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Abstract: Menarche, the onset of menstruation, is an important mikbumic
event of female childhood. Most of the studies of age at nereamake use of
dichotomous (status quo) data. More information can bedssed from recall
data, but such data are often censored in a informative waysNéw that
the usual MLE based on interval censored data, which igrtbesmformative
nature of censoring, can be biased and inconsistent. Weopeagp parametric
estimator of the menarcheal age distribution based on &stieahodel of the
recall phenomenon. We identify the additional informat@mtained in the
recall data, and demonstrate theoretically as well as gir@mulations the

advantage of the MLE based on recall data over that basedurs sfuo data.

1. Introduction

Age at menarche is an important aspect of female growth. Veeage age at
menarche is a widely used as an indicator of population Ihg@ting of matura-

tion and nutritional status (sé&isch(1989; Eveleth(1986; Anderson and Must
(2009). It is also widely used as a demographic indicator of papoh fecun-

dity (seeUdry and Clique{1982). Menarcheal age distribution has been used to
assess reproductive risks (sgendler, Wilcox and Hornef 984); Parazzini et al.
(1997). Most of the attempts at estimating the menarcheal agahilison has
been on the basis of dichotomous data, also known as ‘statisigta (see, e.g.,
Teilmann et al(2009). Dichotomous responses (whether menarche has occurred
till the day of observation) are easy to obtain by asking ypanadult women if

they have experienced menarche. When observations tate gtlaesigned ages,
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it is possible to make parametric inference based on a baldype likelihood,
where the probability of occurrence of menarche is detegthioy the presumed
distribution. Improved inference may be possible on thesbafsmenarcheal age

information, recorded prospectively or retrospectively.

In a prospective study, the subjects are tracked over agefitime, and the
age at the menarcheal event is recorded, aei€ay et al.(1998). Some subjects
may be lost to follow up. Such a study leads to randomly rigémisored sur-
vival data. The likelihood for this type of censored data bamused for both non-
parametric and parametric inference ($@svless(1982). The non-parametric
maximum likelihood estimator (MLE) is the well-known praztuimit estima-
tor proposed byaplan and Meief1958. However, continuous monitoring is a
logistically difficult exercise, and periodic visits leanl grouping of data. When
the grouping interval is not too small (e.g., six months asawne et al(2005),

accuracy of inference may be affected.

In a retrospective study, respondents are generally askestall at what age
they began menstruating. The recall data are prone to berseh@obertg1994;
Padez2003; Morabia and Costanzd998). In case the subject fails to recall, it
follows that the age at menarche lies within the intervabmag from the earli-
est possible age and the age on the day of interview. Manyarangetric and
parametric methods have been developed over the yearsfantdysis of inter-
val censored datargrnbull (1976; Miller (1981); Frydman(1994); Aggarwala
(200]) andLee and Wand2003 ). Interval censoring is typically assumed to be
noninformative, in which case there is a notional non-ole@&n window that is
independent of the quantity being observed. If the obsequethtity falls inside
this window, one only observes the window. In the case oflreeda arising out
of cross-sectional studies, the non observation windovketyl to depend on the
age at menarche. Rather it is the age of the subject on thefadnservation that
may be assumed to be independent of the age at menarche. \\émamcime is

found to have already occurred by that day, the chance oll meey be less for
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smaller ages at menarche. Thus, the censoring times woutlldenmdependent
of the age at menarche and the censoring would be informadxe may seek
to use Baysian methods for informative censoring Selearfstein et al(2001);
Scharfstein and Robirf2002; Kaciroti, Raghunathan and Tayl(#012) for such
data. Alternatively, one may seek an estimator, based drebhiood that makes
use of the special nature of the data at hand.

We propose a new approach for estimating distribution of @gmenarche,
which uses the recall information through a realistic ceingomodel. Under this
model, the recall probability is regarded as a function &f time since menar-
che. We demonstrate that the new approach produces moisgestimates than
what can be achieved through status quo data, while the appabach based on

interval censoring can lead to biased and inconsistemhasts.

2. Model and Estimation

Let the age at menarche afsubjects,Ti, (i = 1,2,...,n) be samples from the
distribution Fg, where® is a vector of parameters. TH® subject is visited at
ageS. It is assumed that th§’s are samples from another distribution and are
independent of th&’s.

In the case of status quo data, one obsef(®e$;), (i=1,2,...,n) whered; =

lT<s)s the indicator of the evenill; < S). The likelihood is

n

,r![Fe(sﬂai[F‘e(snl—&, (2.1)

whereF_e(S) = 1—-Fg(S). Most researchers use MLE 6fbased on the above
likelihood, (sed_ee and Wang2003).

In a retrospective study, the subject may not recall clehdyage at menarche.
Here, we ignore the possibility of the subject recalling ppraximate age, and
regard such occurrence as a non-recall eventelLleé the indicator of recalling

the age at menarche. Note that whendéyer 1 andg; = 0, itis known thafl; < S.
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If the underlying censoring mechanism is presumed to beviormative, then the

likelihood is
n

[ [(Fatsn™(fa(T)]” [Fo()1* . (2.2)

i—
wherefg is the probability density function corresponding to thstabutionFg.
Aggarwala(2001) proposed the use of the MLE 6fbased on an extension of the
above likelihood.

It has been pointed out in the previous section that nommdébiveness of cen-
soring is difficult to justify in the present context. In pauar, the non-recall
probability, P(¢; = 0|& = 1) may depend on the time elapsed since menarche,
S — Ti. We model this non-recall probability by, (S — Ti), wherer, is a family
of increasing functions indexed by the parameteAccording to this model, the
likelihood is

n S 1 g B

(/} fotum(s —wau)  [fo(Ma-m(s—TJ*| Ry

M
(2.3)

The MLE based on the above likelihood is expected to harresaformation

in the recall data without making unrealistic assumptionsua censoring. The
parameten which can be a vector, would have to be regarded as a nuisance p
rameter in the present context.

In an unpublished technical repo8tine and Small1986 used MLE based on
a special case of the above likelihood, whegeis presumed to be a piecewise
constant function. They did not study the statistical props of the estimator.

WhenT, is a constant,4.3) becomes a constant multiple &.2). As a further
special case, ifi; = 1, then @.3) reduces toZ.1). Whent, =0, i.e., all recalls
are perfect, the product likelihoo@.Q) reduces to

n
H[fe(Ti)]eSi [Fo(S)I*™, (2.4)

which is the same as the likelihood for prospective datainbtefrom continuous

monitoring. Thus the model leading to the likelihodi3) is more general than



the standard censoring models.

3. Large Sample Property

The factors in the product likelihoo@ 3) have different forms in different cases.
For exampleT; is used only wherd, = 1 andg; = 1. In order for the standard
asymptotic results to be applicable, each factor of thiglillood has to be ex-
pressed as the density of some random vector in a suitalbalpitty space.

We have already assumed that ffiie (menarcheal ages) are samples from the
distribution Fy and theS’s (ages on interview date) are samples from another

distribution. LetG be the common distribution of tHg&'s. Let
Zi = (S —T)&id, (3.1)
whereg; andd; are as defined in the previous section. Note that the vector
Yi =(S.%,6) (3.2)

is observed in all cases, and contains all the requisitenmdtion.

We now show that thé" factor in the product likelihood(3) is in fact propor-
tional to the density of;. We prove this result below, after dropping the subscript
i for simplicity. The dominating probability measure useddefining this density
iIspu="31 x 92 x 33 Where bothy1 andd 3 are the counting measure abgdis the
sum of the counting and the Lebesgue measuresAsb¢2000). We presume

thatG is a discrete distribution, with probability mass functgpn

Theorem 3.1. The density oY = (S Z,d) with respect to the measupds

p

g(s)Fe(9) if z=0andd=0,
9(s) Jo fo(u)my(s—u)du if z=0andd =1,
g(s)fg(s—2)(1-my(2)) ifz>0andd=1,

0 otherwise

f(s,2,0) = (3.3)

\

Proof. See the Appendix. ]



The likelihood @.3) can be written in terms d§, Z; andd; as

n 5

S l(z-0 )
I] [(/O fe(U)T[n(S - U)du) (Zi=0) [fe(s —Zi)(l—Tﬁq(Zi))]'<Zi>0> [FG<S)]1_5i

— |_|in:1 f(S7Zi76i)
NiL.9(S)

(3.4)

The numerator is a product of densities of the foB3), while the denominator
does not contain any information abdutThis likelihood can also be interpreted
as a product of conditional densities(&, 8;) given§, fori = 1,2, ... n. Further,
this conditional likelihood is free frong, i.e., inference fo® can proceed by
ignoring any parameter @f.

Once the likelihood 2.3 is identified as a product of densities, standard re-
sults for consistency and asymptotic normality of the MLEdree applicable.
We would look for conditions on the triplé§, Ti, € ), which completely determine
the observable vectd§, Z;, 8;). Since the likelihood involves only the conditional
density of(Z;, ;) given§, it suffices to look for conditions on the distribution of
(Ti, &) only. Specifically, the conditions would involve the dewpdi§, the density
of T, and the functionm,, which defines the conditional density of the binary
random variable; givenT; andS.

It may be verified that the following conditions imply the Scient conditions

for consistency given in Theorem 7.1.1leghman(1999.

(C1) The parametd is identifiable with respect to the family of densitigg of
the menarcheal age, and the paramagtex identifiable with respect to the
family of functionstt, representing non-recall probability. In other words,
01 # 02 implies fel #+ fez, andny # ng impliesT,, # T,.

(C2) The parameter spaces fbandn are compact.

(C3) Therandom variableg, i =1,2,...,nare samples from the density, and
gi's are independent witR(gj = 1|Ti =t,§ =s;t <s) = W, (s—1).

(C4) The seté\y = {t: fg(t) > 0} andA; = {z: T,(2) > 0} are independent of



0 andn respectively.

(C5) The functionfg(t) is differentiable with respect t6 for all t such that
the derivative is absolutely bounded byuantegrable functiorh(t), and
the functiontt, (z) is differentiable with respect tq for all z such that the

derivative is absolutely bounded byuantegrable functioriy(z),

It can be easily seen that Conditions C1-C4 imply conditi6tsC4 of Theo-
rem 7.1.1 ofLehman(1999 in the present case. The Condition C5 implies that
the quantitieg; 6_66 fg(u) T, (s—u)duand g fg(u) %Tlh (s—u)duare well defined,
and are the derivatives of the conditional density4f ;) givenS with respect
to @ andn, respectively, in the case= 0 andd = 1. It is easier to establish the
corresponding implications in the other cases, which leathé fulfillment of
Condition C5 of Theorem 7.1.1 diehman(1999.

The additional conditions for asymptotic normality rel&dehe log-likelihood

obtained from 2.3),

n

on=y [Bi(l—si) log </OS f(U)T(S — u)du)

+5eilog (1g(T)(1- TS ~T)) + (1 8)log(Fy(S)) |- @9)

The following conditions, together with C1-C5, ensure aptatic normality of
the MLE of 8 andn (see Theorem 7.3.1. &ehman(1999).

(C6) First and second derivatives&B, n) are defined.

(C7) The Fisher information matrix

E[ien]”  E[Guen@ien)

1(8,n) =
e[(gremgeen)]  E[guen)

IS non-zero and continuous with respect to the paramétansin).
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4. Theoretical Comparison of Estimates
4.1. Biasof MLE based on Interval Likelihood

If one ignores the informative nature of censoring, thedikedihood (2.2) would
appear to be appropriate. We now show that an MLE based ohikbigtood may
be inconsistent under the general censoring model of $e2titnconsistency is
established if the bias can be shown not to go to zero as thpleaie goes to
infinity. As the MLE based on2'2) is not generally available in closed form, we
avoid computing the asymptotic bias, and compute instea@xtpected value of
the score function obtained from the likelihod?), computed under the general
model.

Let fg(t) = %e*té andm,(u) =1— e 1. The derivative of the log-likelihood
obtained from 2.2) with respect td is

n Se 1
TATTIEEI

The expectation of4.1) with respect to the general model of Section 2 is

o[ @RS+ [ (G + gz ) (1-(S-0) et

ezee

/nn S—t)fe(t )dt]

1eT

In the further special casg= 6, the above expression reduces to

For the expectation to be equal to zero, the function in sgbeackets should be
orthogonal to the probability function & which would not hold in general. One
can design infinitely many distribution & which would violate this condition.
If the expected value of the score function obtained fr@®2)(is not zero, the

asymptotic bias of the corresponding ‘MLE’ is also not zero.



4.2. Additional I nformation from Recall Data

In order to identify the additional information arising fnorecall data, we return
to the expression of the likelihood in terms of the joint dgnef (S Z,8). We
presume that the distribution 8fdoes not involve any unknown parameter. Then

the joint density of the observed triplet can be written as
fon(s.20) = fg(s.9)fg ,(Z5,9).
Thus, the log-likelihood for a single sample is
log( feﬂ(s, z,0)) = log(fg(s,0)) +log( fe,n (Zs,9)),
and consequently, information for the two parameters if@form
Ir(8,n) =1s(8,n) +1a(6,n), (4.2)

where the matricelg, Isandla are the information arising from recall data, status
guo data and recall data conditioned on status quo dataatagly.

Since the likelihood of status quo data is free frqms(0,n) is a function of®

alone, and can be written as

150.1) = {'; 2] ,

2
l1=—E {% Iog(fe(s,é))} .

where

On the other hand, the additional information obtain fromrbcall data is

Ia(8.1) = L'i :3] ,
3 4
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where

- 02
l, = —E 3 log(fg ,(Zs, 6))] )
- az

52
ls = —E Wlog(feﬂ(ds,é))} .

In particular, the additional information 6f the parameter of interest, is
o — 131,73

Whenn is known, the additional information reduced o

As an example, consider the special case, wiigitg = %e*% andm,(z) =1—
e %", Figure 1 shows plots of the information arising from stajus data(ly),
from recall data(l; + 12 — I3I4‘1I3T) and from recall data with known (11 + I2),
for different values of] and a range of values @ It can be seen that, when
is large, there is a considerable gap between the first twibg Wiere is not much
gap between the second and the third curves. Thus, in thes tteesprice for not
knowing the nuisance parametglis minimal compared to the gain from recall
data. On the other hand, for a small valuenofi.e., menarcheal age forgotten

quickly), recall data does not augment the informationaeably.
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Figure 1: Information based on recall data and status qediti&ods.

5. Simulation Results

For the purpose of simulation, we assume that ‘age at me@afchows the
Weibull distribution with shape and scale parameteendf3, respectively. Thus,
6 = (a,B). Further, we assume that ‘age at interview’ follows the idiseuniform
distribution over [7,21] and that, has the exponential distribution function with
meann. We use the following values of the parameters.
()a=11,=13andn =3,

(i) a =10, =12 andn =5,

The two choices correspond to median ages at menarche af Bhéi and 12.58
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years, and inter-quantile ranges of about 1.78 and 1.8G yesspectively. The

mean times to forget are 3 and 5 years, respectively.

We compare the performance of MLE’s based on the status kgithood @.1)
the interval censoring likelihoo®(2) and the recall data likelihoo@ (3 for our
model. Computation of MLE’s in all the cases is done througmarical opti-
mization of likelihood Nocedal and Wrighf2006).

We run 500 simulations for each of the above combinationacdipeters, and
for sample sizes = 50, 500 and 1000.

Table 1 and 2 show the bias, the standard deviation (Stdev)nean squared
error (MSE) and the Cramer-Rao Lower Bound (CRLB) for the NAL&f the
three parameters based on the three likelihoods, for thdic@ation of parameter

values (i) and (ii) respectively.

n=50 n=500 n=1000
Estimator | Property a B n a B n a B n
MLE Bias 7.760 -0.076 - 0.720  0.004 — | 0.488 0.008 -
from Stdev 6.678 0.447 - 1.469 0.141 - 0.894 0.105 -
Status MSE 104.8 0.270 - 2.690 0.020 - 1.036 0.011 -
quo CRLB 43.410 0.145 - 2.140 0.017 - 0.872 0.011 -
MLE Bias 3.280 0.180 - 1.460 0.230 - 1.373 0.230 -
from Stdev 2.998 0.332 - 0.787  0.100 - | 0.592 0.071 -
Interval MSE 19.75 0.140 - 2.760 0.065 - | 2.235 0.059 -
censoring| CRLB 5.991 0.016 - 0.608 0.095 - 0.327 0.003 -
MLE Bias 2.080 0.120 -0.03§ 0.361 0.020 0.007| 0.202 0.010 -0.005
from Stdev 2.629 0.300 0.825| 0.721 0.089 0.247| 0.545 0.055 0.167
Our MSE 11.236 0.010 0.700| 0.660 0.009 0.063 0.338 0.003 0.028
Method CRLB 4.541 0.018 0.592| 0.514 0.008 0.061 0.327 0.002 0.028

Table 1: Bias, Stdev, MSE and CRLB of estimated parameterasa (i)
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n=50 n=500 n=1000
Method | Property a B n a B n a B n
MLE Bias 9.60 -0.073 - 1.070 0.044 - 0.967 0.039 -
from Stdev 3.673 0.510 - 1.245  0.155 - 0.841 0.098 -
Status MSE 107.2 0.262 — 2.730 0.026 - 1.642 0.011 —
quo CRLB 7.821 0.260 - | 1210 0.023 - 0.700 0.010 -
MLE Bias 3.040 0.260 - | 1450 0.240 - 1.430 0.230 -
from Stdev 3.106 0.306 - | 0.671  0.095 - 0.458 0.071 -
Interval MSE 18.81 0.130 - 2.560 0.068 - 2.255 0.058 -
censoring| CRLB 1.282 0.052 - 0.400 0.006 - 0.190 0.004 -
MLE Bias 1.930 0.230 0.075 0.581 0.060 -0.004 0.420 0.044 0.004
from Stdev 2.584 0.300 1.068 0.860  0.095 0.332| 0.418 0.062 0.281
Our MSE 11.236  0.010 0.700 0.660 0.009  0.063| 0.351 0.006 0.079
Method CRLB 2.383 0.026 1.076 0.612 0.008 0.11 | 0.200 0.005 0.079

Table 2: Bias, Stdev, MSE and CRLB of estimated parameterasa (ii)

It is found that the bias for the MLE based on interval censptikelihood
stabilizes around a positive constant when the samplersizeases. The standard
deviation of the MLE based on our model is smaller than thaetlan status quo
data, and is also in line with the Cramer-Rao lower bound #qaarly when the

sample size is large.

6. Data Analysis

In a recent anthropometric study conducted by the Biolddiaghropology Unit
of the Indian Statistical Institute in and around the cityKafikata from 2005 to
2011 (Sl (2012, p.108), a total of 2194 randomly selected individualgdge-
tween 7 and 21 years, were surveyed. The subjects wereigwes on or around
their birthdays. The data set contains age, menarcheakstae at menarche (if
recalled), and some other information.

We used the Weibull model for menarcheal age and the expaheridel for
recall probability, as in the previous section, and usedhhee different methods
mentioned in that section to estimate the parameters asawétle median of age
at menarche. Table 3 gives a summary of the findings. Figun®&sthe plot of

the survival functions corresponding to the three sets torheses.
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Estimator Estimate (standard error) Median | 95% Confidence Interval
a B n of Median
MLE from 10.74 12.17 11.76 (11.62,11.90)
Status quo (0.320) (0.005)
MLE from 11.80 12.65 12.25 (12.20,12.30)
Interval censoring| (0.061) (0.001)
MLE from 10.19 12.21 3.47 11.78 (11.72,11.84)
Our Method (0.090) (0.001) (0.140)

Table 3: Estimated parameters and median age at menarchuiifenent methods

The median estimated from our method is close to the medtanaed from the status
quo likelihood, but the confidence interval based on ounest is narrower. The stan-
dard errors of the distributional parameters are also emétlis also seen that the median
estimated from the interval censoring likelihood, whichages the informative nature of
censoring, is different from the other two estimates. Theesponding 95% confidence
interval does not have any overlap with other two confidentervals. The survival func-
tions estimated from the three models, shown in Figure B,sliews that the MLE based
on interval censoring likelihood is very different from tbther two MLE’s. This occur-
rence may be attributed to the bias of this MLE, which is eigeeven when the sample
size is large (see Sections 4.1 and 5).

Figure 3 shows the loci of upper and lower confidence limitstfie probability of
no menarche based on status quo MLE and recall data MLE. Ttez [aair of limits

correspond to a narrower interval for any given age.

onobabity o o menaihe

T
10
age

Figure 2: Survival plots for real data based on three methods



15

08
|

C.l. based on Recall data MLE

probabiiy of o menarche
04

——— C.l. based on Status quo MLE

02

00
|

T T T T T T
[S3 8 10 12 14 16
age(year)

Figure 3: Confidence Interval for Probability of no Menartfased on two methods.

7. Concluding Remarks

The thrust of this paper has been to offer a realistic modehfenarcheal recall data
amenable to informative censoring. As the MLE obtained ftbenusual interval censor-
ing likelihood is not consistent, the MLE under the proposextiel should be an attractive
alternative.

Modeling of the non-remembering function can be a critisaue. There would be
a trade off between a flexible model with many parametersémge parameters in the
present context) on the one hand, and a parsimonious btittigstmodel on the other.
In the two foregoing sections, we have opted for an expoakemtodel with a single pa-
rameter.

The data set analysed in Section 6 also contains ‘partiablr@lata relating to the
week/month/year of menarche. More sophisticated mode&limgid be required for han-
dling data of such complex nature. The work presented irptaier can be used as a point
of departure for such models. Another direction of futurgesach could be inclusion of
the possibility of error in recall data. The dichotomizatiof the recall information used

in Section 6, where all ‘partial’ recall data have been ignband regarded as cases of no
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recall, reduces the impact of recall error.

It would also be of interest to get rid of any model for the agmanarche, and to look

for a non-parametric estimator. This problem will be takerirufuture.

Appendix: Proof of Theorem 3.1.

Proof. The density in the first two cases can be obtained by coneglére corresponding

probability masses:

f(s,0,0) =P(S=s52=0,6=0)=P(Z=0,0=0/S=5s)P(S=5)
= P(T > S=g)P(S=9) = (Fg(s))9(S)
f(s,0,1) =P(S=s52=0,0=1) =Ef[P(S=5£=0,0=1)|T]

Er[P(S=sS>T|T)P(e=0/S=5S>T,T)]
S
=Er[P(S=sS>T|T)m(s—T)] = /0 9(s)T, (s—u) fg(u)du.
In the third case, the density can be derived as the derivafia probability,

0P(S=s2<270=1) 0P(Z<z20=1S=5)

f(s,z1) = > =P(S=5s) 5
< =1|S=
:P(S:s)rljm P(z<Z<z+hd=1/S=5)
—0 h
< =
:P(S:s)rLim P(z<Z\rz]+h|S S)
—0
_T<L =
:P(S:s)rljm P(z<s T\z:h,T<s,s 1)
—0
— — < _— p—
:P(S:s)rljm P(s—z h<'|;]\s ze=1)
—0
Er[P(s—z—h<T<s—2T)(1— -T
_p(s= g FTIPE-2-N<T <5-2NA-Th(s-T)
—0 h
Sz f 1-T,(s—u))d
—0 h

=9(5)fg(s=2)(1 - (2)).
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