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Abstract

In this paper, we attempt the estimation of the directional quantiles, where the
random variable takes values on the surface of a unit sphere. We first form a notion of
directional quantiles in this regard. On the basis of the directional quantiles, we define
the concept of the best approach direction. After that, we discuss some properties of
the population best approach direction and discuss the inferential procedures related to
its sample variant. Then, we study the asymptotic distribution of the best directional
quantile estimator using the known asymptotic distribution of a directional estimator.

Simulation and real data analyses are done to illustrate the results.

Some keywords: Quantiles; Spherical Random Variables; von Mises distribution; Wrapped

Cauchy distribution.

1 Introduction

In R?, a unit sphere is given by S?~! = {z : x € RP;||z|| = 1}. A random variable X is

called a spherical random variable if the support of X is a subset of S?~!. Spherical random



variables have wide application in geology (e.g. Chang, 1986,1989), astronomy (e.g. Hall et
al., 1987), shape analysis (e.g. Bryner et al., 2012) and crystallography (e.g. Chapman et
al., 1995), among others. In two dimensions, the support of the random variable is on the
circumference of a circle and the random variable is called a circular or directional random
variable. Random variables taking values in angles such as wind direction and direction of
migration of birds are the most common examples of circular random variable. Other not so
obvious examples of circular random variables are the time of arrival of patients in a hospital
and date of the occurrence of an event in a year.

Quantiles of a random variable are very informative statistics because the distribution of
data over the sample space can be estimated using the quantiles. When the random variable
takes value on R and is continuous, the definition of the quantile is widely known. In this
case, a quantile 7, is the smallest number which satisfies F(1,) >= « where a € (0,1) and
F(.) is the distribution function. Using this definition, the spherical quantiles for the spher-
ical random variable was defined in Ley et al.(2014). In the paper, given the direction of the
median of the population, different quantiles were defined on the diameter which contains
the median. Some asymoptotic Bahadur (1966)- type representations were derived for the
quantile estimators. A drawback of the quantile definition was that it gave equal weightage
to the observations on both sides of the diameter and hence, one could not determine for a
particular quantile on which side of the diameter the frequency of the observations is more.
In this paper, an attempt to address the issue is undertaken where for every direction, direc-
tional quantiles are defined and then, one can understand the distribution of the spherical
random variable more vividly by the sample directional quantile estimates.

Suppose, we want to optimise the use of traffic signal in such a way that the traffic light is
on when most of the accidents occur and we want the traffic lights to be switched on for
the minimum span of time. Another similar problem is determining the working hours of a
doctor in a hospital. We want to optimise the working hours of a doctor by time span such
that the doctor is present in the hospital for the least span of time in which a predefined
proportion of patients arrive. Take for another example, one wants to launch a product
which is marketed for the least number of days in a year but is able to target a predfined
proportion of the product users. All of these examples can be converted to problems regard-

ing circular random variables where the random variable (time of accident, time of arrival



of patients in a hospital and the date of use of the product) are circular in nature. Then,
we can define the shortest time-interval in terms of the time span (S) and a mean time(T)
such that Pr(Y € [T — S/2,T 4+ S/2] > «). The problem of choosing the best T such that
S is minimized is basically a problem of choosing the point on the circumference (surface)
of a circle (sphere) or the unit vector so that if one moves along the line starting from the
point towards the origin and project all the observations on this line, one would cover «
proportion of observations the fastest. We have used the term Best Approach Direction
for the optimum mean direction (T) and we attempt to solve such problems given historical
datasets. In Section 2, we introduce the definitions on which we shall be working throughout
the paper. Section 3 covers the inferential aspects of the problem and some properties of
the best approach direction. Section 4 deals with some asymptotic results. We have shown
some simulation results on 2- and 3-dimensional sphere in Section 5. Section 6 deals with

the illustration of the theory by real datasets. Section 7 concludes.

2 Definitions

2.1 Population Directional Quantiles

Directions on a unit sphere can be determined by unit vectors. Let X be a spherical random
variable. Denoting a unit vector by  and the quantile by 7 and using a definition similar to
the one given in Ley et al.(2014) for the quantile along the median direction, the directional
quantile C; 3 € [—1, 1] along the direction 5 can be defined by C; g8 such that the region,
bounded by the hyperplane orthogonal to the unit vector 8 and passing through C; 33 and
the unit sphere in the direction of 3, denoted by Ax is the smallest region among all the
regions formed by hyperplanes orthogonal to 5 and between the unit sphere in the direction
of 5 denoted by A such that P(X € A) > 7. Now, this hyperplane C4 divides the unit
sphere in two parts 'y = {2z : 2 € SP"2/f > k} and C 4, == {2 : 2 € SP"1;2/3 < k}
for some k and if X follows a continuous distribution on the sphere, then at least one of

P(X € Cfy) or P(X € C7,) exactly equals 7.



2.2 Empirical Directional Quantiles

Let, x1,25...x, are the spherical observations. Then, for a fixed direction 3, there is a
straightforward representation of the empirical directional quantile. The empirical direc-

tional quantile C, 5 € [~1,1] can be defined in the following way:

C.3=inf{C: card(z; : z; € R,5) > n7}
where R, 3 is the region bounded by the hyperplane orthogonal to 3, passing through CA’W;B
and the unit sphere in the direction of 5 and card(A) is the cardinality of set A.
When the direction f is fixed, the directional quantiles behave like the quantiles of a linear
random variable and one can directly get the Bahadur-type representation as well as under
the assumption of regularity conditions, asymptotic distributions of the quantiles.
It should be noted here that, whenever more than one observations are on the hyperplane

orthogonal to 8 and passing through C'3, some of the empirical quantiles coincide.

2.3 Population BAD

The best approaching direction for a population, given a quantile 7, is the unit vector
U, € SP71 such that Cpy, > C,, Ya € SP71 ie. for a given 7, U, represents the unit vector
from which if one moves inside the sphere along the line joining U, and origin, one may cover
the region having probability measure 7 the fastest in terms of the length of line segment

between U, and C;y, U,. Thus,

PBAD ={U, € S» ' : C,p, > C,y.VV, € SP7'}

2.4 Sample BAD

The sample version of BAD is given by the direction u, such that if one approaches the
inside of the sphere from the direction u,, one covers 7 proportion of the sample the fastest.
Thus,

SBAD = {i, € 71 : Crq, > Coy WV, € SP71}



3 Finding SBAD

Theorem 1: If the points 1, s, ...2, € SP~! are in general position, then given a region
bounded between a hyperplane and the unit sphere which contains m out of n observations,
we always get a smaller region between a hyperplane passing through p out of the m points
which also contains the same m points {z1, ...z}
Proof: Let P be a hyperplane such that {x1,...xz,,} € Cp, where Cp represents the area
between P and SP~! which contains {z1,...z,,}. Also, if we define Sp = Cp N SP~! to be
the part of the surface of the sphere which contains {x1, ...z,,} and is bounded by P. Then,
due to the convexity of Cp,
1T + Qoo + ... Xy, € CpVa; > 0; Zai =1
i=1

Let, z1,x9,...x, € P and z,41,...x, ¢ P where, r < p. If r=0, then we can al-
ways get a smaller region containing at least one point out of the m points which has a
smaller area by moving the plane parallelly such that it passes through one of {z1,...x,,}
and it will have a smaller area. Thus, we take r;0. Also assume that Q is another hy-
perplane such that {xy,...z,} € Cg and without loss of generality, z1,za,...2, € Q.
Then, 3¢ > 0 : B.(z,) € Cp where B(z,) = {z : © € S,_q;||lr — z,|| < €}. But,
z, € Q = Be(z,) ¢ Cg. Thus, Cp — Cg # ¢.

Case 1: Let O ¢ Cp, Cq where O is the origin. Then,

m
Q1T1 + QaTo + ... Ty e Sp—lvai > 0720{2 -1 (31)
|1y + aos + . .. Q@] —
Dby i

As 11, 29,...7, € Q, hence, if z € CoN SP™!, then z = I for some «;’s such that

S gyl

P a; = 1 by equation (3.1). Also, because r, is an interior point of Cp, 2 € Cp N SP~!

i=1
Thus, Co N SP~1 € Cp N SP~1 which implies Cg € Cp.
Case 2: let O € Cp, Cg. Then, we may look at the region C'%, 08, the complements of Cp, Cg

and show that CS Cc CY. Let z € C5 N S, Then, z = DY AL for some a;’s such that
P Q- Q p—1 ’ [ 2251 cqal| !

P a;=1. Now,let x1,... 2, Tpy1%, ... 2% € P where x;x € SP71and x,41%, ... 2% € Cg.

i=1
Now, because x;* € C’SﬂSp_l, thus, Vj = {r+1,...p}, z;% € CgﬂSp_l. Now, z € C§NSP1

i Biwi VL Biwix
2ie1 ﬁixi+2f:r+l Bizix|| "

a;’s such that Y7 | a; = 1 for all j = {r+1,...p}. Thus, CE N SP! C C§ N SP~" which

p s
But, z;x € C§ N S,_1 implies ;% = HEZI’:¢

i1 |

for some

implies, z = I
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implies Cg € Cp. Now, O € P but O ¢ (@ implies that the area of C is less than the area
of Cp trivially and thus, Case 1 and Case 2 are sufficient for the proof. Q.E.D. 0

Using the theorem, given z1,...2, € SP~!, one can make the following algorithm to find

SBAD for 7 where, 7 = ™.

Algorithm 1:

Let dis,e: = —00, P be X7 = 0.

Step 1: Take any set of p points out of n points.

Step 2: Check if the plane passing through the p points cuts the sphere in such a way that
one side of the plane contains more than m points.

Step 3: If there are more than m points on one side of the plane, find the distance between
the plane and the origin and denote it by dis and the plane by Py,

Step 4: If the region on the side of the plane which contains more than m points contains
origin too, disiemp = dis + 1, otherwise, disien, = 1 — dis .

Step 5: If disiemp < diSmaz, diSmaz = diStemp and P = Py,

Thus, the unit vector orthogonal to P in the direction of the region containing the m

points gives SBAD.

3.1 O(n) algorithm for finding SBAD in S!

The complexity of Algorithm 1 is (Z) When z1,25,...2, € S, the complexity of the
algorithm can be reduced further because of a sense of ordering in the points x1,zs, ...,
because in this case, the points can be represented in terms of angles. Let, zy,...z, € [0, 2)
and if x(y),... 2, be the ordered angles such that 0 < (1) < x(9)... @) < 2m . Then, to
find SBAD, one can start from x(;) and then measure the distance between x(;y and z(,,). In
the similar way one may move forward and take the distance between x(,) and (,4-m—1)modn
till » = n. SBAD is then determined by the unit vector perpendicular to the plane which
has the least distance among these n distances and thus, the problem can be solved in O(n)

when the observations are on a circle.



3.2 Properties of BAD

Property 1: Equivalence of spherical mean and SBAD on a family of distributions

Theorem 2: For the class of spherical probability density function f(z;0) = g(2'0)
where # € SP~! and g(y) is a monotonically increasing function of y and for any 7 € (0,1),
the PBAD is 6.

Proof: Let, § # 60 € SP7'. and c € [-1,1]. Let, Ay ={z:2'0 > ¢} and A; = {z: 2/§ > ¢}

f@ﬂMQ:/

A1NAsg

f(z;:0)dQ + / f(z;0)d

Ay A ﬂAQC

Similarly,

ﬂﬁwmz/

A1NAs

f(z;0)dQ + / f(z;0)d2

Ao ASNA,

Now, Vo € A; NAY, 20 < ¢ and Vo € AY N Ay, 2’0 > c. Thus, sup 4, nag f(z;0) <

inf yor 4, f(2;0). Also, the surface area covered by A, is the same as the surface area covered

by As. Thus, fAl f(z;0)dQ < fA2 f(z;0)dQ2. Thus, PBAD is 6. Q.E.D. O
The family of pdfs on a sphere satisfying the condition of Theorem 2 includes von Mises

Fisher distribution, exit distribution etc. Theorem 2 establishes the equivalence between the

spherical mean, spherical median and PBAD in case of symmetrically distributed monotonic

distributions.

Property 2: PBAD and SBAD are rotationally equivariant for rotationally equiavariant
family of distributions on the sphere i.e. PBAD(AX) = A x PBAD(X) where A € O(p)

and PBAD(X) is the PBAD based on X.

This is because for any unit vector v and A € O(p), v'x = (Av)"Az. Now, for the

vector v and 7 € [0,1], let the set {x : x'v > ¢} has probability 7. Then, for the
random variable Y = AX, the set {y : y"Av > ¢} has the same probability. Thus,
PBAD(AX) = Ax PBAD(X) and CT,PBAD(X) = CT,PBAD(Y)' Slmllarly, the results hold

for SBAD.



4 Some Asymptotic Results

4.1 a.e. Convergence of SBAD

Let, U, € SP~! be the PBAD for a fixed 7 € [0,1]. Then, under the following assumptions,

almost sure convergence of SBAD can be established.

Assumptions:
Al. an(A) RN fx(A) VA ¢ §r-!
A2. 37 €[0,1] : 3e(7) > 0: supp, ) Cr(u) > infp (u) Cr(u) > supge Cr(u)

Theorem 3: Under Al and for any 7 € [0, 1] for which A2 is satisfied, arg maxgs-1 C,,(7) €
B(u) almost surely.
Proof: For any v € SP71 Z(v) : Q@ — [—1,1] is a random variable which is a function
of the random variable X such that Z(v) = X'v. Then, C;(v) is the population quantile
of —Z(v). Now, sample quantile converges almost surely to population quantile under Al.
Hence, C,, ,(v) == C,(v).
Now, if we take 7 such that it satisfies A1 and A2, then we can write suppe Cr(u) =A;
supg, Cr(u) = B and B> A.Then,V§ >0,IN :¥n > N, A—-§ < suppe Crn(u) < A+0
and B — 4 < supg_ Cn(u) < B+ 6. But, 6 is arbitrary and B > A. Thus, 3N : Vn >
N, suppe C, < supp, C,. Thus, for any 7 satisfying A2, Vn > N, argmax C,, € B.(u)
almost surely. Q.E.D. O

4.2 Asymptotic Distribution of SBAD

Given an asymptotic distribution for mean or median and using the result established in
Theorem 2, we can find the asymptotic distribution of SBAD for circular random variables
taking values on S'. Denoting the population mean or median by @ and a consistent esti-
mator of mean or median by én and under the following assumptions and the assumptions
Al and A2, the asymptotic results may be established for SBAD. Let, there is an estimator
én of @ where 0 can be mean or median such that

A3. 0, 50

Ad. (0, —0) % 0,(1)



A unique unit complex number z can be defined for every angle # by the transforma-
tion z : # — C such that 2(f) = ¢®. Now, A3 and Theorem 2 implies 6, 2 0 and
SBAD & PBAD. We denote zy = €, zp, = ¢F'BAD 2, — e and 29 = 984D Also,
let, Bzp = zp. and B2y, = 24, where, B, B € C; |B|, |B| = 1. Thus, B & B by Slutsky’s

Theorem.

Now, writing the 2-dimensional representation for SBAD as Oxy = (cos HA*,sin HA*) and
the same for PBAD as 0%, = (cos 0%, sin 0%). Also, let b,b € O(2), where O(2) is the special
orthogonal group of matrices of dimension 2 x 2 uniquely determined by B, B respectively.

Now, representing fmy = (cos @, sin ) and Omsy = (cos 5, sin 5) Then,

= /n(b — b)(8my) 4+ v/nb(Bmg — Omy)
=o0,(1) + F'
where, F” is the distribution of by/n(fms — Oms).
Now, if \/n(fmy — 0ms) ~ N(0,2), then,

Vn(bOmy — bmy) ~ N(0, bSh)

Thus, if we know a consistent estimator of population mean or median (or any direc-
tional statistic) whose asymptotic distribution is known, we can compute the asymptotic

distribution of SBAD.

4.3 Asymptotic Distribution of 67753 AD

We denote SBAD by 3 and PBAD by §.
Assumptions:

A5.Hd2d§;’z || < M for some finite M at £.

Under A5, we may derive the asymptotic distribution for CT 5 by the Taylor Series expansion
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of C ; at B in the following way:
Vi(C, = Crg) =Vn(C, 5 = Crg+ Crp — Crp)

= V(B —B)C, ;" (B—B)+ Vn(Crp— Crp)

Now, due to the asymptotic distribution of SBAD, /n(5 — B)YC. 5" (B —B) = 0,(1). Also,
we may find the distribution of C’Tﬁ by the distribution of X’ which can be approximated
by the distribution of X’8.

5 Simulation

We carried out simulations at two sample sizes for the cases when X € S*, S%2. The random
variable X ~ vM(0, k) (von Mises distribution) when X is a circular random variable and
X ~ vMF(u,k) (von Mises Fisher distribution) with g = (1,0,0) when X € S? at two
different values of k. From Theorem 3, we know that the PBAD in these cases will be
equal to the mean direction for all values of 7. We calculated SBAD at three levels of 7 in
10000 replications for each simulation experiment. In the tables, we reported the spherical
(circular) mean and spherical (circular) dispersion of SBAD and the mean and standard error
of €, over the 10000 simulations. Denoting z = futtetettn - the spherical mean direction
of x1, 3, .. 2y is defined as Z; and the spherical dispersion is defined as 1 — [|z|]. For the
circular case, we have tabulated the circular mean defined as arg(z) when z is expressed in
the form of complex number. SBAD is found in the circular case based on the algorithm
mentioned in section 3.1 and SBAD is calculated in the spherical case using Algorithm 1.

The results of the simulations for circular cases are presented in Table 1 and Table 2, while
the same for the spherical cases are presented in Table 3 and Table 4. We find that the
mean direction of SBAD in all these cases are very close to the mean direction of the true

parameters and the dispersion is also very low.
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Table 1: Simulation results: SBAD and C, (standard errors in parentheses) for circular

random variable at n = 50,200, u = 0, x = 3.5 at different 7’s

Table 2: Simulation results: SBAD and C, (standard errors

n = 50

T 0.3

0.6

0.9

-0.0007 (0.0259)
C. ]0.0144(5.6490 x 107%)

-0.0007 (0.0131)
0.0938 (0.0003)

-0.0001 (0.0126)
0.3925 (0.0009)

n = 200

0.0021 (0.0118)
C. | 0.0188(3.7346 x 1077)

0.0016 (0.0054)
0.1023 (0.0001)

0.0003 (0.0051)
0.4061 (0.0005)

random variable at n = 50,200, u = 0,k = 1.5 at different 7’s

in parentheses) for circular

C, | 0.0412(0.0002)

n = 50
T 0.3 0.6 0.9
SBAD | 0.0024 (0.0627) | 9.5023 x 106 (0.0338) | -0.0015 (0.0589)

0.2621 (0.0008)

1.0734 (0.0023)

n = 200

-0.0019 (0.0274)
C, | 0.0523(0.0001)

-0.0002 (0.0135)
0.2831 (0.0004)

-0.0004 (0.0212)
1.1222 (0.0013)

Table 3: Simulation results: SBAD and C. (standard errors in parentheses) for spherical

random variable at n = 50,100, u = (1,0,0), x = 3.5 at different 7’s

n = 50
T 0.3 0.6 0.9
SBAD | (1,0.0031,-0.0018) (0.0476) | (1,0.0025,0.0007) (0.0265) | (1,-0.0009,-0.0036) (0.0312)
C, 0.0656(0.0002) 0.2088 (0.0377) 0.5342 (0.0009)
n = 100
SBAD (1,-0.0020,0) (0.0281) (1,-0.0003,0.0010) (0.0173) | (1,-0.0017,0.0009) (0.0199)
C, 0.0788(0.0001) 0.2268 (0.0003) 0.5745 (0.0007)

12




Table 4: Simulation results: SBAD and C, (standard errors in parentheses) for spherical

random variable at n = 50,100, = (1,0,0),x = 1.5 at different 7’s

n = 50
T 0.3 0.6 0.9
SBAD | (1,-0.0027,0.0021) (0.1178) | (1,0.0023,-0.0025) (0.0768) |  (1,0,-0.0026) (0.1154)
C. 0.1433(0.0003) 0.4484 (0.0008) 1.0641 (0.0014)
n = 100
SBAD | (1,0.0012,-0.0039) (0.0734) | (1,-0.0009,0.0004) (0.0480) | (1,0.0025,-0.0042) (0.0760)
C. 0.1700(0.0003) 0.4873 (0.0006) 1.1385 (0.0010)
6 Examples

6.1 Leukamia Data Example

In table 1.4 of Mardia and Jupp (2002), the month of onset of cases for lymphatic leukamia
data in UK during 1946-1960 is shown. The data is grouped and we have the number of
observations corresponding to each month of the year. To make the data useful for the
illustration of the theory presented in the previous sections, we first converted the data into

i%) and taking ¢ = 1 for January

circular data by taking the span for a month as [(i — 1)%, 7%

and ¢ = 12 for December moving in anti-clockwise fashion. Then, we uniformly took f;

s

&) for each i, where f; represents the number of observations

observations between [(i — 1), 7
for the ith month. Thus, the sample space is the circumference of the circle. Then, we
calculated SBAD based on quantiles 7, = 150/506, 7o = 300/506 and 73 = 450/506 close to
0.3,0.6 and 0.9 respectively. The results of the data analysis are presented in Table 5. The
analysis on such datasets help the health officials to target the disease appropriately using
minimum monitoring (in terms of time-span) so that a pre-defined % of patients can be
taken care of. SBAD and C, for the cases are mentioned in Table 5 . We have reported the
standard error of the SBAD assuming the joint asymptotic distribution for cos(X;), sin(X;)

as multivariate normal as shown in equation (6.5) and using delta method.

1
NG S cosmi, Yo sinz;| ~ N(¢, %) (6.2)
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Table 5: Data Analysis for leukamia data

- 150 300 450
506 506 506
SBAD | 3.3696 (0.0315) | 3.5854 (0.0307) | 4.3700 (0.0282)
C. 0.2427 1.0506 1.8781
Table 6: Data Analysis for Ant data
T 0.3 0.6 0.9
SBAD | 3.2446 (0.0602) | 3.3406 (0.0601) | 1.9836 (0.0252)
C. 0.0167 0.1279 1.4810

where, ¢ = F(X) As we do not know the true distribution for C;, hence the standard error

for C; is not reported in the table.

6.2 Ant Data Example

In Bentley (2006), dataset on the direction of movement of ant is considered. The dataset
is a modification of the data used in Fisher (1993) (p.243) which is sampled from a large
dataset from Jander (1957. It has been argued in Bentley (2006) that the data comes from
a mixture of vonMises distribution and a uniform distribution. Theorem 3 holds for this
distribution also as uniform distribution adds a fixed constant to the equal area on sphere
surface. We have used this dataset and calculated SBAD and C. for 7 = 0.3,0.6,0.9. We
have estimated the standard error of SBAD similar to the previous example. The results
are then tabulated in Table . It can be seen from the results that for 7 = 0.3 and 7 = 0.6,
the SBAD is near the mean direction of the von Mises fit as the effect of mixing does not
take place but when 7 = 0.9, the mean direction shifts a lot and this may be be due to the

non-uniformity of the assumed uniform distribution as the mixture.

7 Conclusion

In this paper, we have defined directional quantiles for spherical random variables and on
the basis of it, we formed a notion of best approach direction. If we define in the same sense,

the worst approach direction, then also most of the properties can be derived similarly.
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Section 4.2 was restricted to the case of circular random variable. This was due to the non-
uniqueness of B in dimensions greater than 2. There is a scope to study the asymptotics in
higher dimensions. Property 1 can also be used to develop tests of unimodality. The method

could also be generalised for general shapes by embedding the shapes inside a sphere.
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