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Abstract

The problem of optimal allocation of experimental units with known covariates into

several treatment groups under linear ANCOVA model has been discussed in several

studies. Such design issue has been already discussed by the authors and the optimal

allocation design has been derived through an efficient algorithm named as Hybrid

variable neighborhood search (VNS) algorithm. In this paper, we have addressed the

same issue with regard to D− and A−optimality under the generalized linear model

(GLM) set-up, assuming the response variable to be count, ordinal or binary, and

the performance of the optimal allocation design obtained through the Hybrid VNS

algorithm has been compared with respect to the random allocation scheme, under

various GLM frameworks, through simulation studies and real-life examples.

Keywords: D−optimality, A−optimality, Hybrid Optimization, Mahalanobis Imbalance

Metric, Constrained Optimality.

1. Introduction

In any allocation problem involving allocation of experimental units into two or more

treatment groups, balancing of the covariates associated with the experimental units seems

to be very important in all fields of scientific research, viz., clinical trials, agricultural ex-

periments, chemical industry, medical research (Hu and Hu, 2012a, 2012b; Harville, 1974;

Hinkelmann and Kempthorne, 2005,2007; Saville and Wood, 1991; Cartwright et al., 1968;

Kalbfleish and Prentice, 2002, Rubin, 2008; Morgan and Rubin, 2012, to quote a few). Usu-

ally the linear model (LM) in ANCOVA set-up is considered for such problems and various

optimality criteria have been addressed by several authors (Harville, 1974; Shah and Sinha,

1989, p 125-128; Hore et al., 2014, 2016). In theses works, close coincidence of optimality
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and balancing have been shown and demonstrated. However, in contrast with the usually

assumed Gaussian response variable in the linear ANCOVA model, in many practical ap-

plications, the response variable is discrete (count, binary or categorical). In such cases,

corresponding models are to be framed as the generalized linear model (GLM) (McCullagh

and Nelder, 1989). In the present paper, we have tried to address the issue of optimum

allocation of treatments with known covariates under such GLM set-up, vis-a-vis the issue

of balancing.

Allocation problem related to GLM is more complex in comparison to the corresponding

LM formulation, because the allocation design is dependent on the parameters of the model,

which are unknown to us. To circumvent this problem, a common approach is to construct

an efficient design for the best guess of the parameter values. Such approach is known

as ‘locally optimal’ designs, as introduced by Chernoff (1953), and has been successfully

implemented by Yang et al. (2012) and Yang and Mandal (2015) for 2−level factorial design

with binary response model and D−optimal factorial designs under the GLM frameworks,

respectively. In quantal assay (Morgan, 1992) with binary response, there are several non-

Bayesian approaches for efficient estimation of the model parameters which are known as

initial estimate approach, sequential approach, constant information approach and fiducial

approach (Finney, 1978; Abdelbasit and Plackett, 1983). At the same time, for such model,

the Bayesian approach is discussed in Chaloner and Larntz (1989) and several other references

cited therein. However, in both the approaches the basic objective is to find the optimum

design points with regard to some optimality criteria. Wu (1985) has considered a Bayesian

approach to obtain an optimal sequential allocation design for binary responses. Recently,

Yang et al. (2016) suggested an innovative approach for achieving a D−optimal allocation

design with the corresponding information matrix being replaced by its expectation with

respect to prior distribution of parameters. This approach is known as the EW D−optimality

criterion, where E stands for expectation and W for the appropriate weight function of the

parameters for the usual D−optimality under various GLM frameworks. It is to be noted

that this approach is similar to the Bayesian approach where the expectations of the key

quantities, which are functions of the parameters, are evaluated with respect to some prior

distributions of the parameters. In this paper, we have adopted this idea of EW−optimality

for obtaining an efficient D− and A−optimal allocation design. A kind of model-robust

optimality has also been suggested in the following manner. The corresponding D− and
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A−optimal allocation designs are obtained by minimizing the maximum of the determinant

and trace, respectively, of the dispersion matrix in which the maximum is taken over a set

of model parameters randomly chosen from the assumed prior distribution and minimum

is taken over all possible allocation designs. So, in a sense, it is a minimax design with an

attempt to make it robust against mis-specification of values of the model parameters.

According to Rubin (2008), balanced allocation of experimental units with regard to var-

ious known covariates among several treatment groups, before the physical experiment takes

place, is often considered to be the most reasonable allocation scheme in all intervention

studies and clinical trials. Under the LM formulation, Hore et al. (2017) have shown that

covariate mean balanced allocation is the necessary condition for achieving D−, A−, Ds−

and As−optimality for known categorical covariates with multiple levels. Wherever, with

known numerical covariates, Shah and Sinha (1989, p 125-128) and Antognini and Giovagnoli

(2015, Appendix A) have shown that covariate mean balance across the treatment groups

is a sufficient condition for attaining the D−, A− and Ds−, As−optimality, respectively.

This, however, need not be necessary as the covariate mean balance may not be achiev-

able in many practical situations, especially for continuous covariates. As such, in place of

nearly impossible and seldom achievable exact balance, minimizing an imbalance measure

computed on the basis of known numerical covariates may be a way out to achieve the nearly

balanced allocation design. To obtain a balanced covariate allocation, Morgan and Rubin

(2012) suggested the re-randomization technique subject to achieving a minimum imbalance

threshold with regard to the Mahalanobis imbalance metric (Imbens and Rubin, 2015, p

342). It has been noted by extensive simulations (Hore et al., 2014, 2016) that an optimal

or near-optimal allocation design for known numerical covariates with regard to D− and

A−optimality may ensure covariate mean balance to the best possible extent under linear

ANCOVA model. This finding in the LM set-up motivates us to explore the nature of balanc-

ing in similar situation under the GLM set-up, where the response variable is assumed to be

binary or count. Interestingly, in this set-up, covariate mean balance is not ensured through

such optimal allocation, as evident through our extensive simulation study (See Section 5).

Similar observation was made in Rosenberger and Sverdlov (2008). According to them, for

linear models with constant variance, the concepts of optimality and balance are frequently

equivalent, but for nonlinear and heteroscedastic models they are not. Consequently, our

next objective is to develop a robust allocation design that can retain a compromise between
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optimality and balancing, through some constrained optimization method.

The article has been structured in several sections. In Section 2, the problem has been

formulated in the GLM framework and corresponding D− and A−optimality in such situa-

tions are discussed. In the next section, optimality under Poisson GLM set-up for different

prior distributions of the parameters are considered for a small number of experimental units

and the performance of the allocation design obtained through the Hybrid VNS algorithm

(Hore et al., 2014, 2016, 2018) is compared with respect to the exact optimal allocation ob-

tained through complete search method. Efficiency under the same set-up, for a large number

of experimental units has been investigated and reported in comparison to the randomized

allocation rule. In Section 4, for binary response data with large number of units, we have

compared the efficiency of the allocation design obtained by the proposed algorithm over

the randomized allocation rule for various optimality criteria after generating samples from

the prior distribution of the parameters through extensive simulation studies. In Section

5, the nature of imbalance with respect to the Mahalanobis metric matching (Imbens and

Rubin, 2015, p 342) has been studied through simulation experiments while achieving the

D− and A−optimality under the usual LM and GLM frameworks with known covariates.

It has been found that, with the same covariates, the balance with regard to the value of

the Mahalanobis imbalance metric being nearly close to zero, with appropriate p-value very

close to unity, is attained under the LM set-up but is not achieved in all kinds of GLM for-

mulations. In this context, a compromise between balance and optimality has been studied

in Section 6 to obtain a near-optimal allocation design, while ensuring a certain amount of

balance through attaining a pre-fixed upper limit of the Mahalanobis imbalance metric. A

real life example dealing with the Poisson regression model is discussed in Section 7. The

paper ends up in Section 8 with some concluding remarks and scopes of further research.

2. Modeling and Optimality

Let us consider allocation of n experimental units with known p−dimensional covariates

into two treatment groups. Suppose the n− dimensional response vector Y has the mean

ξ that depends on the linear predictor η, a linear function of the design matrix U and the

vector of parameters, say θ. The relation between the response vector Y and the linear
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predictor η is modeled through the link function g(·) as (McCullagh and Nelder, 1989)

E(Y ) = ξ (2.1)

η = Uθ (2.2)

ηi = g(ξi), (2.3)

where ηi and ξi are the ith element of η and ξ, respectively, for i = 1, · · · , n. In the context

of two treatment groups and p covariates, the parameter vector θ = (µ1, µ2, β1, β2, · · · , βp)

is a (p+ 2) vector, with µ1 and µ2 being the two treatment effects and β1, · · · , βp being the

p covariate effects, respectively. The design matrix U is of order n × (p+ 2), with the first

two columns comprising of 1, or 0, depending upon the presence or absence of either of the

the treatments, while the remaining p columns correspond to the values of the p covariates.

To estimate the parameter θ, it is necessary that n ≥ (p+ 2). The corresponding dispersion

matrix of the estimated parameter θ̂ is

V ar(θ̂) = (UTW (θ)U)−1, (2.4)

where W (θ) = Diag(w1(θ), w2(θ), · · · , wn(θ)) is a n × n diagonal matrix with the weight

wi(θ) being a function of ηi = uTi θ, ui being the ith row of the design matrix U , i = 1, · · · , n.

The functional form of the various link functions and the corresponding weights under several

probability models are summarized in the following table (MacKenzie and Peng, 2014).

Table 1. Canonical link functions and corresponding weights.

Distribution Density (mass) function Link function (g(ξ)) Weight (wi(θ))

Normal f(y; ξ, σ) = 1
σ
√
2π
e−

(y−ξ)2

2σ2 ξ σ−2

Exponential f(y;λ) = λe−λy ξ−1 (uiθ)
−2

Poisson f(y;λ) = e−λ λ
y

y! log(ξ) exp(uiθ)

Bernoulli f(y; p) = py(1− p)1−y log( ξ
1−ξ ) exp(uiθ)

(1+exp(uiθ))2

Binomial f(y;ni, p) =
(
ni
y

)
py(1− p)1−y log( ξ

1−ξ ) ni exp(uiθ)
(1+exp(uiθ))2

The D− and A−optimal allocation designs for the efficient estimation of both treatment

and covariate effects are to be obtained by minimization of the determinant and the trace

of the dispersion matrix (UTW (θ)U)−1 (Kiefer, 1953). Note that this matrix, unlike the

LM formulation, depends upon the parameter θ. To overcome this difficulty, the most con-

venient approach is to construct an optimal or near-optimal allocation design for the best

guess of the parameter values, known as ‘local optimality approach’, introduced by Cher-

noff (1953) and implemented on 2−level factorial design with binary response model and
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D−optimal factorial design under the GLM frameworks by Yang et al. (2012) and Yang and

Mandal (2015), respectively. An alternate to this ‘local optimality approach’, and named

as EW D−optimality, has been suggested in Yang et al. (2016) to achieve D−optimal al-

location design by minimizing EθV ar(θ̂) as the objective function, where the expectation is

taken over the prior distribution of the parameter vector θ. We have adopted this idea of

EW−optimality for obtaining an efficient D− and A−optimal allocation design through the

proposed Hybrid VNS algorithm. In practice, instead of minimization of the determinant or

trace of the dispersion matrix (UTW (θ)U)−1 for obtaining the D− and A−optimality, re-

spectively, the expected value of the variance is computed prior to the minimization. These

are called EW D−optimal and EW A−optimal allocation design, respectively. To evaluate

the expectation of dispersion matrix, we require to assume a prior distribution for the pa-

rameter vector θ, say π(θ). The expectation EθV ar(θ̂) =
∫
θ
V ar(θ̂)π(θ)dθ may be evaluated

exactly or through simulation, depending upon the link functions.

It is to be noted that, for D−optimality, we may consider minimization of either D(1) =

|EθV ar(θ̂)| or D(2) = Eθ|V ar(θ̂)|, with the obvious restriction of D(1) ≤ D(2), by Jensen’s

inequality (Yang et al., 2016, p 392). Similarly, for A− optimality, it is possible to consider

minimization of either A(1) = trace EθV ar(θ̂) or A(2) = Eθ trace V ar(θ̂), where A(1) =

A(2). In case the exact expression of the integral
∫
θ
V ar(θ̂)π(θ)dθ giving EθV ar(θ̂) is not

available, we can approximate it through Monte-carlo (MC) approach, which invokes the

law of large numbers for evaluation of complex integrals indicating the expected value of a

functional under π(θ) through the computation of sample mean (i.e. empirical mean) of the

functional on the basis of independent samples drawn from various π(θ) (Hastings, 1970).

Thus
∫
θ
V ar(θ̂)π(θ)dθ is approximated by 1

N

N∑
i=1

V ar(θ̂i), where θ̂i, for i = 1, 2, · · · , N , are

N independent samples from π(θ) (Tanner, 1993). In this context, by following the robust

allocation design concept of Hore et al. (2014), it is tempting to suggest one more pair

of objective functions given by D(3) = max{|V ar(θ̂1)|, |V ar(θ̂2)|, ..., |V ar(θ̂N)|} and A(3) =

max{trace V ar(θ̂1), ..., trace V ar(θ̂N)} which are to be minimized, to obtain something

similar to D− and A−optimality, respectively.

Suppose n number of experimental units with known p−covariates are to be allocated

into two treatment groups under Poisson GLM set-up, where nl number of experimental

units are allocated to lth treatment, for l = 1, 2, and n1 + n2 = n. The design matrix U may
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be written as

U =

 Jn1 0 x1

0 Jn2 x2

 , (2.5)

where Jnl is a nl−dimensional vector with all elements as unity, corresponding to the param-

eter µl, and xl are nl × p matrices of the experimental units with p−covariates, which are

allocated to the lth treatment, l = 1, 2. For obtaining an optimal or near-optimal allocation

design, we consider the information matrix (UTW (θ)U) or dispersion matrix (UTW (θ)U)−1,

which depends upon the parameters. Let us assume that the parameters in θ, given by the

µl’s and the βj’s, independently follow the probability density functions π(µl) and π(βj),

respectively, for l = 1, 2, j = 1, 2, · · · , p. In this set-up, EWD− and EWA− optimality are

obtained by minimizing, respectively, the determinant and trace of the estimated dispersion

matrices with respect to priors π(µl) and π(βj), which are given by

det {
∫
µ1

∫
µ2

∫
β1

· · ·
∫
βp

UTW (θ)U π(µl)π(βj) dµl dβj}−1, (2.6)

and

trace {
∫
µ1

∫
µ2

∫
β1

· · ·
∫
βp

UTW (θ)U π(µl)π(βj) dµl dβj}−1. (2.7)

The information matrix UTW (θ)U may be partitioned as

UTW (θ)U = I(θ) =

 I11 I12
I21 I22

 , (2.8)

where I21 = IT12 and the individual elements may be obtained through the similar EW

approach.

To obtain an optimal allocation design for the experimental units with known covariates

into several treatment groups an efficient iterative search algorithm, called Hybrid Variable

Neighborhood Search (VNS) algorithm, has been proposed in Hore et al. (2014, 2016). Hy-

brid VNS algorithm is a modification of the VNS algorithm, originally proposed by Hansen

and Mladenovíc (1999), and has been developed in Hore et al. (2014, 2016, 2018), by intro-

ducing a single or multi-layered neighborhood structure with an in-built stochastic approach

to find an optimal or near-optimal solution. In this study, the Hybrid VNS algorithm has

been applied to obtain an optimal or near-optimal allocation design with regard to various

D− and A−optimality criteria under the GLM set-up.
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3. Optimality under Poisson Regression Model

Poisson regression model is suitable when the response is a count variable and the mean

response is the same as the corresponding variance. From equations (2.1)-(2.3), the mean of

the response variable, i.e. E(Y ), for this model may be expressed as function of covariates U

and the parameters θ with the obvious restriction of mean being positive. Thus, the response

variable corresponds to the ith experimental unit may be written as

E(Yi) = exp(uTi θ), for i = 1, · · · , n, (3.1)

such that the logarithm of the mean function under such model is a linear function. The ma-

trices in (2.5) may be written as (nl× p) matrices xl = ((xTli)), where xTli = (xli1, xli2, ..., xlip)

is a p-vector of covariates associated with the ith unit, for i = 1, · · · , nl, and l = 1, 2. Thus, a

closed form expression of the information matrix I(θ) is available, in which the sub-matrices

I11, I12 and I22 of I(θ), as in (2.8), are given by I11 = diag (
n1∑
i=1

e(µ1+x
T
1iβ),

n2∑
i=1

e(µ2+x
T
2iβ)), a

2× 2 diagonal matrix,

I12 =


n1∑
i=1

x1i1e
(µ1+xT1iβ) ...

n1∑
i=1

x1ipe
(µ1+xT1iβ)

n2∑
i=1

x2i1e
(µ2+xT2iβ) ...

n2∑
i=1

x2ipe
(µ2+xT2iβ)

 ,

a 2× p matrix, and

I22 =


2∑
l=1

(
nl∑
i=1

x2li1e
(µl+x

T
liβ)) ...

2∑
l=1

(
nl∑
i=1

xli1xlipe
(µl+x

T
liβ))

...
...

...
2∑
l=1

(
nl∑
i=1

xli1xlipe
(µl+x

T
liβ)) ...

2∑
l=1

(
nl∑
i=1

x2lipe
(µl+x

T
liβ))

 ,

a p × p matrix. We can easily evaluate the expectation of each element of the information

matrix I(θ) with respect to π(µl) and π(βj) as given, in general, by∫
µl

∫
β1

· · ·
∫
βp

vlij e
(µl+x

T
liβ)π(µl) π(β1) · · · π(βp) dµl dβ1 · · · dβp

= vlij {
∫
µl

eµlπ(µl) dµl}
p∏
j=1

{
∫
βj

eβjxlijπ(βj) dβj},

= vlij Mµl(1)

p∏
j=1

{Mβj(xlij)}, (3.2)

where Mµl(1) is the moment generating function (m.g.f) of µl at 1, and Mβj(xlij) is the

m.g.f of βj at known covariate value xlij, for l = 1, 2, j = 1, 2, · · · , p, i = 1, · · · , nl, and vlij
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takes values 1, or xlij or x2lij, or xlijxlij′ , for fixed j′ 6= j, as the case may be, for l = 1, 2,

j 6= j′ = 1, 2, · · · , p and i = 1, · · · , nl. Availability of such closed form expression (3.2) for the

EW -version of the dispersion matrix, EθV ar(θ̂), alleviates the need for simulation method

to obtain the same. In this work, two different sets of prior models for the parameters are

assumed and the corresponding m.g.f’s of these parameters are given in Table 2. However,

other independent priors for the parameters may also be assumed.

Table 2. Moment generating function for assumed prior distributions.

Distribution π(µl) π(βj) Mµl(1) Mβj(xlij)

Normal N(ξµl , γ
2
µl

) N(ξβj , γ
2
βj

) eξµl+
γ2µl
2 exlijξβj+

x2lijγ
2
βj

2

Uniform U(aµl , bµl) U(aβj , bβj)
e(bµl−aµl )

(bµl−aµl )
e
xlij(bβj

−aβj )

(bβj−aβj )

For small number of experimental units, say for n ≤ 10, one can, as before (Hore et al.;

2014, 2016), compare the optimal allocation design obtained by the proposed Hybrid VNS

algorithm with the one obtained through the actual search. However, for large or moderately

large number of experimental units with single or multiple covariates, finding the exact

optimal allocation is computationally intractable and one has to resort to the proposed

Hybrid VNS algorithm. As before, the efficiency comparison is carried out with respect to

the random allocation design. However, closed form expression for EθV ar(θ̂) is not available

for the other regression models given in Table 1. To circumvent this problem, one may

consider a suitable simulation method to approximate EθV ar(θ̂). Nevertheless, the proposed

Hybrid VNS algorithm can be used for optimization over all possible allocation designs.

The performance of the proposed Hybrid VNS algorithm with respect to the exact opti-

mal search has been carried out for small number of experimental units (n = 10) of a single

covariate with regard to D− and A−optimality. The covariate has been generated from dif-

ferent probability distributions, like Uniform distribution with parameters 0 and 1, denoted

by U [0, 1], Normal distribution with mean 0 and variance 5, i.e. N(0, 5) and Exponential

distribution with mean 25 (or rate 0.4), E(0.4). For known covariate values and a given

allocation design, we can easily calculate the information matrix and the values of the objec-

tive functions corresponding to D(1)− and A(1)−optimality through the moment generating

functions of the prior distribution of the parameters, as given in expression (3.2). Hence,

the exact optimal allocation design may be obtained among the total search of (29− 1) non-
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trivial allocation combinations (Hore et al., 2014). The efficiency is defined as the ratio of

the values of the objective functions, denoted by V (·), say, for the exact optimal design (αe),

and the allocation design obtained by the proposed method (αP ), i.e. V (αe)
V (αP )

. The average of

this efficiency value over 1000 simulated sets of n covariate values are reported in Table 3.

It is observed that the mean efficiency never falls below 90% whatever be the choice of prior

and covariate distributions.

With large or moderately large number of experimental units (n = 50 or 100), finding

the exact optimal allocation design searching through (249−1) or (299−1) allocation combi-

nations, respectively, is computationally intractable. For still larger experimental units, the

computational burden is enormous and nearly impossible. In such situations, by following

what has been done in Hore et al. (2014) under LM set-up, the efficiency of the near-optimal

design obtained by the proposed Hybrid VNS algorithm (αP ) may be compared with the

randomized allocation design (αR) with regard to D− and A−optimality through simulation

experiments where the corresponding efficiency is defined as V (αP )
V (αR)

. The covariates are gen-

erated from a bivariate normal (BVN) distribution for D(ν) and A(ν)−optimality, ν = 1, 2, 3.

The simulation study has been carried out 1000 times in each case and the results are sum-

marized in Tables 4 and 5 for D(ν) and A(ν)−optimality, respectively. Although we have

considered the number of experimental units to be 50 and 100 for illustration purpose, the

algorithm may be implemented to accommodate still larger number of units requiring only

additional but manageable computer time, that can be executed in any standard laptop or

desktop with modest computational facility. As we have assumed that the covariate val-

ues corresponding to the experimental units are given and prefixed before the experiment

is conducted, throughout the paper we have considered 50 or 100 number of experimental

units with corresponding covariate values being generated from BV N(10, 5, 4, 5, 0.5). Here

θ = (µ1, µ2, β1, β2) is the vector of parameters of interest having corresponding prior dis-

tribution π(θ). Three different kinds of prior distribution of the parameters are considered

to reflect different patterns in them, viz. symmetric, flat or heavy tailed. Consequently, we

have chosen the priors from (1) Normal distribution with parameters µ and σ2, i.e. N(µ, σ2),

(2) Uniform distribution with parameters a, b, i.e. U [a, b] and (3) Laplace distribution with

location parameter µ and scale parameter b, denoted by Lp(µ, b) with density

f(x ; µ, b) =
1

2b
e−
|x−µ|
b ; −∞ < x <∞ , −∞ < µ <∞ , b > 0 .
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These prior distributions of the parameters along with the values of the hyper-parameters

are chosen arbitrarily, only for the illustration purpose. It has been observed that the VNS

algorithm performs uniformly better than the random allocation design and sometimes with

more than two fold increase in the efficiency value. It has been also noted that the efficiency

is never lesser than unity even for prior with large variance.

Table 3. Mean efficiency of the D(1)− and A(1)−optimal allocation designs obtained by the

proposed algorithm with respect to the exact allocation over 1000 simulations (range in

square brackets) for known single covariate of n = 10 units from different covariate

distributions under Poisson regression model with prior distributions π(θ).

π(θ) Covariate Distribution D(1) A(1)

µ1 ∼ N(0.5, 1), U[0,1] 0.9937 [0.9714, 1] 0.9915 [0.9683, 1]

µ2 ∼ N(0.75, 2), N(0,5) 0.9957 [0.9446, 1] 0.9938 [0.9329, 1]

and β ∼ N(1, 1.5) E(0.4) 0.9962 [0.9510, 1] 0.9941 [0.9418 ,1]

µ1 ∼ N(0.5, 100), U[0,1] 0.9418 [0.8912, 1] 0.9439 [0.8861, 1]

µ2 ∼ N(0.75, 2), N(0,5) 0.9515 [0.9061, 1] 0.9511 [0.8983, 1]

and β ∼ N(1, 1.5) E(0.4) 0.9409 [0.8943, 1] 0.9413 [0.8937 ,1]

µ1 ∼ N(0, 10000), U[0,1] 0.9083 [0.8651, 1] 0.9079 [0.8619, 1]

µ2 ∼ N(10, 500), N(0,5) 0.9042 [0.8735, 1] 0.9037 [0.8724, 1]

and β ∼ U [−250, 250] E(0.4) 0.9038 [0.8653, 1] 0.9023 [0.8618 ,1]

Table 4. Mean efficiency of the D−optimal allocation designs obtained by the proposed algorithm

with respect to the random allocation over 1000 simulations (range in square brackets) for known

covariates generated from BVN (10,5,4,5,0.5) of n experimental units under Poisson regression

model and prior distribution π(θ).

π(θ) n D(1) D(2) D(3)

µ1 ∼ N(1, 4), µ2 ∼ N(2, 5) 50 1.493 [1.092, 2.213] 1.459 [1.081, 2.103] 1.474 [1.083, 1.768]

β1 ∼ U [−2, 2], β2 ∼ U [0, 5] 100 1.431 [1.071, 1.834] 1.382 [1.066, 1.513] 1.386 [1.063, 1.627]

µ1 ∼ N(1, 4000), µ2 ∼ N(2, 500) 50 1.268 [1.083, 1.673] 1.242 [1.073, 1.642] 1.249 [1.079, 1.638]

β1 ∼ Lp(0, 100), β2 ∼ U [−250, 250] 100 1.249 [1.067, 1.604] 1.231 [1.059, 1.513] 1.241 [1.059, 1.587]
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Table 5. Mean efficiency of the A−optimal allocation designs obtained by the proposed

algorithm with respect to the random allocation over 1000 simulations (range in square

brackets) for known covariates generated from BVN (10,5,4,5,0.5) of n experimental units

under Poisson regression model and prior distribution π(θ).

π(θ) n A(1) = A(2) A(3)

µ1 ∼ N(1, 4), µ2 ∼ N(2, 5) 50 1.427 [1.077, 1.801] 1.419 [1.071, 1.784]

β1 ∼ U [−2, 2], β2 ∼ U [0, 5] 100 1.378 [1.083, 1.764] 1.373 [1.077, 1.759]

µ1 ∼ N(1, 4000), µ2 ∼ N(2, 500) 50 1.253 [1.053, 1.662] 1.233 [1.048, 1.614]

β1 ∼ Lp(0, 100), β2 ∼ U [−250, 250] 100 1.219 [1.048, 1.537] 1.209 [1.041, 1.518]

4. Logistic regression model

In the binary logistic regression set up, we assume that the response variable is binary.

Hence, from equations (2.1)-(2.3), the response variable corresponding to the ith experimental

unit, Yi, may be modeled as

E(Yi) =
exp(uTi θ)

(1 + exp(uTi θ))
, for i = 1, · · · , n, (4.1)

which is positive but always less than the unity. The above model may be rewritten as

follows

log{ E(Yi)

1− E(Yi)
} = uTi θ, for i = 1, · · · , n;

which is called the logit function and the equation (4.1) is called the logistic regression model.

Unlike the Poisson regression model, the elements of the information matrix under logis-

tic regression model do not have any closed form expression. Consequently, the simulation

approach provides an alternative for obtaining the integrals under expectations. The perfor-

mances of the proposed algorithm over the randomized method with regard to various D−
and A−optimality criteria have been explored and are reported in Tables 6 and 7, respec-

tively. We take the same covariate values and same prior distributions for the parameters as

in Section 3. Here also, the proposed algorithm performs uniformly better than the random-

ized allocation design and sometimes found to be 2 times more efficient than the random

allocation with the efficiency value never falling below unity even for prior distributions with

larger variance. The simulation studies discussed here and in previous section have also been
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carried out for other covariate values in bivariate set-up and other prior distributions with

different choices of the hyper-parameters. The findings are in general similar.

Table 6. Mean efficiency of the D−optimal allocation designs obtained by the proposed algorithm

with respect to the random allocation over 1000 simulations (range in square brackets) for known

covariates generated from BVN (10,5,4,5,0.5) of n experimental units under logistic regression

model and prior distribution π(θ).

π(θ) n D(1) D(2) D(3)

µ1 ∼ N(1, 4), µ2 ∼ N(2, 5) 50 1.387 [1.084, 1.829] 1.372 [1.076, 1.761] 1.374 [1.073, 1.752]

β1 ∼ U [−2, 2], β2 ∼ U [0, 5] 100 1.347 [1.073, 1.728] 1.339 [1.067, 1.713] 1.335 [1.063, 1.7 27]

µ1 ∼ N(1, 4000), µ2 ∼ N(2, 500) 50 1.252 [1.069, 1.623] 1.237 [1.065, 1.597] 1.239 [1.069, 1.588]

β1 ∼ Lp(0, 100), β2 ∼ U [−250, 250] 100 1.227 [1.056, 1.574] 1.221 [1.052, 1.539] 1.222 [1.058, 1.537]

Table 7. Mean efficiency of the A−optimal allocation designs obtained by the proposed

algorithm with respect to the random allocation over 1000 simulations (range in square

brackets) for known covariates generated from BVN (10,5,4,5,0.5) of n experimental units

under logistic regression model and prior distribution π(θ).

π(θ) n A(1) = A(2) A(3)

µ1 ∼ N(1, 4), µ2 ∼ N(2, 5) 50 1.316 [1.069, 1.718] 1.308 [1.061, 1.684]

β1 ∼ U [−2, 2], β2 ∼ U [0, 5] 100 1.278 [1.063, 1.713] 1.264 [1.065, 1.659]

µ1 ∼ N(1, 4000), µ2 ∼ N(2, 500) 50 1.227 [1.058, 1.587] 1.218 [1.054, 1.543]

β1 ∼ Lp(0, 100), β2 ∼ U [−250, 250] 100 1.223 [1.043, 1.388] 1.216 [1.038, 1.367]

5. Imbalance in Allocation Design

In classical linear ANCOVA model, balancing is defined through equality of covariate

means corresponding to various treatment groups and such balancing ensures widely usedD−

and A−optimality (Shah and Sinha, 1989). It has also been analytically established by Hore

et al. (2017) that for the allocation of experimental units with known categorical covariates

to two treatments, ‘balancing’ is also the necessary condition towards achieving D− and

A−optimality. Interestingly, for continuous covariates, it has been empirically observed

(Hore et al., 2014, 2016) that optimality of various kinds result in near balance situation.

Therefore, optimality and balancing may be seen as being approximately synonymous in
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allocation design under LM set-up. In real life, for a high dimensional problem with large

number of experimental units, attaining exact balance is impractical and nearly impossible

and hence one has to be content with an approximate balancing. Consequently, the proposed

optimal allocation procedure has got immense relevance. Our next objective is to study the

status of balancing with regard to various kinds of optimality if we move from LM to GLM

set-up. Consider the squared Mahalanobis distance (Mahalanobis, 1936) or Mahalanobis

imbalance metric (Imbens and Rubin, 2015, p 342), say M , as an imbalance measure with p

known continuous covariates, given by

M = (x(1) − x(2))T
[
n1Σ̂1 + n2Σ̂2

n1 + n2

]−1
(x(1) − x(2)), (5.1)

where x(l) = 1
nl

nl∑
i=1

xli, is the p−component column vector of covariate means over the units

allocated to the lth treatment group with sample sizes nl and Σ̂l = 1
nl

nl∑
i=1

(xli − x̄l)(xli − x̄l)T

represents the sample covariance matrix of the known covariates in the lth treatment group,

for l = 1, 2.

The nature of this imbalance measure for the optimal allocation design with regard to

several optimality criteria for known continuous covariates while comparing two treatments

under both the LM and the and GLM set-up are considered through an extensive simulation

study. In all such exercises, we have considered the problem of allocating 100 experimental

units, whose covariates, as before, are generated from BV N = (10, 5, 4, 5, 0.5), and their

values are kept fixed. The prior distribution is π(µ1, µ2, β1, β2), where µ1 ∼ N(1, 4), µ2 ∼

N(2, 5), β1 ∼ U [−2, 2] and β2 ∼ U [0, 5] and all are independent, as in upper panel of Tables

4 to 7. For a progressive assessment of the nature of balance over the successive iterations of

the Hybrid VNS algorithm with these 100 experimental units with fixed covariate values, we

have computed the Mahalanobis imbalance metric M of (5.1) corresponding to the allocation

design, obtained at each iteration of the VNS algorithm. The paths of such values over

different iterations for various optimal allocation schemes (See Figures 1 and 2) seem to

stabilize after few iterations and converge to a value, which might be taken as the value of

the Mahalanobis imbalance metric for that particular optimal allocation scheme. In Figure

1, we have considered different kinds of D− and A−optimality for GLM (Poisson) set-up

along with the usual D- and A-optimality for the LM. In Figure 2, the same optimality

criteria for GLM (logistic) and the LM set-up are reported. It is apparent from the figures
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that, under the LM formulation, D− and A−optimal allocation designs result in the zero

value for the Mahalanobis imbalance metric. But, under the GLM set-up, the values of this

metric M corresponding to the optimal designs in various senses are far from zero, although

there is evidence of existence of sub-optimal designs in earlier iterations with smaller values

of this imbalance metric M . This suggests that a more balanced design may be obtained by

sacrificing optimality to some extent. In other words, it may be reasonable to constrain the

values of M and then look for optimality.

Figure 1: Comparison of convergence of the Mahalanobis Distance over various iterations

corresponding to D− and A−optimality under Poisson GLM and linear ANCOVA model.
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Figure 2: Comparison of convergence of the Mahalanobis Distance over various iterations

corresponding to D− and A−optimality under logistic GLM and linear ANCOVA model.
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Graphical display of distributional studies of the two covariates in the two treatment

groups through histograms corresponding to the D−optimal allocation design under both
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the LM and the GLM formulations with Poisson and logistic regression models (with same

priors as before) are shown in Figures 3, 4 and 5, respectively. For the three different modeling

scenarios, the values ofM corresponding to the differentD-optimal allocation designs and the

associated p-values for testing equality of covariate means in the two treatment groups using

the χ2
(2) statistic (Morgan and Rubin, 2012) are calculated. Generally, M is the Hotelling T 2

statistic, but here M follows a χ2
(p) distribution because p−covariate values are considered

as fixed and known (Mardia, Kent and Bibby, 1980, p 62; Morgan and Rubin, 2012). For

the LM set-up in Figure 3, the value of the metric is 0.00136 and the corresponding p-

value is 0.99932 suggesting minimum imbalance and near equality of covariate means in

the two groups for the D(1)−optimal allocation design. For the two GLM cases in Figures

4 and 5, the values of M corresponding to the D(1)-optimal designs are much higher and

the p−values are smaller than 0.05 with evidences against equality of covariate means in

the two treatment groups. Thus, under optimal allocation in various senses, the covariate

distributions are more or less balanced over the two treatment groups in the LM set-up,

while they are far from balanced in the GLM cases, for the same set of known covariate

values associated with the experimental units. We have carried out this exercise with several

other sets of bivariate covariates simulated from other bivariate distributions with extreme

choices of hyper parameters, as in the lower panel of Tables 4 to 7, and the findings are more

or less similar.

6. A compromise between Balance and Optimality

In view of the empirical results of the previous section regarding the close relationship

between covariate balance and optimality under LM set-up, and the absence of it under

various GLM set-up, it may be of interest to obtain an allocation scheme under the GLM

set-up that maintains a compromise between optimality and imbalance. With this objective,

as indicated in the previous section, a constrained optimality problem has been suggested

where optimality in any sense might be attempted among the class of allocation designs

with an upper limit on the Mahalanobis imbalance metric M computed using (5.1) on the

basis of the covariate values in the two treatment groups. We consider a pre-fixed upper

limit, say a, for the imbalance metric M and a near-optimal allocation design among the

class of all allocation designs with M ≤ a, is obtained through a suitably constrained VNS
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Figure 3: Histograms of covariates for the 100 experimental units allocated into two treat-

ment groups with regard to D−optimality under the LM set-up (value of the Mahalanobis

imbalance metric is 0.00136 with the p-value = 0.99932).
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algorithm. As in the re-randomization approach of Morgan and Rubin (2012), the method

exploits the proposed Hybrid VNS algorithm subject to the rejection of any allocation design

whenever M > a. Noting that the Mahalanobis imbalance metric M follows approximately

a χ2 distribution with p degrees of freedom for p continuous covariates (Morgan and Rubin,

2012), we take the lower 100δth percentile of χ2
(p) distribution as a, the upper limit of the

imbalance metric M , representing a flexible and acceptable benchmark balance for some

small δ > 0. In other words, we search for optimality among that class of allocation designs

which have the value of the Mahalanobis imbalance metric less than the 100δth percentile

point of the χ2
(p) distribution. For the demonstration purpose, we take δ to be 0.1.

The covariate distributions corresponding to the unconstrained optimal allocation for

Poisson and logistic models are reported in Figures 4 and 5, respectively, on the basis of the
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Figure 4: Histograms of covariates for the 100 experimental units allocated into two treat-

ment groups with regard to D(1)−optimality under the Poisson GLM set-up (value of the

Mahalanobis imbalance metric is 6.42645 with the p-value = 0.04023).
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same set of covariate values, as has been done for the LM in Figure 3. Similar covariate

distributions, with the same prior distributions as considered in Section 5, corresponding to

the constrained problem are reported in Figures 6 and 7 for Poisson and logistic models,

respectively, where the upper limit of the Mahalanobis imbalance metric is kept as the 10th

percentile of the χ2
(2) distribution (i.e. 0.21072). It is apparent from Figures 6 and 7 that

balance in the covariate distribution is achieved to a larger extent in comparison with those

reported in Figures 4 and 5 with some sacrifice in optimality as shown through the efficiency

study in Tables 8 and 9.

The efficiency of the constrained optimal allocation design αM , say, has been investigated

through simulation studies over 1000 repetitions, with respect to the D(ν) and A(ν)−optimal

allocation designs αD
(ν)

and αA
(ν)

, respectively, for ν = 1, 2, 3. For Poisson and logistic
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Figure 5: Histograms of covariates for the 100 experimental units allocated into two treat-

ment groups with regard to D(1)−optimality under the binary logistic GLM set-up (value of

the Mahalanobis imbalance metric is 7.58326 with the p-value = 0.02252).

Histogram of allocated units of first covariate into Treatment 1 (GLM)

Covariate Values

F
re

qu
en

cy

2 4 6 8 10 12 14 16

0

5

10

15

20

Histogram of allocated units of first covariate into Treatment 2 (GLM)

Covariate Values
F

re
qu

en
cy

2 4 6 8 10 12 14 16

0

5

10

15

20

Histogram of allocated units of second covariate into Treatment 1 (GLM)

Covariate Values

F
re

qu
en

cy

−2 0 2 4 6 8 10

0

5

10

15

20

Histogram of allocated units of second covariate into Treatment 2 (GLM)

Covariate Values

F
re

qu
en

cy

−2 0 2 4 6 8 10

0

5

10

15

20

models, the results are reported in Tables 8 and 9, respectively, while keeping the covariate

values and the prior distributions same as before. It is to be observed that measures of

efficiency and imbalance metric have an inverse relationship. As for example, the mean

efficiency is found to be as low as 40% if the extent of imbalance is restricted to the 5th

percentile, while it can be as high as 77% if the extent of imbalance is relaxed up to the 20th

percentile cutoff.

Table 8. Mean efficiency of the constrained optimal design with the threshold at 100δth

percentile with respect to D− and A−optimal allocation designs over 1000 simulations for

allocating 100 experimental units under Poisson GLM and the same prior distribution.
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Figure 6: Histogram of the covariates corresponding to the 100 experimental units to be

allocated into two groups with regard to D(1)−optimality under the Poisson GLM set-up

subject to a threshold value of 0.21072 for balance (value of the Mahalanobis imbalance

metric is 0.20928 with the p-value = 0.90065).
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δ D(1) D(2) D(3) A(1) A(3)

0.20 0.7732 0.7586 0.7608 0.7324 0.7196

0.10 0.5739 0.5542 0.5618 0.5351 0.5237

0.05 0.4842 0.4527 0.4719 0.4122 0.4103

Table 9. Mean efficiency of the constrained optimal design with the threshold at 100δth

percentile with respect to D− and A−optimal allocation designs over 1000 simulations for

allocating 100 experimental units under logistic GLM and the same prior distribution.
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Figure 7: Histogram of the covariates corresponding to the 100 experimental units to be

allocated into two groups with regard to D(1)−optimality under the logistic GLM set-up

subject to a threshold value of 0.21072 for balance (value of the Mahalanobis imbalance

metric is 0.20516 with the p-value = 0.90250).
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δ D(1) D(2) D(3) A(1) A(3)

0.20 0.7283 0.7069 0.7212 0.6816 0.6762

0.10 0.5506 0.5233 0.5421 0.5108 0.5037

0.05 0.4319 0.4106 0.4192 0.3928 0.3912

7. Analysis of Real Life Data

The efficacy of the proposed Hybrid VNS algorithm has been illustrated with the help

of a real data set, already considered by Hore et al. (2016) in the LM set-up. A two-

years-long study, carried out on agents to reduce dental caries in 69 female children, has
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been reported in Quade (1982). Three treatments, namely stannous fluoride (SF), acid-

phosphate fluoride (APF), and the distilled water (W) as placebo, are used to study the

effectiveness of SF and APF as caries-reducing agents in children. The number of de-

cayed, missing, or filled teeth (DMFT) is reported before (B) and after (A) the study

where the response (Y) is the difference between A and B, i.e., (A-B). The initial DMFT

count (B) and the age (X in years) at the beginning of the study are considered as co-

variates. Note that the response Y is a count variable and the Poisson GLM is the ap-

propriate set-up for that. To make it a two-treatment problem, for the sake of illustra-

tion, we ignore the experimental units allocated to W and consider only those units with

non-negative responses which are allocated to either SF or APF. The reduced data set

with 48 female children are considered which are allocated to the two treatment groups

SF and APF. Assuming the same independent prior distributions for the parameter θ =

(µ1, µ2, β1, β2) ∼ N(1, 4), N(2, 5), U [−2, 2], U [0, 5], we find that the efficiency of our algo-

rithm with respect to random allocation design as 1.583(1.673), 1.746(1.752) and 1.767(1.766)

for D(1) − (A(1)−)optimality, D(2) − (A(2)−)optimality and D(3)−(A(3)−)optimality, respec-

tively, with Mahalanobis imbalance metric lying between 3.24125 to 5.83247. A constrained

optimal allocation design is obtained through the proposed algorithm with the upper limit for

imbalance kept at the 10th percentile of χ2
(2) distribution (i.e. 0.21072). The efficiency values

with respect to the corresponding optimal allocation design turns out to be 0.6342(0.6063),

0.6128(0.6237) and 0.6229(0.6019) for D(1)−(A(1)−)optimality, D(2)−(A(2)−)optimality and

D(3)−(A(3)−)optimality, respectively.

It is to be noted that an optimal allocation design under the LM set-up, although eas-

ier to obtain, may be sub-optimal if it is more appropriate to assume the Poisson GLM

set-up as the correct model. In order to study the extent of such sub-optimality, we have

computed the efficiency values for such sub-optimal designs with regard to the optimal de-

signs under the Poisson GLM set-up keeping the prior distributions same. These efficiency

values are 0.6428(0.6231), 0.6049(0.6231) and 0.6156(0.6191) for D(1) − (A(1)−)optimality,

D(2) − (A(2)−)optimality and D(3)−(A(3)−)optimality, respectively. Note the similarity be-

tween these efficiency values with those for the constrained designs reported earlier. This is

not surprising since the optimal design under the LM set-up is found to result in minimum im-

balance. On the other hand, assuming the LM to be the correct model, the efficiency values of

the D(1)−(A(1)−)optimal designs under a Poisson GLM set-up, in comparison to the optimal
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designs under the LM formulation, are obtained as 0.6329(0.6217) for D − (A−)optimality.

Thus, it appears that misspecification of the model (LM against GLM and vice versa) re-

sults in about 40% sacrifice of efficiency. Such comparison has also been done for other prior

distributions with different sets of hyper-parameters and the general findings are similar.

8. Concluding Remarks

This paper deals with the allocation of a given set of experimental units with known

covariate values into two treatment groups under the GLM set-up for the efficient estima-

tion of ‘treatment and covariate effects’. To achieve an optimal or near-optimal allocation

design under different optimality criteria, the Hybrid VNS algorithm (Hore et al,. 2014,

2016) has been applied. Through simulation studies, it has been found that the proposed

algorithm performs uniformly better than the randomized allocation. One can think of the

corresponding Ds or As−optimality involving only the treatment effects requiring consid-

eration of only the corresponding sub-matrix of V ar(θ̂) in (2.4). The algorithm thereafter

follows similarly. It has been observed that a near-optimal allocation design attains minimum

Mahalanobis imbalance metric under the LM set-up, while it fails to attain such minimum

imbalance under the GLM set-up. In view of this, for the GLM set-up, an upper limit for

the imbalance metric has been proposed and the optimal allocation rule is obtained under

such constraint. This ensures neither the global optimality nor the minimum imbalance, but

strives a compromise between these two entities. As the balanced allocation with regard to

observed covariates is a desirable criterion in causal inference (Rubin, 2008 ; Morgan and

Rubin, 2012) and factorial design (Branson et al., 2016), such compromise might be useful

and worth exploring. The work may be extended for multiple treatments and other model-

ing assumptions. Apart from such covariate balance one might be interested in proportional

balance, or a scheme with uneven allocation ratio. In many clinical studies, for example,

a preference is shown for the experimental treatment over the standard treatment with an

allocation ratio 2:1 or even 3:1, in favor of the experimental treatment. In such context,

a new measure of imbalance may be needed with the proportion of allocated experimental

units to different treatments reflecting the required allocation ratio. A dual problem may

also be suggested where the objective is to minimize the imbalance measure with a lower

bound for efficiency with respect to some standard design e.g. randomized allocation rule.
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The proposed algorithm may also be used to obtain the optimal robust allocation under

few competing models, say logit and probit for binary response data, under some suitable

priors for the parameter(s). Such model robustness approach is widely used in toxicological

experiment under different non-linear models (Dette et al., 2012; Braess et al., 2013). These

are being currently studied and will be reported afterwards.
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