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Abstract

In some retrospective observational studies, the subject is asked to recall the age at
a particular landmark event. The resulting data may be partially incomplete because
of the inability of the subject to recall. Even though this type of incompleteness
may be regarded as interval censoring, the censoring is likely to be informative. For
such data, methods of parametric and non-parametric estimation of the survival
function of the time-to-event have been provided by the authors. In this paper, we
consider the problem of regression through Cox’s proportional hazards model. While
a partial likelihood is not available, a method of semi-parametric inference of the
regression parameters as well as the baseline distribution is proposed. Monte Carlo
simulations show reasonable performance of the regression parameters, compared to
Cox estimators of the same parameters computed from the complete version of the
data. The proposed method is illustrated through the analysis of data on age at
menarche from a recent Anthropometric study of adolescent and young adult females
in Kolkata, India.

Keywords: Informative censoring, Interval censoring, Proportional hazards model, Retro-
spective study, Turnbull estimator.



1 Introduction

Retrospective studies on a landmark event can produce dichotomous data on the current
status of an individual (whether or not the event has occurred till the day of observation).
From the perspective of the time to event, these data can be regarded as left or right cen-
sored. In some retrospective studies, the subject is asked to recall the time of the landmark
event, in case it has already taken place. Such retrospective data can be incomplete because
of the possibility that the time is forgotten. Sometimes the subject may be able to specify
only a range for the time-to-event. For some other subjects, the event may be found not
to have happened till the time of visit. Thus, data arising from this kind of retrospective
studies are interval-censored. However, the chance of recall may depend on the time span
between the occurrence of the event and the time of interview. For instance, between two
females interviewed at the same age, the one having experienced menarche more recently
may have a higher chance of recalling the date. Thus, the censoring mechanism in this
set-up is likely to be informative. Mirzaei et al. (2015) and Mirzaei and Sengupta (2013)
have proposed parametric and nonparametric methods of likelihood based inference, when
the data are subjected to informative interval censoring of this type. They have shown
theoretically as well as through simulation that estimators of survival function that ignore
the informative nature of censoring can have large bias even when the sample size is large
(Mirzaei et al., 2015). On the other hand, the problem of regression with the above type
of censored data has not been addressed yet.

The proportional hazards regression model is widely used in the analysis of event time
data with covariates. The method of analysis proposed by Cox (1972) can accommodate
right-censored data which are usual in survival problems, and left-truncated data which
arise when there are delayed entries in a cohort (Breslow et al., 1983). Other models which
are used for more complex observation schemes include the accelerated failure time (AFT)
model (Wei, 1992), the additive hazard regression model (Klein and Moeschberger, 2003),
proportional odds ratio model (Dabrowska and Doksum, 1988) and so on (Vonta, 1996).
There has also been some work on more general regression models for survival data, such
as single index regression models (Chaudhuri, 2007) and models with random effect /frailty

(Wienke, 2010).



Discrete-time regression models for right-truncated data have been developed and ap-
plied in the analysis of AIDS incidence and induction time distributions (Kalbfleisch and
Lawless, 1991; Gross and Huber-Carol, 1992). Finkelstein (1986) and Finkelstein et al.
(1993) discussed methods for fitting a discrete proportional hazards model for the case
where the data are either interval-censored or right-truncated. In both cases, a score test
was developed for testing the hypothesis of a zero regression coefficient. Tu et al. (1993) dis-
cussed a discrete proportional hazards model and an associated EM algorithm for data that
are censored as well as truncated. Alioum and Commenges (1996) discussed a method for
fitting a proportional hazards model for arbitrarily interval censored data. Their method
assumes the censoring to be non-informative.

DeMasi et al. (1997) and Tanaka and Rao (2005) considered the regression problem for
informatively censored data. Their model treats informative censoring as a type of risk
in a competing risks setup, where the subject experiences two types of mutually exclusive
events. This set-up is not meant to model the informative censoring naturally occurring in
recall data.

In this paper, we consider regression under Cox’s model for a special type of informa-
tively censored data arising from uncertainly recalled event time in a retrospective study.
In Section 2, we develop a semiparametric maximum likelihood estimator of the regres-
sion coefficients under the model. In Section 3, we report results of a simulation study of
the performance of the proposed maximum likelihood estimator. Section 4 illustrates this
method with data on menarcheal age of adolescent and young adult females, collected dur-
ing the course of a project undertaken by the Indian Statistical Institute, Kolkata. Proofs

of all the results are given in the Appendix.

2 Model and Inference

2.1 Model

Consider a subject having time of occurrence of the landmark event T;, which is a single
sample from a distribution F; with density f; and support [tmin, tmaz], for ¢ =1,...,n. Let

these subjects be interviewed at times Si,..., S, € [tmin, tmaz], respectively. Suppose U;



is the unobservable time that the ith subject would take to forget the epoch of his/her
landmark event. In order to minimize errors in recall, which has been recognized as a
problematic issue with recall data (Rabe-Hesketh et al., 2001; Wen and Chen, 2014), we
regarded a date as not recalled at all even when a range of possible dates was recalled.
There are observable indicators ¢; and ¢; of the events T; < S; and U; > S; — T; > 0,
respectively. We assume that Uy, ..., U, are samples from a distribution with distribution
function 7, and that these are independent of both T; and S;. It follows that, given S; and

T;, the non-recall probability depends on the time elapsed since the landmark event as
Ple; =0|T;=t,8;,=s)=mn(s —t), s > t. (1)

According to this model, the likelihood, conditional on the ages at interview, is

n o

s, 1—¢;
[TES [T (1 = 7 (S; = T))}" </0 filu)m(Si — U)dU) ] SN ¢)
i=1
Here the informativeness of the censoring mechanism is captured through the function .
If 7 is a constant, then the likelihood (2) becomes a multiple of the likelihood for non-
informatively left- or right censored data with possibility of no censoring. As a further
special case, if m = 1, then the likelihood (2) simplifies to the likelihood for dichotomous
data. If m = 0, i.e., there is perfect recall with probability 1, then &; = 1 for all ¢ such that
0; = 1, and the likelihood reduces to that for right-censored data.

Let Z; be the r~dimensional vector of covariates, assumed to be independent of both .5;
and U;. Note that the distribution of 7; would depend on Z;. Under Cox’s relative risk
regression model, the probability of the individual ¢, with covariate vector Z;, having the

event after time ¢ is

Fy(t) = [Fo(t)]=" %), (3)

where Fj is the baseline survival function, assumed to have a density f.



2.2 Identifiability

Before embarking on developing a method of estimation, we need to check the identifiability
of 5, Fy and 7. By substituting (3) in the likelihood (2), after dropping the subscript i for
simplicity and following Theorem 1 of Mirzaei et al. (2015), one can show that a typical
factor in the product likelihood is equal to the conditional density of the observable vector

(V,0), given S and Z, where V' = (S —T)e. The conditional density is written alternatively

as
Fy(s)00"2) if v =10 and § = 0,
s—i<F’ ueXp(BTZ))ﬂs—udu ifv=0and §d =1,
h(v,dls, z; B) = fod " o v o : (4)
- <F0(s — )8 Z)> (1—-7(v)) ifv>0andd=1,
0 otherwise.

\

Among the unknown parameters 3, Fj and 7, the interest lies mainly in 5, and possibly in
Fy. We address the question as to whether 3, Fy and 7 are identifiable from h, in the next

theorem.

Theorem 1 Suppose, for any number T in the support of Fy, the model (4) holds for some
s > 1, and for z =0 as well as for any r linearly independent values of the vector z, where
r 1s the dimension of z. Then the parameters 5, Fy and 7 are identifiable from h under

this model.

We now proceed with the estimation problem, after assuming that the distribution of the

covariate vector ensures the identifiability of all the unknown parameters.

2.3 Piecewise Constant Non-recall Probability

The integral contained in the likelihood (2) makes it difficult to maximize. For the sake

of mathematical tractability, we now assume that 7 is a piecewise constant function of the

form

m(z) =bil(r) <z <mxg)+bol(g << i3)+...+bI(xp <2 <00), (5)
where 0 = 1 < 29 < -+ < x3; 0 < by, by, ..., b < 1. Note that it is possible to arrange the
parameters by, by, ..., by to be in increasing order, so that 7 is a non-decreasing function.



In view of (5), the likelihood (2) reduces to

n

L=]ES)

i=1

' {Zbl (Fs(Wi(Si)) — E<m+l<sl)))} ] ; (6)

where Wi(S;) = (S; — @) V tyin for L =1,... k and Wy 11(S;) = tpin, i = 1,2,...,n. Note
that
tmin = Wi1(5:) < Wi(S;) < Wia(Ss) < --- S WA(S)). (7)

Depending on the value of S;, some of the above inequalities may in fact be equalities.
Specifically, if [ is an index such that S; — x4 < i < S; — 2y then t,, = Wi (S;) =
-+ = Wi41(S;). The remaining inequalities would be strict.

The likelihood (6) can be rewritten as

I — H[_F_’O(Si)eXP(ﬁTZi)]l_(si

{ (Fo(Tim w20 — Fo(m,)ewii20)

: (1 =) bI (Wi (8) < T; < M/I(S@-))) } |

which is mathematically tractable.

2.4 Maximum Likelihood Estimation

Following the Turnbull (1976) (non-information interval censoring) and Mirzaei and Sen-
gupta (2013) (informative interval censoring), to maximize the likelihood (8), we need to
look for the related intervals and maximize the likelihood with respect to the probability
masses assigned to those intervals. Assume that the parameters k and xi,xs,..., 2y of
the function 7 are known. The likelihood (8) involves probabilities assigned to intervals
of the type [t, tymaz] and (¢, tmaz], as per the baseline probability distribution. Since these

intervals have overlap, we express them as unions of some disjoint intervals. Let Z;, Z, and
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73 be sets of indices i (between 1 and n) that satisfy the conditions §; = 0, d;e; = 1 and

0;(1 — ;) = 1, respectively. Consider the intervals

Ai = (Sza tmax] for 1 c Ilv

Ai = [,TM tmaa:] for 7 € IQ;

A; = (E) tmaa:] for 1 € ZQ; (9)
(VVZ(Si)atmaa:], [ = 1,...,]{7,

Ail = fori e Zo, U Is.
[VVl(Si)atmax]a l:k’+1,

and the sets

AQ = {AZ\A; . 'L GIQ};
As = {A: e}
A4 = {Ai(l+1) \Azl 1 S l S k and 1 € Ig}

(10)

As the baseline distribution is absolutely continuous, the elements of A, and A3 are all dis-
tinct with probability 1. Let ny be the number of elements of Z,. We arrange the singleton
elements of A in increasing order, and denote them By, Bs, ..., B,,. We also arrange the
elements of A3 in the corresponding order and denote them as B, 1, Bn,12, - - -, Bop,. We
then collect the unique elements of A; U A, that are distinct from By, Bs, ..., Ba,,, and
denote them as Bs,,, 11, Bany+2, - - ., Bar. Observe that the collection By, Bs, ..., By consist
of the distinct elements of A; U Ay U A3 U Ay, arranged in a particular order. Denote the
non-empty subsets of the index set {1,2,..., M} by sq,89,...,Som_;. Define

L:{ﬂ&}ﬂ{ﬂB* for r=1,2,...,2M — 1. (11)

1ESy i¢87“

Some of the I,’s may be empty sets, denoted here by ¢. Let
C={s,: I #¢, 1 <r<2M 1} (12)

It can be verified that all the non-empty I,.’s are distinct and disjoint. Let A be the class
of all sets I, such that s, € C.



Note that each of the intervals By, . .

., By is a union of disjoint sets that are members of

A. For any Borel set A, suppose Py(A) is the probability assigned to A as per the baseline

probability distribution corresponding to the survival function Fy. Let p, = Py(I,.), for
I, € A. Then the likelihood (8) reduces to

L-1]

exp(ﬁTZi)

k
> b < I1 <1 > bI(T; € Ai(l+1)\Ail)>

€71 r:I,CA; i€Lo =1
sreC
exp(87 Z;) exp(8TZ;)
> - X
r:I.CA; riI.CA/
sreC sr€C
exp (87 Z;) exp(8TZ;) )
k
<L wqf 2w | X~ - (13)
i€Zs | I=1 T:IrgAi(H,l) r:I.CAy
STEC SrEC

Thus, maximizing the likelihood (8) is equivalent to maximizing the likelihood (13) with

respect to 5 and the set of p,’s with s, € C. The latter parameters are nuisance parameters

when the main objective is to estimate §. The number of nuisance parameters can be very

high. This problem can be simplified if it can be shown algebraically that some of the

estimated p,’s are zero. With this goal, we consider the following subsets of C.

Gy
Co

Co

{s: s € C; there is another element s’ € C, such that s C s'},

{s: s € C; there is another element s’ € C, such that

s'\(s N s") consists of a singleton j and s\(sNs') = {j + na}},

C\(C1 UCy). (14)

The next result shows that the maximization of the likelihood can be restricted to Cg.

Theorem 2 For a fizved value of 3, mazximizing the likelihood (13) with respect to p, for



s, € C is almost surely equivalent to maximizing it with respect to p, for s, € Cy, i.e.,

max L = max L.
pr!prE[O,lesrec pr=1 pr!pre[oﬂ,zsreco pr=1

Let us relabel the intervals I;, s; € Co, by Ji, Ja, ..., J,. Further, let ¢; = P(J;) for
j=1,2,...;vand n = (by,ba, -+ ,br). Theorem 2 implies that maximizing the likelihood

(13) is almost surely equivalent to maximizing

exp (BT Z;) )
L(qla'-'7QU7n7/B) = H Z qj X H (1_Zbll(ﬂ € Al(l+1)\All))>
i€y \j:J;CA; i€Zo =1
exp(BTZi) exp(BTZi)
>4 - X
. exp(8T Z;) exp (8T Z;)
<[T12_eql X2 o - 2w - (15)

iEIS l:1 j:Jngi(l+l) ]J]QAZZ

with respect to q1,qs,...,q,, n and (3, subject to the restriction Z;):l q; = 1.

In order to maximize the likelihood (15), we need to identify the sets J;, j =1,...,v,
that is, the intervals I}, s; € Cy, defined through (11) and (14). This identification involves
elaborate combinatorial calculations.

The following section shows that one can restrict the domain, to maximize the likeli-
hood with respect to probability masses assigned to exact recall point without losing much

information.

2.5 Approximate MLE

Let Ag = {1, Jo,..., o}, and Ay = {{T}}, i € I,} as already defined in (10). Further, let
n; be the cardinality of Z;, ¢ = 1,2,3. The task of maximizing the likelihood (15) can be

simpler for large noy, as the following result shows.

Theorem 3 The set As is contained in the set Ay almost surely. Further, if the inspection

times take values from a finite set and the range of values of BT Z; in (15) is bounded, then



the probability of Ay being equal to Ay goes to one as ny — 0.

One can form a computationally simpler estimator on the basis of Theorem 3. According
to this theorem, the maximum likelihood estimator has mass only at points of exact recall
of the event, when n, is large. In such a case, the likelihood (15) involves J;’s that are
singletons only. Therefore, irrespective of the value of ng, one can maximize (15) with
respect to point masses corresponding to the the times of exact recall.

Formally, let ¢1,...,t,, be the ordered set of distinct ages at event that have been
exactly recalled, and ¢j, ..., q,, be the probability masses allocated to them. Maximizing
the likelihood (15), subject to the constraint that ¢; = 0 whenever J; ¢ A,, is equivalent

to maximizing the following approximate likelihood subject to Z;Lil q; =1and ¢; > 0:

exp(8T Z;)

La((ﬁa"'aq;gv’nvﬁ)zn Z q;k X

1€l j:tj >tmi

N exp(BT Z;) exp(BT Z;)
H(1—zblr<neAm\Au>>)- I
1€1> =1 j:tj>tmi j:tj>tmi
. exp(8T Z;) exp(B87 Z;)
<1I [ > u > oq - X g - (16)
i€ls =1 j:tj >tmi(l+1) j:thtmil

where m; = inf{j : t; € A;} fori € T, ULy, and, my = inf{j : t; € Ay}, { =1,2,... k for
1€ 1Ls.

In order to remove the range restriction on the parameters qj,...,q,,, we use the
reparametrization vy = log(—log(zj:tﬁtd q;)), d = 1,2,...,ny. Thus, the approximate
likelihood (16) can be expressed as

Ly B) =TT (e ) < I1 (1 ~ D blI(T; € AiaH)\Au>>>

€T 1€To =1

Je Ty = )
% H [i b {(e—ezi6+”/mi(l+1)) B (e—eziﬁJeril)}] ' (a7)

1€Z3 Li=1

10



where Y= (717 s 77n2+1) and Tna+1

where

\

and

I(J; C A;)

k
Z b - I(J; € Aigyny\Aa)
I=1

o(7,1,8) = Zlog [Z ozwg@]] ,

k
(1 S b I(T e AZ-(ZH)\AH)) JI(J; C ANAY i i € T,
=1

T )
_eZi Bt

gij = € —€

T
7eZi B+vj4+1

if i € T,

if i € T,

= 00. The log of the above expression simplifies to

(16)

We obtain the approximate maximum likelihood estimate (AMLE) of the parameters v, n

and 8 by maximizing the above approximate log-likelihood. Note that a;; depends only on

n and g¢;; depends only on 8 and «y. Further,

60@

ob,

0git
;i

where h;;

09it
op

“I(T; € Awpen\Au) - I(J; € ANAY - I(i € b)
‘|‘I(Jj C Ai(l+1)\Ail) . ](’L c Eg)
fijl (Say)7

T o Z-TB+'VJ-
— 0y efi Pt + 0
J

(0t = 117 P

ﬁ_,’_,yj —e Z B‘F'YJ

a1 7 P ek

T
ZTﬁ_i_,y eZi Btj

_62 —e R

T B4y 5+”/t+1

ZeZZ Bt —e Zi + Zie zT 5+%+1€*e @

Zi(hi — hi(tJrl))-

11



It follows that

% _ i2?21fitlgit

ob, Z?ﬂ Qi Git ’
Mo _ Z Doy it (0rj = O(ey1)7) i _ zn: (vij — aigi—1))hij _ Zn:,u-h~
8’7]‘ Zt 1 QitGit i—1 Z?il QitJit i=1 o

where oo = 0, f155 = (i — ayij—1))/ Yopoq Qirgir- Also,

Zt 10%( - z(t+1 Z azt — Q(t—1) a
Z L Zz ,uzthzt
66 Z Zt 1 it Jit Z Zt 1 it Git Z Z
We now compute the second derivatives.
2 (2121 iugit) (Z" Boisg t> n no na
0°la = Z = t=1 by 7 — _Z (thl §ingit) (Zt:1 it 9it)
ObyOby thl aitgit) i—1 (Z?il az‘tgz't)Q ’
62€a <8Mz] Oh;
= hii + pis ]>
00 Zzl O J 70y
{ Qi(j—1) — X } { Qijr — O‘Z(J’—l }hw ¢ ZT B+,
= hij + ) migdy (1 — e 770 ) by
Z (72, cingn)” ;
= Z pij|dij6j50 — pagrhighage],
where d;; = (1 - eZiT5+7j)h<j,

82€a a,ufzt ahlt
_ Z Z Z (e — 1)) Doy i ZF (hig — by 41y)

o (02, aivgiv)’

na
= Z Zz‘ZZ‘T Z [—Mz‘thit Z g gy + Mitdit]
i=1 =1

t'=1

n n2 n2 2
= > ZZI > padi — (Z ,uz‘thit> ;
i=1 =1 t=1

T
hit + it ZE (1 — 20 Py,

12



82€a . - 2?21 Sitl % (2?21 gitlgz't) <Z?:21 ait%)
b 0v; i—1 2?221 QitGit (Z:Zl aitgit)Q
_ n SR (6 — S(eg1)5)Pig B (o2 Gngin) (30121 @in(0ey — Oy hij)
i—1 L 2 i Qitdit (72, airga)’
_ i (&ijt — &iG—1)hij B (32421 &ingit) (cij — ay(j—1))hij
i=1 L 221 it (>3 O‘itgit)Q
_ i (Gt — Sig-nohij (242 &ugin) u~»h~}
i—1 L 2?221 Qitgit (2?221 Qitgit) R
[ n, i n n 0git
A by Em% (o121 Siugit) <Zt:21 aitaﬂﬁ>
ObioB" i=1 221 Qitdit > aitgi)’
_ . 221 gitlZi(hz‘t - hi(t+1)) _ (Z?; fitlgz‘t) (2?21 Qi Z; (h - hi(tJrl)))
i—1 Z?il Qi Git (Zt 1 aztgzt
S Dote1 (G — Ga—nhae Y2 Gingan
- Z ZZ n2 - T2 thzt s
=1 zt—1 Ot Git Zt:l Ot Git
0*La _ {3/% 8hit}
8/88'7]’ i a’y]‘

0%} - &y ) Q5 — hl '
-1y — it) § {(aij — 1)) } ]hit—k,uz‘t&tj(l—GZ"Tﬁﬂj)hij]

Z
; (thl altgzt)

—pijhi; Z pithit + Nz’jdz’j] ,
=1

N

Il
M= 1 M: Ti Mz

@
Il
-

A Newton-Raphson iteration can be used to compute the AMLESs 4, 3. The corresponding
AMLE of the baseline distribution function Fy is

() = Y 4@, (18)
Jitj >t

—e’yj* _ _e"/j*ﬁ»l A

where g, = e e and (4,7, ) is the maximizer of (16).

3 Simulation Study of Small Sample Performance

For the purpose of simulation, we generate samples of time-to-event from a proportional

hazards model with survival function Fj(t) = [Fy(t)]*®®" %) where the baseline distribution

13



function Fy(t) is Weibull with shape and scale parameters o = 11 and 3 = 13, respectively,
and discard the samples lying outside the interval [8,16]. This truncated distribution has
median 11.57. The vector of covariates, Z = (Z;, Z,), consists of a binary variable, taking
values 1 and 0 with probabilities 0.25 and 0.75, and a continuous variable having the
uniform distribution over the interval [0,5]. We choose the vector of regression coefficients
as B = (B1, 52) = (1.5,1.5). The ‘time of interview’ is generated from the discrete uniform
distribution over the set of integers {7,8,...,21}. These choices are in line with the data
analytic example of the next section, where the time to landmark event is the age at
menarche in years. As for the forgetting probability m,, we use (5) with k =7, x; = 0,
To = 1.7 23 =34, x4 =51, x5 = 6.8, x4 = 8.5 and x7y = 10.2 and the vector parameter
n = (b1, bs,...,b7) =(0.01,0.15,0.15,0.15,0.15,0.15,0.15).

Note that the approximate log-likelihood (16) is maximized alternately with respect to
n and (v, #). For the present simulations, we use an isotonic version of the estimator of 7,
in the following way. After each step of maximization with respect to n (with (v, 8) held
fixed), we use isotonic regression, through the usual algorithm of pooling adjacent violators,
on the estimated 7, to obtain a monotonically non-decreasing estimate of it. Maximization
with respect to (v, 3) is then performed after holding 7, fixed. These steps are repeated
till convergence.

As a benchmark of performance, one can consider the hypothetical situation when all
the event times are perfectly recalled, that is, the data are right censored. In this case,
one can use the MLE obtained by maximizing Cox’s partial likelihood. We refer to this
estimator based on ‘complete recall’ data as the ‘complete recall MLE’. On the other hand,
if one uses only the ‘current status’ information, namely whether the event of interest has

happened till the time of interview, then the corresponding likelihood is

E exp ﬁTZ 1-0; =exp(8T Z;) 0

[L[F=e =] ™ 1= F"™s))"

i=1
which can be maximized with respect to  and the values of F, at the possible times of
inspection (namely, the integers 7 to 21). We refer to this estimator as the ‘current status

MLE’. Another option is to use the recalled data whenever available, but to disregard the

informativeness of the censoring while handling the non-recall data. A penalized version of

14



Table 1: Bias, Stdev and MSE of estimated regression coefficients

n = 50 n = 200 n = 1000

Estimator | Property| i Ba Ioh Ba oh 5o
Complete || Bias 0.2981 -0.0734 | 0.0089 0.0037 | —0.0026  0.0008
recall Stdev 0.8321 0.8499 | 0.1293 0.5048 | 0.0848  0.2271
MLE MSE 0.7812  0.7277 | 0.0168 0.2548 | 0.0072  0.0515
Proposed || Bias 0.2593 —0.0547 | 0.0105 —0.0047 | 0.0083 —0.0011
AMLE Stdev 1.3145 1.2913 | 0.1739 0.5057 | 0.0885  0.2272

MSE 1.7904 1.6658 | 0.0303 0.2553 | 0.0079  0.0516
Current Bias -0.392 —0.3316 | —0.026 —0.0367 | —0.0032 0.0010
status Stdev 1.4048 1.3405 | 0.3225 0.9847 | 0.2353  0.6113
MLE MSE 2.1271  1.9069 | 0.1047 0.9709 | 0.0553  0.3737
Smooth- Bias -0.170  3.551 | -0.310 2.841 0.191 1.782
Hazard Stdev 0.740 1.739 0.322 0.850 0.123 0.219
MLE MSE 0.569 15.648 | 0.198 8780 | 0.0505  3.250

the corresponding likelihood is maximizied in the function shr of the SmoothHazard package
of R, which fits the Cox model by using an approximation of the hazard function by a linear
combination of M-splines. We refer to this estimator as the ‘SmoothHazard MLE’.

We now compare the performance of the proposed AMLE of the regression coefficients
with the three estimators described above. Table 1 shows the bias, the standard deviation
(Stdev) and the mean squared error (MSE) of the estimated regression coefficients. The
results reported here are based on 500 simulation runs for sample sizes n = 50, 200 and 1000.
It is clear that the standard deviation of the proposed AMLE, as well as its mean square
error, is larger than those of the (hypothetical) ‘complete recall MLE’, but smaller than
the ‘current status MLE’. The gap between the performances of the first two estimators
becomes small as the sample size increases, though the gap between the AMLE and the
‘current status MLE’ does not reduce as much. The ‘SmoothHazard MLE’ has a persistent
bias even when n is large. This outcome is expected, as the estimator is based on the
assumption that the censoring is non-informative. Thus, neither the ‘current status MLE’
nor the ‘SmoothHazard MLE’ is able to successfully utilize the information contained in

the recalled time-to-event data, while the proposed AMLE is able to do so.

Figure 1 shows the plot of the average of estimated baseline survival functions, for

n = 50. Figure 2 and Figure 3 show the same plot for n = 200 and n = 1000, respectively.
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Figure 1: Average estimated baseline survival function with n = 50

In all the plots, it is seen that the estimated baseline survival function is close to the true
baseline survival function, and more so when n is larger.

We now turn to the problem of testing for the significance of the estimators of the
regression coefficients. The standard theory of parametric estimation generally does not
hold for an infinite dimensional nuisance parameter. However, in the case of the Cox re-
gression model for randomly right censored data, it has been shown that an asymptotic
theory based on partial likelihood works in an analogous manner to that based on the
asymptotic theory of parametric likelihood (Andersen and Gill, 1982), and that the partial
likelihood may be viewed as the full likelihood maximized with respect to the baseline
hazard subject to a piecewise linear constraint (Johansen, 1983). We now run some simu-
lations to check whether the likelihood (16) with the nuisance parameters Iy, replaced by
the estimator (18) can be used similarly to obtain an approximate test of significance of
the regression coefficients, even though there is no asymptotic theory as yet to justify such
an approximation.

The ‘score vector’ (borrowing terminology of parametric likelihood theory) based on

%g’ﬁ) evaluated at § = 0 and v = 4g, the restricted AMLE of ~ subject to g = 0, can be
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Figure 2: Average estimated baseline survival function with n = 200
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Figure 3: Average estimated baseline survival function with n = 1000
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Table 2: The empirical type I error probability of test Hy : 8 =0

Asymtotic n=>50 n=200 n=1000
Type I error 0.041 0.038 0.022

written as

A

R (w log(F(t,)) — F(t; 1) 1og<ﬁ<tj+1>>) z

U =
Z g
1

(19)

i=1 j=1

Let V = A22 — AQlAI11A12, where

A A
A 1 Az ’
Ay A

and Ay = —0%0,/0yT 0y, Ay = AL, = =020, /0yT 0B, Ay = —0%L,/0BT DB, the quantities
being estimated at § = 0 and v = 4y, the AMLE at § = 0. The hypothesis § = 0 may
be tested by taking U7V ~'U as an approximate x? statistic on 2 degrees of freedom. To
check the behavior of this statistic, we generate data of sizes n = 50, 200 and 1000 for
1000 runs, under the null hypothesis when the baseline distribution function Fy(t) is the
Weibull distribution with shape and scale parameters a = 11 and g = 13, respectively,
truncated to the interval [8,16], The vector of covariates, Z = (Zy, Z,), consists of a binary
variable, taking values 1 and 0 with probabilities 0.25 and 0.75, and a continuous variable
having the uniform distribution over the interval [0,5]. Table 2 shows the value of empirical
type I error probability of this test for different sizes of data. It can be seen that the error

probability is less than 0.05. This indicates that the ‘score test’ is somewhat conservative.

4 Data Analysis

In this section, we illustrate the use of the proposed method with data collected from a
recent anthropometric study conducted by the Biological Anthropology Unit of the Indian
Statistical Institute in and around the city of Kolkata, India from 2005 to 2011 (ISI, 2012,
p.108)). In this retrospective data set, individuals aged between 7 and 21 years were sur-

veyed through stratified sampling among students of educational institutions sampled at
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the first stage. The subjects were interviewed on or around their birthdays. The data
set contains age, menarcheal status, age at menarche (if recalled), and some other socioe-
conomic information. For this data set, the landmark event is the onset of menarche.
Whenever the subject reported having had menarche but could not recall the date exactly,
we regarded it as a case of non-recall.

There are many studies concerning the effects of socioeconomic factors on the measures
of body shape (anthropometric indices or ratios) and physical maturation (e.g. biological
parameters of the adolescent growth spurt) of children. Some of the important factors
which effect age at menarche (maturation in girls) are home diet and physical activity
which directly related to parents education and montly expenditure (Khan et al., 1996;
Padez, 2003; Aryeetey et al., 2011)

We considered a subset of the original data, consisting of 673 respondents who came from
a nuclear family and were the only child of their respective parents. Among 673 samples,
241 individuals did not have menarche, 147 individuals had menarche and recall the date of
its onset and 285 individuals had menarche but could not recall the date. There were 492
individuals with higher education of father and 420 individuals whose mother had education
higher than school. The median of montly expenditure is 7808.031 Indian Rupees. As for
the forgetting probability 7, we modeled it over the interval 0 to 13 years (maximum
possible separation between menarcheal age and age at observation in the sample). We
used a piecewise constant model, with £k = 8 and equal length of the intervals over which
the probability is constant. There are two binary covariates indicating whether the parents
had passed high school, and a continuous covariate representing monthly expenditure of
the family.

Table 3 shows the estimated regression coefficients and the corresponding p-values. It is
found that all the coefficients are significant at the 1% level. The vector of three regression
coefficients has p-value 0.00093.

Figure 4 shows a plot of the estimated baseline survival function as well as estimated

survival functions in three different cases as follow.

CASE (a) Parents didn’t pass the high school and monthly family expenditure is around
the median. We represent this case as Z = (0,0, 7808).
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Table 3: Estimated regression coefficients and their p—values

Covariates Estimated value | p—value

Father passed high school 0.091 0.0036

Mother passed high school 0.249 0.0061
Monthly family expenditure 0.0002 0.0047

Qe
A —— Estimated baseline survival function
© --- Estimated survival function, Z=(0,0,7808)
g o ] - Estimated survival function, Z=(1,0,7808)
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Figure 4: Estimated survival function in different cases

CASE (b) Father passed the high school, but mother didn’t and monthly family expenditure
is around the median. We represent this case as Z = (1,0, 7808).

CASE (c) Parents passed the high school and monthly family expenditure is around the

median. We represent this case as Z = (1,1, 7808).

The chosen value of k was obtained after considering a coarser and a finer partition
for the piecewise constant model of m. Specifically, the range 0 to 13 years was split
experimentally into k equal intervals, with £k = 4, 8 and 16, and the resulting estimated
baseline survival functions were compared. Figure 5 shows plots of the estimated baseline
survival function for different values of k. It is seen that by increasing k£ from 4 to 8§,
one observes a substantial change in the estimated baseline survival function, though the
change is much less when £ is increased from 8 to 16. The integrated mean square difference
between baseline survival functions (scaled by the integral of the square of the function for
the lower value of k) is 0.92 when one compares k = 4 with £ = 8. The same criterion

produces the value 0.021 when the comparison is between the curves for £k = 8 and k = 16.
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Figure 5: Estimated baseline survival function with different k

We have chosen k£ = 8, as the alternative choice £ = 16 does not produce a substantially
different estimate of the baseline survival function. Figure 6 shows the estimated function
7 for different values of k. Once again, the estimates of 7 for £ = 8 and k = 16 differ much

less than those for k =4 and k£ = 8.

5 Concluding Remarks

In this paper, we have presented a method for fitting the Cox regression model to recall-
based time-to-event data with covariates, where there is informative censoring. Simulation
results indicate that the estimators of the regression coefficients are reasonable, though
there is no proof of consistency of these estimators as of now. It may be recalled that there
is no known proof of consistency of MLEs of the Cox regression parameters even in the case
of non-informatively interval-censored data. Some results are available in the special case
of status data with fixed and multiple inspection times (and in particular, for the further
special case of current status data) (Huang, 1996; Yu et al., 2006; Liu and Shen, 2009).

The problem of establishing consistency may be considered in future.
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Fitting of a semi-parametric regression model is generally a more complex inferential
problem than that of estimating only a distribution. The complexity in the present case
is even greater because the informative interval censoring model leads to a large number
of nuisance parameters, which are the probability masses allocated, as per the baseline
distribution of the Cox model, to intersections of different intervals. The tasks of formation
of these intervals and tracking of their probability masses are greatly simplified by the
approximation inspired by Theorem 3. The Cox regression model appears to be suited
to the formulation of the approximate likelihood through masses at the times of exactly
recalled events. It is this matching of the models that makes the AMLE computationally
tractable. A different approach may be needed for other regression models.

The proposed approach can be adapted to handle left truncated data. Assuming that
there is a time of left truncation associated with each observation, each term in the likeli-
hood would have to be divided by the upper tail probability at the point of truncation. It
can be shown that the simplification given through Theorem 2 will continue to hold, since

the shift of mass envisaged in the proof of that theorem does not alter the factors in the
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denominator. The objective funtion (16) would then be replaced by

n n n
£, 8) = log lz 0 [et =) <>}] ~log [Z wijewz"“””] . 0)
i=1 j=1 j=1
where 1);;’s are known constants like a;;’s. The optimazation problem is therefore similar.

The isotonic version of the estimator of 7 in Sections 3 and 4 has been used in keeping
with the general perception that memory fades with time. A wider set of simulations (not
reported here) indicated that the variability of the estimator is reduced when the constraint
of monotonicity is incorporated.

The data set analysed in Section 4 also contains ‘partial’ recall data relating to the
week /month /year of menarche. More sophisticated modeling would be required for han-
dling data of such complex nature. The work presented in this paper can be used as a point
of departure for analysis under such models. Another direction of future research could
be extension of this model to include frailty. Methodology for other forms of regression

models, such as the accelerated failure time model, may be developed also.
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Appendix

A.1 Proof of Theorem 1

Without loss of generality, we assume that a possible value of z is the 0 vector (this
corresponds to a shift of origin, the effect which can be absorbed through the baseline
survival function). For the sake of contradiction, let us assume there are two values of the
triplet (8, Fy, ), say (81, For, m) and (Ba, Fyz, 2), such that their substitutions in the right

hand side of (4) produce the same function. Then we have, for all z and s and all positive

v < s,
d (= exp(T2)
- <F01(5 p)e(dl ) (1 —m(v)) = h(v, 1|s, 2; B)
d (= T
- (Fog(s )l Z>) (1 — ma(v))
Hence,
d < Fou(s — v)expw?z>)
v 1-—
dd — — = m(v) Vz, 8 v<s, (A1)
£ (Fulo — 0 0T) ~1-m(0)
ie.,
exp(B ) For (s — 0) PP for (s —v) _ 1 —m(v) Vaz s 0<s (A.2)
exp(f5 ) Foa (s — v) 9 foo(s —w) - 1—m(v) o ' '
In particular, the above identity holds for z = 0, i.e.,
Jouls = v) - T (0) Vs, v<s, (A.3)
foa(s —v)  1—m(v)
After combining the above equation with (A.2), we obtain
(s — p)exp(8T2)-1
(s = v) =exp((B2 — B1)"2) V oz, s v<s. (A.4)

FOQ(S . v)eXp(ﬁgz)fl

By taking the limit of the left hand side as v goes to s, we obtain exp((8; — 31)72) = 1,
ie.,

BTz = plz V2. (A.5)
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Since the above equation holds for r linearly independent values of the vector z (as assumed

in the statement of the theorem), we have

Br = Pa.

It follows from equations (A.4) and (A.5) that

|:F01(S _ v):|exp(51 z)—1 .

Therefore,

Foy = Fos.

From equations (A.1), (A.6) and (A.8), we have

™ (’U) = 7T2<U)

ie.,

(51,F01,7T1) = (52, FOQ,WQ),

which is a contradiction.
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A.2 Proof of Theorem 2

Since C is the union of disjoint sets Cy and C; U Cy, we can rewrite the likelihood (13) as

exp(8TZ;)
k
L=]I{ X »m+ X » < JT (1= 20l (T € An)
i€y \ r:I,CA; r:I.CA; 1€Lo =1
5-€Co 5r€C1UC
exp(ﬁTZi) exp(ﬁTZi)
Dot > m - X et X x
r:I.CA; r:I.CA; r:I.CA] r:I.CA]
s5-€Co sr€C1UC2 sr€Co sr€C1UC2
exp(ﬁTZi) exp(BTZi)
k
II > n S nt Y om - X et X om
i€Zs | =1 T:IrgAi(l+1) T:IrgAi(H,l) r:I,CAy r:I,CA;
s-€Co 5r€C1LUCs sr€Co sr€C1UC2
(A.10)

For every s, € Cy, there exists a unique s« € Cy such that s« \ s« N's, = {j.} and
Sp\ Sp+ N8 = {ngo+ j.} for some integer j, in between 1 and ny, where ny is as defined after
(10). If any probability mass is shifted from I, to I,-, the likelihood (A.10) can possibly be
affected only through terms that involve the sets B;, and B,,;,, defined in (11). Given the
fact that the baseline distribution is absolutely continuous, there is almost surely a unique
i, € I such that B; = A; \ A} = {T;,} and B,,.;, = Aj . The individual indexed by
1, is the only one whose contribution to the likelihood is affected by the change. For this
individual, I,» C Bj, C A;,, but I, € A} . On the other hand, I, C B,,4;, = A, C A, .
Therefore, the first exponentiated term in the second line of (A.10) remains the same after
the shift of mass, while there is a reduction in the subtracted term in that line. The
likelihood increases as a result.

We now turn to shifting of probability mass out of I, where s, € C;. For any such s,.,
define the non-empty set C;, = {s' : s’ € Cyp, s, C §'}. If C;, is a singleton, we denote
the only member by s,-. If Cs is not a singleton, we denote by s,+ that member which
satisfies the condition: ‘for all 8 € Uj.4,ec, 5,5+ [j, there is a real number o € I, such
that a < . Thus, for every s, € C;, we have a uniquely defined s,« € Cy.

If p, is increased at the expense of p,«, the likelihood (A.10) can possibly change only
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through terms that involve sets B; such that j € s« \ s,. We shall show that for an
individual ¢, whose contribution to the likelihood involves such sets, that contribution
generally increases due to the said shift of probability mass. In a particular case (Case (iii)
below), where this shift cannot be proved to increase the likelihood, there is another way

of shifting mass out of p, that would definitely increase the likelihood.

Case (i). Let j € s~ \ s, and B; = A;; for some i; € Z;. Any shift of probability mass
from I, to I~ would increase the contribution of the i;th individual to the likelihood,

since I« C A;, but I, £ A; .

Casg (ii). Let j € s,+ \ s, and B; = A;, \A;J_ for some i; € Z,. In this case, I,» C A;; but
I.¢ A;j. By construction, B,,,; = A;j, which is disjoint with B;. In order that I,-
is not a null set, we must have ny + j ¢ s,. It follows that I, is not contained in B,
or By,;. Thus, I, ,@ Aij and I, ,@ A;j. Clearly, a transfer of probability mass from

I, to I,- would increase the contribution of the i;th individual to the likelihood.

CasE (iil). Let j € s« \ s, and Bj = A} for some i; € 5. Since j ¢ s,, we have I, C Bf =
[tmin, T3,). Therefore, for each of the intervals B; with [ € s., By N [tyin, T3;,) # ¢.
On the other hand, since .. # ¢, we have B; N (T;, tmaa) # ¢ for I € s,. It
follows that each of the intervals Bj, [ € s,, contains a left- and a right-neighborhood
of the point T;;. Consequently, T; is contained in these intervals. Hence, the set
spt = {1 : Tj; € B} is a superset of s, contained in Co, with I+ = {T},} # ¢. As
argued in Case (ii), a transfer of probability mass from I, to I+ would increase the

contribution of the 7;th individual to the likelihood.

CASE (iv). Let j € s« \s, and B; = A;;141) \ Ai;i for some [ € {1,..., k} and some i; € Ts.
A transfer of probability mass from I, to I,» would increase the contribution of the
i;th individual to the likelihood. This is because of the fact that I~ C A; 11y and

1 g Aji1, whereas I, is not contained in either of these sets.

It transpires that maximization of L can be achieved even in the presence of the con-

straint p, = 0 for s, € C; UCy. Thus, L can be fully maximized over the restricted set

{pr 1S € CO}
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A.3 Proof of Theorem 3

Let i € Z, and the index j; be such that s;, = {j : 1, € B;}. Since each time-to-
event has an absolutely continuous distribution, the recalled times T}, ¢ € Z, are distinct
with probability 1. Therefore, {T;} € {Bj, Bs,..., By} almost surely. It follows that
T; € I;, C{T;}, ie., I; = {1;} with probability 1. It is also easy to see that s;, does not
belong to C; or Cy, with probability 1. Therefore, s;, € Cy and hence Ay C A, almost
surely.

Let J; € Ag \ Az. There is an index r such that I, = J; # ¢ and s, € Cy, even though
I. # {T;} for any i € Z,. We shall show that the existence of I, implies an event with
probability going to zero.

It is easy to see that i & s, for i =1,2,...,ny. Thus, I, can be written as

[r:{ﬂBi}ﬂ{ﬂBf}:[,{\{Ti, i € Lo},

€Sy Z‘isr

where
I=L.(\R:, L = {ﬂBZ}, R.=¢ (] B
i€sr igsr i>no

If there is an ¢ € Z, such that T; € I/, then the index set s, = s, U {i} corresponds
to the non-null set I.. = {T;}. It follows that s, € C;, which leads to the contradictory
conclusion s, ¢ Cy. Therefore T; ¢ I for any i € T,.

We now show that an upper bound of the probability of the above event goes to zero
as ng — 00. Since the set L, is obtained as an intersection of sets of the form (S}, tnasl,
(T3, tmaz), (Wi(Si), tmaz) OF [tmin, tmaz], the intersection itself must be an interval of the form
(I, tmaz]- On the other hand, since the set R, is obtained as an intersection of sets that
are complements of sets of the above type, the intersection itself must be an interval of
the form [t,,:,, m,]. Thus, the set I/ is the interval (I, m,]. By the argument given in the
preceding paragraph, neither [, nor m, is equal to T; for any i € Z, (otherwise s, would
not be in Cy). Therefore, both [, and m, are of the form S; for some i € Z; or of the form
S; — x; for some i € Z3 and some [ € {1,...,k}.

Let wy < we < -+ < wg be the feasible values of S; and S; — x; (where 1 <1 < k) that
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are strictly between t,,;, and t,,,.. Since the baseline distribution is absolutely continuous,
we have 1 > F(w,) > F(wy) > -+ > F(wg) > 0. The values of [, and m, are taken from
the set wy, wo, ..., wk.

The probability of the event “T; ¢ I/ for any i € Z," is

I1 [1 _ { FerTZ () Fexp(BTZi)(mr)H

i€Zs

= [T [ (PP 4 P ).

i€Zs

where B is an upper bound on exp(37Z;). Since u®P"Z)/B is a strictly concave function
of u, we have

1—(1—uy+ u1>eXp(5TZi)/B < ugxp(ﬁTZi)/B _ u’ixp(ﬁTZz')/B

for 0 < u; < up < 1. Using this inequality for u; = FZ(m,) and uy = FP(l,), we have

I 1 st o

i€Ls

< T [t = F2) + FP(m,)) =0 200

1€Lo

< [1-FP() + FP(m,)]

ngL/B
)

where L is a lower bound on exp(87Z;). Since [1 — FZ(w;,) + FB(w,,)] € (0,1) for any 7,
and j, with 1 < j; < jo < K, we have [1 — FB(l,) + FP(m,)] € (0,1). Therefore, the last

expression goes to zero as no — 00. This completes the proof.
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