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Who 1s Collatz?

Lothar Collatz was a German mathematician. In 1937

he posed the famous Collatz conjecture, during his
PhD.

Prof. Collatz was convinced that mathematics
and mathematicians had a responsibility to
apply their results to, and be motivated by, real
world phenomena. He never wearied of fighting

for this conviction.

(6 July 1910-26" Sept.1990)



Collatz Conjecture

Consider a function from Ny to Ny, defined as follows:
T(n) = n/2 N if n is even
(3n+1)/2 ifnis odd

Next define the iterate of T as usual:

T(0) ('TI.-) =N
{T(H—l) (-n,) = T(TE (ﬂ))

The question is now to show that for every n € Ny, there is a finite k, such
that
T® () =1,

This is the conjecture also known as the 3n + 1 conjecture



An 1llustration

A straightforward example: take n =T, then we have the lollowing sequence

[=11=1T=2%=13=0=10-0=-8=4=2 =1
01 2 3 4 5 6 7 8 9 10 11

therefore TUY(7) = L and k = 11

Now we are free to play with some other natural numbers as we wish.



It 1s worth to be aware of the facts:

* The conjecture remains Unanswered, although it has been

shown to be valid for all natural numbers up to 5.764
*101%

* Professor Paul ErdOs once commented on the Collatz
conjecture: "Mathematics 1s not yet ready for such

problems”. He offered Rs. 2500000/- for a solution.



Generalizations and Analogue Conjectures

Conjecture 1n the domain of Rational Numbers

Let 6 be the following function on Q., the set of nonnegative

rational numbers:
o @=-13 z2>1
) = { Qef(l-z) z<1

We make the following conjecture:

Conjecture  For every x € Q, there exists n > 1 so that 6"(z) = 0.



Further generalization

(
%n, if n = 0 (mod 3),
4 1
g(n)=<§n—§, ifnzl(mod3),
4 1 b
1k§n+§, if n = 2 (mod 3),

Conjecture: Consider an iterative scheme g*(n) =g (gk'l[n)) k>0
There exists a positive integer k such that g*(n) =1.

This is how we can make the general conjecture in modulo n system.



A Collatz type Conjecture of Prof. Mridul K. Sen

n
g(n) = (P(Z ) : nis evenand > 2
gn)=1:n=2
3n+1 |
g(n) = S i nis odd

Conjecture: Consider an iterative scheme gk(n) =g (gk_l(n)) k>0

There exists a positive integer k such that gk (n) = 1.



So where 1s the challenge?

Challenge: To define an analogue Conjecture and

to prove or disprove it!

This, 1n our view, will be one step forward towards
the settlement of Collatz Conjecture in the sense that

we may get some clue for settling the original

conjecture.

Let us accept the Challenge.



Notion of Integral Value Transformations

Now let us define the IVT in N,* as the following:

IVTP* - N,® - N,
VTP (N, Mg, e )=

(@™ G2, ey @) F(@,™, 0% ey 0y"5) o (g™, @y %y 0y ™)), =

where n,= (a,"1a;"™ ... q;_1"1),. N,= (@p"2a,™2 . @p—1"2) ... = (ap"*a, "% ....a;_,"F),
f;:{0,1,2,...,p —1}* - {0,1,2,...,p — 1}.

m is the decimal conversion from the p adic number.

Let us fix the domain of IVTs as N, (k=1) and thus the above definition boils down to the following:
VTP (%) = (%) §i(Knot) oo £i(%)) = m

where m is the decimal conversion from the p adic number, andx = (X, Xp—1 «. . X1 )p-

Let us denote the set of IVTp'li as

0=j<pP, IVTp’lj (x) = (fj (Xn) f; (Xpo1) ver e e f; (X1)) =m

where m is the decimal conversion from the p adic number
andX = (X, Xp—q - Xg )p

TPt = IVTp'lj :N - N



[VT21,

Let us define the IVT in N in 2-adic number systems. There are 4 (22") one variable two state
cellular automata rules. These are as follows:

Variable | f, |, | f, | f;5

0O |10 (1|01

1 [(0]0]1]|1

IVT#!', mapping a non-negative integers to a non-negative integers.

IVT?1,(a) = ((fo (ap)fp(an—1) ... fo(al))z =b
IVT%1, (a) = ((f, (a)f;(an_y) - fl(al))2 =b
IVT%1,(a) = ((F,(ap)fr(ap_y) -- fz(al))2 =b
and IVT?1,(a) = ((f3(an)fs(ap_1) - f3 (al))2 = b,

where ‘a’ is a non-negative integer and a = (a,a,_; ...a;), and ‘b’ is the decimal value
corresponding to the binary number.



An Illustration : p=4, k=1 & =120

[VT%L, 15 mapping a non-negative infeger o a non-negative integer.

VT4 (a) = () an-r) - ia), =1

Where ‘a” 15 a non-negatve tmteger and @ = (@, ..ay), and ‘" 15 the dzomal valug corresponding to the 4-
adic mumber.

For an example, e 1S considsr 0 =225=(3201), and
#=12050,(0) = 0; £,(1) =2 £(2) = 3and £,(3) = 1

Therefore, IVT*139(225) = (F39(3) o0 (2) Crag 0 Fi (1)) = (1302), = 114

Consequently, IVT*,(225) = 114,



Algebraic relations of IVTs

VTAL (x) = (2° - 1) -x
VT2 (x) = (25 - 1) - VT2, (x)
VT2, (x) = IVT2L (5) - VT2, (x)

te. VT4, (x) = IVT4, (x) + IVT™1,(x) for all non-negative infegers x.

Therefore, the relation becomes V4!, = IVT4L, + VT,



Collatz like Conjecture

Let us consider the iterative scheme (IVTp*li)i(n) =V ((IVTp'lj)i'l(n))

Conjecture: there exists an integer i such that (IVTpflj)i(n) =

Let us see the above conjecture in case ofp = 2,j = 1



Iterative convergence for few numbers

Xo Iterative sequences
0 0

1 0

2 1.0

3 0

4 3.0

5 2.1.0
6 1.0

7 0

3 7.0

0 6.1.0

10 5.2.1.0
11 4.3.0

12 3.0

13 2.1.0
14 1.0

15 0

16 15.0

17 14. 1.0
18 13.2. 1.0
19 12. 3.0
20 11.4. 3.0




Main Result of the Collatz like Conjecture in IVT

The iterative scheme (X} converges to 0 for any given X, where X ., = IVT*L,(X )
Lemma:

(1) For any non-negative ineger of fhe form Xy = 2"+ P, NT>, (X,) = 2 = (P+1) for some non-
flegarve Infeger.

(1) For any non-negative integer of Merseene form Xy = 2 - 1, T4, (X,) = 0
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Main Proof is based on Mathematical Induction

The iterative scheme {X,} converges to 0 for any given X, where X,,; = IVT%1,(X,)

Proof:
We use Strong Mathematical Induction (SMI) principle to prove the theorem. Let us consider a
set T),. a set of Xys which is defined as {2 + p: 0 < p < 2" — 1}. Clearly forn = 0, T, =
{1}, forn=1,T; ={2,3}, forn=2,T, ={4,5,6,7} and so on. ..

In this way, all natural numbers along with zero could be captured by the said scheme. Let us
define T, as a set of IVT?1, (Xy)s corresponding to n for T.

Forn = 0,T, = {1} and so readily T;° = {0} i.e. X, converges to 0 by Lemma-2.2.1 (II).

For n = 1. by lemma-2.2.1 (I) and (II) T; = {2, 3} becomes Tll ={1,0} =T, U T,°. Already,
Ty, and T,° have converged to 0.

For n = 2, by the lemma 2.2.1 (I) and (I) in T, = {4, 5,6, 7} becomes T;* = {3,2,1,0} =T, U
T,!. Previously. T; and T;* have converged to 0.

Let us hypothesize that the theorem be true for all n = m.

Let us try to establish the theorem is true for n = m + 1 also.

Now, T1"H ' ={2™*1 4 p:0<p<2™'—1} then T\" ' ={p:0<p<2m™'_-1}=T, U
T;™. According to the SMI hypothesis we could say the iterative scheme is converging to 0.

Therefore the required theorem is followed. (Proved).

In the subsequent section we would explore the convergence behavior of the iterative scheme
corresponding to IVT?1, and Collatz function.



Convergence behavior of Collatz and IVT
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Ivr>t,

VT3,

Clearly there are 33" = 27 integral value transformations.

In this case{JVT3? . VT3 IVT3 g }is  basis  for  the
IVT31 , system.




LI

Algebraic form of IVTs



Contd...

IVT31,

P P
VT3, (n) = Z 3! | whenn = 3
j=0 j=0

IGEsd )

p
= 0whenn = 2. (Z 3")
=0

p p q
= ZT whenn = 3|+ 2. ZT
i=0 =0 k=0



Contd...

The algebraic formulations of the remaining IVTs can be defined as a linear
combination of the above three IVTs. Each IVT™! satisfies the following linear

combination.

[VT31.=a, IVT3L b, IVT3p4c, VTP
where a,b,c € {0,1,2}
# satisfies the following relation:
#=0a+3b+9



Collatz behavioral IVTsin T>*!

VT3,  IVT33,

=l _
VI e,
VT3, _
VT3, V™4
VT3,
VT3,

As a general remark, there are pP ! — 1 number of Collatz like functions in TP



So where 1s the clue?

If we can express the original Collatz function
in terms of IVTs In some manner (some
hybridization of IVTs), then we may come
across some clue since we know the behaviour
of all IVTs 1n the Collatz context.



So far, we have explored the mathematical beauty of
Integral Value Transformations in deciphering Collatz

Conjecture.

Let us see 1n next few slides, how IVTs play a crucial

role 1 deciphering Proteomic Sequence Evolution.



Protein Sequence Evolution Through IVTs

We took a protein sequence (of length 312) of ORID2 (Human
Olfactory Receptor), which is shown below:

MDGGNQSEGSEFLLLGMSESPEQQRILFWMFLSMYLVTVVGNVLIILAIS
SDSRLHTPVYFFLANLSFTDLFFVTNTIPKMLVNLQSHNKAISYAGCLTQ
LYFLVSLVALDNLILAVMAYDRYVAICCPLHYTTAMSPKLCILLLSLCWV
LSVLYGLIHTLLMTRVTFCGSRKIHYIFCEMYVLLRMACSNIQINHTVLI
ATGCFIFLIPFGFVIISYVLIIRATILRIPSVSKKYKAFSTCASHLGAVSL
FYGTLCMVYLKPLHTYSVKDSVATVMYAVVTPMMNPFIYSLRNKDMHGAL
GRLLDKHFKRLT



Method

* First we have segmented the whole sequence into multiple
blocks of length 50. The last block may contain less than

50 amino acids.

* We then applied IVTs (as shown in next slide) into each
block. Consequently, the blocks are updated and finally

we got a sequence of same length as 1t was initially.

* We follow the same process as long as we wish to iterate

to have new sequences.



Map between amino acids and natural numbers

A-0.C-1D-2E-3F-4G-5H-61-7K-8L-90Q-10N- 11

P-12,Q-13;R->14,S-15T->16; V- 17,W > 18;Y - 19;



IVTs applied to each block
We choose the IVTs which are bijective in nature as well as which restrict the

image set as domain. Here domain of act is {0,1,2,3,...., 19}

BLOCK Sequence-Lin2adicVT | Sequence-1in 3adic VT | Sequence-1ind adic VT
Block-L e T T,
Block:2 L, e M
Block:3 VT4, T, T,
Block4 T, i, o
Block-5 T, iy M
Block T, i, T,
Block7 i, iy T




The following sequences are generated:

Seguence—1 cenerated from Z-adic T™ Ts:

ScCDDFDAADAASAEHHHDGAA A EADDCAHEQGEHAGPHRS RRD FRHAMAOHCAS
Ao AsAaAaCHCS ERPEEHCFHA ESCHEERS FSA EDTGHRFHDACFICAAPCDAHSD
LY FLWSLWALDNLILAYWMAYDRY WATLTCCPLHY T ITAMSPKLCILLLSLCWW
HARHPDHACSHHGSCRSEADACTACPAEAAGPRHHCOCGCOCAA FRFADAFCSRHA
AT GCFIFLIPFGRFV I ISYWLITITRATLRIPSVSKKYKAFRFSTCASHLGAWSL
FYGTLCMY YLK PLHTYSWKDSWATWMY A YT PMMNPRFIYSLRNKDMHAGAL

GRLLDK HFKRLT

Seguence—1 cenerated from J-adic TW T s:
MTAEESONGEMNGFWWYWYWETMNGNRGOOPCWFIKTFRFWNTIWVLMLL EESLWCCWDCMN
NAMNPWYWDMRLITITFFAFWWYWDSWMNFMAVFFLMSMCOCRATWVASWONDSADCNIDECW MO
KSAKFGK FDKC I KEKDFHDSCCS FDEAADKGSEEDHGD FKAEK KK GE. AW F
KGFKSCOCK EGEKKHECFEAACGCFEGSEAADHS FKK CHDAGT EAETGERFRFKE
A M GC FIFLIPFGFWYW L ISYWYWLLITRATLRIPSWSKKYK AFSTCASHLGAWSL
FYGTLCMY YLK PLHTYSWKDSWAT WMY . AW T  PMMNPFIYSLRNKDMHAGAL
GRLLDK HFKRLT

Seguence—1 cenerated from $4-adic IT™ Ts:

MDAAL FGCAGCEK KK AMGOCGTCFFHCK ERMEKGMOKPSPRPALPKCOCCOCKECG
GCSEGITPEMHAKLDDPDOPGDMEPDDKMOMCHRS PKOQOPFGEQRDCGL DAAPMF
FREFPMFPEFCHFDFEPGERCLRPEDAANFCRSSEGMMNITIFADFFRFMFAOQP
PrmMmMFFPHAPDEGPPSGMNFGCAAMMNODEHDCADSHFPPNSCAMRDKDREGFRPD
AT GGCFHFOH K FAFG FWHHMWYWOQOHH MNAHOQMNH EK. MY M P PWPA FMT CAMTT OGN MO
DNAMFAGKNMFHRFCMINS KHCS K DMKGNDK I KMIRGGT I RDENS FOTHCOCGOADRF

AARKKDLDCL RKG



The sequences map to the following ORs of
different species (NCBI blast)

adicsystem ~ Sequence Maps to
! 1 (G profein-coupled receptor [Homo sapiens
3 1 (6 protein-coupled receptor [Homo saplens

4 1 hypothefial protem VITISV 006330 [Vits vinferal



Protein Structure
Beta strand and Alpha helix




Protein properties, we have considered:

Accessible residues (%)
Alpha helix (Chou & Fasman)
Amino acid composition (%)
Beta sheet (Chou & Fasman)
Beta turn (Chou & Fasman)
Coil (Deleage & Roux)
Hydrophobicity (Aboderin)
Total beta strand



Data Representation and Quantification through

Fractal Dimension (Box-counting method)

We got different graphs corresponding to each of those 8
protein properties and then we perform Box counting
method (using BENOIT software) to have Fractal

dimension for each of those property-graph.



1.914 ~

1.913 +

1.912 ~

1.911 ~

1.91 -

1.909 A

1.908 A

1.907 A

1.906

Protein properties of OR1D2

propl prop2 prop3 prop4 props propé prop?7 protd

OR1D2



Protein properties of generated sequences
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Observations

* The generated sequences have mapped to Olfactory

Receptors of Homo sapiens and Vitis vinifera.

* The generated sequences preserved the protein properties

as 1n the protein sequence of OR1D2 of Homo sapiens.




Inference Drawn

We see that IVTs steer a given OR sequence of a
species to another of the same or different (most
likely) species, preserving the protein properties of

the original sequence.



Concluding remarks

* What 1s the underlying Biological methodology that
governs the entire process?

* IVTs may also be thought of as a platform to comprehend
the morphological connections among the various species.

* A naive question to the Biologists:

Suppose, we are given an olfactory receptor or/ of a
species s/which help it to identify the odors x/, x2, ...

Now, we apply the proposed methodology to or/ and
obtain a new olfactory receptor or2 (supposedly) of
species s2.S0, does or2 help s2 in identifying the same
odors x1.,x2,....7
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Lastly,

The paper “Collatz Function like IVTs” have fetched
the ‘Best Paper Award’ from DST, Govt. of India,
NMRSMS-2010, IIT-Madras.
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