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Sharp Bounds on DMRL and IMRL Classes of
Life Distributions with Specified Mean

ABSTRACT. The class of life distributions with decreasing mean residual life (DMRL) is
well known in the field of reliability modeling. In this article, we obtain sharp upper and
lower bounds for the reliability function of the DMRL class in terms of its mean. The
constructive proofs also establish that both the upper and lower bounds are sharp. We
also provide a similar pair of bounds for the reliability function when the distribution
is increasing mean residual life (IMRL) with a fixed mean. These inequalities fill a
long-standing void in the literature.

Key worDs: IFR, NBUE, Reliability Bound, Mean Residual Life Function, Reliability
Function.



1 Introduction

Suppose F is a distribution function defined over the interval [0, c0) and F' = 1— F is the
corresponding reliability /survival function. The distribution F' is said to be “decreasing
mean residual life” (DMRL) if its mean residual life function, defined as

[ F(u)du .

F@t) — ~
is a non-increasing function. The DMRL property of a distribution is an intuitively
meaningful notion of ageing. Therefore, the class of DMRL life distributions, introduced
by Bryson and Siddiqui ([9]) in 1969, has been considered by reliability theorists, demog-
raphers, actuarial scientists and biometrists as an important class of ageing distributions.
The DMRL class of life distributions contains the “increasing failure rate” (IFR) class of
distributions ([9]) and is contained in the “new better than used in expectation” (NBUE)
class of distributions ([26]). It has partial overlap with the “increasing failure rate aver-
age” (IFRA) ([9]) and the “new better than used in” (NBU) classes of distributions. The
DMRL class is closed under formation of parallel systems of independent and identically
distributed components ([1]), but not closed under convolution, formation of general co-
herent systems or mixtures ([24]). Klefsjo ([17]) has provided a characterization of the
DMRL class through the total time on test (TTT) transform. Various useful properties
of the DMRL class of life distributions may be found in Balaban and Singpurwalla ([6]),
Willmot and Lin ([27]), Korczak ([19]). Definitions, properties and interrelations of the
different ageing classes may be found in Barlow and Proschan ([7]), Gertsbakh ([12]), Lai
and Xie ([21]) and Gupta, Zeng and Wu ([13]). Many researchers have proposed tests
of exponentiality of a distribution against the DMRL alternative (see [15], [18], [8], [3],
[22], [2], [4], [5]). On the other hand the dual of the DMRL class, i.e., the “increasing
mean residual life” (IMRL) class, contains the “decreasing failure rate” (DFR) class of
distributions and is contained in the “new worse than used in expectation” (NWUE)
class of distributions. It has partial overlap with the “decreasing failure rate average”
(DFRA) and the “new worse than used” (NWU) classes of distributions and is closed
under formation of mixtures of life distributions ([24]).

The main motivation for consideration of a nonparametric class of distributions with
an ageing property (such as IFR or DMRL) lies in the common properties enjoyed by
members of that class. In particular, bounds on the reliability of an ageing unit, whose
life distribution belongs to such a class, has been a topic of great interest among reliability
theorists. The interest lies in finding the sharpest possible upper and lower bounds on
F(t) for a given t, assuming that the lifetime distribution belongs to a class such as
IFR or NBU with a specified mean (or a specified quantile or higher moment). Various
results in this area are available in the literature. Upper and lower bounds of IFR and
IFRA life distributions with a specified mean are available in the classic textbook by
Barlow and Proschan ([7]). Lower bounds on the reliability function for the NBU and
the NBUE classes of life distributions can be found in Marshall and Proschan ([23]).
Korzeniowski and Opawski ([20]) derived an upper bound on the reliability function for

m(t) = (1)
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the NBU class. Haines and Singpurwalla ([14]) provided an upper bound of the NWUE
class of reliability functions. Klefsjo ([16]) has provided both the upper and lower bounds
of the reliability functions of the “harmonically new better than used in expectation”
(HNBUE) class and its dual, the “harmonically new worse than used in expectation”
(HNWUE) class. These results are proved using different techniques and the sharpness
of these bounds have been established. Sengupta ([25]) derived the sharpest upper and
lower bounds on the reliability of IFR, IFRA, NBU, DFR, DFRA and NWU classes of
life distributions, in a unified way. Bounds based on other moments and quantiles are
also available. One can see ([21]) for a compilation of results on this topic.

Unfortunately, there is no analogous result for the DMRL and IMRL classes. Cheng
and He ([10]) has provided a bound on the gap between a DMRL reliability function
and an exponential reliability function with equal mean. This inequality may be used
to obtain bounds on a DMRL reliability function given in ([23]). The lower bound on
NBUE reliability function and the upper bound given in ([16]) for HNBUE reliability
functions are applicable to DMRL reliability functions. However, these bounds may not
be sharp.

In this paper, the sharp upper and lower bounds of a reliability function F' belonging
to the DMRL class are obtained in terms of its mean p = m(0) = [~ F(t)dt. This is
achieved by following the strategy of Sengupta (1994), i.e., by identifying a tractable and
parametric subclass over which the optimization would suffice. Results for the negatively
ageing class of IMRL distributions are also derived in the same manner.

2 Lower Bound on DMRL Reliability Function

The reliability function F(t) can be expressed in terms of the corresponding mean residual
life (MRL) function of a life distribution through the relation

This representation and the following property of the MRL function would be useful in
the sequel.

Lemma 1. If m(t) is the MRL of a life distribution, then m/(t) > —1.
Proof. By differentiating (1), we get

—F2(t) + () f; F(u)du

/
t) =
= —14+r({t)m(t),
where r(t) is the hazard rate of the distribution F'. The stated result follows. O



Let D be the set of all DMRL reliability functions with mean p, that is,

D = {F:m(t)u,/oooﬁ(u)du:u}.

We consider the family of reliability functions F,(t) defined as

t—a

1 for 0 <t < a,
e w=a fora <t,

(3)

for a > 0. It may be easily verified that the corresponding mean residual life function is

fp—=t for0<t<a,
m“(t)_{u—a for a < t.

Clearly, m,(0) = u. Therefore, F, is a member of D for all a € [0, (t A p)].

The next lemma shows that minimization of F(t) over D is equivalent to its mini-

mization over the sub-class of reliability functions of the form F.

Lemma 2. Let D and F, be as defined in (2) and (3), respectively. Then for all ¢ > 0,

inf F= inf Fa(t)~
F(t)eD a€l0,(tAw)]

Proof. Let F' be any member of the class D and mp be the corresponding MRL function.

We shall show that

F(t) > F,,(t), for ag = pu—mp(t).

mp(t) = mF(O)—I—/O m'p(u)du

¢

> u—l—/ (—1)du (by Lemma 1)
0

= ,U—t,

Note that

ie., ag = p— mp(t) <t. Therefore, ag <t A .
Let mg, be the MRL corresponding to F,,. For u € [0, ay),

mr(u) = p+mp(u

I,u+/mF )dv

,u+/0 (—1)dv (by Lemma 1)
= u—u
= Mg, (u).
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For u € [ag, t], ma,(u) = p — ag = mp(t) < mp(u). Therefore,
May (1) < mp(u) ¥V u e 0,

Further, mg,(0) = mp(0) = p and mg, (t) = p — ag = mp(t). Now,

_ /"L _ft du
F t — 0 mp(u)
(t) R
My ()

2 M 6_ fot ma(i)u(“)
Mag (t)
= Fu(t).

Thus, we have shown that for every F € D, there exists ap € [0,¢ A ] such that
F(t) > F,,(t). Therefore, we conclude that

inf F(t) > inf F,(t).
FeD a€0,(tAp)]

The reverse inequality follows from the fact that F,, is a member of D. This completes
the proof. O

We are now ready for the main result of this section.

Theorem 1. Suppose F' is a DMRL life distribution with mean p. Then

inf F(t)y=4 ¢ " for 0 <t < p,
FeD 0 for t > p.
Proof. By Lemma 2,
inf F(t) = inf F,(¢)
FeD a€l0,tAp)]
= : f <1 a t _ﬁlaoo t)
ae[lg}t/\u] [0, )( >+ € [a, )( )

(where 14(t) is the indicator of the event ¢t € A)

_t-a

= inf e we
a€[0,tA )
e_ﬁ for t < p, 0
0 for t > p.

Remark 1. For ¢ > pu, the lower bound given in Theorem 1 is attained by the
degenerate distribution at p. On the other hand, for ¢ < p, the lower bound is attained
by th exponential distribution with mean p. Therefore, the lower bound is sharp.

Remark 2. The DMRL lower bound coincides with the IFR lower bound given in
[7], and is strictly larger than the NBUE lower bound given by [23], in the range [0, p].
These bounds are plotted in Figure 1 for comparison.
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3 Upper Bound on DMRL Reliability Function

Consider the family of reliability functions Fy(t) defined as

for 0 <t < b,

forb<t<b+u, - (4)
forb+pu <t

Tlo T+

o
Fb(t) = e
0

for b > 0. The corresponding mean residual life function is

1 for 0 <t < b,
mp(t) =< b+pu—t forb<t<b+pu,
0 forb+p <t.

It is clear that F,(¢) is a member of D, for all b € [(t — pu) V 0, ].

The next lemma shows that maximization of F'(t) over D is equivalent to its maxi-
mization over the sub-class of reliability functions of the form Fy.

Lemma 3. Let D and F}, be as defined in (2) and (4), respectively. Then for all ¢ > 0,

sup F(t) = sup  Fy(t)
FeD be[(t—p)VO0,t]

Proof. Let F' € D and mp be the corresponding MRL function. We shall show that

F(t) < Fy(t), for by = mp(t) +t — p.

Since F' € D, mp(t) < p. Therefore, we have by < ¢ < b+ p. Let my, (t) be the MRL
function corresponding to Fy,(t). For u € [0, by),

My, (u) = p = mp(u).
For u € [bg, by + 1],

mbo(u) = bo+,u—u
= mp(t)+t—u
t
= mF(u)—i-/ myp(v)dv+t —u
t

> mp(u) +/ (=1)dv+t — u (by Lemma 1)

= mp(u) —t+u+t—u

= mF(u)



It follows that my,(u) > mp(u) for u € [0, by + p]. Further, my,(0) = mp(0) = u, and
My (t) = bo + o —t = mp(t). It follows that

_ M _ft du
F(t) = —F ¢ hmm
(t) e F
_ H 6_ f(;5 mijfu)
mbo(t)

< H e—fot%
mbo(t)

= [ (1).

Thus, we have proved that for every F € D, there exists by € [(t — p) V 0,1] such that
F(t) < Fy,(t). We conclude that

sup F(t) < sup  Fy(t).
FeD be[(t—p)VO0,t]

The reverse inequality follows from the fact that Fj, is a member of D. This completes
the proof. O

We are now ready to present the upper bound of a DMRL reliability function.

Theorem 2. Suppose F' is a life distribution which is DMRL with mean p. Then

_ 1 for t < p,
sup F(t) = { e N
Fep e~ n fort>p
Proof. By Lemma 3,
sup F(t) = sup  Fy(t)
FeD be[(t—p)VO0,t]
_t _b
= sup (6 w1y () + € m 1y prp (t)>
bE[(t—p)VO,1]
= sup e
be[(t—p)VO,t]

1 for t < p,
Lt O
e n fort>p.

Remark 3. For ¢t < u, the upper bound of Theorem 2 is attained by the degenerate
distribution at u. For ¢t > u, the upper bound is attained by the DMRL distribution G,
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Figure 1: The Upper and Lower Bounds for the Positively Ageing Classes

given by

m for 0 <u<t—p,
- fort —p<u<t

for u > t.
Therefore, the upper bound is sharp.

Remark 4. The DMRL upper bound coincides with the HNBUE upper bound [16].
Since the NBUE class contains the DMRL class and is contained in the HNBUE class
[16], it follows that the bound given in Theorem 2 is also the sharp upper bound for an
NBUE reliability function. This result complements the lower bound given by Marshall
[23] and other available inequalities for different ageing classes [11]. The DMRL upper
bound is found to be strictly above the IFR/IFRA upper bound in the range [u,o0)
([25]). Figure 1 shows the plots of all the upper and lower bounds.

4 Bounds on IMRL Reliability Function
Let Z be the set of all IMRL distributions, with mean p, that is,

= {F cm(t) 1t, /OOO F(v)dv = u} . (5)

We consider the family of reliability functions F.(t) defined as

_ 1 fort =0,
Fe(t) = { %6_5 for t > 0, (6)

9



for ¢ > 0. The corresponding mean residual life function is

| p fort=0,
mc(t)_{c for t > 0.

Therefore, F,(t) is a member of Z, for all ¢ > p.
The next lemma shows that maximization of F'(t) over Z is equivalent to its maxi-
mization over the sub-class of reliability functions of the form F..

Lemma 4. Let Z and F, be as defined in (5) and (6), respectively. Then for all ¢t > 0,

sup F(t) = sup F,(t)
Fez czp

Proof. Let F € T and mp be the corresponding MRL function. We shall show that
F(t) < F,(t), for cg = mp(t).
Let m,, be the MRL function corresponding to F,. For u = 0,

Mey(u) = p=mp(u).
For u € (0, ],
Mey(u) = co = mp(t) > mp(u),

since F' € Z. It follows that, m,(u) > mp(u) for u € [0,t]. Further, m,,(t) = co = mp(t).
Hence,

_ /"L _ft du
F(t) = e "0 mr
(t) ey
M, (T

~—

t du
e_ fO Mcq (u)

Me, (1)
= F,(t).

Since for every F' € T, there exists ¢y > p such that F(t) < F,,(t), we conclude that

sup F'(t) < sup F.(t).
Fez c2p

The reverse inequality follows from the fact that F,, is a member of Z. This completes
the proof. O

We are now ready for the main result of this section.

Theorem 3. Suppose F' is a life distribution which is IMRL with mean p. Then

> e w fort < pu
sup F'(t) = —
Fe? *) { Lemt fort>p



Proof. By Lemma 4,

sup F(t) = sup F.(t)
Fez czp

= sup (1[0] (t) + %6_%1(0700)@))

cp
= supge_%
ep €
{ e_i for t < p,
Leml fort > p.

Remark 5. The upper bound given in Theorem 3 is sharp. For ¢ < p, the bound is
attained by the exponential distribution with mean p. For ¢ > p, the bound is attained
by the IMRL distribution G; with reliability function given by

Gylur) = {

foru=20
for u > 0.

= =

_u
t

e

Remark 6. The sharp upper bound given in Theorem 3 coincides with the upper
bound of DFR reliability function with mean p. It has to be noted that the upper bound
corresponding to the NWUE class [14] is higher (See Figure 2).

Remark 7. Since the lower bound for DFR reliability function with mean p is 0
[16], the same lower bound holds for an IMRL reliability function with mean p (a larger
class).
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