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Abstract

The balanced allocation of experimental units with regard to various known covari-
ates among several treatment groups, before the physical experiment takes place, is
often considered to be the most reasonable allocation scheme in all intervention stud-
ies and clinical trials. Such allocation problems have been modeled in an ANCOVA
set up by several authors. It is well-known that, for models with covariates, balancing
defined through equality of covariate means corresponding to various treatment groups
ensures widely used D— and A—optimality. However, it is not well-understood if the
reverse (that is, ensuring balance, through an allocation of a fixed set of experimental
units with known covariates to several treatments, with the objective of efficient esti-
mation of treatment effect or covariate effect or both through commonly used D— or
A—optimality) holds or not. For continuous covariates, it has been observed previously
by the same authors, through a computationally intensive method, that balanced allo-
cation (with respect to either covariate mean or number of replicates) may not always
be achieved for an optimal design. In the present paper, an analytic confirmation of
this reverse result with categorical covariates has been obtained with regard to D—

and A—optimality.
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1. Introduction

Balancing treatment allocation over various covariates in terms of a summarizing measure,
viz., covariate mean, corresponding to each treatment group, plays a vital role in intervention
studies and clinical trials, as that has a direct implication towards valid comparison of various
treatments (Efron, 1971; Pocock and Simon, 1975; Wu, 1981; Atkinson, 1982; Kalish and
Begg, 1985; Rubin, 2008; Hu and Hu, 2012; Morgan and Rubin, 2012). Efficient estimation
of treatment effect, or covariate effect, or both, with regard to several optimality criteria
such as D— and A—optimality (Kiefer, 1959), may be achieved through balancing. In Shah
and Sinha (1989), it had been established that a balanced design with regard to equality

of covariate means over different treatments ensures D—optimality and, if additionally the



design is equi-replicate as well, it also ensures A—optimality. Our objective of this paper is
to study whether these optimality criteria ensure balanced allocation design for the known
categorical covariates. Note that, while allocating units with known categorical covariates,
balancing with respect to covariate mean is equivalent to equi-proportional allocation. In
presence of covariates, a balanced design ensuring similar group sizes is also expected to
possess similar distribution for covariate values across several treatment groups (Kundt,
2009; Su, 2011).

Balancing over categorical covariates for various treatment groups, obtained as a conse-
quence of allocation design satisfying various optimality criteria, has not been exhaustively
studied. We have considered an one-way ANCOVA model, where the problem is to allocate
the fixed set of experimental units with known categorical covariates into various treatment
groups by satisfying the well-known optimality criteria. If the categorical covariate data are
available before units are exposed to treatments, it has been shown that the optimal allo-
cation design ensures balance not only for the overall experiment, but also for each level of
the corresponding category, before the physical experiment takes place, as required in Rubin
(2008) for the intervention studies. Besides the well-known D— and A—optimality, this is
true for D,— and Ag—optimality also, where the optimality is required with respect to a
subset of the parameters and is based on the respective submatrix of the dispersion matrix.

In Section 2, the problem has been formulated in an ANCOV A framework. The proper-
ties of the allocation design with regard to D— and A—optimality by considering estimation
of both treatment effects and categorical covariate effects have been studied in Section 3. In
Section 4, the case of only treatment effects in terms of D;— and As—optimality has been
formulated and the preservation of balanced allocation through such optimalities has been
discussed. The paper concludes in Section 5 with some relevant observations and scopes for

further research.

2. Problem Formulation

Consider the one-way ANCOVA model with 7 treatments and S covariates whose values
are assumed to be known for the fixed set of n experimental units. The linear model for the
analysis is given by

S
v = i+ zzlﬁsxlis + ey, for i=11)n, I=1,---r (2.1)

—
where n; (> 1) denotes the number of experimental units receiving the [ treatment and
lzrjl n; = n. Here, vy, 1, Bs, Tis and €; denote the response from " experimental unit

receiving the [** treatment, the [** treatment effect, the regression coefficient for the s



covariate, the value of the s covariate corresponding to i experimental unit receiving
the I'" treatment, and the observational error, assumed to follow #id N(0,0?) distribution,
respectively.

The linear ANCOV A model, as stated in (2.1), may be reframed in matrix format as

follows:
Y = Wh+e=Zpu+X5+e¢ (2.2)

where W = (Z : X)), 8 = (u: ). Here Y is the n dimensional response vector, Z is the (nxr)
matrix of unit row vectors corresponding to the indicator variables for the treatments with
one entry to be unity for each row, u is the vector of r treatment effects, X is the matrix of
covariates of order (n x.S) associated with the S—dimensional vector of regression coefficients
$ and the error vector € is assumed to follow N, (0,021) distribution, where o%(> 0) is the
unknown constant variance. The optimality criteria depends on the information matrix
(WTW) of order (r +S) x (r+S). For efficient estimation of both treatment and covariate
effects, we need to minimize the determinant and trace of the dispersion matrix (W7W)~!
for D— and A—optimality, respectively. Similarly, D,— and A,—optimality correspond to
minimization of the determinant and trace, respectively, of the dispersion matrix of the
selected subset of parameters, for example, corresponding to the r treatment effects when
efficient estimation of only the treatment effects is of interest.

In practice, the covariates may be binary or categorical (nominal or ordinal) and, for
the sake of mathematical convenience, we consider the allocation of experimental units into
two (i.e. r = 2) treatments, while extension to general r treatments requires routine but
involved mathematics. Also, for simplicity, let us consider a single categorical covariate
(i.e. S = 1) involving (K + 1) levels A;,---, Ag+1. Note that, when there is only one
categorical covariate, the model is same as that of a two-way ANOVA, one for the treatment
and the other for the covariate. Here also, the extension to general S may be achieved by
considering all possible level combinations of the S categorical covariates as the different
levels of a new single categorical covariate. For the sake of exposition, we confine ourselves
to a single covariate. The specific problem is then to allocate the n experimental units
with known levels of the categorical covariate to either of the two treatments in an optimal
way. We consider the ANCOV A model given in (2.1) with x;;; denoting the value of the
dummy variable for the single (since S = 1, here s takes only one value) categorical covariate
for the i experimental unit in the [** treatment group. To avoid the dummy variable
trap or perfect multi-collinearity (Chatterjee et al., 2000), ;5 is taken as a K dimensional
column vector with all zero’s and at most one unity, as there are (K + 1) levels for a single
covariate. Let n; be the number of experimental units in the " treatment group and my;

be the number of experimental units in the [** treatment group belonging to the category



K
Aj,l=1,2and j=1,---, K+ 1, with m; g5 = m — - my;, and n; + ny = n. Note that
j=1

2
m; = », my; is the fixed number of experimental units corresponding to the covariate level
=1
Aj, for j =1,---, K+1. The non-singular information matrix W W, excepting the constant

0~2, may be written as

T 0 mip M1y ..... mik
0 Mo Moy Moo ..... MoK
mi; Moy mq 0 ... 0
wiw = (2.3)
mio Mmoo 0 meo ... 0
Mg Mok 0 0o ... mg

The above matrix is independent of the term m; g3, as m; g7 = m — ]i—(:l my;, 1= 1,2.
For S categorical covariates with ky, ko, - - -, kg levels respectively, the total number of level
combinations is k; X ko X ... X kg = K + 1, say. If balanced allocation, in terms of number
of replicates, is achieved for every treatment within each cell of such S-way classification,
then corresponding marginal balance of any order is a natural consequence by summing
over the required cells. Thus, cell level balance is adequate to ensure marginal balance of
any order. As such, by taking a single covariate with (K + 1) levels is sufficient to ensure
individual and marginal balance of any order for S categorical covariates with ki, ko, ..., kg

levels, respectively, for the fixed set of experimental units.

3. Optimality with respect to both treatment and co-

variate effects

Here, we consider the optimum allocation of n experimental units with known values of
a single categorical covariate with K + 1 levels with regard to D— and A—optimality based

on the information matrix WZW (without the constant o~2) as given in (2.3).

3.1 D—optimality :

For D—optimality, we have to maximize det (W' W) with respect to (ny, na) and (mq;, ma;),

2
for j = 1,---, K, subject to the conditions n = n; +mny and m; = > my;, j = 1,---, K,
=1

where
K K 2. K 2 K g2 K 2 K oo i
det(WTW) = (ITmy) |mng —m 327 —ma 32 8 4 2 T2 ) = 00 = 7=
=1 g=1 "M o L R B LV e LY oomy



For the sake of mathematical convenience, instead of considering the discrete design variables

ny and mlj as integers, we consider the corresponding proportions given by p = =+, 1—p = =2

and q; = - ] —q; = %, for j = 1,---, K, which are fractions and hence may be treated
J

My 11
MK 1

2 K+1
A —qri1 = . and denote H m; = m. Now,

7j=1

as continuous. Let us write g1 =

denoting det(WTW) as ¢p, a function of p,q,- -, qx, we have

¢D(p7Q1;"',C]K) = m{npl— —anmJ —nl— ijqj

K

Zm]qﬂ Z 1_qJ ijqj

Equating the partial derivative of ¢p(p, ¢, -, qx) with respect to p to zero and after some

routine algebra, we get

{1—2}9 Zmy—i—QZm]q] = 0. (3.1)

Similar operation over ¢p(p, q1,- -, qx) with respect to ¢; yields
K
np — qjmK+1 — Z mj/qj/ = 0, (32)
=1

for j =1,---, K. Multiplying (3.2) by m; and summing over j =1,---, K, we have

p = (Z m;q;)/ Y m;. (3.3)

Using the expression of p in (3.2) and after some simplification, we have

K K
(D mypap)/ Y my, j=1,-- K (3.4)
7'=1 =1

Comparing (3.3) and (3.4), we see that, p and ¢;, j = 1,---, K, have the same solution.
Therefor replacing, ¢; by p in (3.1), we get the solution as p = %, which implies ¢; = %, Jj=
1,--+, K, and also qx 41 = 3

To check the optimality, i.e to check that det(WTW) attains maximum at the fixed points
obtained from the first order conditions, we have to show that the corresponding Hessian

matrix is negative definite at that fixed point. It can be easily seen that, while evaluated

92 9?2 92
atp=q =+ =qg = %; a}‘f’QD = 2mn? <0, af?D = —2mm;(m; + mg41) < 0, ap%l;j =
J
2 . . . .
2mnm;, 3?1]?;;/ = —2mm;my, for j # j' =1,---, K. Thus, the Hessian matrix, evaluated



—n nm; nme .. nmeg
nmy  —my(my + mgiq) —mams ... —Mmymg

Hp =2m nms —myma —mao(me + Mg41) ... —MoMi
nMm —MmyiMmg —MoME e —mg (Mg + mgyq)

The above matrix can be written as sum of the two matrices Hg) and H,(:?) as

Hp = 2m[Hp - Hp, (3.5)
where H,(jl) = diag (0, —mimp1, —MoMpi1, -, —Mmrmg.1), a (K +1) x (K + 1) diagonal
negative definite matrix and Hg) = (—n,mq,--- ,mK)T (—n,mq, -+, mg), a positive definite

matrix. Thus, Hp is negative definite and hence D—optimality ensures a balanced design
with regard to a single categorical covariate with multiple levels for allocation of n experi-

mental units to two treatment groups and the maximum value of det(W?W) for attaining

K
this D— optimality is ( [T m;) =+
j=1

3.2 A—optimality :

For A—optimality, we require to minimize trace(WTW)~! subject to the conditions n; +
no = n and 22: my; = mj,j =1,---, K. From (2.3) and using the result of matrix inverse
through partli?iloned matrix (Rao, 1973, pp 33) and, as before, instead of the discrete design
variables n; and my;, considering the corresponding proportions p and ¢;,5 = 1,--- K, as

defined in Section 3.1, we have trace(WTW)=!, denoted by ¢A(p,q1," -+, qk), as

K
Z ¢A1 b,q1, - '7qK) (36)

¢A(paq17"'7q1( s
j=1 my; ¢A2(paQ1a"'>qK)

where

K K
dai(prqr, - ax) = Mk qu +1) —2(np — ijqj qu + 1)+ (K +2)(np — Y _m;q3)
j=1 j=1 j=1
and
K K
ba2(psqr, 5 qx) = mxa(np — ijqu') — (np — Zma‘%’)Q
i=1 i=1

The minimization of trace(W?W)~! requires finding the fixed point solutions, by setting the

partial derivatives of the expression given in (3.6) with respect to p,qi, ¢, -+, qx to zero.



Now, equating the first order partial derivative of ¢4(p, ¢1, - - -, i) With respect to p, denoted
by ¢ap(p,q1,- -+, qK), to zero gives

¢A,2(p7 QIv"7QK)¢A,1p(p7 Qh-wQK) = ¢A,1(p> QI7"7QK>¢A,2p<pa Q1,-~,QK)7 (37)
where
K
¢A,1p(p7q17"7QK> = nZ(l_QQJ> and
=1
K
¢A,2p(p7 q1, -+, qK) = n[mKJrl - Z(Tlp - ZquJ)]
j=1

are the first order partial derivatives of ¢41(p, q1,- -, qx) and ¢a2(p, q1,- - -, g ), respectively,
with respect to p. Similarly, equating the first order partial derivative of ¢a(p,q1,- -, qx)

with respect to ¢; to zero, for j = 1,---, K, we have

¢A,2(p7 q17"7qK)¢A,1qj(p7 Qh--’(JK) = ¢A,1(p7 q17"7qK)¢A,2qj(p7 Q17'-7qK>7 (38>

where

K K
®A1q (pyq1, -+ yax) = 2[mii1g; — (np — Z myjiqy) + mj(z gy + 1) — (K + 2)m;q;] and
i'=1 i'=1

K
Gazg, (s, qr) = 2myl(np — Y myqy) — micags).
i1

However, the solutions of the equations given in (3.7) and (3.8) subject to the stated
conditions are mathematically intractable and devoid of any closed form. We start by trying
to identify a fixed point of the above equations. Note that, when we have p = ¢, = --- =
gk = 1/2, we have balance with respect to the number of replicates at each level of the
covariate and the two treatment groups in the corresponding allocation design. It is to be
observed that the solution (p, g1, -, qx) = %J 11 1s also a fixed point solution of the equa-
tions (3.7) and (3.8). Here Jx 1 is the (K 4 1)—dimensional unit vector. In order to obtain
optimality, we have to establish positive definiteness of the corresponding Hessian matrix

at this fixed point solution. Now, at this observed fixed point, the elements of the corre-
02pa _ 2n%yYy =~ 0 Ppa _ 2(mi(mi+mgq1)P1+(mir1—Km;)pa) >

sponding Hessian matrix H,4 are

T 4R A 02
92 —2 Y1+ 92 2(mjm_ o1+ (mj+m.s)h2) . .
07 8})(5(2 - n(mijpgl 2) and 8%';;]'/ = — w% : : Y for ] # jl = ]‘?. o 7K7 Where
(O % and 1y = "ML Note that Hy is a symmetric matrix and it can be

easily proved that the determinants of all the principal order minors are greater than zero,
which establishes positive definiteness of the Hessian matrix H4 (Rao, 1973, pp 52). Hence,
this fixed point (p,q1,---,qx) = %JKH is at least a local minima of (3.6). In order to es-

tablish that A—optimality ensures unique balanced allocation design, we have to show that

7



there is no other optimal solution except the fixed point solution given by %J x+1- Let us
assume that, p* = {p,q1, -+, qx} € (0,1)5T! be a set of any arbitrary allocation ratio other

than %J k+1- The difference between the functional values at these two points is

K K
Palp) = Gal3icn) = 2 + BHGRSET — D~ e

=1 ba,2(0,q1,-,9K) =1 m; n M1
K K K
muc1 (Y ¢F+1)=2(np=2 " m;q)( Y] aj+1)+E+2)(np—3  m;q3)
. j=1 j=1 j=1 j=1 _ n(K+2)+2mk 11
= K K P
mycy1(np—_ m;iq?)—(np— ] mjq;)?
j=1 j=1
K K
mi () @1 =2(mr1qr+1) (Y aj+1)+(K+2)(np— ) m;q?) (K242
_ j=1 j=1 j=1 _ n(K+2)+2mK i
- K n MmK41
mg1(np— qujz-)*(mK-o—IQK-H)Q
=1
K K K

mi [y a3+1)=2nax 41D i+ D) +Hn(K+2)+2mg 11} ag  —2(mi1ax 1+ my(a;—4a3)]
i=1 j=1 j=1

K K
{mucr1(np=3_ m;a3)—(np= ) mjq;)*}nmi 41
j=1 j=1
J K J
(gj—ar+1)?+2(n+mic 1) (ax+1—-3)2+2 Y mj(gj—3)?
1 j=1
= -2 = e s > 0. (3.9)

{muc1(np=3 " mja?)—(np—_ mjq;)2nmi 1
= j=1

Observe that the numerator of the equation (3.9) is greater than zero, while its denominator

M=

n

is same as nmi_ {mri1qx+1(1 — qr1) + i—: m;q;(1 —¢q;)}, a positive quantity. Hence, the
right hand side of (3.9) is greater than zer]o_. This ensures that ¢a(p,q1,q2, -+, qx) attains
minimum at %J k11 which establishes that A—optimality achieves the unique balanced al-
location for the experimental units into the two treatment groups and at each level of the

categorical covariates, with respect to number of replicates. The corresponding A—optimal

+ n(K+2)+2mg 11 ‘

K
value of the objective function at that optimal point is > mi Fa—
; J

J=1

4. Optimality with regard to only treatment effects

Such optimality criteria consider the dispersion matrix of the least square estimates of the
selected subset of the parameters corresponding to ‘only treatment effects’. There are D;—
and A,—optimality, corresponding to D— and A—optimality, respectively, but based on the
corresponding dispersion matrix, which is the corresponding submatrix of (W7W)~!, with

the covariate effect parameter § playing the role of nuisance parameter. Let us partition the
matrix (WITW)=! as

(4.1)

(WTw)—l _ ( Wi o2 ) |

W21 W22

where W1lo? is the (2x2) dispersion matrix of the least squares estimate of 11, and the matrix
W = (ZTPZ)™! is derived through the projection operator P = I — X (X7 X)) ' X7 the

8



ortho-complement of the column space of X (Cook and Nachtsheim, 1989). To achieve
the D,— and A,—optimality, we have to minimize the determinant and the trace of W1,

respectively. From (2.3)

f mi; f m1jma;

ny — — - —
7Pz = R (4.2)

_ f: mimeg f: m3;

m; 2 j=1 my

4.1 D,—Optimality :

For D,—optimality, the minimization of det(ZT PZ)™! is equivalent to maximization of
det(ZTPZ), with respect to (ni,ns) and (mq;, ma;) subject to the constraints as given in
Subsection 3.1. As before, instead of considering the discrete design variables n; and my;,

m1]

for [ = 1,2, let us consider the corresponding proportions given by p = "1, ¢; = , for

j=1--- K and qx+1 = mnllKT Expressing the determinant of (Z7 PZ) in terms ofp and
qi, -, qx, we have the objective function to be maximized as
(st(pJQIJ"'aq}() — np]-_ _npzm] —nl— Zm]qj
7=1

K

<Zl qu] Z (1— qJ Zmyqj )

k
From Subsection 3.1, we have ¢p(p,q1,---,qx) =m ¢p.(p,q1, "+, qK ), Where m = ‘Hl m; is
j:
a constant, independent of the decision variables. Hence, by following the same argument,
we have the result and the optimum value of the objective function in this case is “.

4.2 A,—Optimality :

For A,—optimality, we have to minimize trace(ZT PZ)~!, with respect to (n;,ny) and

(maj, mg;) subject to the constraints as mentioned in Subsection 3.1, where

K 2 K .2
(m ) = (2 70+ 2 T2)
trace(ZTPZ)™t = =1 =1 7
K m2 m2 K 2 K .2 Ko o
ning — 1y '21 — N2 Z 1J+(Z m2 )(Z‘ml) (214?,1].2])2
] : : ]:

As before, the continuous version of the discrete optimization problem through the transfor-

m17 my K+1

mations p = ™, q; = yj=1,--- K and g1 = , gives the equivalent problem of

minimizing
¢As,1<p7 q1, - 7QK)
¢As,2<p7 q1, - 7qK)’

¢As<p7Q17”'7QK>

9



K

where ¢As,1<paq17”'7QK> = Z 1_q_7 +ZmJQJ ) and
: ] 1
K
Ga oD@ qx) = [Pp(L—p)—npd mi(l—q;)* —n(l—p Zm]q]
j=1

K K K
2 )2
+ Qo m) o ms( = 4)%) = (L myg; (1= )]
j:l j:l :
Differentiating ¢4, (p, q1,- -+, qx) partially with respect to p and equating with zero, we get

Ga 201y, Q) Pa (D 1y k) = Pa 1 (D s Qi) Pas (D 1y k), (4.3)

where the first order partial derivatives of ¢4, 1(p,q1,--,qx) and ¢4, 2(p,qu,- -, qx) With

respect to p are

¢As,lp(p7 q1, - 7QK) = 0, and (44)

K
¢AS,2p(p7q17”'7QK) = [ 1_2p Z 1_qJ +ijqj] ’ (45)

7=1 7j=1

respectively. Hence, using (4.4) and (4.5), and after some routine algebra, (4.3) gives

K
[2np -2 mjq — mKH] = 0. (4.6)

j=1

Similarly, taking partial derivative of ¢4, (p,q1,- -, qx) with respect to g; yields

K K
m;(1 — 2g;) [QWKH(”/P — > myqy) —2(np — Y myqy)® — m%ﬂ-l] =0, (4.7)

=1 j=1
for j =1,---, K. Substituting the value of my; obtained from (4.6) in (4.7), we have g,

5, for j =1,---, K. Then, from equation (4.6), we have p = 5 , which results in g4, =

I “'i‘H I

The elements of the Hessian matrix Ha,, evaluated at the ﬁxed points (p,qi, "+, qx)
1 Poa, _ 202 61 2¢a, _ 2mi(mjtmui)€1—4dmica  mi(nmytmimg pi+mi )
2 K are Tt = Tt > 0 Het = & - G

62¢As — —2nm;&1 92 ¢As . Qmjm~/£1 . g . B (n+mK 1)
0, opdg; £§J ) Bgogy ggg , for j £ 5 =1,2,--- K, with & = (ntmicin) and
§ = ==L Thus the Hessian matrix Hy,, evaluated at this fixed point, can be written as

V

2

n -nm;g ... —nmg
2
_ 2 MMV
nmi (ml + Fmrs) ) mimg
n+mgi1
HAS =753 —nmsy mimeo . momipg
2

—nm - m2, 4 KM
K PR e K T (ntmgi1)

Therefore, apart from a constant, H4, may be written as the sum of two matrices HSS) and
HP as
As

n 4+ Mg
Hy, = ——

. o HY + 1, (4.8)

10



where Hzgls) = (n,—my, -, —mg)T(n,—my,---,—mg) is a positive definite matrix and

2 . m m2 m m2 o o . . .
HEXS) = diag (0, (nim’;i), e (nfm I’:b) is a diagonal and non-negative definite matrix.
Therefore, H,, is a positive definite matrix. Hence, for a single covariate at K + 1 levels,
As—optimal design achieves balanced allocation of experimental units in the two treatment

groups at each level of the covariate, with the optimal value of the objective function being

2(ntmr41)
n MK41

5. Concluding Remarks

The present paper is concerned with allocation of experimental units with known single
categorical covariate, at multiple levels, in two treatment groups, so as to ensure various
well-known optimality criteria. It has been analytically established that, under this setup,
balanced allocation designs are obtained through D—, A—, D,— and A,—optimality criteria.
Another well-known optimality criterion, namely the T'—optimality (Pukelsheim, 2006) is de-

rived by maximizing the trace of the information matrix W7 W. Note that trace (WTW) =

K
n+ Y. m; is a fixed quantity, as the total number of experimental units (n) and the number
j=1

of units corresponding to j™ covariate level (m;), are completely known before the actual
experiment commences. As a result, any allocation design is T—optimal including the bal-
anced one. At the same time, the T,—optimality is obtained by maximizing trace of the
selected submatrix (W)=! or trace of (ZTPZ), given by n — (f: mmij + f %), subject
to the two constraints mentioned in Subsection 3.1. The transforgéd contiilious version of
the problem is to maximize the function ¢, (p, q1,- -+, qx) =n—( §1 qujz + il m;(1—q;)?),
with respect to p and ¢;, for j = 1,2,---, K. Note that the fuilgtion qﬁTS(]];, Qs qK) 18
independent of p, which means that Ti-optimality may be achieved without ensuring balance
with regard to total number of experimental units allocated to the two treatments. So it
remains to be seen whether balancing is achieved through T,-optimality with regard to each
level of the category. Let us first write ¢7,(p,q1, -+, qx) = ¢r:(q1,- -+, qk), as a function
of q1,- -+, qx only. The first order condition by differentiating ¢7-(q1,- - -, ¢x) partially with
respect to ¢; and equating to zero yields ¢; = %, for j = 1,---, K. Thus the first order
condition gives the allocation design to be balanced for the single categorical covariate for
1

each of the K levels. To ensure T;—optimality at the fixed point (qi,...,qx) = 3k, we ob-

. . 02 pr= .
serve that the elements of the Hessian matrix Hr» as ;;gs = —4m; <0, forj=1,--- K,
J
02 . . .. .
and aqjaf;-/ =0, for j # 5 =1,---, K, giving Hy: = diag (—4m,,---,—4mg), a (K x K)

diagonal negative definite matrix. Thus T,—optimality ensures balance in each of the K

categorical levels, but fails to provide information about allocation at the (K + 1) level
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(¢r+1) and the overall allocation (p). An allocation design consisting of any arbitrary value

of the variables p and qx 1, with ¢; = %, for y =1,---, K, and also satisfying the restriction

np — f:l m;q; = Mi+1qx+1, ensures Ty—optimality, including the balanced allocation design
(p :]ql = =qg = %) As an example, let us consider an allocation problem with a
single binary covariate (i.e K = 1) for n = 20 experimental units, to be allocated to two
treatments, where the number of experimental units corresponding to the covariate levels 0
and 1 are m; = 8 and my = n —my = 12, respectively. Here, Ts-optimality is achieved (with
the same optimum value of the objective function as 16) for two different allocation designs,
where the first design corresponds to an unbalanced allocation (p = 13—0, g1 = %, G = é), while
the second one is the balanced one with (p = ¢ = g2 = %)

Analytical study of generalizations of these results to multiple treatment groups may be
carried out similarly. However, the mathematical expressions and the corresponding proofs

might turn out to be more involved. Efficient estimation of only covariate effects may also

be of interest by considering the corresponding submatrix of W1,
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