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Abstract

It is well known that in a firm real time system with a renewal arrival pro-
cess, exponential service times and stochastic deadlines till the end of service
of a job, the earliest deadline first (EDF) scheduling policy has smaller loss
ratio (expected fraction of jobs that are not completed) than any other ser-
vice time independent scheduling policy, including the first come first served
(FCFS) policy. Various modifications to the EDF and FCFS policies have
been proposed in the literature, with a view to improving performance. In
this article, we compare the loss ratios of these two policies along with some
of the said modifications, as well as their counterparts with deterministic
deadlines. The results include some formal inequalities and some counter-
examples to establish non-existence of an order. A few relations involving
loss ratios are posed as conjectures, and simulation results in support of
these are reported. These results lead to a complete picture of dominance
and non-dominance relations between pairs of scheduling policies, in terms
of loss ratios.

Key words: Firm real time system, Earliest Deadline First, First Come
First Served, loss ratio comparison

1. Introduction

In real time systems consisting of aperiodic jobs, such as web server,
network router or real time database; it is typically not known when a job
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will arrive or what its service time and deadline will be. If too many jobs
arrive simultaneously, the system becomes overloaded and the jobs begin
to miss their deadlines. The service requirements for the jobs are often
not known beforehand, and hence are specified in probabilistic terms. So
a fundamental problem in such systems is to schedule a set of jobs such
as to allow the maximum possible number of jobs to meet their respective
deadlines. A common measure of performance of a scheduling algorithm is
the loss ratio, that is the expected fraction of jobs that are not completed by
their respective deadlines.

In this article, we consider various scheduling algorithms for firm real
time systems (i.e., systems where a job must leave the queue latest by its
deadline [4]) with a single processor and an aperiodic workload, under their
commonly used model as a G/G/1 + G queue with an infinite buffer [6]. We
assume that the deadline of a job is till the end of its service, that its service
time is known at its arrival epoch and it can be preempted at any time. We
also assume that the number of priority levels is unlimited, and the context
switch overhead is negligibly small.

In the above set up, the simplest scheduling policy is the First Come
First Served (FCFS) policy, which stipulates that jobs be serviced in the
order of their arrival. A more complex scheduling policy that has some
attractive optimality properties is the Earliest Deadline First (EDF) policy
[7]. According to this policy, jobs that have arrived and await execution are
kept in a ready queue, sorted in ascending order by their absolute deadlines.
When the processor finishes a job, the first job in the queue is selected for
execution. When a job arrives, it is inserted in the proper position of the
queue (breaking ties arbitrarily). A variant of the EDF policy provides for
preemption of the currently running job by a newly arrived job, if the absolute
deadline of this job is earlier than that of the currently running job. If it is
assumed that a job can always be preempted, and that there is no cost of
preemption, then it can be shown that preemptive EDF is the optimal policy
within the class of non-idling service-time independent preemptive policies
[5], in the sense that if a set of jobs with with arbitrary release times and
deadlines on a single processor can be scheduled in such away that no job
misses its deadline, then the EDF scheduler would necessarily produce such
a schedule. Also, it has been shown that EDF stochastically minimizes the
loss ratio in both preemptive and non-preemptive models [9, 10].

There have been attempts to reduce the loss ratio by controlling admission
of newly arriving jobs in the queue, through a scheduling test. Prominent
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examples of this innovation are utilization based admission controller [1] and
the exact admission controller [7]. The Utilization based admission-controller
for aperiodic jobs is pessimistic in the sense that it sometimes denies admis-
sion to a job even if that job can be scheduled at that instant. It can be
shown that a utilization based admission-controller also passes some jobs
that would not be completed before their respective deadlines. The exact
admission controller (EAC) seeks to remove these shortcomings at the cost
of increased computational complexity (O(logn) for EAC as opposed to O(1)
for the utilization based admission controller) [2].

While an admission controller takes into account the history of jobs al-
ready in the queue, a particular decision regarding admission may appear
to be unduly conservative in the light of events that follow that decision. If
the decision to serve a job is deferred till the epoch of it being served, then
that decision can be made on the basis of additional information. Here, we
consider a simple modification to scheduling protocols, called the early job
discarding (EDT) technique. The EDT does not check the scheduling feasi-
bility of a job on its arrival, but rather admits each incoming job into the
system, inserts the job in an appropriate place of the queue according to the
protocol being used and lets the system evolve. It discards a job at the epoch
of its getting the server from the head of the queue, irrespective of it being
a fresh job or a previously preempted job requesting the server again, if it is
clear at that moment that the job cannot be completed before the deadline.
The name early job discarding technique reflects the fact that it discards
a job before its deadline epoch. It should be noted that this common sense
belt-tightening step in improving the performance of a scheduling policy may
not be feasible in applications that demand guaranteed completion of jobs
once they are admitted to the queue. Even where it is feasible, the value of
EDT has never been formally studied.1 We show that this step can be more
effective than admission controllers in reducing the loss ratio.

In this article, we undertake a comprehensive and comparative study of
the loss ratios for the FCFS and the EDF scheduling policies along with their
variations. We show that, under a purely random environment, the inclusion
of EDT in the FCFS and the EDF scheduling policy reduces the loss ratio.

1The only relevant work that we could access in this connection is a simulation study
in [1], where it was found that EDT works marginally better than the utilization based
admission controller in a particular situation.
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We also show that the inclusion of EAC reduces the loss ratio for the FCFS
scheduling policy, while the same is not true for the EDF scheduling policy
under general conditions. We also prove that EDF along with EDT has
smaller loss ratio than all other scheduling algorithms considered here, for
an M/M/1 + G system.

This article is organized as follows. In Section 2, possible dominance rela-
tions of the scheduling strategies in terms of loss ratio are discussed. Special
attention to systems with deterministic job deadlines is given in Section 3.
Some concluding remarks are provided in Section 4.

2. Comparing loss ratios for various scheduling policies

In this section, we undertake a comprehensive and comparative study
of the loss ratios for the FCFS and the EDF scheduling policies with their
variations. We use the notations λ for arrival rate (reciprocal of the mean
inter-renewal time), µ for the service rate (reciprocal of mean service time),
θ for mean relative deadline. Further, we use the notation αH

sp to denote
the loss ratio of a system under the scheduling policy sp and with relative
deadline distribution H(·).

2.1. Performance enhancement through EAC

Generally, EAC is used to provide a guarantee of service completion of
a job once it is admitted to the queue. It can be expected that inclusion of
EAC also reduces the loss ratio of the system by removing the unproductive
utilization of the server. However, there has so far been no study to verify
whether this is indeed the case. In this section, we will investigate whether
the inclusion of EAC reduces the loss ratio of firm real-time systems operated
under the FCFS or the EDF schedulers.

2.1.1. FCFS scheduling policy

Here, we formally prove that EAC reduces the loss ratio of an FCFS
scheduler under a more general set-up.

Proposition 2.1. In a G/G/1 + G queue, the loss ratio under the FCFS
scheduling policy can only be reduced when Exact Admission Control is used,
i.e., αH

FCFS-EAC ≤ αH
FCFS.

Proof. Let Ai, Yi and Di be the arrival epoch, the service time and the
relative deadline of the ith job. If Vi is the workload upon arrival of the ith

4



job under the FCFS scheduling policy, then

αH
FCFS = lim

N→∞

1

N

N
∑

i=1

E[I{Vi+Si>Di}]. (1)

Likewise, if V e
i is the workload upon arrival of the ith job under the FCFS-

EAC scheduling policy, then

αH
FCFS−EAC = lim

N→∞

1

N

N
∑

i=1

E[I{(V e

i
+Si>Di}]. (2)

Note that the workloads in the two cases follow the recursions

Vi =
[

(Vi−1 + Yi−1)I{Vi−1+Yi−1≤Di−1} (3)

+(Vi−1 ∨ Di−1)I{Vi−1+Yi−1>Di−1
} − (Ai − Ai−1)

]

∨ 0

V e
i =

[

(V e
i−1 + Yi−1)I{V e

i−1
+Yi−1≤Di−1

} (4)

+V e
i−1I{V e

i−1
+Yi−1>Di−1} − (Ai − Ai−1)

]

∨ 0.

We prove by induction that Vi ≥ V e
i for all i. The inequality holds trivially

for i = 1. Assuming that it holds for all indices up to i−1, we consider three
cases: Vi−1 ≤ Di−1−Yi−1, V e

i−1 ≤ Di−1−Yi−1 < Vi−1 and Di−1−Yi−1 < V e
i−1.

In the first case,

Vi = [(Vi−1 + Yi−1) − (Ai − Ai−1)] ∨ 0

V e
i =

[

(V e
i−1 + Yi−1) − (Ai − Ai−1)

]

∨ 0.

In the second case,

Vi = [(Vi−1 ∨ Di−1) − (Ai − Ai−1)] ∨ 0

V e
i =

[

(V e
i−1 + Yi−1) − (Ai − Ai−1)

]

∨ 0.

In the third case,

Vi = [(Vi−1 ∨ Di−1) − (Ai − Ai−1)] ∨ 0

V e
i =

[

V e
i−1 − (Ai − Ai−1)

]

∨ 0.

In all the cases, we have Vi ≥ V e
i , which concludes the induction argu-

ment. The stated result follows from (1) and (2).
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2.1.2. EDF scheduling policy

In the previous section, we have proved that EAC not only provides guar-
anteed service but it also reduces the loss ratio of a system run with the FCFS
scheduling policy. This is due to the fact that, along with the FCFS schedul-
ing policy, EAC screens only those jobs whose deadlines are not sufficiently
large for their own successful completions. Thus, under FCFS, all the un-
productive server usages are removed through EAC. As a result, loss ratio
of the system is reduced. Similarly, under EDF, EAC denies services to all
the jobs that would not have been successfully served due to their smaller
deadline. However, under EDF, EAC also denies services to a job due to the
server’s commitment to previously admitted jobs. The latter cause of ser-
vice denial is detrimental to the reduction of the loss ratio, because service
commitment to a previously admitted job with large service time can trigger
service denial to several small jobs that could otherwise have been admitted.
Therefore, inclusion of EAC may not in general reduce the loss ratio of a
real-time G/G/1 + G queue, operated under the EDF scheduling policy. We
demonstrate this through an example.

Consider a real-time G/G/1+G queue under EDF and EDF-EAC schedul-
ing policies, where the service times have the two-point distribution with
probabilities 0.8 and 0.2 assigned to the points 1 and 19.5, respectively, the
relative deadline distribution is also two-point with equal probabilities as-
signed to the points 2 and 20, respectively and the inter-arrival times are
uniformly distributed with support [µ/λ − 1, µ/λ + 1]. The normalized ar-
rival rate (λ/µ) can vary from 0 to 4. The loss ratios of the system under the
two policies are plotted in Figure 1 as a function of the normalized arrival
rate. The values of the loss ratios are computed on the basis of simulations
consisting of three different runs of the process, each with about ten million
arrivals. We can see from Figure 1 that neither of the loss ratios under the
two policies uniformly dominates the other.

We have found that for general real-time queues, EDF sometimes per-
forms better than EDF-EAC in terms of loss ratio. However, the loss ratio
under EDF-EAC may be less than that under EDF scheduling policy, in the
special case of the M/M/1 + G queue. Even though we could not prove this
dominance relation, it appears to supported by the simulation results shown
in Figure 2, for a number of deadline distributions. We ran the simulations
for a wide range of normalized arrival rates (with λ/µ varying from 0 to 4),
and four types of relative deadline distributions, namely exponential, uni-
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Figure 1: Loss ratios of the EDF-EAC and EDF scheduling policies for two-point relative
deadline distribution and various normalized arrival rates (λ/µ).

form, log-normal and two-point. The mean (θ) of the deadline distribution
was varied from 1

µ
to 16

µ
. We plot the loss ratios for these deadline distri-

butions under the EDF-EAC scheduling policy, normalized by the loss ratio
under the EDF scheduling policy, for various values of normalized arrival rate
(λ/µ) and normalized mean relative deadline (µθ).

The exponential deadline distribution is completely characterized by its
mean. For the uniform deadline distribution, we have chosen the support as
[0, 2θ]. In the case of the log-normal distribution of the normalized deadline,
we have chosen the coefficient of variation was as 1 for all values of θ. In the
case of the two-point distribution, the probabilities 0.9 and 0.1 were assigned
to the points 5

9
θ and 5θ, respectively, for all values of θ. The values of the

loss ratios were computed on the basis of three independent simulation runs,
each consisting of about one million arrivals.

It is seen that the normalized loss ratio over the entire range of normal-
ized arrival rates and normalized mean relative deadlines for all the deadline
distributions is less than one. On the basis of these findings, we make the
following conjecture.

Conjecture 2.1. The loss ratio of an M/M/1 + G queue under the EDF-
EAC scheduling policy is less than that under the EDF scheduling policy,
i.e., αH

EDF -EAC ≤ αH
EDF .

We also observe from Figure 2 that the normalized loss ratio approaches
the value 1 when the normalized arrival rate goes to zero, as expected.
The loss ratio under EDF-EAC becomes gradually smaller than that un-
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Figure 2: Loss ratios for various deadline distributions under the EDF-EAC scheduling
policy normalized by loss ratio under the EDF scheduling policy, for various values of
normalized arrival rate (λ/µ) and normalized mean relative deadline (µθ).
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der EDF as the normalized arrival rate increases to 1. There is a subsequent
turnaround, provided the mean relative deadline is large. The turnaround
point depends on the mean of the relative deadline and, to some extent, on
its distribution. Another interesting fact is that, irrespective of the normal-
ized arrival rate, the normalized loss ratio is a non-monotone function of the
mean relative deadline, with very large and very small values of the latter
producing high values of the normalized loss ratio.

2.2. Performance enhancement through EDT

While the exact admission controller is meant for assuring guaranteed
service, the counter-example given in the forgoing section shows that it is
not necessarily effective in reducing the loss ratio. This fact gives rise to the
question: Can reduction of loss ratio of a general real-time queue be achieved
through EDT, which aims directly at performance enhancement? We now
show that the inclusion of EDT in FCFS and EDF schedulers indeed reduces
the loss ratio of firm real-time systems.

2.2.1. FCFS scheduling policy

We first consider the impact of EDT on a G/G/1 + G queue, operated
under the FCFS scheduling policy.

Proposition 2.2. The loss ratio of a G/G/1 + G queue, operated un-
der the FCFS scheduling policy, can only reduce when EDT is used, i.e.,
αH

FCFS-EDT ≤ αH
FCFS.

Proof. The stated result follows from Proposition 2.1 and the fact that
the loss ratios of FCFS-EDT and FCFS-EAC are identical, as proved in
Proposition 2.4 below. However, here we give a direct argument.

Consider a finite number of job arrivals, and arrange all the jobs in order
of their arrival. A job that is discarded under EDT would have missed the
deadline in any case. On the other hand, the act of discarding a particular
job can only reduce the waiting times of the subsequent jobs (arranged as
above). Consequently, the act of discarding that job can only reduce the
number of subsequent jobs missing their respective deadlines. This argument
holds for every single event of discarding of jobs under EDT. Thus, for any
given configuration of a finite number of jobs, the proportion of jobs missing
deadline under FCFS-EDT is less than or equal to that under FCFS. It follows
that the expected proportion of jobs (out of the first n arrivals for any fixed
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n) is less for FCFS-EDT than for FCFS. The stated result is obtained by
taking the limit of the expected proportions as n goes to infinity. �

2.2.2. EDF scheduling policy

We now consider the impact of EDT on a G/G/1 + G queue, operated
under the EDF scheduling policy.

Proposition 2.3. The loss ratio of a G/G/1+G queue, operated under the
EDF scheduling policy, can only reduce when EDT is used, i.e., αH

EDF -EDT ≤
αH

EDF .

Proof. We prove this result by using a path-wise argument, where
successive acts of discarding jobs, that can not be completed are shown to
improve the action of completed jobs under the EDF scheduling policy. Let,
for i = 1, 2, . . . , N , Ai, Yi and Di be the arrival epoch, service time and
relative deadline of the job Ji. The jobs are indexed in the order of arrival.
Let yi,h be the remaining service time of job Jh at time Ai, 1 ≤ h ≤ i ≤ N . In
case Jh has been fully served before Ai, or Ah + Dh ≤ Ah, yi,h = 0. Further,
let ci be the aggregate number of jobs completed successfully till time Ai.

As per the EDF scheduling policy, the server is obliged to serve even
those jobs that have no chance of being completed. Let t0 be a point of
time when the server serves the first job of this kind, say Jk. Suppose Jk

is discarded at t0, and subsequently server engagement of all the remaining
jobs are rescheduled as per the EDF policy. This rescheduling could alter
yi,h and ci for 1 ≤ h ≤ i ≤ N . Let the (possibly) modified versions of these

quantities be denoted by y
(1)
i,h and c

(1)
i . We shall show by induction that the

set of inequalities

y
(1)
i,h ≤ yi,h, c

(1)
i ≥ ci 1 ≤ h ≤ i, h 6= k, (5)

hold for i = 1, 2, . . . , N . Let i0 be such that Ai0 ≤ t0 < Ai0+1. It is easy to
see that (5) holds with equality for 1 ≤ i ≤ i0. Further, as far as the time
interval [Ai0 , Ai0+1) is concerned, the act of discarding Jk at t0 does not alter
the priority list of the remaining jobs; it merely allows some jobs to be served
longer. As a result, (5) holds for i = i0 + 1.

Now suppose (5) holds for some i > i0 + 1. The priority lists of the jobs
in the original and the altered queue are identical, both being in the order
of increasing values of Ah + Dh, 1 ≤ h ≤ i, h 6= k. However, in the altered
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queue, the remaining service times of some jobs are smaller. Therefore,(5)

holds for i+1. This concludes the induction, and we can infer that c
(1)
N ≥ cN .

We can also consider the effects of subsequent actions of discarding of jobs
under the EDF-EDT policy. In particular, if c

(j)
N is the number completed

jobs following the first j actions of discarding of jobs, then an adaptation of
the above argument would show that c

(j)
N ≥ c

(j−1)
N .

It follows by repeated application of this logic that every successive dis-
carding of jobs under the EDF-EDT policy increases the number of success-
fully completed jobs. In particular, the number of successfully completed
jobs under the EDF-EDT policy, say c∗N , is greater than cN . Therefore,

1 − lim
N→∞

E

(

c∗N
N

)

≤ 1 − lim
N→∞

E
(cN

N

)

.

This completes the proof. �

2.3. Comparison of EAC with EDT

In Section 2.1 and 2.2 we examined whether the inclusion of admission
or exit control reduce the loss ratios of FCFS and EDF scheduling policies.
A natural question that arises from these investigations is: How do the loss
ratios of systems operated under EDT or EAC compare with one another?
We explore answers to this question in this section.

2.3.1. FCFS scheduling policy

We first compare the impacts of EAC and EDT on the loss ratio in the
case of an FCFS scheduler.

Proposition 2.4. In a G/G/1 + G queue, the loss ratios under the FCFS-
EDT and FCFS-EAC scheduling policies are identical, i.e., αH

FCFS-EAC =
αH

FCFS-EDT .

Proof. Consider the implementation of the FCFS-EAC scheduling policy,
where a job that does not satisfy the admission criterion of EAC is not
discarded at the time of admission, but is merely tagged for eventual rejection
at the epoch of its getting the server. Note that this modification does not
change the completion status of any job. On the other hand, under the
modified policy, the order of the untagged jobs getting the server becomes
the same as that under FCFS. The fact that the tagged job would have been
denied admission under the FCFS-EAC procedure indicates that this job, if
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served, would have missed its own deadline. Thus, this job would also be
discarded under FCFS-EDT. It can be seen that, out of the first n arrivals,
the set of jobs that would be discarded under FCFS-EDT is precisely the
set of jobs tagged as above. It follows that, for any given configuration of
n job arrivals, the proportion of jobs missing deadline is the same under
FCFS-EAC and FCFS-EDT. The result follows by taking expectation of this
proportion and allowing n to go to infinity. �

2.3.2. EDF scheduling policy

For a general M/G/1 + G queue, there is no dominance relationship be-
tween the loss ratios under the EDF-EAC and the EDF-EDT scheduling
policies. Consider a real-time queue, where arrivals follow a Poisson process
with rate 0.5, the service times have the two-point distributions over the
values 3 and 3.5 with probabilities 0.9 and 0.1, respectively, and the rela-
tive deadlines also have the two-point distribution over the values 3.75 and
6 with probabilities 0.9 and 0.1, respectively. In this case, simulation results
show that the loss ratio of a real-time queue operated under the EDF-EDT
scheduling policy is 0.5329, while that under the EDF-EAC scheduling pol-
icy is 0.5302. The values of the loss ratios are computed on the basis of
simulations consisting of ten different runs of the process, each with about
one million arrivals. The 95% confidence intervals of the loss ratios under
EDF-EDT and under EDF-EAC are [0.5326, 0.5332] and [0.5299, 0.5306],
respectively. Since the intervals are nonoverlaping, we can conclude that the
loss ratio under EDF-EDT is sigificantly larger than that under EDF-EAC.

The reverse order exists when the service time distribution is chosen as
exponential with mean as before, the loss ratios under the EDF-EDT and the
EDF-EAC policies being 0.3555 and 0.3570, respectively. In this case, 95%
confidence intervals of the loss ratios under EDF-EDT and under EDF-EAC
are [0.3552, 0.3558] and [0.3567, 0.3573], respectively. The nonoverlap of the
intervals implies that the loss ratio under EDF-EDT is sigificantly smaller
than that under EDF-EAC.

However a definite order between the loss ratios under these two schedul-
ing polices appear to emerge in the case of an M/M/1 + G queue. Figure 3
indicates that the loss ratio in the case of EDF-EDT is smaller, when the
deadlines distribution is any one of the four considered there. On the basis
of these findings, we make the following conjecture.

Conjecture 2.2. The loss ratio of an M/M/1 + G queue under the EDF-
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Figure 3: Loss ratios for various deadline distributions under the EDF-EDT scheduling
policy normalized by loss ratio under the EDF-EAC scheduling policy, for various values
of normalized arrival rate (λ/µ) and normalized mean relative deadline (µθ).
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EDT scheduling policy is less than that under the EDF-EAC scheduling
policy, i.e., αH

EDF -EDT ≤ αH
EDF -EAC .

It also transpires from Figure 3 that the loss ratios of an M/M/1 + G
system under the EDF-EDT and the EDF-EAC scheduling policies are close
to one another in two contrasting situations: when the mean normalized
relative deadline is small (i.e., both the loss ratios are large), and when the
normalized arrival rate is small (i.e., both the loss ratios are small). EDF-
EDT produces significantly smaller loss ratio when both the mean normalized
relative deadline and the normalized arrival rate are large.

2.4. Superiority of EDF with admission/exit control

We now compare the loss ratios under the FCFS and the EDF scheduling
policies under various circumstances, viz. with or without EDT or EAC.

Optimality of the EDF scheduling policy within the class of service time
independent policies is well known [9]. The following proposition follows from
Theorem 1 of Towsley and Panwar [9].

Proposition 2.5. In an G/M/1 + G queue, the loss ratio under the EDF
scheduling policy is smaller than that under any other service time indepen-
dent scheduling policy with deadline till the end of service. In particular,
EDF produces smaller loss ratio than FCFS, i.e., αH

EDF ≤ αH
FCFS.

The result of Towsley and Panwar [9] on the optimality of the EDF
scheduling policy among the class of all service-time independent policies
is not applicable in the presence of EDT or EAC, which make the scheduling
policy dependent on service time. This fact gives rise to the question of pos-
sible optimality, in terms of loss ratio, of EDF among the modified class of
scheduling policies that accommodate EDT or EAC. This question appears
to be a particularly difficult one. Therefore, we turn to the simpler question
of possible superiority of EDF over a specific policy such as FCFS, in terms
of loss ratio, in the presence of EDT or EAC.

2.4.1. EDF with EDT

In general, EDF-EDT may not have smaller loss ratio than that of FCFS-
EDT. However, for exponential service time distribution, we will show that
even after the inclusion of either EDT, EDF indeed has smaller loss ratio
than FCFS on an average.
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Let νt(n) be the expected count of completed jobs in a G/M/1+G queue
of size n under the EDF-EDT policy subject to an initial server commitment
of t units of time.

Lemma 2.1. In a finite length G/M/1 + G queue operated under the
EDF-EDT scheduling policy and satisfying the condition νt1(n) ≥ νt2(n) for
all t1 ≤ t2 and all n > 1, the inequality E[νY1

(n)] ≥ E[νY2
(n)] holds whenever

Y1 is stochastically smaller than Y2.

Proof. Let FYi
(t) = P (Yi ≤ t) for i = 1, 2. We have

E[νYi
(n)] =

∫ ∞

0

νt(n)dFYi
(t) = −

∫ ∞

0

FYi
(t)dνt(n), i = 1, 2.

The result follows from the fact that FY1
(t) ≥ FY2

(t). �

Proposition 2.6. In a finite length G/M/1 + G queue satisfying the con-
dition νt1(n) ≤ νt2(n) for all t1 ≤ t2 and all n > 1, the loss ratio under the
EDF-EDT scheduling policy is less than that of the FCFS-EDT scheduling
policy, i.e., αH

EDF -EDT ≤ αH
FCFS-EDT .

Proof. In order to compare the EDF-EDT and FCFS-EDT policies, we
consider a sequence of scheduling policies signifying transition from the for-
mer policy to the latter.

Let Pn denote the scheduling policy, where the jobs are scheduled accord-
ing to the FCFS-EDT policy for the first n arrivals, and there is a switch to
the EDF-EDT policy before the arrival of the next job. In particular, up to
the first (n − 1) arrivals, jobs are placed according to the order of arrivals.
All the subsequent jobs, starting from the nth arrived job (labeled as Jn), are
placed in the queue in the order of their absolute deadlines, without altering
the positions of the jobs arrived before the switch-over. Note that, as far as
the first N arrivals are concerned, P1 corresponds to the EDF-EDT policy,
while PN corresponds to the FCFS-EDT policy.

We first establish the superiority of the EDF-EDT scheduling policy over
the FCFS-EDT policy, for N arrivals, and then let N go to infinity. We aim
at showing that the expected count of completed jobs (out of the total of N
jobs) for Pn is a decreasing function of n.

In order to facilitate comparison between Pn and Pn+1 in terms of loss
ratio, we introduce another scheduling policy, P ′

n. Consider the situation

15



where the job Jn is successfully serviceable under Pn+1. Let Jr be the first job
that departs unsuccessfully under Pn+1 but is completed under Pn. If such a
job does not exist, then the completion status of all the jobs in the two queues
are identical. If there is a job labeled as above, then the absolute deadline of
Jr must be smaller than that of Jn. (Else, Jr would be placed below in Pn,
and the completion status of all the jobs departing before Jr in the two queues
would be identical, making it impossible for Jr to have different completion
status under the two queues.) We define P ′

n as a modification of Pn, in which
the job Jn is routinely discarded whenever the following conditions hold: (a)
Jn is successfully serviceable under Pn+1 and (b) there is a job Jr that can be
labeled as above. The discarding occurs at the epoch of successful departure
of Jr.

We compare Pn, P ′
n and Pn+1 in two cases, depending on the status of

the job Jn under Pn+1.

Case 1. Let the job Jn not be successfully serviceable under Pn+1. It
follows that Jn is not successfully serviceable under Pn also. Hence, the
completion status of all the jobs under the three policies are identical.

Case 2. Let the job Jn be successfully serviceable under Pn+1. Up
to and including the job Jr, we find that exactly the same number of jobs
meet their deadlines under Pn, P ′

n and Pn+1. However, the workloads for the
subsequent jobs in the queue under P ′

n and Pn+1 are different, even though
the two queues consist of the same set of jobs arranged in identical order. We
will show that the workload on the subsequent jobs is stochastically larger
under Pn+1 than under P ′

n.
Let us take the epoch of the server commencing service to Jn as the

time 0 (reference time). Let Yr and Yn be the service times of jobs Jr and
Jn, respectively. Let τ be the aggregated service times of the jobs arriving
after Jn and having absolute deadlines earlier than that of Jr. Let dr and
dn (= dr + d′) be the absolute deadlines of Jr and Jn, respectively.

We will now show that, given these circumstances, Yr is stochastically
smaller than Yn, i.e., the workload on jobs placed in the queue after Jr is
stochastically larger under Pn+1 than under P ′

n, for every combination of
values of τ , dr, and d′.

For any set of fixed and positive values of τ , dr and d′ satisfying τ < dr,
the following simultaneous conditions fully characterize this case.

1. Job Jr meets its deadline under P ′
n, so that τ + Yr ≤ dr.

2. Job Jn meets its deadline under Pn+1, so that Yn ≤ dr + d′.

16



3. Job Jr misses its deadline under Pn+1, so that τ + Yr + Yn > dr.

We refer to the simultaneous occurrence of these three conditions as the
event E.

E = {τ + Yr ≤ dr, Yn ≤ dr + d′, τ + Yr + Yn > dr}.

We will first obtain the conditional probability distribution functions of Yr

and Yn given by E, denoted by FYr|E(x) and FYn|E(x). These are obtained
from their joint conditional probability density function fYr,Yn|E(x, x′), which
we now deduce. If the service rate is µ, the joint density of Yr and Yn given
E is their unconditional density (product of iid exp(µ)) truncated to the set
E, i.e.,

fYr,Yn|E(x, x′) =
µ2e−µ(x+x′)

P (E)
, x′ ≤ a, x ≤ b < x + x′,

where a and b are obtained by considering the conditions on Yr and Yn that
must be satisfied for event E to be true. The range of validity of Yr is obtained
from conditions 1 and 3, while that of Yn is obtained from conditions 2 and
3. Thus, we have a = {dr + d′} and b = dr − τ (with b ≤ a).
Also P (E) is the unconditional probability

∫ ∫

x′≤a, x≤b<x+x′

µ2e−µ(x+x′) dx dx′.

Now, the conditional density of Yr given E is

fYr|E(x) =

∫ ∞

0

fYr,Ys|E(x, x′) dx′

=

∫ a

b−x

µ2e−µ(x+x′)

P (E)
dx′

=
µ

P (E)

[

e−µb − e−µ(x+a)
]

, 0 ≤ x ≤ b,

and the corresponding distribution function is

FYr|E(x) =















0 if x ≤ 0,
1

P (E)

[

µxe−µb − e−µa
(

1 − e−µx
)]

if 0 < x ≤ b,

1 if x > b.
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On the other hand, the conditional density of Yn given E is

fYn|E(x′) =

∫ ∞

0

fYr,Yn|E(x, x′) dx

=

∫ b

b−x′

µ2e−µ(x+x′)

P (E)
dx

=
µ

P (E)
e−µb

(

1 − e−µx′

)

, 0 ≤ x′ ≤ a,

and the corresponding distribution function is

FYn|E(x′) =















0 if x′ ≤ 0,
e−µb

P (E)

[

µx′ −
(

1 − e−µx′

)]

if 0 < x′ ≤ a,

1 if x′ > a.

By comparing the conditional distribution functions of Yr and Yn, we
observe that the inequality FYr|E(t) ≥ FYn|E(t) holds ∀ t, since b ≤ a. This
proves that Yn is stochastically larger than Yr.

The total count of completed jobs up to the disposing of Jr is the same
under P ′

n and Pn+1. Note that, in a time scale that starts from Jn getting the
server, this disposal time is either τ+Yr or τ+Yn, depending on whether P ′

n or
Pn+1 is used. Therefore, conditional on τ , the workload on a job subsequent
to Jr is stochastically smaller under P ′

n than under Pn+1. The result would
then hold unconditionally also.

We now show a similar order between Pn and P ′
n can be established.

Whenever the queues produced by these two policies are different, their only
difference is that the queue under Pn contains the job Jn, – in addition to
the jobs contained in P ′

n. This difference disappears if Jn is not found to
be serviceable under Pn. In case Jn is successfully serviceable under Pn, it
may cause a subsequent job (say, Js) to miss its deadline, which would be
successfully served under P ′

n. In such a case, Js must have absolute deadline
larger than dn. By an argument similar to the one used in comparing Jn

and Jr, it is seen that Js has stochastically larger service time than Jn.
Therefore, the queue of Pn produces stochastically smaller workload on the
jobs subsequent to Js than the corresponding workload produced by P ′

n.
By applying Lemma 1, we find that the expected count of completed jobs

under P ′
n is larger than that under Pn+1, and the expected count of completed

jobs under Pn is larger than that under P ′
n. �

18



2.4.2. EDF with EAC

The following example shows that FCFS-EAC can have smaller loss ratio
than EDF-EAC for some configuration of arrival times, service times and
relative deadlines. Let there be five jobs, J1, J2, J3, J4 and J5 in the system
with the profile given in Table 1.

Job Arrival time Service time Relative deadline Absolute deadline

J1 0 5 10 10
J2 1 1 5 6
J3 1.5 3.5 5.5 7
J4 1.6 3 7.4 9
J5 6.1 1.5 4.5 10.6

Table 1: Job profile that ensures superiority of FCFS-EAC over EDF-EAC

So if the queue is operated under EDF-EAC, then jobs J1, J2 and J3 are
completed. However, under FCFS-EAC, jobs J1, J2, J4 and J5 have success-
ful completion. Hence the number of successful jobs under FCFS-EAC is one
more than that under EDF-EAC. However, this finding does not rule out
the possible superiority of EDF-EAC over FCFS-EAC for an M/M/1 + G
queue in terms of loss ratio. In fact, this dominance relation is supported by
extensive simulations for a number of relative deadline distributions. We con-
sidered Poisson arrival process with a range of normalized arrival rates (with
λ/µ varying from 0 to 4), and four types of relative deadline distributions,
described above. The values of the loss ratio were computed on the basis
of three independent runs of the queue, each consisting of about one million
arrivals. The results, summarized in Figure 4, lead us to the following.

Conjecture 2.3. In an M/M/1 + G queue, the loss ratio under the EDF-
EAC scheduling policy is less than that of FCFS-EAC scheduling policy, i.e.,
αH

EDF -EAC ≤ αH
FCFS-EAC .

It transpires from Figure 4 that the normalized loss ratio generally has
a non-monotone relation with the arrival rate and the mean relative dead-
line. However, the normalized loss ratio assumes the smallest value when the
normalized arrival rate is about 1 and the mean relative deadline is large.

2.5. Comparison of loss ratios of various scheduling policies

By combining all the results discussed so far, we can build a graph of
dominance relations between various pairs of scheduling policies. The policies
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Figure 4: Loss ratios for various deadline distributions under the EDF-EAC scheduling
policy normalized by loss ratio under the FCFS-EAC scheduling policy, for various values
of normalized arrival rate (λ/µ) and normalized mean relative deadline (µθ).
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Figure 5: Loss ratios of the FCFS-EAC and EDF scheduling algorithms for exponential
relative deadline with θ = 16

µ
and various normalized arrival rates (λ/µ).

under consideration include FCFS, EDF and their respective modifications
through EAC and EDT. For the sake of completeness, we present a non-
dominance relation before presenting the graph.

The following counter-example shows that there is no dominance relation
between the loss ratios of the EDF and FCFS-EAC (or FCFS-EDT) schedul-
ing policies, i.e., neither of αExp

FCFS-EAC and αExp
EDF dominates the other in

general.

Counter-example 2.1. Consider the M/M/1 queue with deadline till the
end of the service, where the relative deadline has the exponential distribution
with mean equal to 16 times the mean service time (θ = 16

µ
). The loss ratios,

plotted in Figure 5 as a function of the normalized arrival rate (λ/µ), show
that the inequality αExp

EDF ≤ αExp
FCFS-EAC holds for small arrival rates, while

the inequality αExp
FCFS-EAC ≤ αExp

EDF holds for large arrival rates. The values of
the loss ratios are computed on the basis of simulations of about one million
arrivals. Thus, neither of αexp

EDF and αexp
FCFS-EAC uniformly dominates the

other.

Figure 6 shows the graph of dominance relations (in terms of loss ratio
of an M/M/1 + G system) between various scheduling algorithms. In this
figure, an arrow extending from the scheduling policy sp1 to the policy sp2

indicates that αH
sp1

≤ αH
sp2

, a double headed arrow indicates equality of the
loss ratios, while a pair of arrows facing each other indicates that there is
no dominance relation. The dashed arrow represents a conjectured relation,
based on simulation studies.
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Figure 6: Relationship between various scheduling algorithms in terms of order of loss
ratios of an M/M/1 system, for stochastic relative deadlines till the end of service.

3. Simplifications for deterministic deadlines

In this section we study how the loss ratio of a firm real time system, op-
erating under any of the schedulers considered in Section 2, changes when the
deadline distributions becomes degenerate, i.e., the deadline is deterministic.
When the deadline distribution is degenerate, one can observe the followings
equivalence in terms of loss ratio.

1. The FCFS and EDF scheduling policies are equivalent.

2. The FCFS-EDT and EDF-EDT scheduling policies are equivalent.

3. The FCFS-EDT and FCFS-EAC scheduling policies are equivalent.

4. The EDF-EDT and EDF-EAC scheduling policies are equivalent.

These equivalences follow from simple path-wise analyses of the pairs of poli-
cies. In view of the above facts, the relations depicted in Figure 6 for an
M/M/1 system simplify to those given in Figure 7. In fact, these results
hold in general for a G/G/1 system, since the smallness of the loss ratio for
the FCFS-EAC scheduler in comparison to that of the FCFS scheduler had
been proved through a path-wise argument (see Proposition 2.1.).

3.1. Degenerate and stochastic deadlines: Dominance relations

Movaghar [8] showed that the loss ratio for the FCFS scheduling policy
is bounded from below by the corresponding loss ratio for the case where the
deadline is degenerate. In particular, the following proposition follows from
Lemma 5.1.3 of Movaghar [8].

22



 

EDF-EDT-D EDF-EAC-D 

EDF-D 

FCFS-EDT-D 

FCFS-EAC-D 

FCFS-D 

Figure 7: Relationship between various scheduling algorithms in terms of order of loss
ratios of a G/G/1 system, for degenerate relative deadlines till the end of service.

Proposition 3.1. In an M/M/1+G queue with a specified mean deadline
till the end of service, the loss ratio under the FCFS scheduling policy hap-
pens to be the minimum when the deadline distribution is degenerate, i.e.,
αDeg

FCFS ≤ αH
FCFS.

The above result gives rise to the question as to whether the loss ratio for
a DES system under other scheduling policies also attains a minimum value
when the relative deadline distribution is degenerate. One can look for an
answer to this question for the FCFS scheduling policy with EAC, by using
the explicit expression of the loss ratio give in Proposition 4 of [3]. While
we could not prove this optimality, numerical computations indicate that the
result may hold in the case of an M/M/1 queue.

We considered a range of normalized arrival rates (with λ
µ

varying from 0

to 4), and four types of relative deadline distributions, as mentioned before.
The mean (θ) of the deadline distribution was varied from 1

µ
to 16

µ
. The

other parameters of the deadline distributions were chosen as in the case
of the simulations reported in the previous sections. The values of the loss
ratios were computed from Proposition 4 of [3]. The results are summarized
in Figure 8. The loss ratio is found to have a common pattern of dependence
on the arrival rate and mean deadline for different deadline distributions. On
the basis of these findings, we make the following conjecture.
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Figure 8: Loss ratio for degenerate deadline normalized by loss ratios for various deadline
distributions under the FCFS-EAC scheduling policy, for various values of normalized
arrival rate (λ/µ) and normalized mean relative deadline (µθ).
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Conjecture 3.1. In an M/M/1 + G queue with a specified mean deadline
till the end of service, the loss ratio under the FCFS-EAC scheduling policy
happens to be the minimum when the deadline distribution is degenerate,
i.e., αDeg

FCFS−EAC ≤ αH
FCFS−EAC .

A result similar to Proposition 3.1 for the EDF scheduling policy was
conjectured in [6], and we state it below.

Conjecture 3.2. In an M/M/1 + G queue with a specified mean deadline
till the end of service, the loss ratio under the EDF scheduling policy happens
to be the minimum when the deadline distribution is degenerate, i.e., αDeg

EDF ≤
αH

EDF .

We were unable to find either a proof of the above conjecture or a counter-
example to disprove it. However, we conducted simulations for a number of
relative deadline distributions. The conditions of these simulations were iden-
tical to those used for Figure 8. The values of the loss ratios were computed
on the basis of simulations consisting of three different runs of the process,
each with about one million arrivals. The results, summarized in Figure 9,
support the above conjecture.

We looked for a similar result for the EDF-EDT scheduling policy, but
were unable to find either a proof or a counter-example. We state it in the
form of a conjecture, which is supported by the simulation results summarized
in Figure 10. The conditions for this simulation experiment were the same
as before.

Conjecture 3.3. In an M/M/1 + G queue with a specified mean deadline
till the end of service, the loss ratio under the EDF-EDT scheduling policy
happens to be the minimum when the deadline distribution is degenerate,
i.e., αDeg

EDF−EDT ≤ αH
EDF−EDT .
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Figure 9: Loss ratio for degenerate deadline normalized by loss ratios for various deadline
distributions under the EDF scheduling policy, for various values of normalized arrival
rate (λ/µ) and normalized mean relative deadline (µθ).
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Figure 10: Loss ratio for degenerate deadline normalized by loss ratios for various dead-
line distributions under the EDF-EDT scheduling policy, for various values of normalized
arrival rate (λ/µ) and normalized mean relative deadline (µθ).

27



EDF-EDT-D, FCFS-EDT-D, EDF-EAC-D, FCFS-EAC-D 

EDF-EDT 

EDF-EAC 

EDF FCFS-EDT, FCFS-EAC 
 

FCFS 

Proposition 2.3 

Conjecture 2.1 

Proposition 2.1 

Conjecture 2.3 

Proposition 2.5 

Conjecture 3.3 

Counter example 2.1 

Proposition 3.1 

Proposition 2.3 

Conjecture 3.2 

EDF-D, FCFS-D 

Conjecture 2.2 

Proposition 2.6 

Figure 11: Relationship between various scheduling algorithms in terms of order of loss
ratios, for stochastic and degenerate relative deadlines.

The propositions and conjectures presented in this section link the nodes
of the graph shown in Figure 6 with corresponding nodes in Figure 7. The
combined graph representing the order of loss ratios is shown in Figure 11.

3.2. Degenerate and stochastic deadlines: Non-dominance relations

Figure 11 has some unconnected pairs of nodes. The following three
counter-examples complete the set of connections between these pairs.

Counter-example 3.1. Consider the M/M/1 queue with DES, where the
relative deadline is either degenerate with value 2/µ or exponentially dis-
tributed with mean 2/µ. Loss ratios plotted in Figure 12 as a function of the
normalized arrival rate (λ/µ), computed on the basis of simulations of about
one million arrivals, show that the inequality αDeg

FCFS ≤ αExp
FCFS-EDT holds for

small arrival rates, while the inequality αExp
FCFS-EDT ≤ αDeg

FCFS holds for large
arrival rates. Thus, neither of αDeg

FCFS and αH
FCFS-EDT uniformly dominates

the other.

Counter-example 3.2. Consider the M/M/1 queue with DES, where the
relative deadline is either degenerate with value 16/µ or exponentially dis-
tributed with mean 16/µ. The loss ratios plotted in Figure 13 as a function
of the normalized arrival rate (λ/µ), computed on the basis of simulations
of about one million arrivals, show that the inequality αDeg

FCFS ≤ αExp
EDF -EDT
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Figure 12: Loss ratios of the FCFS-EDT,Exp and FCFS,Deg scheduling algorithms for
mean relative deadline θ = 2/µ and various normalized arrival rates (λ/µ).
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Figure 13: Loss ratios of the EDF-EDT,Exp and FCFS,Deg scheduling algorithms for
mean relative deadline θ = 16/µ and various normalized arrival rates (λ/µ).

holds for small arrival rates, while the inequality αExp
EDF -EDT ≤ αDeg

FCFS holds
for large arrival rates. Thus, neither of αDeg

FCFS and αH
EDF -EDT uniformly dom-

inates the other.

Counter-example 3.3. Consider the M/M/1 queue with DES, where the
relative deadline is either degenerate with value 16/µ or exponentially dis-
tributed with mean 16/µ. The loss ratios plotted in Figure 14 as a function
of the normalized arrival rate (λ/µ), computed on the basis of simulations
of about one million arrivals, show that the inequality αDeg

FCFS ≤ αExp
EDF -EAC

holds for small arrival rates, while the inequality αExp
EDF -EAC ≤ αDeg

FCFS holds
for large arrival rates. Thus, neither of αDeg

FCFS and αH
EDF -EAC uniformly
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Figure 14: Loss ratios of the EDF-EAC,Exp and FCFS,Deg scheduling algorithms for
mean relative deadline θ = 16/µ and various normalized arrival rates (λ/µ).

dominates the other.

4. Summary and concluding remarks

In this paper, we have proved some dominance relations between various
scheduling algorithms in terms of their respective loss ratios. We have also
proved, through counter-examples, the non-existence of a dominance rela-
tion between some pairs of scheduling algorithms. A few possible dominance
relations are left as conjectures, supported by extensive simulations. These
relations help one construct a comprehensive dominance structure of schedul-
ing algorithms in terms of loss ratios, parts of which were given in Figures 6
and 7. The combined structure is shown in Figure 15.

We were unable to establish a clear order between loss ratios of a G/G/1+
G system operating under the EDF scheduler with admission control (EAC)
on the one hand and exit control (EDT) on the other. However, we have
proved that EDT definitely reduces the loss ratio, while EAC may not reduce
it. On the other hand, for FCFS schedulers, there is no difference between the
improvement in the loss ratio resulting from the adoption of EAC and EDT.
From these considerations, it may be concluded that EDT should be preferred
over EAC as far as loss ratio is concerned. Of course, this comparison is
relevant only for those systems that do not require guaranteed completion of
a job once admitted.

The result of Towsley and Panwar [9] on the optimality of the EDF
scheduling policy among the class of all service-time independent policies
does not hold in the presence of EDT, which makes the scheduling policy
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Figure 15: Relationship between various scheduling algorithms in terms of order of loss
ratios, for stochastic and deterministic relative deadlines.

dependent on service time. In this paper, we have considered the possible
optimality of EDF among the modified class of scheduling policies that ac-
commodate EDT. The result stated in Proposition 2.6 establishes the superi-
ority of EDF over FCFS, and keeps open the possibility of overall optimality.
This issue may be taken up for research in future. The conjectures presented
in this paper also provide opportunity for further research.
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