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Abstract

In this paper, we present an exact theoretical analysis of an M/M/1 system, with
arbitrary distribution of relative deadline till the end of service, operated under the
first come first served scheduling policy with exact admission control. We provide an
explicit solution to the functional equation that must be satisfied by the workload
distribution, when the system reaches steady state. We use this solution to derive
explicit expressions for the loss ratio and the sojourn time distribution. Finally, we
compare this loss ratio with that of a similar system operating without admission
control, in the cases of some common distributions of the relative deadline.

Key words and phrases: Firm real time systems; real time queue; performance evaluation; loss
ratio.

1 Introduction

In firm real time systems, which mainly consist of aperiodic jobs such as web server, network
router or real time database, it is typically not known when the job will arrive or what its
service time and deadline will be. If too many jobs arrive simultaneously, the system becomes
overloaded and the jobs begin to miss their deadlines. A job may be executed partially before
its deadline expires. This occurrence is undesirable from considerations of productive utilization
of processor time as well as efficient running of applications. An application can be managed
better if it is known at the arrival epoch of a job whether it can be completed. There have been
attempts to screen jobs at the arrival stage through a scheduling test, so that the execution of
all the admitted jobs (including the latest one) can be guaranteed. Ideally one would like to use
an exact admission controller (EAC), which would admit a newly arrived job to the queue only
if it is possible to complete this job as well as all the previously admitted jobs. The rejection
of a job based upon the workload at arrival epoch would require that the service times of the
jobs in the queue and the residual service time of the job in service are known.

A job is supposed to have a deadline either till the beginning of its service or up to the
end of its service. There have been extensive studies of systems where jobs keep deadline till
the beginning of the service and the underlying scheduling policy is First Come First Served
(FCFS) with admission control ([8], [6], [18], [14], [7]) or without it ([17], [3], [4], [13], [2], [15]).
Other researchers ([9], [16]) provided exact analysis of an M/M/1+G queue operated under the
FCFS scheduling policy without any admission control and job deadline till the end of service.

Cohen [8] investigated M/M/1 systems under the FCFS scheduling policy, where customers
have constant deadline till the end of service, and an admission controller is used. Gavish et
al. [12] partially generalized this work to the M/G/1 system and obtained explicit formulae
for server utilization, loss ratio, mean sojourn time, mean server busy period and distribution
function of virtual waiting time in the M/M/1 case. A similar system was investigated by
Dijk [11], who obtained an implicit relation satisfied by the workload distribution. Perry and
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Asmussen [18] studied a more general system in which jobs have stochastic deadline till the
end of the service. They obtained a recursive solution of the workload distribution. This
solution does not simplify further for general deadline distribution (except, e.g., in the case of
the exponential distribution), and does not appear to be suitable for computing the loss ratio.
Also, Bekker [5] derived a formal solution for the steady-state workload density in M/G/1
systems in a generalized way for fixed deadline. In this paper we show that explicit analysis is
possible in the case of M/M/1 systems with general stochastic deadline, operating under the
FCFS scheduling policy with EAC.

This paper is organized as follows. Section 2 presents the underlying system model for the
subsequent analysis. In section 3, we provide an explicit expression for the steady state workload
distribution. In Section 4, we present the virtual and the actual sojourn time distributions in
the steady state of this system, as well as the loss ratio. Section 5 provides the waiting time
distribution of a job under a different implementation of EAC. Finally, in Section 6, we show
that the adoption of EAC indeed reduces the loss ratio of a G/G/1+G system operating under
the FCFS scheduling policy.

2 System Model and Notations

We model a firm real time system with a single processor and an aperiodic workload as a single
server queue with an infinite buffer. The infinite buffer ensures that there is no upper limit on
the maximum number of jobs that can remain in the system. We assume that every job is ready
as soon as it is released and it never suspends itself. The ith job, Ji, arrives at the instant Ai.
It has a service time Yi and a relative deadline Di. The ith job requests that it is executed for
Yi time units during the time interval [Ai, Ai+Di], where Ai+Di is the absolute deadline (i.e.,
deadline up to the end of service). We assume that job arrivals follow a Poisson process with
rate λ and service times follow common distribution K(·) with mean 1/µ. Also, the relative
deadlines of the jobs follow common distribution H(·) having mean 1/δ. The workload process
is {V (t)}t≥0. The workload amount seen by the job Ji upon its arrival at time Ai is V (Ai−).
The job Jn is admitted to the system if and only if

V (An−) + Yn ≤ Dn.

Consequently,
V (An) = V (An−) + YnI{V (An−)+Yn≤Dn},

where I{·} is the indicator variable. We define the loss ratio, α, as the limiting probability of
rejection at the stage of admission control, i.e.,

α = lim
n→∞

P (V (An−) + Yn > Dn).

3 The workload process

We derive the workload distribution as a solution to a functional equation that must hold, when
the system reaches steady state. In the next two propositions, we provide the equation for the
M/G/1 +G queue and its solution for the M/M/1 +G queue.

Proposition 1. The steady-state distribution of the workload process V (t) of an M/G/1+G
queue with deadline till the end of service, operating under the FCFS scheduling policy with
exact admission control, consists of a density fV (·) on (0,∞) satisfying

fV (u) = λ

∫ u

0

∫ ∞

u
[K(z − v)−K(u− v)] dH(z)dFV (v) (1)
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and possibly a point mass at 0 given by π = 1−
∫∞
0 fV (u)du.

Proof : The workload seen by the job Jn on its arrival is V (An−). For notational conve-
nience, we use Vn for V (An−). If Xn+1 is the time between the arrivals of the job Jn and Jn+1,
then

Vn+1 = (Vn + YnI{Vn+Yn≤Dn} −Xn+1) ∨ 0.

For u ≥ 0,

F̄Vn+1(u) = P
(
(Vn + YnI{Vn+Yn≤Dn} −Xn+1) ∨ 0 > u

)
=

∫ ∞

0
λe−λtP (YnI{Yn≤Dn−Vn} > u+ t− Vn)dt. (2)

Now,

P (YnI{Yn≤Dn−Vn} > u+ t− Vn)

=

∫ ∞

0
P (YnI{Yn≤Dn−v} > u+ t− v)dFVn(v)

= F̄Vn(u+ t) +

∫ ∞

u+t

∫ u+t

0
P (YnI{Yn≤z−v} > u+ t− v)dFVn(v)dH(z)

= F̄Vn(u+ t) +

∫ ∞

u+t

∫ u+t

0
P (u+ t− v < Yn ≤ z − v)dFVn(v)dH(z). (3)

Assuming steady-state distribution as well as inserting the relation (3) in (2) yields

F̄V (u)

=

∫ ∞

0
λe−λt

[
F̄V (u+ t) +

∫ ∞

u+t

∫ u+t

0
{K(z − v)−K(u+ t− v)} dFV (v)dH(z)

]
dt

=

∫ ∞

u
λe−λ(t−u)

[
F̄V (t) +

∫ t

0

∫ ∞

t
{K(z − v)−K(t− v)} dH(z)dFV (v)

]
dt.

(4)

Since the last expression is differentiable, the workload distribution function FV (·), has a
density fV (·) over (0,∞). The recursive relation (1), given in the proposition is obtained by
differentiating (4).

A different proof of the above proposition, by a level crossing argument can be found in [18].
A solution to this implicit equation is difficult to obtain. Solution through a recursive relation
was given in [18]. A recursive relation generally poses difficulty for further computations, such
as that of the loss ratio. However, as the next proposition shows, a closed form expression can
be obtained in the special case of the M/M/1 +G queue.

Proposition 2. The steady-state distribution of the workload process V (t) of an M/M/1+G
queue with deadline till the end of service, operating under the FCFS scheduling policy with
exact admission control, consists of a point mass π at 0 and a density fV (·) on (0,∞) satisfying

1

π
= µe−B(0)

∫ ∞

0
eB(u)−µudu, (5)

fV (u) = πB′(u)eB(u)−µu−B(0), (6)
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where B(u) = λ(eµu
∫∞
u e−µzH̄(z)dz +

∫ u
0 H̄(z)dz) and B′(u) is its first derivative.

Proof. For K(x) = 1− e−µx, we get from (1)

fV (u) = λ

∫ u

0
eµv

∫ ∞

u

(
e−µu − e−µz) dH(z)dFV (v)

= λµ

(∫ u

0
eµvdFV (v)

)(∫ ∞

u
e−µzH̄(z)dz

)
. (7)

Without loss of generality we assume that there exists a point mass π at point 0. Then

fV (u)∫∞
u e−µzH̄(z)dz

= λµ

[
π +

∫ u

0
eµvfV (v)dv

]
. (8)

Note that fV (u) has a derivative, since RHS of (7) is differentiable. Hence, we can differentiate
both sides of (8). After simplifying, we get

1

fV (u)

dfV (u)

du
= λµeµu

∫ ∞

u
e−µzH̄(z)dz − e−µuH̄(u)∫∞

u e−µzH̄(z)dz
,

i.e., d

[
ln

fV (u)∫∞
u e−µzH̄(z)dz

]
= λµ

(
eµu

∫ ∞

u
e−µzH̄(z)dz

)
du,

i.e., fV (u) = AHeλ(e
µu

∫∞
u

e−µzH̄(z)dz+
∫ u

0
H̄(z)dz)

∫ ∞

u
e−µzH̄(z)dz

=
AH

λµ
B′(u)eB(u)−µu. (9)

By substituting the expression (9) for fV (u) in (8), we obtain, after simplification,

AH

λµ
= πe−λ

∫∞
0

e−µzH̄(z)dz. (10)

Equation (6) is obtained by inserting (10) in (9). Now,

π +

∫ ∞

0
fV (u)du = 1. (11)

Hence, equation (5) is obtained by solving (11).

We now consider models with three types of relative deadline distributions, namely de-
generate, exponential and uniform. For each type of distribution, we present the workload
distribution functions.

Example 1: Degenerate relative deadline. The distribution function of the relative deadline
is given by

H(z) =

{
0 if z < 1

δ ,

1 if z ≥ 1
δ .

Hence, ∫ ∞

u
e−µzH̄(z)dz =

{
1
µ(e

−µu − e−
µ
δ ) if u ≤ 1

δ ,

0 if u > 1
δ .
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and ∫ u

0
H̄(z)dz =

{
u if u ≤ 1

δ ,
1
δ if u > 1

δ .

Therefore,

B(u) =

{
λ
(
1
µ(1− eµ(u−

1
δ
)) + u

)
if u ≤ 1

δ ,
λ
δ if u > 1

δ .

Consequently, the workload distribution is determined by the expressions

1

π
= e

λ−µ
δ

−ρ(1−e
−µ

δ )
[
1 + eρρ1−ρ

∫ ρ

ρe
−µ

δ

xρ−2e−xdx

]
, (12)

fV (u) =

 πλ[1− e−µ( 1
δ
−u)]e(λ−µ)u−ρ(eµx−1)e

−µ
δ if u ≤ 1

δ ,

0 if u > 1
δ .

(13)

Equations (12) and (13) are equivalent to the equations (B-1) and (6) of [12].

Example 2: Exponential relative deadline. The distribution function of the relative deadline
is given by

H(z) = 1− e−δz.

Hence, ∫ ∞

u
e−µzH̄(z)dz =

e−(µ+δ)u

µ+ δ

and ∫ u

0
H̄(z)dz =

1

δ
(1− e−δu).

Therefore,

B(u) =
λ

δ
(1− µ

µ+ δ
e−δu).

Consequently, the workload distribution is determined by the expressions

1

π
= 1 +

(
δ(µ+ δ)

λµ

)µ
δ

e
λµ

δ(µ+δ)

∫ λµ
δ(µ+δ)

0
x

µ
δ e−xdx, (14)

fV (u) =
πλµ

µ+ δ
e

λµ
δ(µ+δ)

−λµe−δu

δ(µ+δ)
−(µ+δ)u

. (15)

Equations (14) and (15) can also be found from the Corollary 2.8 of [18].

Example 3: Uniform relative deadline. The distribution function of the relative deadline is
given by

H(z) =

{
δz
2 if z ≤ 2

δ ,

1 if z > 2
δ .
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Hence, ∫ ∞

u
e−µzH̄(z)dz =

{
1
µ

[
(1− δ

2µ − δu
2 )e

−µu + δ
2µe

−2µ
δ

]
if u ≤ 2

δ ,

0 if u > 2
δ .

and ∫ u

0
H̄(z)dz =

{
u− δu2

4 if u ≤ 2
δ ,

1
δ if u > 2

δ .

Therefore,

B(u) =

{
ρ
[
(1− δ

2µ − δu
2 ) +

δ
2µe

µ(u− 2
δ
)
]
+ λu

[
1− δu

4

]
if u ≤ 2

δ ,
λ
δ if u > 2

δ .

Consequently, the workload distribution is determined by the expressions

fV (u) =

{
πC(u) if u ≤ 2

δ ,

0 if u > 2
δ .

and

1

π
= 1 +

∫ 2
δ

0
C(u)du

where,

C(u) =
ρ

2

[
2µ− δ(1 + µue−µu − e−

2µ
δ )

]
e

ρδ
2µ

[−uµ+(eµu−1)e
− 2µ

δ ]+λu[1− δu
4
]
.

4 Sojourn Time and Loss Ratio

In order to compute the loss ratio, we need to find the probability of a job being denied admission
by the EAC. Hence, we need to calculate the probability that the sum of the workload seen by
a job on arrival and its service time is greater than its relative deadline. This sum is called the
virtual sojourn time (i.e., the amount of time a job having infinite deadline will spend in the
system). We provide the distribution of this quantity in the next proposition.

Proposition 3. The steady-state distribution of the virtual sojourn time T of an incoming
job in an M/M/1 + G queue with deadline till the end of service, operating under the FCFS
scheduling policy with exact admission control, has the density fT (·) on [0,∞) given by

fT (s) = µπeB(s)−µs−B(0), (16)

where π and B(·) is defined as in Proposition 2.

Proof. Note that the workload seen by an incoming job is independent of its service time.
Therefore, the virtual sojourn time distribution can be obtained by convolving the workload
distribution with the service time distribution (assumed to be exponential). Hence, by using
the result of Proposition 2, we have

fT (s) = µ

∫ s

0
e−µ(s−u)dFV (u)

= µπe−µs
[
1 + e−B(0)

∫ s

0
B′(u)eB(u)du

]
= µπeB(s)−µs−B(0).
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We are now ready for the next proposition, which specifies the loss ratio.

Proposition 4. The loss ratio of an M/M/1 +G queue with deadline till the end of service,
operating under the FCFS scheduling policy with exact admission control, is given by

α = 1−
(∫ ∞

0
H̄(s)eB(s)−µsds

) / (∫ ∞

0
eB(s)−µsds

)
, (17)

where H(·) is the deadline distribution and B(·) is specified in Proposition 2.

Proof. Let T and D be the virtual sojourn time and the relative deadline, respectively, of
an incoming job. Hence, the loss ratio is

α = P (T > D)

= 1− µπe−B(0)
∫ ∞

0
eB(s)−µsH̄(s)ds. (18)

The expression given in equation (17) is obtained by substituting (5) in (18), and simplifying
the resulting expression.

Remark 1. It is seen from equation (17), by virtue of the dominated convergence theorem,
that

lim
λ→0

α = 1− lim
λ→0

µπ

∫ ∞

0
eB(s)−µs−B(0)H̄(s)ds

= 1−
(
lim
λ→0

µ

∫ ∞

0
eB(s)−µs−B(0)H̄(s)ds

) / (
lim
λ→0

µ

∫ ∞

0
eB(s)−µs−B(0)ds

)
= 1−

(∫ ∞

0

{
lim
λ→0

eB(s)−µs−B(0)
}
H̄(s)ds

) / (∫ ∞

0

{
lim
λ→0

eB(s)−µs−B(0)
}
ds

)
= 1−

(∫ ∞

0
e−µsH̄(s)ds

) / (∫ ∞

0
e−µsds

)
= 1−

∫ ∞

0
µe−µsH̄(s)ds

= P (D ≤ X),

where D and X are the (mutually independent) service time and relative deadline of a job.
Thus, when the arrival rate is very small, the loss ratio is the probability that the service time
of a job exceeds its relative deadline.

We have obtained, through Propositions 3 and 4, the distribution for the virtual sojourn
time and the expression of the loss ratio, respectively. These allows us to specify the actual
sojourn time distribution, through the next proposition.

Proposition 5. The steady-state distribution of the actual sojourn time Ta of an incoming
job in an M/M/1 + G queue with deadline till the end of service, operating under the FCFS
scheduling policy with exact admission control, consists of a density fTa(·) on (0,∞) satisfying

fTa(s) = µπH̄(s)eB(s)−µs−B(0), (19)

where π and B(·) is defined as in Proposition 2, and a point mass of α (given in Proposition 4)
at 0.
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Figure 1: Loss ratios for the FCFC-EAC scheduling policy, for various values of normalized
arrival rate (λ/µ) and normalized mean relative deadline (µ/δ), and fixed deadline.

Proof. Let T and D be the virtual sojourn time and the relative deadline, respectively, of
an incoming job, when the queue is in steady state. Then, the actual sojourn time of the job,
Ta = TI{T<D}, has the distribution function

P (Ta ≤ s) = 1−
∫ ∞

0
fT (u)P (uI{u<D} > s)du

= 1−
∫ ∞

s
fT (u)H̄(u)du. (20)

We obtain equation (19) by differentiating both sides of (20). Since∫ ∞

0
fTa(s)ds <

∫ ∞

0
fT (s)ds = 1,

we conclude that Ta has a point mass at 0 given by (17).

We now revert to the examples of relative deadline distributions considered in Section 3,
and present the virtual sojourn time distribution, the actual sojourn time distribution and the
loss ratio.

Example 1 (contd.): Degenerate relative deadline. The virtual sojourn time distribution
has the density

fT (s) =

 πµe(λ−µ)s−ρ(eµs−1)e
−µ

δ if s ≤ 1
δ ,

πµe
λ
δ
−µs−ρ(1−e

−µ
δ ) if s > 1

δ .

The actual sojourn time distribution consists of a density on (0,∞) satisfying

fTa(s) = πµe(λ−µ)s−ρ(eµs−1)e
−µ

δ I{s≤ 1
δ
}

and a point mass at 0, which is the same as the loss ratio, given by

α = πe
λ−µ
δ

−ρ(1−e
−µ

δ ). (21)

Equation (21) is equivalent to the equation (12) of [12].
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Figure 2: Loss ratios for the FCFC-EAC scheduling policy, for various values of normalized
arrival rate (λ/µ) and normalized mean relative deadline (µ/δ), and the Exponential deadline
distribution.

Example 2 (contd.): Exponential relative deadline. The virtual sojourn time distribution
has the density

fT (s) = πµe
λµ

δ(µ+δ)
−λµe−δs

δ(µ+δ)
−µs

,

over [0,∞). The actual sojourn time distribution consists of a density on (0,∞) satisfying

fTa(s) = πµe
λµ

δ(µ+δ)
−λµe−δs

δ(µ+δ)
−(µ+δ)s

and a point mass at 0, namely the loss ratio, given by

α = 1− π

δ

(
δ(µ+ δ)

λµ

)1+µ
δ

e
λµ

δ(µ+δ)

∫ λµ
δ(µ+δ)

0
x

µ
δ e−xdx.

Example 3 (contd.): Uniform relative deadline. The virtual sojourn time T has the has the
probability density function on [0,∞), defined by

fT (s) =

{
πµeC1(s) if s ≤ 2

δ ,

πµeC2(s) if s > 2
δ ;

and the actual sojourn time distribution consists of a density on (0,∞) of the form

fTa(s) = πµ

(
1− δz

2

)
eC1(s)I{s≤ 2

δ
}

and a point mass at 0, namely the loss ratio, given by

α = 1− πµ

∫ 2
δ

0

(
1− δs

2

)
eC1(s)ds,

where

C1(s) =
ρδ

2µ

[
(eµs − 1)e−

2µ
δ − sµ

]
+ (λ− µ)s− δs2

4

and

C2(s) =
λ

δ
− µs− ρ

[
1− δ

2µ
(1− e−

2µ
δ )

]
.
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Figure 3: Loss ratios for the FCFC-EAC scheduling policy, for various values of normalized
arrival rate (λ/µ) and normalized mean relative deadline (µ/δ), and the Uniform deadline
distribution.

Figures 1-3 show the loss ratios of the system for degenerate, exponential and uniform
deadline distributions respectively versus normalized arrival rate and normalized mean relative
deadline. It is observed that loss ratio increases with the normalized arrival rate. For small
normalized rates of arrival, the loss ratio is a decreasing function of the normalized mean
deadline. This monotonicity prevails for all normalized arrival rates when the relative deadline
is constant. However, when the relative deadline has the exponential or uniform distribution
and the normalized arrival rate is large, the loss ratio can increase with the normalized mean
relative deadline, particularly for large values of the latter. A possible explanation of this
apparently counter-intuitive phenomenon is that stochastic deadlines with large mean lead to
admission of some jobs with very large service time, which in turn lead to non-admission of
several relatively smaller jobs that could otherwise have been admitted.

5 Deferred Service Decision

One generally needs an admission controller for implementation of the FCFS-EAC scheduling
policy. The advantage of this controller is that a decision about the servicing of a job is taken
immediately upon its arrival. In the case of FCFS systems, where generating an early decision
is not crucial, one may dispense with the admission controller by deferring the decision till the
epoch of a job reaching the server. The decision to accept or reject a job may be generated
at that epoch by the server itself, depending on the service time of the job and its absolute
deadline. Note that this arrangement may be viewed as merely a different implementation of
EAC [6], as the set of serviced jobs remains the same. Even though the decision to service
a job is generated at a later point of time, the advantage of this implementation is that an
admission controller is not needed, as the decision can be taken by the server itself. In any
case, sometimes it is only the server that knows the service time of a job [18]. Some researchers
have also considered deferment of the service decision in the case of the earliest deadline first
(EDF) scheduling policy ([1], [10]).

As indicated above, for any realization of the queue operated under the FCFS-EAC schedul-
ing policy, the actual service status of the jobs do not depend on the time of the service decision.
Therefore, even if the service decision is delayed, the loss ratio would continue to be the same.
Further, under the deferred decision implementation, the waiting time of a job is identical
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to the workload seen by it at arrival. However, the departure epochs of the jobs under the
two implementations are different, producing different sojourn time distributions. In the next
proposition, we provide the sojourn time distribution of the jobs in an M/M/1 + G queue
operated under the FCFS-EAC policy with deferred service decision.

Proposition 6. The steady-state distribution of the sojourn time Te of a job in anM/M/1+G
queue with deadline till the end of service, operating under the FCFS-EAC policy with deferred
service decision, has a density fTe(·) on [0,∞) satisfying

fTe(s) = fT (s)H̄(s) + µfV (s)

∫ ∞

0
e−µyH(s+ y)dy, (22)

where fV (·) and fT (·) are defined as in Proposition 2 and 3, respectively.

Proof. Let V , Y and D be the waiting time, service time and the relative deadline, re-
spectively, of a job, when the queue is in steady state. Then, the sojourn time of a job,
Te = V + Y I{V+Y <D}, has the distribution function

P (Te ≤ s) = 1− P (s < V + Y ≤ D)− P (V > s, V + Y > D)

= 1−
∫ ∞

s
fT (u)H̄(u)du−

∫ ∞

0
µe−µy

(∫ ∞

s
fV (u)H(u+ y)du

)
dy.

(23)

We obtain equation (22) by differentiating both sides of (23) and then simplifying.

6 Comparison between loss ratios of FCFS and FCFS-EAC

While EAC is used as a means of ensuring guaranteed service of a job after its admission to
the queue, one might expect that such an arrangement would also reduce the loss ratio of the
system by eliminating the legacy of unproductive workload. Figures 4, 5 and 6 show surface
plots of the loss ratio of an M/M/1 system operated under FCFS-EAC, normalized by that
of a similar system operated under FCFS alone, when the deadline distribution is degenerate,
exponential or uniform. We observe from the figures that EAC indeed reduces the loss ratio. In
the next proposition we show that such an order exist under a more general set-up. Here, we use
the notations αH

FCFS-EAC and αH
FCFS to denote the loss ratios of the system, operated under

the FCFS scheduling policy with and without EAC, respectively and H(·) is the distribution
function the relative deadline.

Proposition 7. In a G/G/1+G queue, the loss ratio under the FCFS scheduling policy can
only be reduced when Exact Admission Control is used, i.e.,

αH
FCFS-EAC ≤ αH

FCFS .

Proof. Consider the FCFS-EAC scheduling policy with deferred service decision, as de-
scribed in Section 5. Consider the first n arrivals. Permit the first job, which is denied service
under EAC, to be served. The fact that this job would have been denied service under EAC
indicates that this job would miss its deadline. On the other hand, providing service to this
job, as is done under the FCFS scheduling policy, can only increase the waiting times of all
the subsequent jobs in the ordered list, and this increase may trigger further cases of missed
deadline. Thus, the act of providing service to the said job can only increase the number of
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Figure 4: Loss ratios for Degenerate deadline distributions under the FCFS-EAC scheduling
policy normalized by loss ratio under the FCFS scheduling policy, for various values of normal-
ized arrival rate (λ/µ) and normalized mean relative deadline (µ/δ).
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Figure 5: Loss ratios for Exponential deadline distributions under the FCFS-EAC schedul-
ing policy normalized by loss ratio under the FCFS scheduling policy, for various values of
normalized arrival rate (λ/µ) and normalized mean relative deadline (µ/δ).
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Figure 6: Loss ratios for Uniform deadline distributions under the FCFS-EAC scheduling policy
normalized by loss ratio under the FCFS scheduling policy, for various values of normalized
arrival rate (λ/µ) and normalized mean relative deadline (µ/δ).
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jobs missing their deadlines. This argument holds for every single event of providing service to
one of the jobs denied service under FCFS-EAC. Thus, for any given configuration of a finite
number of jobs, the proportion of jobs missing their deadlines under FCFS-EAC is less than or
equal to that under FCFS. Hence, the expected proportion of jobs missing deadline (out of the
first n arrivals) is less for FCFS-EAC than for FCFS. The stated result is obtained by taking
the limit of the expected proportion as n goes to infinity.

Remark 2. Also from equation (4.11) of [16], we can obtain the loss ratio M/M/1 + G
system under FCFS scheduling policy as follows

αH
FCFS = 1− µp0

∫ ∞

0
H̄(s)eλ

∫ s

0
H̄(x)dx−µsds, (24)

where p0 =
1

µ
∫∞
0

e
λ
∫ s

0
H̄(x)dx−µs

ds

.

Therefore, by applying the dominated convergence theorem, we can show that limλ→0 p0 = 1
and

lim
λ→0

αH
FCFS = 1−

∫ ∞

0
µe−µsH̄(s)ds.

Thus, when the arrival rate is very small, the loss ratio is the probability that the service time
of a job exceeds its relative deadline. It has already been observed that the same conclusion
holds in respect of an M/M/1 + G queue operated under the FCFS-EAC scheduling policy
(see Remark 1). Therefore, Proposition 7 holds with equality when λ ≈ 0. This fact explains
why the ratio of αH

FCFS−EAC/α
H
FCFS plotted in Figures 4-6 approach the value 1 near the edge

corresponding to λ/µ = 0.
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