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Abstract

Given two sets of functional data having a common underlying mean function but differ-
ent degrees of distortion in time measurements, we provide a method of estimating the time
transformation necessary to align (or ‘register’) them. The estimator is shown to be consis-
tent under fairly general conditions. Simulation results show superiority of the performance of
the proposed method over its competitors. The method is illustrated through the analysis of a
paleo-climatic data set.

1 Introduction

Functional data are typically thought to consist of noisy observations from an underlying function.

Each set of observations consists of ordered pairs of the fgtmY;), j = 1,---, n} where
{t1, ts,- -, t,,} indicate sample points of the continuum over which the function is defined and
{Y,,, Y, -+, Y, } represent values of the function at these sample points. Examples of functional

data include measurements of biometric attributes such as height, weight etc. at different points of
time, grey-scale images of scenes generated through computer vision, three-dimensional images
of the brain created through various radio-imaging techniques, and so on. A good overview of
techniques for analysing functional data is given in Ramsay (1982), Ramsay and Silverman (2002,
2005) and Ramsagt al. (2009).

Functional data may include multiple sets of measurements of a single function. However,

sometimes there is a non-uniformity among the sets of observations in terms of the scales of mea-
surement of the continuum. In a paleo-climatic study based on ice-cores, ice samples are collected



at various depths of the core. Observations on climaticatées, e.g., temperature and atmo-
spheric concentrations of greenhouse gases like carbarddiand methane, are measured from
chemical analysis of the ice itself or of air-bubbles trappeit. These observations are recorded
against age, which is determined by dating techniquesvinv@radioactive isotopes. Such ordered
pairs of data can be regarded as functional data sampleckgtiarly spaced time-points. Note
that dating techniques have certain imperfections. An aacof statistical issues relating to pa-
leoclimatic dating techniques is available in Mudelsee€l(®0 When observations on a particular
variable obtained from different ice cores from a commorggaphic region are available, it seems
reasonable to assume that the data sets arose from the sdemnkyung process. Collation and joint
analysis of these comparable sets of data present difésyltis imperfections in the exercise of
dating may produce a certain non-uniformity of the time ssailf different datasets. This problem
is sometimes resolved by identifying one data set as reterand aligning others with it by using
a technique oturve registration

An intuitive technique of curve registration consists arntifying certain salient features (also
called landmarks or markers) in the curves and then aligtiiagurves by transforming time so
that marker events occur at the same values of the transfiotimes. This technique, referred to
asmarkerregistration (or sometimes éndmarkregistration), is discussed in detail in Bookstein
(1991), Kneip and Gasser (1988, 1992) and Gasser and Kregd)Y1A major drawback of the
marker based approach is the need for manual specificatitreaharkers by a domain expert.
Bigot (2003, 2005) proposed a method of detecting markeogith wavelets, for eventual use in
marker registration.

Using an idea of Silverman (1995), Ramsay and Li (1998) dapex a technique for curve
registration that does not require identification of maskeFhis estimation method involves op-
timizing a global fitting criterion with respect to a restad parametric family of time transfor-
mations. Further research in this direction was conducyeddmsay (1998). Kneipt al. (2000)
mentioned that the numerical optimization techniques usd¢ddese methods may sometimes be
plagued by ill-conditioning. They proposed curve registrawith locally estimated monotone
time transformations

Wang and Gasser (1997, 1999) built on the idedyfamic time warpindound in the engi-
neering literature [see Shakoe and Chiba (1978)] in curgestration, and extended the idea to
align multiple curves.

Some authors have explored curve registration using sedfefling regression (SEMOR). The
original version of SEMOR (see Lawtaet al, 1972 and Kniep and Gasser, 1988) is based on
a semiparametric model, in which subject-specific regoesiinctions are parametric transfor-
mations of a common regression function. Specifically,ylét) denote the observed curve for



subjecti at timet. The general SEMOR model can be expresseg;@$ = m;(t) + e; with
m;(t) = g(m,0;)(t) wherem is the common shape function,is the transformation that gener-
ates the individual regression functions, and the random error. Both the shape functioand
the model parametét, are estimated from the data. A common class of SEMOR modéls wi
transformations of both andy axes and a shape invariant shift hagt) = «; + 5;m(~;it+6;), re-
ferred to as the shape-invariant model (SIM). Rgnn (20G#)siclering a version of the foregoing
SIM model in whichm;(t) = m(t + §;), where the shift; are random effects, proposed nonpara-
metric maximum likelihood registration of random timef&d curves. Brumback and Lindstrom
(2004) built on SIM models, replacing the linear time tramsfation function to allow more flex-
ible, monotone random time transformations. Specificatiytheir formulation, curve-specific
amplitude parameters as well as curve-specific time tramsfttons are assumed to be random.
Moreover, the time transformation and common shape funetie modeled with B-splines.

With the aim of developing flexible alignment functions, @Gar and Gasser (2004) proposed
a self-modelling alignment function with the componentshaf function estimated from the data
using B-spline basis functions. In their formulation, thred transformations are not random. Liu
and Muller (2004) proposed time synchronization of rangwatesses where the observed random
curves are assumed to be generated by a bivariate stochestiess consisting of a stochastic
monotone time transformation function and an unrestricd@dom amplitude function.

In Bugli et al. (2005), a registration technique based on fractional pmtyials is proposed.
James (2007) developed another curve registration tegérigsed on equating the “moments” of
a given set of curves. Bayesian approach to curve regstraan be found in Telesca and Inoue
(2008).

Central to most of the above methods is the notion that thetifums being registered ought to
be smooth. However, in some situations, data exhibit sharmptons. Making use of such infor-
mation may yield better curve registration. The aforesagthmds are unable to take advantage of
this information, as smoothing tends to blur the features .t other hand, marker based meth-
ods require explicit identification of markers, which mayt be desirable as a pre-condition for
registration. An automated alternative method can pabytie developed by utilizing the idea of
edge-preserving smoothing techniques [see McDonald aneh@®986), Qiwet al. (1991), Hall
and Titterington (1992), Muller (1992), Wu and Chu (19984 &£huet al. (1998)].

In this paper, we propose a new nonparametric statisticalsore for the alignment of two
time transformed functional data sets. We show that thissomeaof alignment possesses some
desired properties. We then estimate the time transfoométy maximizing this measure over an
appropriate class of transformations. Subsequently, vabksh the consistency of the estimator.
Results of a simulation study, to demonstrate the perfoomari a particular estimator of the



proposed class, are reported. The method is illustratedgrthe analysis of a real data set.

2 Methodology

Let {(¢;,Ys;), 7 = 1,---, ma} and{(s;,Y;), j = 1,---, na} be two sets of functional data,
arising from the model

Y = m(t) + e,
Y] = m(go(s)) + €, (1)
wherem is an underlying location function, ang is a time transformation (alignment) function.

The terms:; ande, represent additive random error.

If s andt are time points such that(s) = ¢, one would expecY; to be close td;. In a real
data sets, the equivalencetandgy(s) is unlikely to occur frequently. On the other handyifis
a continuous function, ther, should be close t®; even wheny,(s) is close ta: but not equal to
it.

In a pair of real data sets following model (1), the functigns not known. However, if it had
been known angdy(s;) is close tot; for some: € {1,...,n;} andj € {1,...,ny}, then both the
differencest; — go(s;) andy;, — YS’]_ are expected to be small. K, and K, are kernel functions
andh, andh, are appropriate bandwidth parameters, then the product

1 ti—go(s;) 1 Y, - Y,
K, (2 ) o (2
hy 1( hy hy 2\ hy ’

should be large for such a pair of data points but not so lamgether pairs. Moreover, the product
should be small when, is replaced by another function.

In view of the above discussion, for any given transfornraficctiong, we propose the mea-
sure of alignment between the two data sets

I Nn 1 ti—g(s;)\ 1 Y, =Y,
ning Z Z hy o ( hy h = ha
1 1 ti —g(sy)
K22
ning ; ; hy ' ( hy )

wheren = n; + no, K; and K, are kernel functions anfl; and h, are bandwidth parameters.
Under model (1), this measure of alignment should be largerwh= ¢,. On the other hand,

alignment through a wrong time transformation would pragtewer pairs of matching points in



the two series, and consequently fewer large summands mutherator would produce a smaller
value of the measure.

We propose to estimate the functignby the maximizer of the measure of alignmetit, over
an appropriate set of candidate functions.

In several applications (e.g., paleo-climatic data sétsk transformation is expected to be a
monotonic and continuous function, which is not very famirthe identity function. The search
space for the optimizing function may be chosen in view oéheonsiderations.

As for the choices for bandwidths, it is clear that should be determined by the average
seperation between sucessive samples in the iwo sets ofsi#atd; and R,), and h, should
depend on the range of the combined set of observed valuks ahterlying function(sais). A
simple set of choices would bg = ¢; min{ Ry, R,} andhy, = R3/cy wherec; andc, are some
constants. Values ef, andc, around10 and 10, respectively, worked well in the simulations and
the data analysis reported in Sections 4 and 5.

3 Theoretical Results

We begin with a clear specification of model (1). ketbe a continuous function (smooth?) and
go be a monotonically increasing and continuous function.theterrors{e;;; j = 1,...n,} and
{e2j; = 1,...ny} and the time point§¢;; j = 1,...ny} and{s;; j = 1,...ny} be mutually
independent sets of samples from four distributions hapiudpability density functiong,;, f.,

f1 and f,, respectively, with the last two densities defined duerc).

We formally define the proposed estimator of the functjpas

Gn = argmax Cy(g), (3)

geG

whereC,,(g) is as defined in (2) an@ is a class of functions that includes the true transformatio
function.

We make the following assumptions.
Assumption 1. The densitiesf.;, fo, fi and f, are continuous and bounded,; and f., are
symmetric about zero and having modes at zero.
Assumption 2. The kernelsk; and K, are positive valued, bounded, continuous, and integrable
functions defined over the real line. Furthef;(z)dz = 1,7 = 1, 2.

Assumption 3. The sample sizes; andn, are such that, /n — ¢ for some¢ € (0,1), as



n — 00.

Assumption 4. The bandwidths;’s are such thak; — 0 andn;h; — oo asn — oo.

Theorem 3.1 Under assumptions 1-4, for agyc G asn — oo, C),(g) =it C(g), where

S5 S @) fay) fa(v = mlg(y)) + mlge(y))) fea(v) dydv
Jo~ Filg(w) Faly)dy '

Let C[a, b] be the metric space of all continuous functions defined dweririterval|a, b], with

(4)

C(g)

respect to theupremunmorm.

Assumption 5. The classG is a compact subset 6f[a, b], consisting of monotonically increasing
functions with first derivative bounded away from zero.

Assumption 2A. The kernelsk; and K, are bounded away from 0 and have bounded first order

derivatives.

Theorem 3.2 Under the assumptions 1-4, 2A, and 5pas> oo,

sup [ (9) — Cg)] 0.

geG
Theorem 3.3 Under the assumptions 1-4, 2A, and 5ypas; oo, C,,(9) KR C(go)-

Assumption 6. The supremum of the functionél on G defined as in (4) is attained only @t

Theorem 3.4 Under the assumptions 1-4, 2A, 5, and 6pas> oo, g =it Jo-

4 Simulation Study

In order to compare the performance of the proposed methibdiat proposed by Ramsay and Li
(1998), we generated two sets of data from model (1). We diesieinctionm plotted in Figure 1,
and the time transformation functigp defined as

go(t) = 0.01£* + 0.9¢.

The time points for both the datasets were generated as saifn@h the uniform distribution over
the interval [0, 20]. The distributions ef and ¢/, were choosen as normal with zero mean and
standard deviation 0.02. The sample sizes for the two datasgen, = n, = 500.

6
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Figure 1. Plot of the functiom used in the Simulation Study

For the method described in Section 2, we chAseand K, as standar normal densities. We
chose the bandwidths in the manner mentioned in SectiontPewit 10 andc, = 10. The search
for the transformation functiogp was made over the class of all linear and quadratic function
defined over the interval [0, 20]. The method of Steepest Aseas used for optimization while
using the identity map as initial iterate.

For implementing the method of Ramsay and Li (1998) we useetionregister.fdavailable
in fda library of the R Statistical Package (see Ramsay, dpakd Graves (2009)). The smooth-
ing parameter and the order of the polynomial spline wereséo as .001 and 4, respectively.
Following the pattern used in the examples given in RamsdyLa(1998) we choose number of
knots as 6.

The performance of the two estimators of the time-transé&ion functions are studied in terms
of the following quantities: (a) point-wise bias, (b) poeinise standard deviation, (C) point-wise
mean squared error and (d) Average of the integrated meamesgrror normalized by the squared
norm of the true function, defined for each simulation run as

LSS (@5() — g(0)%dt
f020 g (t)dt

whereS is the number of independent runs of the simulation @nd the estimate of at thejth

run, with the numerator evaluated numerically over a unifgrid of 1000 points. The results of
the simulations based on 500 independent runs are showgundsi2, 3 and 4. Itis found that the
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Figure 2: Point-wise bias of the two estimators
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Figure 3: Point-wise standard deviations of the two esimsat
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Figure 4: Point-wise mean squared errors of the two estirmsato

proposed method generally has higher variance but smaélsramd mean squared error than the
method of Ramsay and Li. The normalized integrated mearnredwarors of the estomator pro-
posed in section 2 and that of Ramsay and Li turned out to B282¥ and 0.005473, respectively.
The superior performance of the proposed estimator is euide

5 DataAnalysis

We now illustrate the proposed method with paleoclimatiataadn the atmospheric concentration
of carbon-di-oxide as determined from air-bubbles tragpede cores collected over lake Vostok
and Epica Dome of Antarctica. The data were downloaded fieemniebsite of the World Data
Center for Paleoclimatology, Boulder and NOAA Paleocliobagy Program (www.ncdc.noaa.gov).
The data used for analysis corresponded to the nominal age @&f 215,000 to 385,000 years.
Since the age of the sample was determined by radio-isotaiegd there is a possibility of mis-
match. The two sets of functional data, plotted in Figuredead show a considerable amount of
mismatch. We choose to align the Epica Dome dataset withastok dataset as reference.

The method proposed by Ramsay and Li, with choices of thetfirstparameters as in the
foregoing section and number of knot points equal to 15, detthé¢ alignment shown in Figure 6.
The average squared difference between the two curves (gechfrom time points of the first
data set) turned out to be 308.20. The corresponding valizénall from the method of section 2,
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Figure 5: Ice core datasets
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Figure 6: Ice core datasets after alignment by the methodchofday and Li
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Figure 7: Ice core datasets after alignment by the propostidad

which produced the alignment shown in Figure 7, was 96.9% fAroposed method is found to
produce better alignment.

Appendix

A Proof of theoretical results

When Assumption 1 holds, we denote By, a positive upper bound for the densitigs, f.,

f1 and f,. Let the positive real numbers My, M} be such that < ¢ < K;(z) < Mg and
|K!(x)| < M fori = 1,2 whenever Assumptions 2 and 2A hold.

Proof of Theorem 3.1 For a given time transformatiopne G, from (2), we have

N,
Cule) = 32 ®
where
ny  no (s Y;fl o Yv;
Nalg) = —— >3 i () L (e, ©)
Do) = o3> (), "



We first establish that

8

Nu(g) & /0 ) filgW) fo(y) fer (v — m(g(y)) +m(go(y))) fea(v)dydv (8)

83

1w
o~

D,(9) fi(g(y)) fa(y)dy. 9)

The proof is then completed by using the continuous mapgiagrem of convergence in proba-
bility (see Billingsley, 1985).
Note that, from (6), we have

MR 1 ti—g(s;)\ 1 Y, - Y,
FE Nn E|—K | —22) K 2 .
[ ning —1 Lh ! ( hy ) ho 2 ( ha

=1 j=

From the description of the model (1), we have

S e

X fl( ) fo(y) fer(u) feo(v)daxdydudv. (10)

By making the transformations = 2=2% andz, = m(x)*m(i(;(y))*“*”, we have

- / IR

Sn(21,22,4,0) = I(_g(y)/h1,00)(21) K1 (21) Ko (22) f1(9(y) + 2171)
X f2(y) fa(v —m(g(y) + 21h1) + m(go(y)) + 22h2) fea(v).  (12)

where

As g is a positive and increasing function, any given reals contained in(—g(y)/hy, o) for
sufficiently smallh,. Assumption 4, for any given, we have By using Assumptions 1, 3 and 4
and the fact thatn is a continuous function, for any fixdd,, zo, y, v), we have

Tim 5, (21, 20, y,v) = Ky (21) K (22) f1(9(y)) fa(y) fa (v = m(g(y)) +m(g0(y))) fea(v). (13)

Note that, from Assumption 1, we have

0 < Su(21,20,9,v) < MFKy(21) Ko(22) fo(y) fea (v). (14)

Assumption 2 ensures that the bounding function on the hght side of (14) is integrable. Then,
by using the Dominated Convergence Theorem (DCT), we have

Tim B[N, / / £ (9 o0) (0 — mg(®)) + mgo())) fro(w)dydv.  (15)

12



From Lemma A.1, we haviém,, .. Var[N,(g)] = 0. This establishes (8).

We now turn toD,,(¢g). By using (7) and making the transformatior= = ( , we have
/ / (z,y)dzdy, (16)
where
Bal2y) = I g ) (2)E1(2) Fulg(y) + 2hn) fo(y). 17)

From (17) and Assumptions 1, 3 and 4, we have

lim R,(z,y) = Ki(2)fi(9(y)) f2(y).

n—oo

By Assumption 1, we have the dominance
0 < Rn(z,y) < MpKi(2) fa(y)- (18)

Assumption 1 and 2 ensures that the bounding function, onghtehand side of (18), is integrable.
Thus, by applying DCT we have,

lim E[D / filg (19)

n—oo

Now from Lemma A.1, we havém,,_, Var[D,(g)] = 0. This establishes (9) and completes the
proof. O

LemmaA.1 Under assumptions 1, 2, 3 and 4, for ap¥ G, we have

Tim Var[No(g)] = 0, (20)
Tim Var[D,(g)] = 0, (21)

whereN,,(¢g) and D,,(¢) are defined in (6) and (7) respectively.

Proof of Lemma A.1 From (6), we have

Var(N, (g))

nl n2 nl n2 ( ) thz_YT%
- G o () e ().

i=1 j=1i=1j5'=1

ti/ — g(Sj/) Y;fi/ - Yv&/
K| —F——— | K| ——=
1 ( hl 2 hg

= Vi+Va+ Vs + V], (22)

13



where

B nl n2 g( ) Y;Z_Y;J
Vv, = nmzhth ZZV@T{Kl(i}M )Kg( " )} (23)

=1 j=1
nl n2 nl ( ) Y, _ V.
Vo = Covd Ky [ —222 ) K, [ = ) 24
2 nlnghlhg leZl; { 1 < hl ) 2 < h2 ( )
(#9)
ty — g(Sj) Y;g_, - sz
Ki|——— | K| ——2 25
1( R (25)
nl n2 n2 ( ) Y, V.
Vs = Covd K | —220 ) i, (=2 Sj) ,
3 anLthhQ ;;; { 1 ( hl ) 2 ( hg
(#4)
tz_g<8]/) Y;fl _YS/
Ki|—— | K| —— 26
1( e (26)
nl n2 nl n2
) ()
v, = Covd Iy (2980 e, (22
4 anLthhQ 2;;; { 1 ( hl 2 hg
(#1) (#4)
ty — g(Sj/) Y;ti/ - Yv&/
Ki|———— | K| ———- . 27
1 ( I 2 I (27)

We consider the convergence of each term of right hand sif#2¢fseparately. Consider the term
V1, then by using the model specifications (1) and (23), we have

_ 1 1 2
V= Vi = (BN (0))), (28)
where
e 9y \ 1 o (mlx) —m(g(y)) +u—v
//// K(hl )h2K( h
X fi(x) fo(y) e (u) fea(v) dadydudv. (29)
By making the transformations = 2=2% andz, = m@-m (ff(y))*“ “, we have

/ / / / (T oo )(21) K H(21) K3 (22) fi(g(y) + 21h1)

x fa(y )fe (v —m(g(y) + z1h1) + m(go(y)) + 22h2) feo(v)dz1d 22 dydv.
(30)

From Assumptions 1, 3, and 4 and the continuitygffor any fixed real(zy, z2, y, v), a similar
argument as in the proof of (13), shows that the integrandtiomn on the right hand side of (30),
asn — oo, converges to

K3 (210) K3 (22) f1(9()) o) fa (v — m(g(y)) + m(g0(y))) fea ().

14



We have the dominance of the integrand function on the rightliside of (30) by the integrable
function

M7 K} (21)} {K3(22)} fa(y) fea(v).

By using DCT and convergence of the integrand on the righd tsaate of (30), we have

tm Vi = [ Kl / " K3 (o)
/ / hilg y)fa(v —m(g(y)) +m(go(y))) fea(v)dydo.

Now, from (15), the second term on the right hand side of (2&)have

1 1
EIN, - .
e =0 ()
Thus, we have
1 1 1
h=0 <n1n2h1h2> o (711”2) =0 <n1n2h1h2> . (31)

We now consider the terivi,. From (25) and by using model specifications (1), we have

v, = oy o L), (32)

21
ning ning

e

' —g(y)) m(z') —m(go(y)) +u' —v
th < ha )th ( ho )
x fi(x) fi(2") fo(y) fer (u) far (W) feo (v) dvda’ dydudu’ dv. (33)

Where

By making the transformations, = %l(y) 2y = :”*h—f(y) 23 = m(m)*m(fg(y))*“*”, andz, —

mir)=mpoW) v the integrand on the right hand side of (33) is
2

T —gy)/h1.00) (210) K1 (20) L(—g(y) /1 00) (22) K1 (22) Ko (28) Ko (24) f1 (9 (y) 4 21h0) f1(9(y) + 22h1) fa(y)
X fea (v —m(g(y) + 21h1) +m(go(y)) + hazs) fea (v — m(g(y) + 22h1) +m(go(y)) + hoza) fea(v).
(34)

From Assumptions 1, 3, and 4 and the continuityroit follows via a similar argument as in (13)
that for anyzy, z», 23, 24, y andv the above function converges,as—+ oo, to

K1 (21) K1 (22) Ko (23) Ko (2a) [f1(9() fa(y) [ (v — m(g(y)) + m(g0()))] fea (v).

15



The integrand function on the right hand side of (34) is dated by the integrable function

MKy (21) K1 (22) Ko (23) Ko (24) f2(y) fea ().

By using Assumption 2, and the convergence of (34) and appIRICT on the right hand side of
(33), we have

lim Vyy = / ) / A )P o) fr (0 — mlg(y)) + mlgo()))) falv)dody.

n—o0

Now, from (15), the second term on the right hand side of (B&)< out to be

77,1—1

e =0 (5).

N9 n2

naVo — /0 N /_ ) [F1(g)) fa(w)[far (v = m(g(y)) +m(go(y)))]* fea(v)dvdy — [E(Na(9))]?
i.e.,

Va=0 (i) . (35)

ng

By using a similar argument as for the teif we have

naVs — / h / Z %ﬁ(g@)ml(v — m(g() + m(go())falv)Pdvdy — [E(N,(g)]?

ie.,

Va=0 <i) : (36)
m
Finally, we consider the terii,. By using the model specification (1), we have

Vi =0. (37)

The proof of (20) is completed from (31), (35), (36), (37) dydusing Assumption 3 and 4.

We now compute th& ar[D,,(g)]. Note that, from (7), we have

VC””[Dn(g)] = N1+ T+ 15+ 1y,

16



Where

S L) -

=1 j5=1

oSS () () e

21_]1@1

(#1)
Ty = iii@ov{lﬁ (7“ )) K, (7“_9(5]"))} (40)
TLlTLth 1 =1 =1 hl ’ h1 ’
(#J)
T, = iiiigov{[(l <#) K, <w)} (41)
TLlTLth 1 =1 =1 j'=1 hl ’ hl
(#4) ()

We consider the convergence for the teffasl;, 75 andT) separately. Consider the teffip. By
making the transformation = %l(y) and by using the model specification, we have

T = nlrlthn—n11n2E2[Dn(g)], (42)
where
Ty = / / oo (V2 (2) Fu(g(y) + ) foly)d=dy. (43)

Note that the integrand on the right hand side of (43) is bednbly the integrable function
M;K?(z) f2(y). Further, a similar argument, as used for ther(V,,), shows that, for any given
y andz, the integrand function, as — oo, converges td<;(z) f1(g9(y)) f2(y). Thus, by applying
DCT and Assumption 3 and 4, we have

i T = [ kG [ i (40

Now, from (19), the second term on the right hand side of (d4&)< out to be

—ED0) =0 ().

ninsg ning

1 1 1
Ty =0 +0 =0 .
n1n2h1 VAN n1n2h1

We now consider the territ,. From (39) and the model specifications (1) and by making the
transformationg = %l(y) andz’ = ”C_h—ﬁ(y) we have

Thus, we have

T2 = T21 — Ez[Dn<g)]7 (45)



where
/ / / L(—g(y)/hr,00) (2) K1 (2) L~ g(5) 1y 00) (21) K1 (2)
x fi(g(y) + zh1) f1(g(y) + 2'ha) fo(y)dzd' dy (46)

Note that, the integrand on the right hand side of (46) is dednby the integrable function
M7 K (2)K1(2') f2(y). A similar argument as used for the convergence of the #rshows that,
for any givenz, 2’ andy, the integrand function converges,as+ oo, to K1 (2) K1 (z") f2(g(y)) fo(y)-
Thus, by applying DCT and Assumption 2, 3 and 4, we have

tim T = [ o) el @7)

Now, from (19), the second term on the right hand side of (46)< out to be

ML 2p, () = 0 (i) .

ning

Thus, we have

We now consider the terffi. A similar argument, as used for the convergence of the fierm
shows that

n1T3—>/ filg Ol dy — E*[D,(9)].

n1
Finally, by using the model specification, we have= 0. This completes the proof of (21). [

Proof of Theorem 3.2 We first obtain a stochastic upper bound of the oscillatio@'gfy). From
(5), for any givery, g € G, we have

G0 -Gl = |58 - 5.
1N,(5)Dul0) ~ Nl0)D,(5)
D,@Dua)

Observe that by using (7) and Assumption 2A, we hByég) > - Therefore,

) _
)

h2

|Cn(g) — Culg)| < 0_21 INw(9)Dn(g) — Nu(9)Dn(9)]
< h—2 {Dn(9) INn(9) — Na(9)| + Nu(9) [Dn(9) — Di(9)[}.  (48)

18



We now compute the upper bounds for both the terms on the gyl side of (48). Note that,

from (6), we have
LR — g(s)) ti—g(s)\ 1 1 Y — Y,
n1n2zz { < hy ) _K1< ha )}h_ZK2< ha )

i=1 j=1

s 2o 2o () o () ()

By using the mean value theorem, we have

Na@)-Nalg)] € —— ZZ () Rt .0 |22

=1 j=1

[Na(9) — Nu(g)] =

J

wherezy(t;, s;,7,9) € (min (%, %) , max (t“}f’fsj), ti’,fl(sj)». Now, from (49) and
Assumption 2A, we have

. M .
[Na(9) = Nu(g)l < =5+ llg = 4l - U, (50)
1

where

n1n2h2 nzanQKQ (7) (51)

=1 j5=1

We now turn to the second term on the right hand side of (4&mHi7), we have

n1n2h1 nzli ( )> f <$) ’ .

From Assumption 2A and the mean value theorem, we have

|Dn(g) — Dn(9)]

nl n2
S;
- < o(52) — 35)
D.(3) — Dulg)| < WMZZ]K volts. 57.7.9) )‘ |
M
< ?-Ilg—gH, (52)
1

wherex(-) is as in (49). Now, by using (50), (52) and (48), we have

1Cn(9) — Culg)l < Bu(g) - llg —all, (53)

where
. M . .
Bu(9) = =5~ {Na(9) + Un - Du(3)} -
The expression on the right hand side of (53) gives an uppandon the oscillation of the func-

tional C,,(-) over the time transformation functions@h
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Note that

Cnlg) = Clg)l < 1Cu(g9) = Cu(@)] + 1C(9) = Clg)] + |Cnlg) — C(9)]; (54)

whereC'is defined as in (4).
Sete > 0.

Lemma A.3 implies that there exisis > 0 such that

lg — gl < 6. implies|C(g) - C(3)| < 5. (55)

Theorem 3.1 and Lemma A.2 implies that for @there exists\/; such thatB,,(g) ER Mj, which
ensures

P (Bn(g) > max {3%,21\4@}) 0. (56)

DefineN,,(g) = {g: |lg — g|| < n}. For giveng, let

6.0 min { 55,0 b it Mz >0
g.€) = g
e if M, =0
(57)

For g in Ns@.0(g), from (53) we have,

1Cn(9) — Culg)| < (g, €) - Bu(). (58)

Note that{N5(57e)(g) (g € G} is an open cover ofs. By Assumption 5 there exists a finite sub-
cover say{N(;(gj?e) (gj)}j:l__]C ie. G C Uf;lj\/g(gjvg)(gj) for some finitek.. From (54), (55), and
(58) we have,

sup |Cr(g) — C(g)]

geG

< max sup 1Cn(g) — C(g)],
J=l,., € gGNa(gj,e)(flj)

S,maX{V sup |Cn(g) — C(g)| + sup |C(g;) — C(g)| + sup [Cn(g;) — C(Elj)|},

J=1eske €N (5.0 (35) 9€N5(3;,¢)(95) 9€Ns5(3;,0(35)

< max {8(3;,B,(3) + 5 + () — C(@)|}

~~~~~ €

ke
- - € - -
< max 8(gj,€)Bn(g;) + 3 + g 1 1Cn(95) — C(g5)!- (59)
J:

-----
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From (57) and (59) we have,

Plsw (o) - Clo)l > ¢ (60)

geG

< p{ulixs,95.0) > }+P{Z|Cn >'>§}

Jj=1

_ ;P{Bn(gj)>35(g] } {an )|>§}.

Jj=1

(61)

Each summand of the first term on the right hand side of (603 gmeero by (56), while the second
term goes to zero by Theorem 3.1. This completes the proof. O

LemmaA.2 Let

= h2 Z Z Ko ( ) . (62)

=1 j5=1

Then, under assumption 1, 2, 3 and 4,
U [ [ [T @R o = mle) + mlgo) o) dadyd (63)
—o0 J0 0
Proof: From (62) and the model specification, we have

/ / / / ( (iojy))+u_U)fl($)f2(y)fq(U)fe2(v)dxdydudv.(64)

By making the transformatiom = ™®=metu=r e have

U= [ [ [ Kalw) oo s to=me) +mg(0) b))y (65)
From Assumption 1, 3 and 4, the integrand on the right harel&id65), as: — oo, converges to
Ky (w) fi(2) fa(y) fe, (0 = m(x) +m(g(y))) fer (),
and is bounded by the integrable function

MK (w) fr(2) f2(y) fer ()

By applying DCT, we have

lim E(U / / / @) o) o (0= m()+m(g(9))) frn(0)ddydv.  (66)

n—oo
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We now turn to the variance éfn. From (62), we have

Var(U,) = Vi+Va+Vs+ 1V, (67)
where
1 ny ng Y; . Y—S) }
Vi = —— Var < K. - 2 , 68
1 (n1n2h2)2 ;; { 2 ( hz ( )
1 e - Yi — Y) <Yt - Y)}
Vo = ——— Covs K. . L)L Ky | ——— ) 3, 69
= i 20 f (B o (B (69)
(#4)
2y e () e (B0
Vi3 = ——— Covq K . L) Ky | ——— ) 5, 70
TR R fe (B) o (1 (70)
(#9)
22 Yo () (B ) )
Vy, = ——— Cov < K. - L) Ky | ———— . 71
4 (n1n2h2)2 ;;;; 2 h2 2 h2 ( )
(#0) (#9)
We show that the term;, for: = 1, ..., 4, converges to zero as— oo. Consider the terni,

from (68) and model specifications and by making the transéionw = m(:”)*m(iz(y)”“*”, we
have

no= — v - Lo (72)

ninghs ning

where

Vs [ [ [ KB @) ) oo mla)m(an(w) +haw) o)y (73)

From Assumption 1, 3 and 4, the integrand on the right harel&id73), as: — oo, converges to

K5 (w) fi(2) f2(y) fer (0 = m(@) + m(g0(1))) fer (v)

and is dominated by the integrable function

MK (w) fi(2) f2(y) fer ().

Thus, by applying DCT, we have

lim Viy= / " K3 (w)dw / jf / " @) foy) for (0—m(z) £ g0(9))) fon(0) drdydv. (74)

n—oo

Now, from (66), the second term on the right hand side of (d&)< out to be

! (E(Un))2:0< ! )

ning ning
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Thus, we have

1 1 1
Vi=0 + O =0 :
n1n2h2 VAN n1n2h2

From (69) and the model specification and by making the toansdtiony = "=ty

we have

[E(U)), (75)

where

8

Var
/ / / 0 /0 /o Ky(w)Ko(w') f1(x) f2(y) f1(2") fe, (v — m(x) + m(go(y)) + how)
o (v —=m(z") +m(go(y)) + haw') fe,(v)dxdyda’dwdw'dv. 76)

From Assumption 1, 3 and 4, the integrand function on thetigimd side of (76), a8 — oo,
converges to

Ko (w) Ks(w') fr(2) f2(y) f1(2") fe, (v = m(z) +m(g0(y))) fer (v — m(a”) +m(g0(y))) fer (v),

and is dominated by the integrable function
M ES(w) Ko (w') fi(2) f2(y) f1(2) fer (v).
Thus, by using DCT, we have
00 00 o] 2
lim Vo = o o (v — dzr| dvdy. 77
i V= [~ [ 00| [ R 0= mo) - mgalo))as| @i @

Now, from (66), the second term on the right hand side of (d6)< out to be

g =0 (i) |

ninsg ng

Thus, we have
wte =+ [ [T a0 | [T @50 - m) £ mia)a] dvdy
- [ | [ 5@ - +mtw)s. (v)dxdydvr ,

w-o(2)
ny
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A similar argument, as for the terid, shows that
[e'e) [e'e) o] 2
i = [ [T R | [ 0t mo) = miga)ds]| dudo
—o0 JO 0
o] o0 00 2
[ s@nmsae-mw mta) ) |
—00J0 0
weo(t)
ni
The termV, = 0 from the model specification. This completes the proof. O

Lemma A.3 Let the functional” be defined oriz as

_ S S @) fay) fa (v = mlg(y)) + mlgo(y))) fea(v) dydv
Jo~ filg(w) fay)dy '

Then, under Assumptions 1 and’5js uniformly continuous oft.

C(g)

Proof: Let
N(g) = / N / " @) o) fr (o — mlg(w)) + mlgo(y) fralv)dydo,  (78)
D(g) = / " fulg) foly)dy. (79)

Then,C(g) = %.

Letg € Gand{g; € G;k =1,2,...} be such thalim;,_,.. sup |gx — g| = 0. Now,

im Mg = Jim [ [ A ) a0 = mlan ) + o) fa(0)dydo (80)

k—o0 k—

Note that the integrand on the right hand side of (80) is bednby the integrable function
M3 fa(y) fe(v). Thus, applying DCT, we have

Jim Mo = [~ [ {im Ao} o) {Jim fato = m(ou(0)) + mlon() } falo)dr
)

Note thatg, — g ask — oo pointwise. Now using the fact from the model specificatioat th
functionsm is continuous and Assumption 1, we have

lim filge(y)) = filg(y)),
lim fo (v —m(gr(y)) +mgo(y)) = falv—m(g(y))+m(g(y)))

k—o0
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Thus, from (81), we have

Jlim N(g,) = / / 1 9)) o) for (0 — (g )+ (o)) fx(w)eye

This shows that the functiondl (-) is continuous offs.

A similar argument, as used for the continuity 8f-), shows thatD(-), as defined in (79),
is continuous. Further, note that, from Assumption 1 and,(Z8¢) > 0 for anyg € G. This
establishes that' is continuous orfz. From Assumption 5C' is uniformly continuous ofiz. This
completes the proof. O

Proof of Theorem 3.3: For any givers > 0, we have

P{|Cn(gn) — Clg0)| > €}
< P{|Cn(gn) — Clgo)| > €,1Cn(g0) — Clgo)| < €} + P{|Cnlg0) — Cg0)| > €}, (82)

whereg, is as in (3) which is given by
gn = argmax Cu(g).
From (82), we have

P{|Cn(gn) = Clg0)| > €}
< P{ICn(gn) — Cgo)| > €,1Cnlg0) — Clg0)| < €,1Cn(gn) — C(gn)| < €}
+P{[Cn(gn) — C(gn)| > €} + P{|Cn(g0) — Cgo)| > €} (83)

We will complete the proof by establishing that all the thtelems on the right hand side of (83)
are arbitrarily small.

We begin with the first term on the right hand side of (83). Nbtg, from (3), we have
Cnl90) < Cn(Gn)-
Therefore, from (3), we have
if |Cnlg0) = Clgo)l < € then C(gn) = Clgo) — € (84)

We now turn to computing an upper bound y(g,,) in terms ofC'(g,). Note that from (4) for all
g €G,

Iy Ale)faly) {72 Falo - m( (1)) + mlgo(v)) fa(v)dv } dy
fo fl f2( )

25
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The inner integral of the numerator of (85) can be viewed asctnvolution of the densitief,
andf.,. Therefore, from Assumption 1, we have

/ " falo — m(g(®)) + mlgo(®))) falv)dv < / " fa(0) falo)do. (86)

Now from (85) and (86), we have

Clg) < / Z fa(v) fa(v)dv = C(g) forall geG. (87)
From (3) and (87) we have
C(gn) < Cgo)- (88)
Now, from (88), we have
if |Co(gn) — C(gn)| < e then Cn(g,) < Clgo) + e (89)
From (84) and (89), we have
if |Cn(g0) — Clgo)l <€ and [Cu(gn) — C(gn)l <€ then [Cy(gn) — Clgo)l <€ (90)

Thus, from (90),

P{|Cn(gn) = Clg0)| > € 1Cn(g0) = Cgo)| < € |Cn(gn) — C(gn)| < €} =0,

which is the first term on the right hand side of (83).

We now consider the second term on the right hand side of 333erve that,

1C(Gn) — C(gn)| < sup |Cr(g) — Clg)l. (91)

geG

From (91) and Theorem 3.2 we have,
~ ~ P
Cr(gn) — C(gn)—0.

This ensures that the second term on the right hand side @88 to zero as — oo. Further,
Theorem (3.1) ensures that the last term on the right hared &i@83) goes to zero too. This
completes the proof. O

Proof of Theorem 3.4: If g, EA Jo, then there exists an> 0 and a) > 0 such that

P{sup |, — go| > €} > 0 infinitely often (92)
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Note that NV (go) = {g : sup|g—go| > ¢, g € G} is aclosed subset &. From Assumption 5 and
Lemma A.3, there exists @€ N (go) such thatj = argmax e . 5, C(g). From Assumption 6,
wheng,, € N.(go), implies

[C(g0) = C(gn)| = C(g0) = C(gn) = Cg0) — C(g) > 0. (93)
Denoten = C(go) — C(§). By using the triangular inequality, we have
1C(g0) = Cu(gn)l + 1Cnlgn) = C(an)|l = 1C(g0) — C(gn)l- (94)
From (93) and (94)j,, € N.(go), implies
1C(g0) = Culgn)l = 1 —=1Cn(dn) — C(n)- (95)
Now from (95),

f g € N(go) thensup|C,(g) — C(g)] < 3 then|Co(3n) = Clgo)] > 3

= 96
sup i (96)

Therefore, from (96), we have
P{ICa(Ga) = Cloo)| > 3} = P{gn € Nelgo) andsup |Co(g) — Clo)] < 5},
ge
> P{sup g — gl 2 e} + P{sup|Culg) = Clo)| < 5}~ 1.
ge
©7)

From (92), the first term on the right hand side of (97) is greatnfinitely often. From Theo-
rem 3.2, the second term on the right hand side of (97) is gréaanl — g for all but finitely many
n. Therefore,

P{|Cn(gn) — C(g0)| > n/2} > g infinitely often (98)

This contradicts Theorem 3.3 and completes the proof. O
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