
nonlinear Boolean functions.

Proof The result follows because of the fact that, (Si-1x S§_;) U (S-1x 3:_1) =
S 1x (VS D =S 1xS1=5ad(S1x§ DN S 1x§ ) =S 1% (4N
S 1) = Sv1 x ¢ = ¢. And the property that each class contains exactly one n-variable affine
Boolean function. |

Illustration: (from 2-variable classes to 3-variable classes)
From Equations (21) and (22) the set

, _ [(0000,0001}, {0100, 0101}, {1000, 1001}, (1100, 1101}
= 1{0010, 0011}, {0110, 0111}, {1010, 1011}, {1110, 1111}

and this set contains the classes of &l 2-variable Boolean functions. The set S, =
{{0000, 0001}, {0100,0101}, {1000,1001}, {1100,1101}} is the first four classes of S, and
S, = {{0011, 0010}, {0111,0110}, {1011, 1010}, {1111,1110}} is the set containing the remain-
ing classes of S, and complement of the set S,. Now, the classes of 3-variables are generated
using the formula as S, = (£ x S,), ;= (S x S) and S = (S;US;). Some of the class
members are shown in Figure 1.
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Tueorem 3.2 The number of different classesin the above classification is 21,

Proof The proof of thistheoremisin[9]. |
THEOREM 3.3 Theclassesare of equal size and the cardinality of each class equalsto 22"~ ™1,
Proof The proof of thistheoremisin[9]. |

THEOREM 3.4 Theleast significant bit of 22'~(D—1 humber of Boolean functions of a Classin
S, and S, is 0 and for remaining is 1.

Proof When n = 1, that is for the base case of the recursion, the least significant bit position
of one Boolean function in the set S, is 0 and other is 1 and for the set S| it is aso 0 and 1.
Therefore, the recursive procedure using the Cartesian product also preserve the same property
for the next higher variable. |

Interestingly, the relation defined in the recursive procedure is operating on the set of
(n — 1)-variable Boolean functions but, the partition is obtained in the set of n-variable Boolean
functions. Therefore, an equivalence relation must exist on the set of n-variable Boolean
functions, which divides the set into digoint equivalence classes.

THEOREM 3.5 For each class of n-variable, the length of a Boolean function is 2", out of which
(n+ 1) bits are fixed and remaining (2" — (n+ 1)) bits are changing with respect to the affine
Boolean function of that class. The (n+ 1) bit positions of a Boolean function which are fixed
in a class are calculated using the formula; P,, — 2¢ + s, where P, = (2" + 1) and the values of
k=0,1,2,...,nands=0fork=0,1ands=1fork=2,3,...,n.

(Using Mathematical induction) Basis. For n = 1, each class contains a single Boolean func-
tion of length 2. Hence both the first and second bit positions are fixed and it satisfies the formula
P, —2X4+s=(2'+1) — 2+ sfork =0,1ands= 0. So, the bit positionsare3 - 2° + 0 = 2
and 3 — 2! 4+ 0 = 1. Hence the formulais valid for n = 1.

Induction hypothesis: Assume that, the formula is valid for the classes of (n— 1)-variable
Boolean functions; S,_1. From recursive definition, the formulais also valid for all the classes
of §, ; and S, ;. Thus, by induction hypothesis, the invariant bit positions of aclass of S,_; is
calculated using the formula as given below:

P,1—2%+s wheeP,1=2"2+1 and k=0,1,2,...,n— 1. (23)

Induction: Here we haveto prove that, the formulaistruefor all classesin S,. According to the
recursiveformula$, = (S,U S, whereS, = (S1x S, ) and S, = (Sv-1 x S,_;)- Consider a
particular class of S,_1 and let it be C;. The corresponding classes of §, which will be generated
using (C; x S,_,), must contain the Boolean functions of length 2", where the first 21 (starting
from most significant bit (M SB)) bit positions are from asingle class C;. And hence by induction
hypothesis, n number of bit positions are fixed and satisfies Equation (23). From Theorem 6, the
second bit position of the remaining string of length 2" is O for all the members of the classes
of S,. Therefore, the bit positions of a Boolean function, which are fixed in a class of §, is
calculated by adding 2" to all the numbers generated from Equation (23). Along with this, we
have to include the second bit position in the formula, which gives (n + 1) invariant positions of
aclassin S,. Thusfor S, the formulais calculated as follows:
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Fork=0,1,2,...,n—1,
(P —294+2" ps={2" 1+ -2+ 2" 4 s={2"+1) -2 +s=P, -2 +5s
for k = n, thevalueis 1
2=14+1=2"+1) - 2"+s=P,—2"+s=P, - 2 +s

So the formulais true for all the valuesof k =0, 1,2,...,n. The above formulais also true
for all the classes of §,, asany classin §, is either generated using the formula (S,-1 x §,_,) or
(S-1 x 3:_1)- Hence, by the principle of mathematical induction, we conclude that P, — 2¢ + s
istruefor al positive integers n. [ |

Illustration: For every 1-variable Boolean function, &l the bit positions are fixed and the bit
positions are (2 +1) —2°4+0=2and (2! + 1) — 2' + 0 = 1. For every 2-variable Boolean
function, three bit positions are fixed and the bit positionsare (22 +1) —2°4+0=4, (2 + 1) —
2'4+0=3and (22 +1) — 22 + 1 = 2. Similarly, for every 3-variable Boolean function, four
bit positions are fixed and the bit positionsare (22 4+ 1) —2°+0=28, (2°+1) - 21 +0=7,
2P+ —-22+1=6and(P+1) —224+1=2.

The set of bit positions which are changing in a class can be calculated by subtracting the set
of invariant bit positionsfrom the set {1,2,3,...,2"}.

CoroLLARY 3.6 Thebit positions which are fixed or changing areinvariant for all classeswith
respect to the concerned affine function of that class.

Proof The formulagiven in Theorem 3.5 is used to calculate the bit positions which are fixed
or changing and valid for an arbitrary class. Hence, it isalso valid for all classes. [ |

3.2.2 Classification of n-variable Boolean functions on the basis of Summand-2

LetS = {{00}, {01}, {10}, {11}} beaset of al 1-variable Boolean functions. From Equation (5),
S = {{00}, {11}} and Sl = {{10}, {01}} betwo sets containing alinear Boolean function and its
complements (nonlinear) of 1-variable Boolean functions. The Cartesian product of the sets §
with S| and S, is defined successively as following.

S x S = {{0000, 0011}, {0100,0111}, {1000, 1011}, {1100, 1111}} (24)

and
S; x S = {{0001,0010}, {,0101, 0110}, {1001,1010}, {1101, 1110}}. (25)

This process is repeated for the next higher variable, using the recursive formula of (17) for
classification of n-variable.

THEOREM 3.7 The number of different classesin the above classification is S, = 2™1.

(Using Mathematical induction) Basis: For n= 1, S; = {{00}, {01}, {10}, {11}} contain four
Boolean functions, each Boolean functions are treated as one Class. Hence the number of classes
isS, =21 5§ = 2141 — 4, Hencethe formulaisvalid for n = 1.
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Induction hypothesis: Assume that, the formulais valid for the of n-variable Boolean func-
tions. Thus, by induction hypothesis, the number of classes of n-variable is calculated using the
formula as given below:

S, = 2™ (26)

Induction: Here we have to prove that, the formulais true for n+ 1, that is, we have to show
Sy = 2D+ Now, to generate the number of classes of n+ 1 variable, we have to con-
catenate S, and 31 with §,. So, Sit1 = (§ x §) U (§ x §,). Now, from induction hypothesis
S, = 2"t istruefor n. So Syyq = 2™ 4 21 = 20D+ S the formulais true for all the val-
uesof n=1,2,...,n. Hence, by the principle of mathematical induction, we conclude that S, is
true for al positive integers n. [ |

TueoreM 3.8 Theclassesare of equal size and the cardinality of each class equals to 22"~ (™D,
Proof The proof of thistheoremisin[9]. |

TaeoreM 3.9 For each class of n-variable, the length of a Boolean functionis 2", out of which
2 hits are fixed and remaining (2" — 2) bits are changing with respect to a Boolean function of
that class. The 2 bit positions of a Boolean function which are fixed in a class are calculated
using the formula: 2"and 2" — 1,

Proof For n = 1, each class contains asingle Boolean function of length 2. Hence both thefirst
and second bit positions are fixed and it satisfies the formula 2" and 2" — 1. So, the bit positions
are2' = 2and 2! — 1 = 1. Similarly, for 2-variable the bit positionsare 2> = 4and 22 — 1 = 3.
Therefore, the recursive procedure using the Cartesian product also preserve the same property
for the next higher variable. |

3.3 Classification of n-variable Boolean functions on the Basis of summand-2(3 + 1)

Let S = {{00}, {01}, {10}, {11}} be aset of al 1-variable Boolean functions. After partitioning
the set §; into different subsets having cardinality 3, and 1, respectively, there are four ways as
stated above in Equations (5)—(8) of Section 2 in Table 1. Let us consider Equation (5).

From Equation (7), S; = {{00}, {01}, {10}} be a set containing three Boolean functions of 1-
variable and S; = {{11}} contains only one Boolean function. The Cartesian product of the sets
S with S, and S; is defined successively as following.

| {0000, 0001, 0010}, {0100, 0101, 0110},
Six§ = {{1000, 1001, 1010}, {1100, 1101, 1110} } @7
and
S x Sl = {{0011}, {0111}, {1011}, {1111}}. (28)

This process is repeated for the next higher variable, using the recursive formula of (17) for
classification of n variable.

[lustration: (from 2-variable classes to 3-variable classes)

From Equations (27) and (28) the set

{0000, 0001, 0010}, {0100, 0101, 0110}, {1000, 1001, 1010},
S = {1100, 1101, 1110}

(0011}, {0111}, {1011}, {1111}

and this set contains the classes of all 2-variable Boolean functions.
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00000000, 00011000,

00000001, 00011001,

00000010, 00011010,

00000100, 00011100, 00000011,

00000101, 00011101, 00000111,

00000110, 00011110, 00001011,

00001000, 00100000, 00001111,

00001001, 00100001, 00010011,

g — 00001010, 00100010, Class2,...,Class8 . 00010111, Class10,...,Class16

37 ) 00001100, 00100100, 773 7)) 00011011,

00001101, 00100101, 00011111,

00001110, 00100110, 00100011,

00010000, 00101000, 00100111,

00010001, 00101001, 00101011,

00010010, 00101010, 00101111,

00010100, 00101100,

00010101, 00101101,

00010110, 00101110,

Figure 2. Thenaming of the classesisgivenasClass1, Class?2, ..., Class 21, Inthe above figure, only the members
of CLASS 1 and CLASS 9 are shown and other classes of Boolean functions are shown in Appendix 1.

Theset S, = {{0000, 0001, 0010}, {0100, 0101, 0110}, {1000, 1001, 1010}, {1100, 1101, 1110}}
is the first four classes of S, and SZ = {{0011}, {0111}, {1011}, {1111}} is the set containing
the remaining classes of S,. Now, the classes of 3-variables are generated using the formula as
S=(SxS),S=(SxS) and S =(S,US,). Some of the class members are shown in
Figure 2.

TaeoreEM 3.10 The number of different classesin the above classification is 21,

Proof (Using Mathematical induction)
The proof of thistheorem is same as Theorem 3.7. |

THeOREM 3.11 Thedistinct cardinality of the classesin summand 2(3 + 1) are calculated using
the formula:

S =3x%x2"2 fork=n-1,n-2,...,0,
S, =341 %22 fork=n-2,...,0,
S =3x22"" fork=n-2,...,0.

Proof (Using Mathematical induction)

Basis: For n=1, S = {{00}, {01}, {10}, {11}} contain four Boolean functions. In case of
summand 2, by using Equations (29) and (30), when n = 2 the sets are as follows, S, =
{{0000,0001, 0010}, {0100,0101,0110}, {1000,1001,1010}}, S, = {{0011}, {0111}, {1011},
{1111}}. From the above set S, has four classes each have cardindity 3. Similarly, the set S,
has four classes each having cardinality 1. Now, from the formula:

$=3'x22"22=-3x20=3 fork=1,

=30x2%22-1x20=1 fork=0,
S, =3 x2722-3x20=3 fork=0,
S =3x2222=1x20=1 fork=0.

Hence, the formulaistruefor n = 2.
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Induction hypothesis: Assume that, the formula is valid for n-variable Boolean functions.
Thus, by induction hypothesis, the cardinality of different classes of n-variable are calculated
using the formula as given below:

S =3x%x2""2 fork=n-1,n-2,...,0,
S, =34 %22 fork=n-2,...,0,
S, =3x22" fork=n-2,...,0.

Induction: Here we have to prove that, the formulaistrue for n 4+ 1 variable. So,

Sipp = F x 22D fork—(n+1)—1,(N+1)—2,...,0,
Spq = I X 222D fork = (n+1) - 2,...,0,
Sip =3 x 227 2XMY fork=(n+1)—-2,...,0.

In case of summand 2 (3 + 1), for k variable the total number of Boolean functions is 22", after
partitioning S, = S, U §, the cardinality of the individual set are 3 x 22'-2 and 22'~2, respec-
tively. According to Induction Hypothesis, S, and S, isvalid. To generate the cardinality of S, ;,
we have to concatenate S, with §,, Hence, the formula

S’H-l =S x§
=3 x 227« 3x 2% 2
— 3k+l % 22"—2n+2”—2
— 3k+l x 22“*1—2(I'H—l)
S;;+1 =S x Sr; _ 3K 5 9220 o 922
— 3|< % 22”—2n+2”—2
= 3k x 222D

Hence, the formula is valid for §,,; and S,,;. Hence, by the principle of mathematical
induction, we conclude that S, istrue for al positive integers n. |

THEOREM 3.12 For each class of n-variable, the length of a Boolean function is 2". The fixed
bit position of a class are calculated using the formula:

BaseCase(n=1): S =1{2,1}
Recursion(n > 2) : §,(Cizx) = [S-1] +2"1 wherei = 1,2,3,4
andk=0,4,8,...,2" -4
S, = [[S)] + 24,2429
for Equations (5)—(8).
Proof (Using Mathematical induction)
Basis: For n= 1, S, = {{00}, {01}, {10}, {11}} contain four Boolean functions, each Boolean

functions are treated as one Class. Hence all bit positions are fixed for each class. By
using recursion on Equations (27) and (28), when n= 2 the sets are as follows, S, =
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{{0000, 0001, 0010}, {0100,0101,0110}, {1000,1001,1010}, {1100,1101,1110}}, and S, =
{{0011}, {0111}, {1011}, {1111}}. From the above set S, has four classes and in each class,
4 and 3 bit positions are fixed. Similarly for the set, S, has four classes where the bit positions 4,
3, 2, and 1 are fixed. Now, from the formula:

S =[S]+29=[210+2=[43, S =IS,2,2%=1[4,321].

Hence the formulaisvalid for n = 2.

Induction hypothesis: Assume that, the formula is valid for k-variable Boolean functions.
Thus, by induction hypothesis, the number of classes of k-variableis calculated using the formula
as given below:

S =[S +2Y, s =[S]2,27. (29)

Induction: Here we have to prove that, the formula is true for k + 1 variable. So, §,; =
[Scra-1] + 2971, S, = [[S4]. 24 2°). By using the method of concatenation from k to
k + 1variable 2 morebitsareadded to the MSBs. Sothat, wehave S, ; = [[Sc—1] + 271 + 2.
Hence, S, = [[S] + 2] = [[S,1_4] + 2717 and the bit positions which are fixed in S,
dependson § ;. The first and second bit position is added. Since, S, isvalid for n=k + 1.
So, S, isalsotruefor n = k + 1. So the formulaistrue for all thevaluesof k = 1,2,...,n.

Hence, by the principle of mathematical induction, we conclude that S, istrue for al positive
integersn. |

3.4 Classification of n-variable Boolean functions on the Basis of summand-3(2+ 1+ 1)

Let S = {{00}, {01}, {10}, {11}} beaset of all 1-variable Boolean functions. After partitioning
the set S into different subsets having cardinality 2, 1, and 1, respectively, there are six ways as
stated above in Equations (9)—14) of Section 2.

From Equation (9), S; = {{00}, {01} be a set containing two Boolean functions of 1-variable
and S, = {10}}, S, = {{11}} contains only one Boolean function, respectively. The Cartesian
product of the sets S; with S;, S; and S| is defined successively as following.

S x S; = {{0000, 0001}, {0100,0101}, {1000,1001}, {1100, 1101}} (30)

and
S x Sl = {{0010}, {0110}, {1010}, {1110}} (3D
S x Sl = {{0011}, {0111}, {1011}, {1111}}. (32

This process is repeated for the next higher variable, using the recursive formula of (18).
Illustration: (from 2-variable classes to 3-variable classes)
From Equations (30)—(32) the set

{0000, 0001}, {0100,0101}, {1000, 1001},
| {1200, 1101}
== 10010}, {0110}, {1010}, {1110}
{0011}, {0111}, {1011}, {1111}

and this set contains the classes of al 2-variable Boolean functions. The set S, =
{{0000, 0001}, {0100,0101}, {1000,1001}, {1100,1101}} is the first four classes of S, and
S, = {{0010}, {0110}, {1010}, {1110}} and S, = {{0011}, {0111}, {1011}, {1111}} is the set
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00000000,

00000001,

00000100,

00000101,

00001000, 00000010, 00000011,

00001001, 00000110, 00000111,

00001100, 00001010, 00001011,

g — 00001101, Class2,...,Class12 g — 00001110, Classl4,. .., Class24 S 00001111, Class26, ..., Class36

3 00010000, i 00010010, 18 00010011,

00010001, 00010110, 00010111,

00010100, 00011010, 00011011,

00010101, 00011110, 00011111,

00011000,

00011001,

00011100,

00011101,

Figure 3. The naming of the classesisgivenasClass 1, Class2, .. ., Class4 x 3", In Figure 3, only the members
of CLASS 1, CLASS 12 and CLASS 24 are shown and other classes of Boolean functions are shown in Appendix 1.

containing the remaining classes of S,. Now, the classes of 3-variables are generated using the

fomulaas S, = (£ xS,), $=(SxS), S =S xS) adS=(SUSUS,). Some of
the class members are shown in Figure 3.

TaEOREM 3.13 The number of different classes in the above classification is4 x 31,

(Using Mathematical induction) Basis: Forn=1, S = {{00}, {01}, {10}, {11}} contain four
Boolean functions, each Boolean functions are treated as one Class. Hence the number of classes
aref(n) =4 x 31 f(1) = 4 x 31! = 4. Hence the formulais valid for n = 1.

Induction hypothesis: Assume that, the formula is valid for k-variable Boolean functions.
Thus, by induction hypothesis, the number of classes of k-variableis calculated using the formula
as given below:

f(k) =4 x 371, (33)

Induction: Here we have to prove that, the formula is true for k + 1. We have to show that
f(k+ 1) = 4 x 3**D~1 Now for each partitions S, S, and S, have 4 x 3%=2 number of
classes. By using the method of concatenation, we know that Sei1 = (S,; U Siiq U Si.q) Where

St = (S xS, St = (S x SO, S = (S x S)). Each time Sc will generate 4 x 341
number elements. So the number of classes of S ; = 4 x 3“1 Similarly for the set S, ; and
Se;1 the number of classesis equalsto 4 x 371, So, the total number of classes of
S=4x3 1 4+4x3F T4 4x30
=4x 3T x (1+1+1) =4x 31

So the formula is true for al the values of k=1,2,...,n. Hence, by the principle of
mathematical induction, we conclude that f (n) istrue for al positive integers n. [ |

THEOREM 3.14 Thedistinct cardinality of the classesin summand 3(2 + 1 + 1) are calculated
using the formula:

S =2x2""" fork=n—-1,n-2,...,0,
S, =241 %x 27" fork=n-2,...,0,
S, and § =2x22" fork=n-2,...,0.

forn> 2.
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(Using Mathematical induction) Basis. For n=1, S = {{00}, {01}, {10}, {11}} contain
four Boolean functions. In case of summand 3, by using Equations (30)—(32) when n=2
the sets are as follows, S, = {{0000,0001}, {0100,0101}, {1000,1001}, {1100,1101}}, S, =
{{0010}, {0110}, {1010}, {1110}} and S, = {{0011}, {0111}, {1011}, {1111}}. From the above
set S, has four classes each have cardinality 2. Similarly, theset S, and S, have four classes each
having cardinality 1. Now, from the formula:
S=2'x222=2xX=2 fork=1
=20%x2722-15x20=1 fork=0,
S =20 x 22 22=2x20=2 fork=0,
S and S =20x2"22=-1x20=1 fork=0.
Hence, the formulaistruefor n = 2.
Induction hypothesis: Assume that, the formula is valid for n-variable Boolean functions.

Thus, by induction hypothesis, the cardinality of different classes of n-variable is calculated
using the formula as given below:

S =2%x2""2 fork=n—1,n-2,...,0,
S, =21 %22 fork=n-2,...,0,

U

S andS, =2¢x 222" fork=n-2,...,0.

Induction: Here we have to prove that, the formulaistruefor n + 1 variable. We have to show
that,

Sp = X x 22D fork = (n+1)—1,(n+1) —2,...,0,
Spq = 24 x 22T2XMHD . fork = (n+1)—2,...,0,
Siand S, =28 x 227D fork=(n41) —2,...,0.

In case of summand 3 (2 + 1+ 1), for n variable the total number of Boolean functions is 22",
after partitioning into S, S, and S, the cardinality of the individual set are 221, 22'~2 and
22"-2 respectively. According to Induction Hypothesis, S, S, and S, is vaid. To generate the
cardinality of §,, ;, we have to concatenate §, with §,. Hence, the formula:
S-|+1 — 31 % S] — 2k % 22"—2!’] % 2% 22“—2 — 2k+l % 22”—2n+2“—2
— 2k+l % 22”+1—2(n+1)

/" 4 n__ n__ n__ n__ n+1__
Sj+1=S1XS1=2kX22 2nX22 2=2kX22 2n+-2 2=2kX22 2(n+1)'

m A

n n n n n+1
Squl:SW % 31 =2k % 22 —-2n % 22 —2=2k % 22 —2n+2 —2:2k x 22*—2(n+l)_

Sit1 = Shi1 U Sipq U Shpa- Hence, the formulais valid for S, 4, S,,; and S, ;. Hence, by the
principle of mathematical induction, we conclude that S, istrue for al positiveintegersn. W

TaeoreM 3.15 For each classof n-variable, thelength of a Boolean functionis 2", out of which
the fixed bit positions of a class are cal culated using the formula:

BaseCase(n=1: S, ={2,1}, S ={21 and S ={21}
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Recursion(n > 2) : §,(Ci;x) = [S-1] +21 wherei = 1,2,3,4
andk =0,4,8,...,4x 3" -4
S =512
S =[S, 2°
for Equations (11) and (16)

(Using Mathematical induction) Basis: For n=1, S = {{00}, {01}, {10}, {11}} contain
four Boolean functions, each Boolean functions are treated as one Class. Hence all bit
positions are fixed for each class. From Equations (18) and (30)—(32), when n =2 the
sets are as follows, S, = {{0000,0001}, {0100,0101}, {1000,1001}, {1100,1101}}, 52 =
{0010}, {0110}, {1010}, {1110}} and S, = {{0011}, {0111}, {1011}, {1111}}. From the above
set S, has four classes and in each class 4,3,2 bit positions are fixed. Similarly, for the set S, and
S, havefour classes each and in each class 4,3,2,1 bit positions are fixed. Now, from the formula:

S =[S +2424 =121 +2,2 =[4,3,2,S, = [[S,2°] = [4,3,2,1],
S =[1$.21=[4,321].

Hence the formulaisvalid for n = 2.

Induction hypothesis: Assume that, the formula is valid for k-variable Boolean functions.
Thus, by induction hypothesis, the fixed bit positions of k-variable Boolean functions are
calculated using the formula as given below:

S=[Scad +202Y, 5 =812 and § =[[S].2°. (34)

Induction: Here we have to prove that, the formula is true for k 4+ 1 variable. We have to
show that §,; = [Seea 1] + 244,21, § = [15,,:].2°) and §,, = [[§,.],2°]. By using
the method of concatenation from k to k + 1 variable 2¢ more bits are added to MSB. So that, we
have S ., = [[Sc1] + 27%, 2] + 2¢ and the 2" bit position is fixed through out in S. Hence,
Sern =[S + 26,21 =[S 4] + 271,21 and the bit positions which are fixed in S, ; and
S<+1 isdependson S, ; and the unit bit position is added. Since, §,, ; isvalid for n = k + 1. So,
Seq and S<+1 is also true for the value of n = k + 1. So the formulais true for all the values of
k=1,2,.

Hence, by the principle of mathematical induction, we conclude that S, is true for al positive
integers n. |

THEOREM 3.16 For each classof n-variable, thelength of a Boolean functionis 2", out of which
bits which are fixed in a class are cal culated using the formula:

BaseCase(n=1): S,={2,1}, S,={21} and S, ={2,1)
Recursion(n > 2) : S,(Ci;x) = [S-1] +2¢ wherei =1,2,3,4
andk=0,4,8,...,4x3"1 -4
S = [[S],2]
S =1s1,21
for Equations (9) and (14)
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(Using Mathematical induction) Basis: For n=1, § = {{00}, {01}, {10}, {11}} contain four
Boolean functions, each Boolean functions are treated as one Class. Hence all bit positions
are fixed for each class. By using recursion on Equations (18) and (30—«32), when n=2
the sets are as follows, S, = {{0000, 0010}, {0100, 0110}, {1000,1010}, {1100,1110}}, S, =
{{0001}, {0101}, {1001}, {1101}} and S, = {{0011}, {0111}, {1011}, {1111}}. From the above
set S, has four classes and in each class 4, 3, 1 bit positions are fixed. Similarly, for the set S,
and S, have four classes each and in each class 4, 3, 2, 1 bit positions are fixed. Now, from the
formula:

S =[[S]+252 =[[21]+21=[431, S =I[S,2=1[4321],
S =1[S,.2"1 =[4,3.2,1].

Hence the formulaisvalid for n = 2.

Induction hypothesis: Assume that, the formula is valid for k-variable Boolean functions.
Thus, by induction hypothesis, the number of classes of k-variableis calculated using the formula
as given below:

S =[Sca +2<42%, 5 =[[S].2"] and S =[[S].2". (35)

Induction: Here we have to prove that, the formulaistruefor k + 1 variable. We have to show
that, S 1 = [Scr1-1] + 27271, 2%, S 4 = [[Si4], 21 and S 4 = [[S;;4], 2]. To generate all
the Boolean functions of k + 1 variable by method of concatenation 2 more bits are concate-
nated in MSB of k variable Boolean functions. So that, we have S ; = [Sc1] + 2571, 20] + 2
and the 2° bit position is fixed through out in S ;. Hence, S, ; = [S] + 2%,2% =[S, 4] +
2k+1=1 207 and the bit positionswhich arefixed in S, and S, dependson S, ; and the second
bit position isfixed. Since, S, isvalid forn =k + 1. Sothat, S, ; and S, isaso true for the
valueof n =k + 1. Sotheformulaistruefor al thevaluesof k = 1,2,...,n.

Hence, by the principle of mathematical induction, we conclude that S, istrue for all positive
integers n. [ |

THEOREM 3.17 For each class of n-variable, the length of a Boolean functionis 2", out of which
bits which are fixed in a class are calculated using the formula:

BaseCase(n=2): S,={4,3}, S, ={4321 and S, ={4321)
Recursion(n > 3) : §,(Ci;x) = [S-1] +2"1 wherei = 1,2,3,4
and k=0,4,8,...,4x3"1 -4
S =[S, 24,2°
S =[81.24.2%
for Equations (11) and (12).
Proof (Using Mathematical induction)
Basis. Forn = 1,5, = {{00}, {01}, {10}, {11}} contain four Boolean functions, each Boolean
functions are treated as one Class. Hence al bit positions are fixed for each class. By
using recursion on Equations (18) and (31)—(33), when n=2 the sets are as follows,

S, = {{0000, 0011}, {0100,0111}, {1000, 1011}, {1100, 1111}}, S, = {{0001}, {0101}, {1001},
{1101}} and S, = {{0010}, {0110}, {1010}, {1110}}. From the above set S, has four classes and
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in each class 4 and 3 bit positions are fixed. Similarly, for the set S, and S, have four classes
each and in each class 4, 3, 2, 1 hit positions are fixed. Now, from the formula:

S=ls]+21=210+2 =043, $=[s2"2]=[4321],
S =[1S,24 2% =14,3,2,1].

Hence the formulaisvalid for n = 2.

Induction hypothesis: Assume that, the formula is valid for k-variable Boolean functions.
Thus, by induction hypothesis, the number of classes of k-variableis calculated using the formula
as given below:

S =[S +2, S =I[S1.242° and S =[[S].2" 2. (36)

Induction: Here we have to prove that, the formulais true for k + 1 variable. According to
the formula §,; = [Sea-1] + 271, Sy =[[S,,1],24, 2 and S, =[[S;,4],2,2°). By
using the method of concatenation from k to k + 1 variable 2% more bits are added. So that,
wehaveS, ; = [Sc1] + 271 + 2. Hence, S, ; = [S] + 2] =[S, ;4] + 2*71] and the bit
positions which are fixed in § . ; and S ; isdependson S ;. The first and second bit position
is added. Since, S, ; isvalid for n =k + 1. So that, S, ; and S, , is also true for the value of
n =k + 1. Sotheformulaistruefor al thevauesof k = 1,2,...,n.

Hence, by the principle of mathematical induction, we conclude that S, istrue for all positive
integers n. |

4. Different operationsin classes

Inthissection, All distinct classes generated by Typel, Typell, Typelll and Type |V are divided
into several sub-classes on using the HD between the Boolean functions and by considering any
Boolean function as aleader in that class. Also, the classes are analysed on performing X OR and
CVT operations among the functions of aclass.

Table 4. Shows different sub-classes of Class-1.

Boolean Decimal HD wrt Affine No. of
functions  vaue Boolean function  Boolean function

00000000 0 0 1
00000001 1

00010000 16 1 4
00000100 4

00001000 8

00010001 17

00001010 5

00101000 20 2 6
00001100 9

00000110 24
00100100 12

00010101 21
00011001 25 3 4
00001101 13
00011100 28

00011101 29 4 1
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4.1 Sub-classification

HD between two Boolean functions, denoted asHD (f, g) = k, wherek canbe0,1,2,...,2" — 2
where f and g are any two Boolean function and both belongs to the same class of n-variable.
Further, Boolean functions in a class having HD = k with respect to the corresponding Boolean
function in that class forms sub-classes, whose cardinality are Binomial Coefficients of the form
2" — 2¢,,wherek =0,1,2,...,2" — 2 has been discussed in [9].

Illustration: Table 4 shows the 3-variable Boolean functions belonging to Class 1 of Type I11
Equation (10), where the leader Boolean function is 0 = (00000000). There are five sub-classes
having cardinality 1, 4, 6, 4, and 1 with HD 0, 1, 2, 3, 4 respectively. For 3-variables all classes
and their sub-classes are given in Appendix 1.

4.2 XOR operation in classes

Let a= (ap,ap;_1,...,a7) and b= (b, bx_1,...,by) be two n-variable Boolean functions
belonging to a particular Class. The XOR operation of al the classes when arranged in a

Table 5. Shows XOR values of Class-1 of 3-variable Boolean functions.

XOR 0 1 4 5 8 9 12 13 16 17 20 21 24 25 28 29
0 0 1 4 5 8 9 12 13 16 17 20 21 24 25 28 29
1 1 0 5 4 9 8 13 12 17 16 21 20 25 24 29 28
4 4 5 0 1 12 13 8 9 20 21 16 17 28 29 24 25
5 5 4 1 0 13 12 9 8 21 20 17 16 29 28 25 24
8 8 9 12 13 0 1 4 5 24 25 28 29 16 17 20 21
9 9 8 13 12 1 0 5 4 25 24 29 28 17 16 21 20
12 12 13 8 9 4 5 0 1 28 29 24 25 20 21 16 17
13 13 12 9 8 5 4 1 0 29 28 25 24 21 20 17 16
16 16 17 20 21 24 25 28 29 0 1 4 5 8 9 12 13
17 17 16 21 20 25 24 29 28 1 0 5 4 9 8 13 12
20 20 21 16 17 28 29 24 25 4 5 0 1 12 13 8 9
21 212 20 17 16 29 28 25 24 5 4 1 0 13 12 9 8
24 24 25 28 29 16 17 20 21 8 9 12 13 0 1 4 5
25 25 24 29 28 17 16 21 20 9 8 13 12 1 0 5 4
28 28 29 24 25 20 21 16 17 12 13 8 9 4 5 0 1
29 29 28 25 24 21 20 17 16 13 12 9 8 5 4 1 0




Downloaded by [Indian Statistical Institute - Kolkata], [Ranjeet Kumar Rout] at 21:51 17 November 2014

International Journal of Computer Mathematics 19

table, only gives those entries given by the Class 1 functions, as (a+ k) @ (b+ k) = (@a®
b) + (k® k) = (a® b). Where, the XOR operation of a and b is defined asa® b = (ax & b
an_1 @ bx_q,...,a Gby).

[lustration: Suppose we want the XOR operation of (16);0 = (00010000), and (13)10 =
(00001101), both belong to Class 1 generated by Equation 10 of 3-variables. And 16 @ 13 =
(00010000) @ (00011101) = (00011101) = 29. Table 5 is constructed for all classes of n-
variable Boolean functions that contain only the XOR values of al the functions in a class.
The functions are arranged in ascending order in both rows and columns of the table. It can be
proved that the content of each table remain invariant under the XOR operation and the decimal
values of the content in the table are same as in Class 1. For 3-variables the XOR operation of
other classes generated by Equation 10 are given in Appendix 2.

4.3 CVT operation in classes

Let a= (ax,ay1,...,a1) and b = (by, bks1,. .., b1) betwo Boolean functionsin a Class. Then
the CVT of aand bisdefined in[7] asCVT(a,b) = ax A by, a1 Abk_1,...,a0 A by, 0.CVTis
akind of representation of n-variable Boolean functions and is used to produce many interesting
patterns [6]. Under the CVT operation, we have observed some interesting self similar fractal
patterns which are invariant for all classes of n-variable Boolean functions.

[llustration: The CVT operation of (16)19 = (00010000), and (13);9 = (00001101), isO. The
patterns for Class 1 functions generated by Equation (10) using CVT operation is shown in
Table 6 and others are shown in Appendix 3.

5. Conclusion

The paper begins with a discussion on the classification process emphasizing on the process and
its outcome rather than its application. Here the importance of undergoing the process of classifi-
cation starting with four 1-variable Boolean functions, generating n-variable Boolean functions,
and how is crucia. The distinct classifications of 1-variable Boolean function gives rise to 15
different ways to classify n-variable Boolean functions having similarity with each other within
aclass are shown. These have been achieved by using different binary operationslike HD, XOR
operation and CVT operations among all the Classes. The procedures followed in this article
are very handy and useful even for our future experimental research in this domain of Boolean
functions. A number of tables have been incorporated in this article for easy reference and clear
comprehension showing varied sub-classes, patterns and values obtained in different classes.
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Abbreviations: BF — Boolean Function, DV — decimal value, HD — Hamming distance, No.BF — number of Boolean

functions.

Table A1l. Shows classes and sub-classes of 3-variable Boolean functions.

Class 1 Class 2 Class 3 Class4

No. No. No. No.

BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF

00000000 O O 1 01000000 64 O 1 10000000 128 O 1 11000000 192 O 1
00000001 1 01000001 65 10000001 129 11000001 193

00010000 16 1 4 01010000 80 1 4 10010000 144 1 4 11010000 208 1 4
00000100 4 01000100 68 10000100 132 11000100 196
00001000 8 01001000 72 10001000 136 11001000 200
00010001 17 01010001 81 10010001 145 1101001 209
00001010 5 10000010 69 11001010 133 01000010 197

00101000 20 2 6 10001000 84 2 6 11101000 148 2 6 01101010 212 2 6
00001100 9 10101100 73 11101110 137 01101100 201
00000110 24 10001110 88 11000110 152 01001110 216
00100100 12 10100110 76 11100100 140 01000100 204
00010101 21 01010101 85 10010101 149 11010101 213

00011001 25 3 4 01011001 89 3 4 10011001 153 3 4 11011001 217 3 4
00001101 13 01001101 77 10001101 141 11001101 205
00011100 28 01011100 92 10011100 156 11011100 220

00011101 29 4 1 01011101 93 4 1 10011101 157 4 1 11011101 221 4 1
Class5 Class 6 Class7 Class 8

No. No. No. No.

BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF

00100000 32 O 1 01100000 96 O 1 10100000 160 O 1 11100000 224 0 1
00100001 33 01100001 97 10100001 161 11100001 225

00100100 36 1 3 01100100 100 1 3 10100100 164 1 4 11100100 228 1 3
00101000 40 01101000 104 010101000 168 11101000 232
00100101 37 01100101 101 10100101 168 11100101 229
00101001 41 001101001 105 10101001 169 11101001 233

00101100 44 2 3 01101100 108 2 3 10101100 172 2 3 11101100 236 2 3

00101101 45 3 1 01101101 109 3 1 10101101 173 3 1 11101101 237 3 1
Class 9 Class 10 Class 11 Class 12

No. No. No. No.

BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF

00110000 48 O 1 01110000 112 0 1 10110000 176 O 1 11110000 240 O 1
00110001 49 01110001 113 10110001 177 11110001 241

00110100 52 1 3 01110100 116 1 3 10110100 180 1 3 11110100 244 1 3
00111000 56 01111000 120 10111000 184 11111000 248
00110101 53 01110101 117 10110101 181 11110101 245
00111001 57 01111001 121 10111001 185 11111001 249

00111000 60 2 3 01111100 124 2 3 10111100 188 2 3 11111100 252 2 3

00111101 61 3 1 01111101 125 3 1 10111101 189 3 1 11111101 253 3 1
Class 13 Class 14 Class 15 Class 16

No. No. No. No.

BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF

00000010 2 O 1 01000010 66 O 1 10000010 130 O 1 11000010 194 0 1
00010010 18 01010010 82 10010010 146 11010010 210

00000110 6 1 3 01000110 70 1 3 10000110 134 1 3 11000110 198 1 3
00001010 10 01001010 74 10001010 138 11001010 202
00010110 22 01010110 86 10010110 150 11010110 214
00011010 26 01011010 90 10011010 154 11011010 218

00001110 14 2 3 01001110 78 2 3 10001110 142 2 3 11001110 206 2 3

00011110 30 3 1 01011110 94 3 1 10011110 158 3 1 11011110 222 3 1

Continued.
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Table A1l. Continued.

RK. Rout et a.

Class 17 Class 18 Class 19 Class 20
No. No. No. No.
BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF
0010001034 O 1 01100010 98 O 1 10100010 162 O 1 11100010226 O 1
00100110 38 01100110 102 10100110 166 11100110 230
0010101042 1 2 01101010 106 1 2 10101010 170 1 2 11101010234 1 2
00101110 46 2 1 01101110 110 2 1 11101101 174 2 1 11101110 238 2 1
Class 21 Class 22 Class 23 Class 24
No. No. No. No.
BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF
0011001050 0 1 01110010 114 O 1 10110010 178 O 1 11110010 242 0 1
00110110 54 01110110 118 10110110 182 11110110 246
0011101058 1 2 01111010 122 1 2 10111010 186 1 2 11111010 250 1 4
00111110 62 2 1 01111110 126 2 1 10111110 190 2 1 11111110 254 2 1
Class 25 Class 26 Class 27 Class 28
No. No. No. No.
BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF
00000011 3 O 1 01000011 67 O 1 10000011 131 O 1 11000011 195 0 1
00010011 19 01010011 83 1010011 147 11010011 211
ooooo11r 7 1 3 01000111 71 1 3 10000111 135 1 3 11000111 199 1 3
00001011 11 01001011 75 10001011 139 11001011 203
00010111 23 01010111 87 10010111 151 11010111 215
00011011 27 01011011 91 1011011 155 11011011 219
00001111 15 2 3 010011121 79 2 3 10001111 143 2 3 11001111 207 2 3
00011111 31 3 1 01011111 95 3 1 10011111 159 3 1 011011111223 3 1
Class 29 Class 30 Class 31 Class 32
No. No. No. No.
BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF
0010001135 O 1 01100011 99 O 1 10100011 163 O 1 11100011 227 0 1
00100111 39 01100111 103 10100111 167 11100111 231
0010101143 1 2 001101011 107 1 2 10101011 171 1 2 11101011235 1 2
00101111 47 2 1 01101111 111 2 1 10101111 175 2 1 11101111 239 2 1
Class 33 Class 34 Class 35 Class 36
No. No. No. No.
BF DV HD of BF BF DV HD of BF BF DV HD of BF BF DV HD of BF
00110011 51 0 1 01110011 115 0 1 10110011 179 0 1 11110011 243 0 1
00110111 55 01110111 119 10110111 183 11110111 247
00111011 59 1 2 01111011 123 1 2 10111011 187 1 2 11111011 251 1 2
00111111 63 2 1 01111111 127 2 1 10111111 191 3 4 11111111 255 2 1
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Appendix 2. XOR operationsin classes

Table A2. Showsthe XOR operation values of Class-1,Class-2 and Class-3 of 3-variable Boolean functions.

Class 2

Class 1
XOR 0O 1 4 5 8 9 12 13 16 17 20 21 24 25 28 29 XOR 64 65 68 69 72 73 76 77 80 81 84 85 88 89 92 93
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Appendix 3. CVT operationsin classes

Table A3. Showsthe CVT patterns of Class-1, Class-2 and Class-3 of 3-variable Boolean functions.

Class 1 Class 2
CVT 0145 8 9 12 13 16 17 20 21 24 25 28 29 CVT 64 65 68 69 72 73 76 77 80 81 84 8 83 89 92 93

130 130 130 [BS 130 [BS 130
136 136 136 136 136 136 136 136
130 136 133 jRE 130 136 133 [BEN 130 136 130 [RE 130 136 138

130 130 146

136 136 152 152 136 136 152 152
130 136 138 146 152 154 130 136 138 146 152 154
160

130 130 130 162 . 162 162 . 162

136 136 136 136|160 J160] 163 163 |[160160] 168 168
130 136 138|428 130 136 133/160 162 168 170160 162 168 170

24 24
18 24 26

130 130 162 178
136 136 152 152 168 168 184 184
130 136 138 146 152 154 162 168 170 178 184 186

(Continued)
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Table A3. Continued.

Class 6 Class 7
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CVvT 32 33 36 37 40 41 44 45 CVT 96 97 100 101 104 105 108 109

32
33
36
37 66 72 101 194 200
40 104

41 66 . 66 82 82 105 194 - 194 210 210

44 wea 2 72 88 88 108 P92y 194 194 216 216
45 66 72 74 82 8 90 109 194 200 202 210 216 218

96
. El EE ERK 194 194

72 72 72 72 100 200 200 200 200
202 202

74 66 72 74 194 200

Class 17 Class 18
CVT 34 38 42 46 CVT 98 102 106 110

34
38
42
46

98
76 102 204
84 84 106 212 212
B8 6 84 92 110 RN 204 212 220
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