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Abstract

Matching is widely used to improve the efficiency in case-control studies. To achieve this, it

is required that both case and control samples are representative of respective part in the source

population. Often this characteristics is violated and we fail to draw valid inference about the

parameter of interest. In this work, we will discuss the matched case-control study to analyse

spontaneous adverse drug reaction (ADR) reports in the presence of reporting bias. To estimate

the parameter of interest unbiasedly we consider a reference sample from the source population.

We also discuss the asymptotic properties of the estimates. A real example is considered for the

purpose of illustration.

Key words: Adverse drug reaction, Matched Case-control data, Multi-sample model, Refer-

ence sample, Source population, Spontaneous Reporting database, Under-reporting.

1 Introduction

Spontaneous reporting (SR) system consists of reports of suspected side effects or adverse drug re-

actions (ADR). These reports come from clinicians and/or health professionals who are responsible

for recognizing and reporting it after the drugs are in the market. Many international and national

agencies, such as World Health Organization (WHO), Food and Drug Administration (FDA) and

others, maintain such SR database. The SR database is used to monitor the safety of drugs af-

ter they are approved by the concerned drug authority and marketed. The primary purpose of

maintaining such SR database is to provide early warnings, or suspicions, or signals, of some haz-

ards which have not been recognized prior to marketing because of various limitations of a clinical

trial. The findings from a SR database, if positive, are to be followed up with more elaborate and

well-designed experiments or epidemiological studies to estimate the related incidence or risks (See

Anello and O’Neill, 1998; Bate et al., 1998; and Evans et al., 2001) and establish a potential safety

concern identified in SR database. For this purpose, Bate et al. (1998) have proposed a Bayesian

approach called Bayesian confidence propagation neural network (BCPNN) and DuMouchel (1999)

has also discussed a Bayesian methodology with application to FDA spontaneous reporting system.

These are essentially data mining methods, but there is no consensus regarding their applicability

and efficiency (Roux et al., 2005). Evans et al. (2004) have introduced a terminology called pro-

portional reporting ratio (PRR) for signal generation from SR database. Often, a particular drug

is compared with some reference drugs (or, other drugs) with respect to occurrence of a particular

ADR against occurrence of other ADRs.

SR database suffers from severe under-reporting problem (van der Heijden PGM et al., 2002),

which makes the estimates from SR database biased for the corresponding quantities in the source
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population. Existing methods of analyzing a SR database also suffer from high false positive rate

largely due to confounding with disease condition. Ghosh and Dewanji (2011) address this problem

of confounding by characterizing the source population with having the particular disease for which

the concerned drugs are being used; the problem of under-reporting is addressed with the help of

supplementary data. In this work, we will extend the idea of Ghosh and Dewanji (2011) to matched

case-control study, in which the cases correspond to those experiencing the concerned ADR and

controls are those who have not experienced the concerned ADR in the source population. However,

the sampling of cases and controls takes place through the SR database which is subject to under-

reporting resulting in some selection bias. This selection bias is adjusted by using supplementary

data. Besides the particular disease, there may still be some other confounders such as age, gender,

or other disease conditions, which are adjusted by means of matching the controls with the cases.

Matching is widely used in epidemiological studies, specially in case-control studies, to avoid

biased comparison between cases and controls due to confounding. In a SR database, a particular

ADR report has information on, in addition to the status of ADR, presence of different diseases,

average daily doses of the drug, whether the report is of first time or a follow-up, start date and

end date of medication (duration of drug used), patient’s age, gender, weight and residing country,

etc., some of which may be confounders. Matching and stratification are the two common ways of

adjusting for confounders. The above definition of the source population adjusts for the effect of

disease to develop the ADR by means of stratification. Other confounders may need to be adjusted

through matching. For example, in the source population of patients suffering from cardiovascular

disease and stroke (Ghosh and Dewanji, 2011), one may consider matching with age and obesity

to asses the effect of the drug ‘diuretic’ on the ADR ‘congestive heart failure’.

There are many ways to match cases with controls with respect to observed confounders (See

Rosenbaum, 2002 p295-331). Depending on the situation, one can use pair matching, or one case

with fixed number of controls, one case with variable number of controls, among many others. In

this paper, for simplicity, we will consider one case with fixed number of controls; variable number

of controls per case can be analyzed in similar fashion. In Section 2, we will discuss how this

matching is incorporated into the analysis of SR database. As mentioned before, while analyzing

SR database, one has to deal with selection bias due to under-reporting. Lin and Paik (2001) deal

with this bias issue by assuming that the cases are free from this bias and selecting controls in two

stages in Northern Manhattan Stroke Study (NOMASS), where the selection in the first stage is

assumed free of bias. There are, however, real life examples where both case and control samples

suffer from reporting (selection) bias. In this work, we propose to deal with this problem using

supplementary data from a reference sample, chosen randomly from the source population, in the

spirit of Ghosh and Dewanji (2011), as described in Sections 3 and 4. In Section 3, for simplicity,

the exposure (drug) is considered binary and there is no other covariate. This is applicable when

comparison is made between a specific drug and all other drugs used for the disease in the source

population. In Section 4, we consider the exposure to be continuous and there may be other

covariates. This model may be applicable when comparison is made between different doses of a

particular drug. Nevertheless, this may be considered as a generalization of the modeling of Section

3. Some asymptotic results are derived in Section 5, while the finite sample properties are studied

through simulation in Section 6 along with an illustration of a real example. Section 8 ends with

some concluding remarks.
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2 Preliminaries

A report comes to SR database when an individual in the source population experiences one or

more ADRs and are detected by clinicians or health professionals and they report it. Let us define

two binary random variables A and R as the ADR status and the reporting status, respectively,

where A = 1 denotes a case and A = 0 denotes a control in the source population and R = 1

means a report in SR database and R = 0 implies a patient in the source population, not reported

in SR database. In the SR database, a case is denoted by {A = 1, R = 1} and a control is denoted

by {A = 0, R = 1}. In matched case-control study, information on exposure E and matching

variable(s) M are obtained for a case in SR database. Then, a set of c matched controls with

{A = 0, R = 1} is selected randomly from the SR database. For the ith case and corresponding c

matched controls, the likelihood is given by,

P (E = Ei0,M = Mi0|A = 1, R = 1)×
c∏

h=1

P (E = Eih|A = 0, R = 1,M = Mi0), (1)

where Ei0 and Mi0 are the observed values of E and M for the case and Eih, h = 1, · · · , c, are

the observed values of E for the c matched controls. The ith case along with the corresponding c

matched controls is treated as the ith stratum so that n strata corresponding to n cases from the

SR database is considered for analysis. Following the approach of Breslow (1996), which considers

the conditional probability that exposure Ei0 is that of the case and (Ei1, . . . , Eic) are those of the

c controls, as observed, given the unordered set E(i) = {Ei0, Ei1, . . . , Eic} of c + 1 exposures, the

conditional likelihood from the ith stratum is

Li =
P (E = Ei0,M = Mi0|A = 1, R = 1)×

∏c
h=1 P (E = Eih|A = 0, R = 1,M = Mi0)∑c

h=0 P (E = Eih,M = Mi0|A = 1, R = 1)×
∏
l 6=h P (E = Eil|A = 0, R = 1,M = Mi0)

. (2)

Assuming that the reporting probabilities do not depend on the matching variables and after some

simple probability calculation, the above likelihood Li becomes

P (R = 1|A = 1, E = Ei0)P (A = 1|E = Ei0,M =Mi0)×
∏c
h=1 P (R = 1|A = 0, E = Eih)P (A = 0|E = Eih,M =Mi0)∑c

h=0 P (R = 1|A = 1, E = Eih)P (A = 1|E = Eih,M =Mi0)×
∏
l 6=h P (R = 1|A = 0, E = Eil)P (A = 0|E = Eil,M =Mi0)

.

(3)

When the reporting probability P (R = 1|A,E) depends either on E, or on A, but not on both,

this likelihood simplifies further to

P (A = 1|E = Ei0,M =Mi0)×
c∏

h=1

P (A = 0|E = Eih,M =Mi0)

c∑
h=0

P (A = 1|E = Eih,M =Mi0)×
∏
l 6=h

P (A = 0|E = Eil,M =Mi0)

,

which is the conditional likelihood for matched case-control study when both the cases and the

controls are random samples from the corresponding source population (Breslow, 1996). As argued

in Ghosh and Dewanji (2011), this assumption on the reporting probabilities allows estimation of

odds-ratio from the SR database alone, since the ‘reporting odds-ratio’ becomes equal to the source

population odds-ratio.

The SR database carries information only on those reporting (R = 1), which does not permit

estimation of the reporting probabilities. On the other hand, estimation of model parameters from

the likelihood (3) requires information on the reporting probabilities. In order to serve this purpose,
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as mentioned before, we consider a reference sample randomly chosen from the source population.

This combined data of the SR database and the reference sample can be viewed as an outcome-

dependent enriched (ODE) sample of Kang (2010). As in Ghosh and Dewanji (2011), we consider

varying degree of information from the reference sample supplemented by required assumption, as

described in the following two sections.

3 Binary Exposure

In order to analyse spontaneous adverse drug reaction (ADR) reports in the presence of reporting

bias, we consider the following reporting probabilities (assumed to be independent of the matching

variables):

θ11 = P (R = 1|E = 1, A = 1)

θ10 = P (R = 1|E = 1, A = 0)

θ01 = P (R = 1|E = 0, A = 1)

θ00 = P (R = 1|E = 0, A = 0),

where the exposure (drug) E is a binary variable with E = 1 denoting use of the specific drug and

E = 0 denoting use of other drugs. Note that an individual with A = 0 in the source population

does not develop the concerned ADR, but may develop other ADRs and then report the same to

the SR database with probability θ10 or θ00, depending on the exposure status of the individual.

The relationship between the ADR and the exposure along with the matching variable(s) in the ith

stratum is modeled as

P (A = 1|E,Mi) =
exp(γMi + βE)

1 + exp(γMi + βE)
, (4)

with Mi being the value of M in the ith stratum, for i = 1, · · · , n, where γM denotes the effect of the

matching variable M which is assumed to be arbitrary depending on the value of M . As a special

case, for example, one may consider γM = γM , a linear effect, but the subsequent analysis does

not depend on any such modeling assumption. Note that the odds-ratio parameter β is assumed

constant over the different strata. Also, simple probability calculation shows, as in Ghosh and

Dewanji (2011), that the reporting odds-ratio (ROR), for a given value of the matching variable, in

the SR database is given by ROR = (θ11θ00/θ10θ01)×OR, where OR = exp(β) is the corresponding

population odds-ratio. However, the likelihood Li from (3), under model (4), becomes

θEi01 ·
exp(γMi0

+ βEi0)

1 + exp(γMi0
+ βEi0)

×
c∏

h=1

θEih0 ·
1

1 + exp(γMi0
+ βEih)

c∑
h=0

θEih1 ·
exp(γMi0

+ βEih)

1 + exp(γMi0
+ βEih)

×
∏
l6=h

θEil0 ·
1

1 + exp(γMi0
+ βEil)

=

θEi01 · exp(βEi0)×
c∏

h=1

θEih0

c∑
h=0

θEih1 · exp(βEih)×
∏
l6=h

θEil0

,

which is a function of β and also the reporting probabilities θ’s. Matched case-control conditional

likelihood for n strata from the SR database is, therefore,

LSR =

n∏
i=1

Li =

n∏
i=1

θEi011 θ
1−Ei0
01 exp(βEi0)

∏c
h=1 θ

Eih
10 θ1−Eih00∑c

h=0 θ
Eih
11 θ1−Eih01 exp(βEih)

∏
l 6=h θ

Eil
10 θ

1−Eil
00

· (5)
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Note that the SR database does not provide information on θ’s, the reporting parameters. Without

any assumption or information on the θ’s, it is not possible to estimate β, the parameter of inter-

est, from the likelihood (5). Some supplementary information is required from outside (e.g., the

reference sample). In practice, getting information from outside SR database is difficult and costly.

There is a trade-off between the assumptions we impose on the SR database and the information

that is required from the reference sample. Following two sub-sections discuss two scenarios in

detail.

3.1 SR database and reference sample with exposure information

Here, we assume that all the cases are reported to the SR database (i.e., θ11 = θ01 = 1). As

mentioned in Ghosh and Dewanji (2011), this assumption is realistic when the ADR under study

is serious and the doctors/health professionals are well-informed about it. We also assume that the

source population size N is known. Later, we will show that an approximate value of N will serve

the purpose, since the concerned estimate is quite robust against the misspecification of the value

of N . With the assumption θ11 = θ01, the likelihood (5) can be written as

L∗1 =

n∏
i=1

exp(βEi0)
(
θ10
θ00

)∑c
h=1 Eih∑c

h=0 exp(βEih)
(
θ10
θ00

)∑
l 6=h Eil

. (6)

Note that the two parameters β and θ = θ10/θ00 are not estimable by maximization of the likelihood

(6) since the two explanatory variables associated with them, Ei0 and
∑c

h=1Eih, given E(i), are

perfectly correlated. The corresponding two estimating equations turn out to be dependent. To

overcome this difficulty, we consider a consistent estimate of θ, and then plug-in that estimate

into the likelihood (6), which is then maximized with respect to β to get an estimate of β. The

corresponding likelihood equation is given by

n∑
i=1

∑c
h=0(Ei0 − Eih)exp(βEih) θ̂

∑
l 6=h Eil∑c

h=0 exp(βEih) θ̂
∑
l 6=h Eil

= 0, (7)

where θ̂ is a consistent estimate of θ = θ10/θ00. Note that, from (7), if the exposure status of one

case and c controls in a stratum are all same, then this stratum does not contribute anything to

the estimation procedure, as expected.

Using the definition of reporting probabilities, the ratio of the reporting probabilities in control

sample can be written as

θ =
θ10
θ00

=
P (E = 1|A = 0, R = 1)

P (E = 0|A = 0, R = 1)
× P (E = 0)− P (E = 0|A = 1)P (A = 1)

P (E = 1)− P (E = 1|A = 1)P (A = 1)
. (8)

All the probabilities, except P (E), are estimable from the SR database with known N and the

assumption that θ11 = θ01 = 1. Let us consider the SR database as the 2 × 2 contingency table

with the column variable being ADR (A = 0, 1) and the row variable being exposure (E = 0, 1).

Suppose nuv’s are the corresponding cell frequencies, for u, v = 0, 1. The two probabilities in the

first term of (8) are directly estimable from the controls in the SR database with the ratio estimated

by n10/n00. Also, P (E = 1|A = 1) and P (E = 0|A = 1) are estimable from the case population,

because of 100% reporting of cases from source population, as n11/(n11 +n01) and n01/(n11 +n01),

respectively, while P (A = 1) is estimated by (n11 + n01)/N . In order to estimate P (E = 1), we

consider a reference sample of size m drawn from the source population and observe the exposure
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status. Let m1· denote the number of observations in the reference sample with exposure status

E = 1. Then, we have

θ̂ =
n10
n00
×

m−m1·
m − n01

n11+n01
· n11+n01

N
m1·
m −

n11
n11+n01

· n11+n01
N

. (9)

In the expression (9) of θ̂, individual probabilities are estimated as the binomial proportions in the

respective samples. Using Slutsky’s theorem, θ̂, clearly, is a consistent estimate of θ. It is also seen

that the estimate is quite robust against misspecification of N . A careful look at (8) and (9) also

indicates the robustness of the estimator against the departure from the assumption θ11 = θ01 = 1

as long as we have θ11 = θ01 (Ghosh and Dewanji, 2011), since then P (E = 0|A = 1)/P (E = 1|A =

1) = P (E = 0|A = 1, R = 1)/P (E = 1|A = 1, R = 1). In other words, when the case sample

is a random sample from the corresponding part of the source population and the control sample

may be subject to reporting bias, this methodology still gives satisfactory estimate of the model

parameter β. When c = 2, it is easy to check that the estimate of β can be obtained as a solution

of the quadratic equation

2(k3 + k4)x
2 + θ̂(4k4 + k3 − 4k2 − k1)x− 2θ̂2(k1 + k2) = 0, (10)

where x = exp(β), k1 is the number of strata with case exposure status being E = 1 and exactly

one control exposure status being E = 1, k2 is the number of strata with case exposure status being

E = 1 and both the controls having exposure status E = 0, k3 is the number of strata with case

exposure status being E = 0 and exactly one control status being E = 1, and k4 is the number of

strata with case exposure status being E = 0 and both the controls having exposure status E = 1.

The estimate of β is obtained from the positive root of the quadratic equation (10) as

β̂ = log

(
−θ̂(4k4 + k3 − 4k2 − k1) +

√
θ̂2(4k4 + k3 − 4k2 − k1)2 + 16θ̂2(k1 + k2)(k3 + k4)

4(k3 + k4)

)
. (11)

Writing the ith term of ∂logL∗1/∂β (See likelihood (6) and equation (7)) as ui(β, θ), let us assume

that the first derivative of ui with respect to the parameter θ exists and its absolute value in a

neighbourhood of the true value of θ is bounded by an integrable function with finite mean. Then

the asymptotic distribution of β̂, obtained from likelihood (6) with the parameter θ replaced by a

consistent estimate given by (9), can be shown to be same as that of the estimate of parameter β

obtained by using the true value of θ = θ10/θ00 in likelihood (6). Under the standard regularity

condition, this can be shown to be normal with mean β and a variance that can be estimated from

the observed information based on likelihood (6) and using β̂ and θ̂.

Note that the estimation procedure using (7) treats θ̂ to be a constant. The corresponding

variance estimate using the observed information based on (6) does not account for the variability

in θ̂ and, therefore, gives an under-estimate. This has also been found in our simulation study (not

reported here). For large m,n and N , when θ̂ is close to the true value of θ with small variation,

this under-estimation may be ignored; however, this may require some adjustment for small sample

sizes. We propose a sandwich estimate for the variance of β̂ as given by(−∂u(β, θ̂)

∂β

)−1T V̂ (u(β, θ̂))

(−∂u(β, θ̂)

∂β

)−1 , (12)
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evaluated at β = β̂, where u(β, θ̂) =
∑n

i=1 ui(β, θ̂) and V̂ (u(β, θ̂)) is an estimate of V (u(β, θ̂)), as

derived in Appendix A, along with the derivation of (12). This seems to perform better than the

estimate based on observed information for small sample sizes, as indicated by the simulation study

in Section 6.2 (not reported). Alternatively, one can estimate V (u(β, θ̂)) by 1
n

∑n
i=1 ui(β̂, θ̂)u

T
i (β̂, θ̂)

and then use (12) for estimating variance of β̂. The results turn out to be similar.

3.2 SR database and reference sample with reporting information

In this subsection, we make no assumption on the reporting parameters θuv’s, but require more

information from the reference sample. Unlike the previous subsection, we do not need N to

be known. However, along with the information on both ADR and exposure status from the

reference sample, information on reporting status is also needed. Suppose there are muv number of

observations in the reference sample with {E = u,A = v}, for u, v = 0, 1, and zuv of them report to

the SR database. The SR database conditional likelihood is then given by (5). The reference sample

likelihood with information on case-control status along with reporting status can be written as

LR =
1∏

u,v=0

(θuvπuv)
zuv((1− θuv)πuv)muv−zuv =

{ 1∏
u,v=0

θzuvuv (1− θuv)muv−zuv
} 1∏
u,v=0

πmuvuv , (13)

where πuv = P (E = u,A = v) such that θuvπuv = P (R = 1, E = u,A = v), for u, v = 0, 1. Note

that the probability terms πuv’s can be written down, using model (4) and integrating over the

distributions of E and M , as functions of β and γM ’s. However, information on β in these πuv’s

cannot be extracted in the absence of any knowledge on the γM ’s, the nuisance parameters. We,

therefore, consider only the first part of the likelihood (13) involving only the θuv’s, which can be

viewed as a conditional likelihood of observation on reporting status, given the ADR and exposure

status (Andersen, 1970; Kalbfleisch and Sprott, 1970, 1973). Combining this with the likelihood

(5), we have the total likelihood as

L∗2 =

{ n∏
i=1

θEi011 θ
1−Ei0
01 exp(βEi0)

∏c
h=1 θ

Eih
10 θ1−Eih00∑c

h=0 θ
Eih
11 θ1−Eih01 exp(βEih)

∏
l 6=h θ

Eil
10 θ

1−Eil
00

}
×
{ 1∏
u,v=0

θzuvuv (1− θuv)muv−zuv
}
· (14)

Numerical maximization can be used to obtain the estimates of the parameters from likelihood

(14). The initial values of the reporting parameters θuv’s, may be based on the reference sample

only (i.e., zuv/muv). The corresponding asymptotic results are discussed in Section 5 and the

variance-covariance matrix of the estimated parameters is obtained from the observed information

matrix based on likelihood (14).

4 Continuous Exposure

In practice, for a particular drug, there may be higher possibility of developing the concerned ADR

at larger doses. The occurrence of this ADR, therefore, can be modeled as a standard dose response

relationship. Unlike in the previous sections, instead of comparing occurrence of the concerned ADR

in relation with other ADRs for using a particular drug in relation to other drugs, the objective

here is to study the dose response relationship for the occurrence of the concerned ADR at different

doses of the particular drug. In that case, the exposure can be viewed as a continues variable. Note

that, the methodologies developed in the previous section are not able to deal with continuous

exposure variable. The dose response model for the presence of ADR is assumed to be the same as

that in (4), except that the drug exposure (E) is now considered a continuous variable representing

7



the dose level of the drug. However, the reporting probability, as a function of A and E, is now

modeled as

P (R = 1|A,E) =
exp(δ0 + δ1A+ δ2E)

1 + exp(δ0 + δ1A+ δ2E)
. (15)

The conditional likelihood (3) for the ith stratum can be written as

Li =

exp(δ2Ei0)
1+exp(δ0+δ1+δ2Ei0)

exp(βEi0)
∏c
h=1

exp(δ2Eih)
1+exp(δ0+δ2Eih)∑c

h=0
exp(δ2Eih)

1+exp(δ0+δ1+δ2Eih)
exp(βEih)

∏
l 6=h

exp(δ2Eil)
1+exp(δ0+δ2Eil)

=
gi0(δ)exp(βEi0)∑c
h=0 gih(δ)exp(βEih)

, (16)

where δ′ = (δ0, δ1, δ2) and gih(δ) = exp(δ2Eih)
1+exp(δ0+δ1+δ2Eih)

∏
l 6=h

exp(δ2Eil)
1+exp(δ0+δ2Eil)

, for h = 0, 1, · · · , c. When

P (R = 1|A,E) depends on only A, or only E, then the likelihood (16) is free of δ as, for given

E(i), the function gih(δ) is constant with respect to h (See Section 2). The matched case-control

conditional likelihood from the SR database is, in general,

LSR =

n∏
i=1

Li =

n∏
i=1

gi0(δ)exp(βEi0)∑c
h=0 gih(δ)exp(βEih)

. (17)

As in Section 3, here also we have no information on the reporting parameters δ in the SR database.

Therefore, in order to estimate β, we need extra information from outside the SR database. As in

Section 3.2, we consider a reference sample of size m drawn from the source population and observe

(A,E,R) on those in the sample. Writing

P (A,E,R) = P (R|A,E)·P (A,E), (18)

and, as argued in Section 3.2, the second factor on the right hand side of (18) contains no available

information concerning β in the absence of knowledge on the nuisance parameters γM ’s. We,

therefore, use only the first part, P (R|A,E), as conditional likelihood of observing R, given A and

E, from the reference sample, which can be written as

LR =
m∏
i=1

P (Ri|Ai, Ei)

=
m∏
i=1

{
exp[(δ0 + δ1Ai + δ2Ei)Ri]

1 + exp[δ0 + δ1Ai + δ2Ei]

}
. (19)

Combining (17) and (19), we have the total likelihood as L∗3 = LSR × LR and

l(φ) = logL∗3 = logLSR + logLR

=

n∑
i=1

log

{
gi0(δ)exp(βEi0)∑C
h=0 gih(δ)exp(βEih)

}
+

m∑
i=1

log

{
exp[(δ0 + δ1Ai + δ2Ei)Ri]

1 + exp[δ0 + δ1Ai + δ2Ei]

}
,(20)

where φ′ = (δ′, β). Maximum likelihood estimate of φ, denoted by φ̂n+m, is obtained by maximizing

l(φ). The corresponding score vector can be written as

∂l(φ)

∂φ
=

n∑
i=1

U1(E
(i),Mi0;φ) +

m∑
i=1

U2(Ai, Ei, Ri;φ), (21)
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where U1(E
(i),Mi0;φ) =

[
∂
∂δ log

{
gi0(δ)exp(βEi0)∑C
h=0 gih(δ)exp(βEih)

}
, ∂

∂β log

{
gi0(δ)exp(βEi0)∑C
h=0 gih(δ)exp(βEih)

}]
is the indi-

vidual (ith) score contribution from the SR database, and

U2(Ai, Ei, Ri;φ) =

[
∂
∂δ log

{
exp((δ0+δ1Ai+δ2Ei)Ri)
1+exp(δ0+δ1Ai+δ2Ei)

}
, 0

]
=
[
U∗2 (Ai, Ei, Ri; δ), 0

]
(say) is the indi-

vidual (ith) score contribution from the reference sample. In the next Section, we consider the

asymptotic properties of the estimated parameters using multi-sample structure of the data.

5 Asymptotics

In this section, we derive some asymptotic results concerning the estimates of the model parameters,

as described in Section 4. Similar results can be derived for the estimates in Section 3.2 by using the

same arguments. We first establish asymptotic normality for the two score vectors arising from the

two parts of the likelihood LSR and LR, and then combine the two using the results of multi-sample

central limit theorem (CLT).

Note that, for matched case-control data from the SR database, a case (say, the ith with Ai0 =

1) is first chosen and then the corresponding exposure (Ei0) and matching variable (Mi0) are

recorded; then c controls (with Aij = 0, for j = 1, · · · , c) with the same value (Mi0) for the

matching variable are chosen randomly from the SR database and their exposure (Ei1, · · · , Eic) are

recorded. This data can be formally written as {Ei0,Mi0|Ai0 = 1}∩{Ei1, · · · , Eic|Mi0, Aij = 0, j =

1, · · · , c}, which, by design, is equivalent to {Mi0, Ei0, Ei1, · · · , Eic}. Note that this observation

vector, for i = 1, · · · , n, are independent and identically distributed. So, the individual score vectors

U1(E
(i),Mi0;φ), for i = 1, · · · , n, can also be viewed as independent and identically distributed,

although these have been derived from a conditional likelihood. Note that, in the ith stratum, the

conditional probability that exposure Eik is that of the case with the value of the matching variable

Mi0 and (Eih, h 6= k) are those of the c controls, given the unordered set E(i) of c+ 1 exposures, is

gik(δ)exp(βEik)∑c
h=0 gih(δ)exp(βEih)

, for k = 0, 1, · · · , c. (22)

It is shown in Appendix B, that E[U1(E
(i),Mi0;φ)] = 0 and the variance-covariance matrix

V [U1(E
(i),Mi0;φ)] is constant not depending on i, where the expectation is taken with respect

to the common distribution of {M0, E0, E1, · · · , Ec} under the probability space as generated by

the matched case-control sampling from the SR database. Using central limit theorem, it can be

shown that 1√
n

∑n
i=1 U1(E

(i),Mi0;φ) follows asymptotically a 4-variate normal distribution with

zero mean and variance-covariance matrix given by V =

[
V11 V12
V21 V22

]
, where

V11 = EE


∑c

k=0
1

gik(δ)

(
∂gik(δ)
∂δ

)′(
∂gik(δ)
∂δ

)
exp(βEik)∑c

h=0 gih(δ)exp(βEih)

−

{∑c
h=0

∂gih(δ)
∂δ exp(βEih)

}′{∑c
h=0

∂gih(δ)
∂δ exp(βEih)

}
{∑c

h=0 gih(δ)exp(βEih)

}2

 ,

9



V22 = EE


∑c

k=0

{∑c
h=0(Eik − Eih)gih(δ)exp(βEih)

}2

gik(δ)exp(βEik)[∑c
h=0 gih(δ)exp(βEih)

]3
 ,

V ′12 = V21 = EE

[
c∑

k=0

[{
∂gik(δ)
∂δ

gik(δ))
−
∑c

h=0
∂gih(δ)
∂δ exp(βEih)∑c

h=0 gih(δ)exp(βEih)

}′

×

{∑c
h=0(Eik − Eih)gih(δ)exp(βEih)∑c

h=0 gih(δ)exp(βEih)

}
× gik(δ)exp(βEik)∑c

h=0 gih(δ)exp(βEih)

]]
,

with the expectation EE[·] being with respect to the distribution of E(i).

In the reference sample, the observation {Ai, Ei, Ri}, for i = 1, · · · ,m, are independent and

identically distributed. So, U∗2 (Ai, Ei, Ri; δ), for i = 1, · · · ,m, are also i.i.d. random variables,

where U∗2 denotes the first three non-zero components of U2. It is again shown in Appendix B,

that E[U∗2 (A,E,R; δ)] = 0 and V [U∗2 (A,E,R; δ)] is constant, where the expectation is taken with

respect to the common distribution of {A,E,R} . Note that, for the ith observation, the conditional

probability of Ri, given (Ai, Ei) , is exp[(δ0+δ1Ai+δ2Ei)Ri]/(1+exp[δ0+δ1Ai+δ2Ei]), for Ri = 0, 1.

Using central limit theorem, 1√
m

∑m
i=1 U

∗
2 (Ai, Ei, Ri; δ) follows asymptotically a 3-variate normal

distribution with zero mean and variance-covariance matrix given by

W11 = E(A,E)

[
ziz
′
iexp(z

′
iδ)

[1+exp(z′iδ)]
2

]
, with z′ = (1, Ai, Ei),

where the expectation is taken with respect to the common distribution of (A,E).

Following Lehmann and Casella (1998, p475-476) and Hirose (2005, p68) (See also Bradley and

Gart, 1962), we view this as a multi-sample, or s-sample, framework with s=2 corresponding to

the matched case-control sample from the SR database and the reference sample from the source

population. We assume that n/(n + m) → ω, 0 < ω < 1, as both n and m → ∞. Then, using

the results from the s-sample framework, the vector
√
n+m(φ̂n+m − φ) follows asymptotically a

multivariate normal distribution with mean zero and variance-covariance matrix given by(
ω

[
V11 V12
V21 V22

]
+ (1− ω)

[
W11 0

0 0

])−1
, (23)

which can be estimated from the observed information matrix based on the likelihood L∗3. As a

consequence, the asymptotic distribution of
√
n+m(β̂n+m − β), with β̂n+m being the estimate of

β, which is of primary interest, can be seen to be normal with mean zero and variance given by the

(4, 4)th entry of the matrix in (23). The details of these derivations are given in Appendix C.

6 Illustration and Simulation Study

In Section 6.1, we illustrate the estimation procedure of Section 3.1 based on likelihood (6), using

an Italian SR database. Section 6.2 presents a simulation study to investigate the properties of the

estimates based on (6) of Section 3.1, while the same for the estimates based on (20) of Section 4

is investigated in Section 6.3. All the computation has been made using statistical software R.
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6.1 Analysis of an Italian SR database

In this subsection, we perform a matched case-control analysis to investigate safety profile of the

drug amoxicillin (AMX representing E = 1) and amoxicillin/clavulanic acid (AMC representing

E = 0) based on the data obtained from spontaneous reporting of suspected adverse drug reaction

to an Italian database. This data has been reported from the spontaneous reporting system of six

Italian regions from January 1988 to June 2005, as described in Salvo et al. (2007). The drug

utilization data is also available for the two drugs. Table 1 presents the organ-specific case-control

data for the two drugs, where a case is represented by ‘serious’ ADR and a control is by ‘non-serious’

ADR. No significant difference has been found in the two groups (case and control) with respect to

distribution of sex, average age, number of patients with concomitant drugs and number of reports

in paediatric age (See Salvo et al., 2007). In order to illustrate the methodology described in

Section 3.1, we consider organ as the matching variable and each case has been matched with c = 2

randomly chosen controls from those with the same value of the matching variable (that is organ).

It is clear from Table 1 that, in some of the matched groups, sufficient number of controls is not

available for matching. For the sake of simplicity, we consider that many cases in our analysis for

which two matched controls per case are available. As a result, the data for the analysis consists

of n = 268 cases with two randomly chosen matched controls for each case. We assume 100%

reporting of the cases in the two exposure groups (i.e., θ11 = θ01 = 1), but the controls may be

subject to reporting bias with θ10 6= θ00. The source population size N is required to estimate θ

using (9), which is found to be robust for different values of N . For the sake of illustration, we

take N as 1,000,000. During the study period, AMX was consumed more often (5.71 DDD/1000

inhabitants/day) than AMC (5.04 DDD/1000 inhabitants/day) in the study area, where DDD

stands for defined daily doses. So, the exposure probability for AMX, P (E = 1), in the source

population is taken as 5.71/(5.71 + 5.04) = 0.53. The cell frequencies nuv’s have been obtained

by summing up the corresponding cell frequencies over the different organ groups (See Table 1) as

n11 = 205, n01 = 228, n10 = 980 and n00 = 976, leading to the estimate of θ as 0.89. The estimate β̂

from the given data with randomly chosen set of controls is −0.04 with standard error 0.152 based

on the adjusted estimate given by (12). The alternative estimate of variance of β̂, as given at the

end of the Section 3.1, also gives a standard error of 0.152. Ignoring the reporting bias in control

group and using the SR data only, estimate of β is obtained as 0.07 with standard error 0.151

based on observed information matrix. Although the estimates of β, obtained by both adjusting

for and ignoring reporting bias, turn out to be statistically insignificant, they are of opposing sign

indicating some difference. Possibly with larger sample size, significant evidence in favour of an

association between AMC and serious ADR may be established by adjusting for reporting bias,

while ignoring it will give evidence of an opposite nature. By considering the first two organs (Skin

and Gastrointestinal) as the only categories for the matching variable, the estimate β̂ is obtained

as 0.1 and 0.217 by considering reporting bias and ignoring it, respectively, with corresponding

standard errors 0.181 and 0.180, respectively.

6.2 Simulation with Binary Exposure

We consider a source population of size N = 20000 and age as the only matching variable generated

from a log-normal distribution with corresponding normal mean and standard deviation as 3.25 and

0.4, respectively. The corresponding mean age is 25.79 with the standard deviation 11.64. Then,

for the purpose of matching, we categorize age into 10-year groups 0-9, 10-19, · · · , 90 and above,

with the corresponding transformed age-group value 1,2, · · · ,10, respectively. For convenience,

this transformed age-group value is taken as the matching variable. The binary exposure for
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each individual in the source population is generated from the the Bernoulli distribution with

probability 0.4. We simulate each individual’s ADR status by the Bernoulli distribution with

probability calculated from the logistic model (4) with β = 0.7 and γMi = α+γMi, where α = −0.9,

γ = −0.6 and Mi is the value of the transformed age-group of the ith individual. The SR database

is generated from the source population by considering the reporting status of all the cases to be

R = 1 (as in Section 3.1) and that of each control being generated from the Bernoulli distribution

with probability θ10 or θ00, depending on its exposure status. We consider three sets of values for

(θ10, θ00) as given by (0.45, 0.75), (0.75, 0.45) and (0.45, 0.45), with values of θ = θ10/θ00 being less

than, more than and equal to 1, respectively, resulting in positive, negative and zero reporting bias

in the estimation of β from the SR database alone, as noted in Section 3.1. Now, identifying only

those with reporting status R = 1 in the source population, we have the SR database. We then

randomly select c (here c = 2) number of matched controls for each case in the SR data, if available.

For the sake of simplicity, we discard the cases for which two matched controls are not available in

SR database. For the purpose of illustration, the model parameters have been so chosen such that

the resulting SR database is expected to have enough number of controls for each case. On the

average, there are about 2000 cases and 8000-10000 controls in the SR database. Binary exposure

status of each case and its two matched controls are noted to form the observed data for likelihood

(6).

For each simulation, the exposure probability P (E = 1) is estimated by considering a random

sample of size m from the source population and observing their exposure status. Using information

obtained from the SR database, reference sample and source population size N = 20000, the

estimate of θ is obtained from (9). The estimate of β is then obtained by solving the quadratic

equation (10) using the estimate θ̂ of θ. The variance estimate of β̂ is obtained from the observed

information based on the likelihood (6). This estimated variance is very close to the variance of

β̂ obtained from the simulation study of 5000 simulations, when reference sample size m is large

enough. But as discussed in Section 3.1, the observed information based variance estimate (not

reported) gives an under-estimate for moderate value of m. For such values of m, the variance

estimate is obtained by the expression (12) and also the alternate expression suggested at the end

of the Section 3.1, both of which give similar values. Table 2 presents the results of the simulation

study for different values of m, which includes estimates of β with corresponding standard errors in

parentheses (obtained from the 5000 simulations) along with the same for θ. The results shown in

Table 2 suggest that the methodology of Section 3.1 performs well in all the three cases, while the

method based on SR data alone gives satisfactory estimate only when θ10 = θ00. Also, as expected,

the standard error of the proposed estimate of Section 3.1 decreases with m. However, since the

estimate based on SR data alone does not utilize the information in the reference sample, the

corresponding standard errors do not change with m. Asymptotic normality of β̂ has been evident

through the Q-Q plot and histogram of the estimates from 5000 simulations (not shown here). The

consistency of θ̂ is also evident from the results in Table 2. Interestingly, the relationship between

the reporting odd-ratio (ROR) and the population odds-ratio (OR), as mentioned in the beginning

of Section 3, can be seen from the two sets of estimates of β in Table 2. Specifically, the estimate

of β from the combined data minus logarithm of the corresponding θ̂ is expected to be equal to

the estimate of β obtained from SR data alone. Consistency of this relationship with increasing m

is evident.
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6.3 Simulation with Continuous Exposure

The methodology described in Section 4 does not require information on the size N of the source

population; however, in order to describe the simulation model, let us consider N = 20000. As in

subsection 6.2, age is assumed to be the only matching variable having a log-normal distribution

with corresponding normal mean and standard deviation being 3.25 and 0.4, respectively. The

transformed age-group values are as in subsection 6.2. The exposure value is now generated from

a gamma distribution with the shape and scale parameter values as 10 and 0.5, respectively. As

in subsection 6.2, the ADR status of each individual is generated by taking a sample from the

Bernoulli distribution with success probability given by the logistic model (4) with β = 0.7, α =

−0.8 and γ = −0.1. The reporting status of an individual is generated by considering the reporting

probability model P (R = 1|A,E) given by (15), where the values of the reporting parameters

(δ0, δ1, δ2) are taken as (−2.2,−0.8, 0.5), (−2.2, 0.8, 0.5) and (−2.2, 0, 0) to reflect different nature

of reporting bias in the analysis of SR data alone for estimating β, the parameter of interest (See

Table 3). The SR data and the set of cases with two matched controls are generated following the

same procedure of subsection 6.2.

We take a random sample of size m from the source population and observe the ADR status,

value of the exposure variable and the reporting status of each individual in the sample. Exposure

values for each case and its two matched controls, combined with the information from the reference

sample, constitute the observed data to form the log-likelihood (20). The R optimization program

has been used to get the parameter estimates, which is repeated for 5000 simulations. The results

of the simulation study are presented in Table 3. The estimate of β based on SR data alone is

seen to be biased (except in the third case with δ1 = δ2 = 0, as expected), while the same from

the combined data seems to perform well. The standard errors obtained from the corresponding

observed information matrix (not reported here) are close to the ones obtained from the 5000

simulations which are reported in Table 3. The standard errors decrease with increasing size m of

the reference sample, as expected, in the analysis of combined data. As remarked in subsection 6.2,

the standard errors in the analysis of SR data alone do not change with m.

7 Concluding remarks

Matched case-control study has been used routinely to adjust for the confounding effects of different

variables on the response. But, the situation becomes much more difficult when case or control

sample or both suffer from some kind of selection bias. In this work, we have explored different

possibilities to adjust for selection bias in matched case-control study in the context of the analysis

of SR data, wherein bias arises due to unequal reporting. Two distinct situations have been

considered corresponding to the exposure of interest being binary or continuous. To overcome the

difficulties of selection/reporting bias, some external informations has been used. Note that there

is a trade-off between the assumption made about the available data and the amount of external

information required. The use of reference sample in fitting binary regression models has been

previously considered by Lee et al. (2006), but without the presence of reporting bias. The design

1 in that work is similar to the situation in Section 3.1, where only the exposure information is

used from the reference sample, whereas design 2 is same as the situation in Sections 3.2 and 4.

Although the methodology has been motivated from the analysis of SR data, there are other

areas where the similar situation arises. In an interview-based case-control study of breast cancer
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(See Rookus, 2000), reporting bias may distort the relation between a history of induced abortion

and risk of breast cancer, as induced abortions are markedly under-reported among the controls

because of its sensitive nature. The case-control studies where the exposure history is collected

through telephonic interview, or in hospital-based studies where controls are selected from the

same hospital registry as that of the cases resulting in some selection bias (See Cosslett, 1981), the

methodology of this paper can be useful. The standard case-control analysis tend to ignore this

problem, whereas the consideration of supplementary data, as in the proposed methodology, can

remove the corresponding bias.

In Section 1, we have discussed various types of matching which are commonly used in practice.

For the sake of simplicity, we have considered matching of one case with a fixed number of controls.

Other types of matching, specially one case matched with variable number controls (See Rosenbaum,

2002) may be more appropriate, depending on the availability of matched controls in application.

For the matched case-control study, propensity score can be used for both maintaining the balance

and grouping of similar stratum (See Rosenbaum, 2002).

The duration of medication, for a particular drug or drugs may play an important role to develop

an ADR. Some ADRs can only occur after a certain period of continuous medication. When

this kind of ADR is of concern, the analysis needs to be adjusted for the confounding variable

‘medication-duration’, which is available in SR data. This can be incorporated by means of an

additional covariate in model (4) in the proposed methodology of this paper.

Prentice and Breslow (1978) also considered inclusion probabilities for case and control samples

and assumed that those probabilities are independent of explanatory variables. In this paper, this

assumption is same as P (R = 1|A,E) being independent of E, resulting in the matched conditional

likelihood (3) being free of the reporting parameters. The likelihood (3) can also be seen in the

context of failure time analysis of retrospective studies, as in Prentice and Breslow (1978), where

the product of the likelihood contributions (2), Li’s, is taken over the different failure time points.
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Table 1: Organ Specific serious ADR (as case) and non-serious ADR (as control) due to use of

Amoxicillin (AMX) and Amoxicillin/Clavulanic acid (AMC)

Organ AMX (E = 1) AMC (E = 0)

Case Control Case Control

Skin 81 820 66 757

Gastrointestinal system 17 65 17 121

Liver and biliary system 4 2 28 12

Haematological 10 0 22 1

Body as whole 41 55 39 44

Urinary and reproductive 30 5 26 6

Respiratory system 15 13 19 14

Cardiovascular system 6 13 10 9

Others 1 7 1 12

Table 2: Simulation results on the estimate of β using SR database with and without exposure

information for a source population of size 20,000. The true value of β is 0.7. Corresponding

standard errors are in parentheses.

m (θ10, θ00) θ = θ10
θ00

θ̂ (SE) β̂ (SE)

SR Data alone Combined data

100 0.622 (0.144) 1.213 (0.065) 0.713 (0.236)

300 0.607 (0.080) 1.211 (0.065) 0.703 (0.145)

500 (0.45, 0.75) 0.60 0.605 (0.063) 1.212 (0.065) 0.704 (0.120)

1000 0.602 (0.043) 1.212 (0.064) 0.702 (0.094)

5000 0.600 (0.019) 1.212 (0.064) 0.702 (0.069)

100 1.722 (0.405) 0.189 (0.059) 0.706 (0.233)

300 1.687 (0.222) 0.189 (0.059) 0.703 (0.143)

500 (0.75, 0.45) 1.67 1.678 (0.169) 0.188 (0.060) 0.701 (0.115)

1000 1.672 (0.121) 0.189 (0.061) 0.701 (0.092)

5000 1.667 (0.051) 0.191 (0.059) 0.702 (0.065)

100 1.033 (0.241) 0.701 (0.061) 0.707 (0.233)

300 1.013 (0.134) 0.701 (0.061) 0.704 (0.144)

500 (0.45, 0.45) 1 1.006 (0.103) 0.700 (0.061) 0.701 (0.116)

1000 1.004 (0.072) 0.700 (0.061) 0.701 (0.091)

5000 1.000 (0.032) 0.701 (0.062) 0.701 (0.066)

8 Appendix

Appendix A: Adjusted approximate variance formula for variance of β̂ of Section 3.1

We can write

1

n

n∑
i=1

ui(β, θ̂) =
1

n

n∑
i=1

ui(β, θ) + (θ̂ − θ) 1

n

n∑
i=1

∂ui(β, θ)

∂θ
+ op(1). (24)

As θ̂ is consistent for θ and 1
n

∑n
i=1

∂ui(β,θ)
∂θ

P−−−→ E(∂u(β,θ)∂θ ), the second term is also op(1), but

this convergence may be slow. Therefore, the asymptotic distribution function of 1
nu(β, θ̂) is same

as that of 1
nu(β, θ), but there may be bias in variance estimation for small sample because of the
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Table 3: Simulation results on the estimate of β using SR database with and without the reference

sample for a source population of size 20,000. True value of β is 0.7. Corresponding standard errors

are in parentheses.

m (δ0, δ1, δ2) β̂ (SE)

SR Data alone Combined data

100 0.780 (0.027) 0.687 (0.067)

150 0.779 (0.026) 0.687 (0.058)

200 (-2.2, -0.8, 0.5) 0.779 (0.027) 0.686 (0.053)

500 0.779 (0.026) 0.688 (0.039)

1000 0.779 (0.027) 0.691 (0.036)

100 0.616 (0.023) 0.686 (0.051)

150 0.616 (0.023) 0.689 (0.042)

200 (-2.2, 0.8, 0.5) 0.616 (0.023) 0.689 (0.038)

500 0.616 (0.022) 0.690 (0.029)

1000 0.616 (0.023) 0.691 (0.027)

100 0.693 (0.057) 0.686 (0.061)

150 0.694 (0.057) 0.690 (0.059)

200 (-2.2, 0, 0) 0.692 (0.056) 0.690 (0.057)

500 0.693 (0.056) 0.692 (0.056)

1000 0.694 (0.056) 0.693 (0.057)

second term. Using higher order asymptotics, and ignoring covariance term due to dependence of

θ̂ on SR data as well, this variance may be taken as

V

(
1

n
u(β, θ̂)

)
= V

(
1

n
u(β, θ)

)
+

{
E

(
∂u(β, θ)

∂θ

)}2

V (θ̂). (25)

Note that E
(
∂u(β,θ)
∂θ

)
is estimated by 1

n

∑n
i=1

∂ui(β,θ)
∂θ , evaluated at β = β̂, θ = θ̂. Variance of θ̂

can be obtained from (9) by applying delta method and using the estimated covariance matrix of

(n11, n01, n10, n00,m1·). In order to define the covariance matrix of (n11, n01, n10, n00,m1·), note

that m1· and (n11, n01, n10, n00) are independent with

m1· ∼ Bin(m,P (E = 1))

(n11, n01, n10, n00, N − n..) ∼ Multinomial

(
N,P [E = 1, A = 1], P [E = 0, A = 1],

P [E = 1, A = 0, R = 1], P [E = 0, A = 0, R = 1], P [R = 0]

)
,

where n.. =
∑1

u=0

∑1
v=0 nuv. From (25), we have

V̂
(
u(β, θ̂)

)
≈ V̂ (u(β, θ)) +

{
n∑
i=1

∂ui(β, θ)

∂θ

∣∣∣
β=β̂,θ=θ̂

}2

V̂ (θ̂), (26)

where the first term in RHS is the observed information form L∗1. We can write

u(β̂, θ̂) = u(β, θ̂) + (β̂ − β)
∂u

∂β
+ op(1) = 0

⇒ (β̂ − β) ≈ u(β, θ̂)

(
−∂u
∂β

)−1
⇒ V (β̂) ≈

[(
−∂u
∂β

)−1]T
V (u(β, θ̂))

[(
−∂u
∂β

)−1]
. (27)

An estimate of V (β̂) is obtained from (27) by replacing
(
−∂u
∂β

)
with −

∑n
i=1

∂ui(β,θ)
∂β , evaluated at

β = β̂, θ = θ̂, and V (u(β, θ̂)) with V̂ (u(β, θ̂) from (26)
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Appendix B: Mean and Variance of U1 and U∗2

Note that E[U1(E
(i),Mi0;φ)] = EEE[U1(E

(i),Mi0;φ)|E(i)], where the outer expectation is with

respect to the distribution of E(i). Using (22),

E[U1(E
(i),Mi0;φ)|E(i)]

=

c∑
k=0

[
∂

∂φ
{log(gik(δ)exp(βEik)))} −

∂

∂φ
{log

c∑
h=0

gih(δ)exp(βEih))}

]
· gik(δ)exp(βEik)∑c

h=0 gih(δ)exp(βEih)
(28)

Differentiating with respect to δ, the first component in (28) is

c∑
k=0

[{
∂gik(δ)
∂δ

gik(δ)
−
∑c
h=0

∂gih(δ)
∂δ

exp(βEih)∑c
h=0 gih(δ)exp(βEih)

}
× gik(δ)exp(βEik)∑c

h=0 gih(δ)exp(βEih)

]

=

∑c
k=0

∂gik(δ)
∂δ

exp(βEik)∑c
h=0 gih(δ)exp(βEih)

−

[∑c
h=0

∂gih(δ)
∂δ

exp(βEih)

][∑c
k=0 gik(δ)exp(βEik)

]
[∑c

h=0 gih(δ)exp(βEih)

]2
=

∑c
k=0

∂gik(δ)
∂δ

exp(βEik)∑c
h=0 gih(δ)exp(βEih)

−
∑c
k=0

∂gik(δ)
∂δ

exp(βEik)∑c
h=0 gih(δ)exp(βEih)

= 0

while, differentiating with respect to β, the second component is

∑
k=0

[{
Eik −

∑c
h=0Eihgi(δ)exp(βEih)∑c
h=0 gih(δ)exp(βEih)

}
× gik(δ)exp(βEik)∑c

h=0 gih(δ)exp(βEih)

]

=

c∑
k=0

[∑c
h=0(Eik − Eih)gih(δ)exp(βEih)∑c

h=0 gih(δ)exp(βEih)

]
× gik(δ)exp(βEik)∑c

h=0 gih(δ)exp(βEih)

=

∑c
k=0

∑c
h=0Eikgih(δ)exp(βEih)gik(δ)exp(βEik)[∑c

h=0 gih(δ)exp(βEih)

]2
−
∑c
k=0

∑c
h=0Eihgih(δ)exp(βEih)gik(δ)exp(βEik)[∑c

h=0 gih(δ)exp(βEih)

]2
= 0.

Therefore, E[U1(E
(i),Mi0;φ)] = 0. Now,

V [U1(E
(i),Mi0;φ)] = EEV [U1(E

(i),Mi0;φ)|E(i)] + VEE[U1(E
(i),Mi0;φ)|E(i)]

= EEV [U1(E
(i),Mi0;φ)|E(i)],

where,

V [U1(E
(i),Mi0;φ)|E(i)] = E[U ′1U1|E(i)]

=

c∑
k=0

[
∂

∂φ
{log(gik(δ)exp(βEik)))} −

∂

∂φ
{log

c∑
h=0

gih(δ)exp(βEih))}

]′ [
∂

∂φ
{log(gik(δ)exp(βEik)))}

− ∂

∂φ
{log

c∑
h=0

gih(δ)exp(βEih))}

]
· gik(δ)exp(βEik)∑c

h=0 gih(δ)exp(βEih)
. (29)
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The three different entries in the matrix in (29) are

c∑
k=0

(
∂gik(δ)
∂δ

)′(
∂gik(δ)
∂δ

)
gik(δ)

· exp(βEik)∑c
h=0 gih(δ)exp(βEih)

−

[∑c
h=0

∂gih(δ)
∂δ

exp(βEih)

]′[∑c
h=0

∂gih(δ)
∂δ

exp(βEih)

]
[∑c

h=0 gih(δ)exp(βEih)

]2 ,

∑c
k=0

[∑c
h=0(Eik − Eih)gih(δ)exp(βEih)

]2
· gik(δ)exp(βEik)[∑c

h=0 gih(δ)exp(βEih)

]3 , and

c∑
k=0

[
∂gik(δ)
∂δ

gik(δ)
−
∑c
h=0

∂gih(δ)
∂δ

exp(βEih)∑c
h=0 gih(δ)exp(βEih)

]′[∑c
h=0(Eik − Eih)gih(δ)exp(βEih)∑c

h=0 gih(δ)exp(βEih)

]

× gik(δ)exp(βEik)∑c
h=0 gih(δ)exp(βEih)

,

respectively, for the (1, 1)th, (1, 2)th and (2, 2)th partition. Note that, after taking expectation

over E, these three terms become independent of i. This implies that this V [U1(E
(i),Mi0;φ)]

is constant and given by

[
V11 V12
V21 V22

]
. Using the same line of arguments, it can be proved that

E[U∗2 (Ai, Ei, Ri; δ)] = 0 and V [U∗2 (Ai, Ei, Ri; δ)] is constant and given by W11.

Appendix C: Proof of the asymptotic results

Assume that both U1 and U∗2 admit all the second derivatives for almost all of their random

arguments and for all parameter values in an open neighbourhood of the true parameter φ0 , which

are bounded by integrable functions with finite expectation. We first claim that

ωE

[
∂

∂φ
U1(E

(i),Mi0;φ)

]
+ (1− ω)E

[
∂

∂φ
U2(Ai, Ei, Ri;φ)

]
= ω

[
V11 V12

V21 V22

]
+ (1− ω)

[
W11 0

0 0

]
= Σ (say), (30)

and assume this to be positive definite. Consider

E

[
− ∂

∂φ
U1(E

(i),Mi0;φ)

]
= EEE

[
− ∂

∂φ
U1(E

(i),Mi0;φ)

∣∣∣∣E(i)

]
= EEE

[
U1(E

(i),Mi0;φ)UT1 (E(i),Mi0;φ)

∣∣∣∣E(i)

]
=

[
V11 V12
V21 V22

]
. (31)

Similarly, one can prove E
[
− ∂
∂φU

∗
2 (Ai, Ei, Ri;φ)

]
= W11. This completes the proof of the claim.

Again, as both n and m tend to ∞ , φ̂n+m tends to the true φ in probability. The proof of

this consistency follows from the arguments of Lehmann and Casella (1998, p475-476) and Hirose

(2005, p68). Also, see Bradley and Gart (1962). Now consider
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1√
n+m

[
n∑
i=1

U1(E
(i),Mi0; φ̂n+m) +

m∑
i=1

U2(Ai, Ei, Ri; φ̂n+m)

]

=

[√
n

n+m
· 1√

n

n∑
i=1

U1(E
(i),Mi0; φ̂n+m) +

√
m

n+m
· 1√

m

m∑
i=1

U2(Ai, Ei, Ri; φ̂n+m)

]

=

[√
n

n+m
· 1√

n

n∑
i=1

U1(E
(i), φ0) +

√
m

n+m
· 1√

m

m∑
i=1

U2(Ai, Ei, Ri, φ0)

]

+

[
n

n+m
· 1
n

n∑
i=1

∂

∂φ
U1(E

(i), φ0) +
m

n+m
· 1
m

m∑
i=1

∂

∂φ
U2(Ai, Ei, Ri, φ0)

]
√
n+m(φ̂n+m − φ0) + op(1). (32)

Using multi-sample weak law of large numbers (Hirose, 2005, p70), we have[
n

n+m
· 1
n

n∑
i=1

∂

∂φ
U1(E

(i), φ0) +
m

n+m
· 1
m

m∑
i=1

∂

∂φ
U2(Ai, Ei, Ri, φ0)

]
P−−−−→[

ω1E

{
∂

∂φ
U1(E

(i), φ0)

}
+ ω2E

{
∂

∂φ
U2(Ai, Ei, Ri, φ0)

}]
. (33)

Using (32) and (33), we have

√
n+m(φ̂n+m − φ0) = −Σ−1

[√
n

n+m
· 1√

n

n∑
i=1

U1(E
(i), φ0) +

√
m

n+m
· 1√

m

m∑
i=1

U2(Ai, Ei, Ri, φ0)

]
+ op(1). (34)

Now, by multi-sample CLT (Hirose, 2005, p70), as both n and m →∞,[√
n

n+m
· 1√

n

n∑
i=1

U1(E
(i), φ0) +

√
m

n+m
· 1√

m

m∑
i=1

U2(Ai, Ei, Ri, φ0)

]
a−−−→ N(0, Σ). (35)

Then, from (34) and (35), we have
√
n+m(φ̂n+m−φ0)

a−−−→ N(0, Σ−1). See Lin and Paik (2001)

for a similar result.

Using the weak law of large numbers, we have

− 1

n

n∑
i=1

∂

∂φ
U1(E

(i),Mi0;φ)
P−−−→ E

[
∂

∂φ
U1(E

(i),Mi0;φ)

]
=

[
V11 V12
V21 V22

]

and − 1

m

m∑
i=1

∂

∂φ
U2(Ai, Ei, Ri; δ)

P−−−→ E

[
∂

∂φ
U2(Ai, Ei, Ri; δ)

]
=

[
W11 0

0 0

]
,

so that the two observed information matrices, evaluated at φ = φ̂n+m, can be used for estimating

the asymptotic variance-covariance matrix of φ̂n+m. In particular, the asymptotic variance of β̂n+m
can be estimated by the lower right element of the matrix

−
[ n∑
i=1

∂

∂φ
U1(E

(i),Mi0;φ) +
m∑
i=1

∂

∂φ
U2(Ai, Ei, Ri; δ)

]−1
,

evaluated at φ = φ̂n+m.
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