
2 − x
2
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Fig 60
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g�Taerr tar Jxn

k�apeq.

Fig 61
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Jxn �Qm Tana

Heyeq.

Fig 62

Sets and functions

esI kQaTa gRaf eQek emaeTI ebaCa Jae£q na. esITa ebaCaenar jnY

Aamra gRafTaek Aa�kb Fig 60-Er mt ker. � DT
Ta bel ide£q

eJ f(1)-Er value kt Heb. eJ maQay DT
 enI esTaek Aamra

EkTu mui�ey ideyiq (EkTa eqaeËa bYairekD bisey), Jaet ekaena

vul ebaCabuiCr séabnamaÕ na Qaek. �

Example 27: Jid

g(x) =







1 if 0 ≤ x < 1
3 if x = 1
2 if 1 < x ≤ 2

Hy, teb tar gRaf Heb Erkm	

3

2

1

21

�

2.2.3 Absolute value function, |x|
Ekaizk Tukera-Oyala function iney �Qm maQa Gamaena ik

ker Suru Hl tar EkTa mjar IitHas Aaeq. Aaeg function
blet xail sHj sHj ijins ebaCaeta eJguelaek ekbl Ekxana

f¯mula ideyI ilex efla Jay, eJmn x2 + 3x ba sinx EIsb.

D’Alembert naem Ekjn pi«Dt iqeln, t�ar AagRH iql ibivß

taerr badYJÛ ik ker S­ds�ië ker esI ibPey gebPNa iney. zera

g�Taerr EkTa tar, esTa Jxn k�apeq txn edxet Heb Fig 61-
Er mt ikqu EkTa. EITaek D’Alembert idibY sine, cosine
ItYaid idey ilxet pariqeln. ikÚu Jxn tarTa �Qm Tana Heyiql

txn esTa edxet iql Fig 62-Er mt, eJTa dueTa srlerxa jue�

�tr�. EIxaenI D’Alembert var� zeÝ pe� egeln, pueraTaek

EkTa function bel ik vaba Ui
t? es Aamel Euler2 bel

Aaerkjn giNtÄ iqeln, itin beln eJ dueTa Tukeraek Ekse¢g

imiley EkTa function vabet AapiÑ Qaka Ui
t ny. AbSY

es kQaTa D’Alembert-Er men zer in. EkTa function-Er
Ekaizk Tukera Qaket paer ikna EI iney Jxn ebjay t¯k 
leq

txn Cauchy (ekaiS) naem Ek fras� giNtÄ EI function-Ta
ineln	

f(x) =

{

x if x ≥ 0
−x otherwise.

2
U£
arN Aylar. IUlar ny!
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Real Analysis

�QemI ∀a ∈ AAaeq, taI	

∀a Take any a ∈ A.

Ebar EkTa ǫ > 0 bar kret Heb.

Then a ∈ Ai for some Ai.

Since Ai is open,

∃ǫ > 0 N(a, ǫ) ⊆ Ai.

∃ǫ Choose this ǫ > 0.

EI Hl Aamaedr �eyajn�y ǫ. Ebar edxab eJ N(a, ǫ) ⊆ A.

∵ Ai ⊆ A ∴ N(a, ǫ) ⊆ A, as required.

[Q.E.D]

Aamra edexiq eJ open interval-ra open set Hy, EbK open
set-edr union s¯bda open Hy. sutraK ikqu open interval-Er
union inel EkTa open set paeb. mja Hl Er Ue°TaidkTaO

sitY! maen eJekaena (nonempty) open set-ekI ikqu open
interval-Er union iHeseb ilex efla Jay. �maNTa Ee´baer

esaja	

Exercise 58: Show that every nonempty open
set can be expressed as a union of open intervals.[2]
(2013.2c) �

Soln:

Let A 6= φ be an open subset of R.

Then ∀a ∈ A ∃ǫa > 0 N(a, ǫa) ⊆ A.

Exaen HFa� xail ǫ na ilex ǫa ilxlam ekn? karN Exaen

Aamra ibivß a-r jnY paOya ibivß ǫ iney EkI se¢g kaj

krb. taI ekan ǫ-Ta ekan a-r jnY esTa exyal raxar jnY ǫa
ilexiq. iFk eJmn �sb emeyrI EkTa kukur Aaeq� elxar jnY

∀g ∈ GIRL ∃d ∈ DOG g has d

ilxelI 
el. ikÚu Ebar Jid emeyra sbaI taedr kukurek iney

ekaena kukur-�d¯Sn�et Jay teb kukuerr glay taedr mailekr nam

elxa bk
ls
 laigey edOya vaela. AKekr vaPay

∀g ∈ GIRL ∃dg ∈ DOG g has dg.

teb Ekaizk emeyr kukuredr iney Ekse¢g kaj kret na Hel dg
na ilex xail d ilxelI 
el. Aamaedr AKek ifer Aais. lX

kr eJ N(a, ǫa)-ra sbaI open interval. Eedr union inelI

eta puera A-Ta epey Jab!

58



32.521

PSfrag repla
ements
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eQek d�r©b Hl

1
2
.

Fig 113

Limit points

Example 50: Show that 2 is an isolated point of

{1, 2, 2.5, 3}.
Soln:

To show 2 is an isolated point of
{1, 2, 2.5, 3},

tar maen edxaet Heb eJ 2 ∈ {1, 2, 2.5, 3} (eJTa blaI baHulY!),

ikÚu 2 EI set-Tar limit point ny.

i.e., 2 ∈ {1, 2, 2.5, 3}, which is obvious,
and 2 is a not a limit point of
{1, 2, 2.5, 3},
i.e.,

Target ∃ǫ > 0 N ′(2, ǫ) ∩ {1, 2, 2.5, 3} = φ.

EITa eplam limit point-Er sKÄar negation iney. Fig 113
eQek edxet pai£q eJ 2 sKxYaTa bak�edr eQek EkTu tfaet Aaeq,

Aamra ǫ-Ta enb Emnvaeb Jaet esTa 2-Er inkTtm �itebS�r

d�re©br sman ba tar e
ey km Hy. Exaen 2-Er b�aidekr

�itebS� Hl 1, (d�r©b = 2 − 1 = 2) Aar Danidekr �itebS�

Hl 2.5 (d�r©b 2.5− 2 = 1
2 ). tar maenr inkTtm �itebS� Hl

2.5, Jar d�r©b

1
2 . taI Aamra ǫ = 1

2 inet pair.

∃ǫ Choose ǫ = 1
2 .

Check Then N ′(2, ǫ) = (32 , 2) ∪ (2, 52 ).

So N ′(2, ǫ)∩{1, 2, 2.5} = φ, as required.

�

Exercise 73: dYaxaO eJ n�e
r �itiT eXeÕI a sKxYaTa S-
Er EkTa limit point, ikÚu b sKxYaTa ny. qib E�ek inet vuela

na eJn!

1. S = [1, 2] ∪ {3}, a = 3
2 , b = 3.

2. S = (−1,∞), a = −1, b = −2.

3. S = (0, 1) ∪ N, a = 1, b = 2.

�

Aenk qaÕekI edexiq Jara limit point Aar boundary point
guiley efel. eJmn, Jid bil (0, 1)-Er itneT limit point
idet, teb dueTa limit point 
TpT blet pareb	0 Aar 1.
tarpr xainkXN maQa 
ulek Aamta Aamta ker bleb	 maeCr
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Fig 124

Real Analysis

∵ {0} 6⊆ {1, 12 , 1
3 , ...,

1
n
, ...}

∴ the set is not closed.

�

n�e
r AKkTa edxet AnYrkm HelO Aasel ijinsTa EkI. xail

SuruTa zirey idi£q.

Exercise 101: Correct
or justify:

{

x ∈ R : cos 1
x
= 0

}

is not a closed set.[3]
(2012.1ci) �

Soln:

�Qem eveb inI set-Ta edxet ikrkm. kxn cos 1
x

= 0 Hy?

Jxn

1
x
edxet Hy (2n−1)π2 -Er mt, eJxaen n ∈ Z. tar maen

x Heb

2
π(2n−1) -Er mt edxet. A¯Qa� Aamaedr set-Ta He£q

{

2
π(2n−1) : n ∈ Z

}

.

EkTu vabelI buCeb eJ n JtI ∞ ba −∞-r idek Jae£q, ttI

point-guela 0-r kaeq v�� jmae£q. fel qibTa He£q Fig 124-
Er mt. seÝH enI in±
yI eJ 0 EkTa limit point, AQ
 0
inej ikÚu set-Tar mezY enI. sutraK set-Ta Aar closed Hy ik

ker?

Ebar ETa zaep zaep guiqey elexa edix, iFk Aaegr AKkTar mt

ker.

�

Exercise 102: Let A ⊂ R and G be an open subset
of R. If A′ denotes the set of all limit points of A
then show that G ∩ A′ = φ whenever G ∩ A = φ. [3]
(1998,2006) �

Soln:

�Qem ilex Suru kir ik edOya Aaeq Aar ik edxaet Heb	

Given: A ⊂ R any subset, G ⊂ R open,
G ∩ A = φ.

To show: G ∩ A′ = φ.

Aamra Exaen proof by contradiction krb.

Let, if possible, G ∩A′ 6= φ.

Jid G ∩ A′ 6= φ Hy teb Er mezY AÚth EkTa point Aaeq.

EIrkm EkTa point inI	

Pick any x ∈ G ∩A′.

eJeHtu G open taI x-ek iGer G-Er mezY ikquTa f�aka jayga

pab.
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Completeness

�

7.3 Existence of supremum
eJsb set-Er ekaena upper bound Qaek na, taedr bel

unbounded above. Era Eekbaer ∞ p¯JÚ ibï�t Hy, eJmn

N,Z ba (2,∞). EI rkm set-Er supremum Qaek na. ekn

Qaek na buCetI parq	unbounded above Hel ekaena upper
bound-I paeb na, fel Aa�ulTa ekaQay erex Suru kreb?

AaerkTa set-ErO supremum Qaek na, es Hl φ. karN φ-
Er eblay Aa�ulTa b�aidek JtI sraO ekaena idnI AaTkaeb na.

Aasel φ eta ebmalum f�aka, ikes Aar AaTkaeb?

EI duI zreNr set-ek bad idel bak� sb set-Er eXeÕI

supremum Qaket bazY. EI kQaTaek bel completeness
axiom ba supremum axiom ba least upper bound
axiom. kQaTa Sunet mam�l� laget paer, ikÚu Er Apirs�m

guru©b. esI �se¢g Aamra EkTu perI Aasiq.

Exercise 114:
State the least upper bound axiom for the set of real
numbers.[1] (1997,2001,2003,2005,2009,2010,2013)

�

Soln:

If A ⊆ R is nonempty and bounded
from above, then A has a supremum
in R.

Least upper bound axiom

Exaen EkTa eqaeËa kQa bel raix	 Aamra ikÚu xail �A has a
supremum.” na ilex ilexiq �A has a supremum in R.”
� eSePr “in R”-Tuku na ilxel men Ht eJn supremum-

Ta A-r ivterI Qakeb. ikÚu esTa iFk ny, eJmn (0, 1)-Er
supremum Hl 1, ikÚu 1 6∈ (0, 1).

�

Exercise 115: State the completeness axiom of R.[1]
(2011) �

Soln:

Aaegr �S�TaI.

�

Supremum-Er jnY EkTa axiom Aaeq. Infimum-Er

jnY enI? na, karN supremum-Er axiom-Ta eQekI Aamra

infimum-Er Aiï©bO epey eJet pair. esTaI n�e
r AKek


aOya Heyeq.
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Sequences (part 1)

bn}n, {an − bn}n, {anbn}n,-O convergent Heb. ETa ebaCa

kiFn ny eJ

an ± bn → a± b, anbn → ab

Heb. vaegr eblaetO Aamra EkI kQa blet pair	an/bn →
a/b, xail buCetI parq eJ tar jnY bn, b 6= 0 lageb.

Divergent sequence-edr eblaetO g°pTa EkIrkm. Jid

an → ∞ Aar bn → ∞ Hy teb an + bn → ∞ EbK

anbn → ∞ Heb. teb Era EkTu km v�, an−bn EbK an/bn-
Er ibPey ejar idey ikqu bla Jay na.

Exercise 167: Jid an → −∞ Aar bn → −∞ Hy, teb

n�e
r sequence-guelar ibPey ik blet paera?

(i ) an + bn, (ii ) an − bn, (iii ) anbn,
�

Exercise 168: Jid an → ∞ Aar bn → −∞ Hy EbK

∀n an, bn 6= 0 Hy teb Eedr s®pe¯k ik blet paera	

(i )
1
an

, (ii ) 1
bn
, (iii ) an + bn

�

Ebar Aais sbe
ey Av�edr kQay. Jid {an}n, {bn}n dujenI

oscillating Hy, teb an + bn, an − bn, anbn, an/bn
Eedr kaUek ineyI ejar idey ik£quiT blar eja enI! eJmn

n�e
r AKkTaI zera. dujn Av�ek guN krel ikvaeb taedr

Av�taguela kaTakaiT Hy igey guNflTa v� Hey eJet paer

dYaexa	

Exercise 169: Give examples of two non-convergent
sequences {xn}n and {yn}n such that the sequence
{xnyn}n is convergent.[2] (2012.3a) �

Soln:

Let xn = (−1)n and yn = (−1)n. Then
{xn}n and {yn}n are non­convergent.
But xnyn ≡ 1, and so {xnyn}n is
a constant sequence, and hence
convergent.

�

EI AKekr UdaHrNTa ik ker banalam esTa bil, karN kaydaTa

AnY jaygaetO kaj laeg. �Qem Ja xuiS EkTa convergent
sequence ineyiqlam {zn}n, eJxaen sbsmeyI zn 6= 0. EI

AKek zn ≡ 1 ineyiq. Erpr Ja xuiS EkTa oscillating
sequence ineyiqlam {xn}n, xail eJn xn 6= 0 Hy. tarpr

yn = zn/xn ineyiq. eJeHtu xnyn = zn He£q taI {xnyn}n-
Er convergent HOya ekU eFkaet pareq na. Aar {yn}
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Sequences (part 1)

EIbar Aaeq ∀n ≥ N, taI	

∀n Take any n ≥ N.

Check Then

|bn|

=
|a1 + · · ·+ an|

n

≤ |a1 + · · ·+ aN1−1|
n

+
|aN1

+ · · ·+ an|
n

[

by triangle
inequality

]

≤ |a1 + · · ·+ aN1−1|
N2

+
|aN1

+ · · ·+ an|
n

[ ∵ n ≥ N ≥ N2 ]

< ǫ
2 +

|aN1
+ · · ·+ an|

n
[ by (**) ]

≤ ǫ
2 +

|aN1
|+ · · ·+ |an|

n

[

by triangle
inequality

]

≤ ǫ
2 +

(n−N1 + 1)ǫ

2n

karN |aN1
|, ..., |an| �etYekI < ǫ

2 , EbK Era emaT n−N1+1
jn Aaeq.

≤ ǫ
2 + ǫ

2 [ ∵ N1 ≥ 1 ]

= ǫ,

as required.

�

Exercise 186: If limn→∞ xn = ℓ, show that

lim
n→∞

x1 + x2 + · · ·+ xn

n
= ℓ.

[3] (2010.4b) �

Soln:

Aaegr AKkTaI, xail 0-r jaygay ℓ.
�

D
A
Y

1
2

Recurrence relation
Aenk smey EkTa sequence-ek recurrence relation idey

�kaS kra Hy eJmn	

an = 2an−1 − 1.
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EI point-Tar
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Fig 199
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zaerkaeq Aar ekaQaO

ker na.

Fig 200

Continuity and Limit

D
A
Y

1
6

Limits
esI UgRp«Q�edr erllaIn va�ar Upma men Aaeq? esxaen Aamra

va�a jaygaTay erllaIenr b�aidekr �aÚ Aar Danidekr �aeÚr

kQa beliqlam. gRaf eQek EI duI �aeÚr Ab³Qan edexI Aamra

ibivß zreNr discontinuity-ek Aalada kret iSexiq. EI

b�aidekr �aÚTaek bel left limit, Aar Danidekr �aÚTaek bel

right limit. Fig 196 dYaexa. Exaen x = a-et f(x)-Er
value Hl p. ikÚu x = a-et f(x)-Er right limit Hl q,
Aar left limit Hl r. EI kQaTaek Aamra sKeXep ilxb	

f(a) = p, f(a+) = q Aar f(a−) = r.

Right limit-ek f(a+) qa�a limx→a+ f(x) iHesebO elxa

Jay. taI Aamra EvaebO ilxet partam	

lim
x→a+

f(x) = q Aar lim
x→a−

f(x) = r

Ebar Fig 197 dYaexa. Exaen x eJidk ideyI a-r kaeq Aasuk,

sbsmeyI f(x) Jae£q q-Er kaeq. EeXeÕ Aamra bil eJ x =
a-et f(x)-Er limit Hl q. (A¯Qa� left ba right kQaTa Aalada
ker Aar ilix na.)

16.1 Domain-Er baIer limit
Aa£qa, limx→a f(x) bar krar jnY ik a-ek f(x)-Er

domain-E Qaket Heb, maen f(a)-Ta exist kret Heb? Emn

ik Het paer eJ f(a) Hl undefined, AQ
 limx→a f(x),
idibY exist ker? UÑr Hl, H�Ya, EmnTa séb, ikÚu EI jaygaTa

EkTu sabzaen buCet Heb.

Fig 198-Er gRafTar kQaI zera. Exaen f(a) Hl undefined.
(eJeHtu x = a-et gRaefr ekaena ibÝu enI). ikÚu taO

limx→a f(x) = q. sutraK x = a function-Tar domain
of definition-Er baIer p�elO limx→a f(x) exist kreq.

ikÚu sb smeyI eJ EmnTa Heb Emn kQa enI, eJmn Fig 199-
Er eXeÕ f(x)-Er domain Hl D, Aar a reyeq D eQek ebS

ikquTa d�er. EeXeÕ AbSYI limx→a f(x) iney kQa blar ekaena

maenI Hy na!

Erkm AaerkTa séabnar kQa bel EI �se¢gr Iit Tain. Fig
200-E f(x)-Er domain Hl D = [0, 1]∪ {2}. Exaen f(2)
AbSYI exist ker, ikÚu ExaenO limx→2 f(x)-Er ekaena maen

Hy na, karN 2 reyeq D-Er bak� point-edr eQek EkTu tfaet.

sutraK AaSa kir buCet parq eJ, f : D → R Hel ekbl maÕ

txnI limx→a f(x)-Er �s¢g etala eJet paer Jxn a Heb

D-Er EkTa limit point. men erexa eJ, a ikÚu D-Er limit
point HelO limx→a f(x) naO exist kret paer, ikÚu limit
point na Hel exist krar �S�TaO OeF na. iFk eJmn eJ eqel

kelej vi¯tI Hy in, tar peX kelejr pr�Xay paS kra ba na

krar �S�I enI.
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Fig 233

Sequences (part 2)

{xn}n is convergent. �

Ebar EkTa eqaeËa Fkaena AKk idI, Eet vaPar EkTa s�½ p�Ya


Aaeq, zret paera ik na dYaexa!

Exercise 274: EkTa sequence-Er sbguela convergent
subsequence-I Jid EkI limit-E converge ker, teb m�l

sequence-TaO ik convergent HebI? �

19.1 Bolzano-Weierstrass for sequences
Aamra barbarI bliq eJ EkTa sequence inej converge na

krelO tar ekaena EkTa subsequence ikÚu converge krelO

kret paer. Ebar EI kQaTarI EkTa Aaera ejardar sKîrN

Ebar �maN krb	 EkTa sequence Jid bounded Hy teb

tar AÚth EkTa subsequence ikÚu converge krebI! EI

kQaTaek bel Bolzano-
Weierstrass theorem for sequences. Aaeg Aamra

eJ Bolzano-Weierstrass theorem for sets keriqlam, tar

se¢g Er Ginì s®p¯k Aaeq, esTa Aamra EkTu perI edxb.

Exercise 275: Prove that every bounded sequence in
R has a convergent subsequence. [4] (2001,2003,2011)
�

Soln:

EI AKkTa ikqu b�, taI zaep zaep krb.

Step 1 : Shall show: Every sequence

has either a nondecreasing or a
nonincreasing subsequence:

ekaena sequence-Er gRaf Aa�kar bYaparTa Ebar xub kaej

Aaseb. EkTu Cailey enOya Jak. Fig 232(a)-et EkTa

sequence-Er gRaf reyeq. ETa kxena UFeq, kxena nameq,

A¯Qa� increasing ba decreasing ekaenaTaI ny. Fig 232(b)-
r sequence-Ta ikÚu increasing. Aar Fig 232(c)-rTa
decreasing.
Ebar EkTa ntun ijins Aamdan� krb	

Call n ∈ N a ”balcony” if ∀k > n we
have an > ak.

EI “balcony” kQaTa ekaena standard term ny, ekbl

Aamaedr elxar suibzar jnY �tr� kra. bYaparTa ebaCar jnY Fig
233 dYaexa. Exaen kaela kaela ibÝuguela Hl balcony. sadaguela
ny. qib edex ETa ik ker ebaCa Jae£q? zera tuim EkTa kaela

ibÝuet Aaeqa, esxan eQek esaja Danidek takaO, DYaS
 DYaS


t�r i
ò brabr. lX kr eJ etamar d�ië ekaQaO baza paeb na,

A¯Qa� Danidekr Aar ekaena ibÝu etamar Oper maQa etaelin. EI
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Sequences (part 2)

Pick any uk ∈ Un.

Then uk = sk + tk, where sk ∈ Sn and
tk ∈ Tn.

∴ sk ≥ inf Sn and tk ≥ inf Tn.

∴ uk = sk + tk ≥ inf Sn + inf Tn.

So inf Sn + inf Tn is indeed a lower
bound for Un, completing the proof.

�

Exercise 302: If {un}n and {vn}n are bounded
sequences, prove that

limun + limvn ≥ lim(un + vn).

[2] (2011.4c) �

Soln:

EI AKkTa EekbaerI Aaegr mt, xail lim inf-Er jaygay

lim sup, taI Aar ntun ker krlam na.

�

D
A
Y

2
2

Cauchy sequences
AarbYrjn�r ge°p Ekrkm ijenr kQa Aaeq Jara Aakaer ibSal,

emeGr mt puera AakaS eqey 
airidk A«zkar ker efel AQ


Aabar eqaeTa Het Het EkTa kls� ikKba nisYr ek�eTar mezY

idibY E�eT eJet paer. ekaena ekaena sequence-ErO EIrkm

³bvab. Eminet eJ ekaena sequence-EI infinitely many
term Qaek, ikÚu EIsb sequence-edr eXeÕ term-guela

pr³perr EtI kaqakaiq eJ Ait Xu� jaygar mezYI �ay sbguela

term-I E�eT Jay. ��ay sbguela� blar karN EI eJ Aenk

smey ega�ar idekr finitely many term baIer eQek Jay, bak�

infinitely many term Zuek Jay eqaeTa jaygaTukur mezY. EI

rkm sequence -edr bel Cauchy sequence.

Example 82: zr EI sequence-Ta	1, 1
2 ,

1
3 ,

1
4 ,

1
5 , ... Fig

250 edxelI buCeb eJ term-guela ik rkm 0-r kaeq v�� ker

Aaeq. tuim Aamaek Jt eqaeTa xuS� EkTa ǫ > 0 daO, Aaim �ay

sbguela term-ekI ǫ saIejr EkTa ek�eTaet ver eflet parb.

eJmn Jid ǫ = 1
3 daO, teb �Qm itneT term baed bak� sbaI

(0, 1
3 )-r mezY zer Jaeb (Fig 251). Jid ǫ = 1

10 daO, taHelO

�ay sbaIekI Aaim (0, 1
10 )-Er mezY epey Jab, xail �Qm dSTa

baIer eQek Jaeb (Fig 252).
EkI kaj kra Jaeb eJ ekaena ǫ > 0-Er jnYI. taI EI

sequence-Ta EkTa Cauchy sequence. �
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Fig 302

More on continuity

∴ f cannot be uniformly continuous
on (0, 1].

�

EkTa function edOya Qakel ik ker buCb esTa uniformly
continuous ikna? EI �eS� Ees AenekI xaib xay. n�e
r

AKkTa krel AenkTa zarNa Heb.

Exercise 386: Prove or disprove: sin x
x

, x > 0 is
not uniformly continuous.[3] (2013.6c) �

Soln:

sb smeyI janeb eJ function-Tar gRaefr AadlTa jana Qakel

suibza Hy. Exaen gRafTa edixeyiq Fig 302-E. EI gRafTa eJ

Erkm edxet Heb esTa ikÚu Haet E�ekI ebaCa Jay, EIvaeb	

Aamra jain eJ sinx-Er gRaf Hy eZU exlaena, eZUguela −1
eQek 1 p¯JÚ OFanama ker. sutraK

sin x
x

eJ OFanama kreb

1
x

eQek − 1
x

p¯JÚ Eet Aar Aa±
e¯Jr ik Aaeq? sutraK �Qem

1
x

Aar − 1
x
-Er gRaf dueTa Ha°ka ker E�ek naO, tarpr taedr mezY

EkTa eZU exlaena laIn E�ek idelI

sin x
x

-Er gRaefr AadlTa

epey Jaeb. xail smsYa Hl x Jxn 0-r xub kaeq, txn

1
x
Aabar

∞-r kaeq 
el Jay. ikÚu Aamra Hayar esk«Dar� eQekI jain eJ

limx→0+
sin x
x

= 1. sutraK Aamaedr eZUTa 1-Er ga eG�es Suru

Heb.

Ebar 
T
 ker gRafTar gay e
ax builey dYaexa ekaQaO va�ae
ara

ikqu Aaeq ikna. Jid Qaek eta discontinuous, sutraK

uniform continuity-r AaSa esxaenI eSP. Exaen AbSY es

smsYa enI. Ebar dYaexa gRafTa ekaQaO v�PN v�PN xa�a Hey

UFeq (ba nameq) ikna. v�PN v�PN xa�a Hey OFa kaek bel

tar nmuna Aaegr AKekI edexq. Exaen esrkm ekaena smsYa

enI. bYs
 tuim ini±
Ú Hey blet paera eJ ETa uniformly
continuous HebI.

Shall show that f(x) = sin x
x

is
uniformly continuous on (0,∞),

�S� Hl �maN krb ik ker? Aamra jain eJ EkTa continuous
function sbsmeyI closed, bounded set-Er
Uper uniformly continuous Hy. ikÚu Exaen domain-Ta Hl
(0,∞), eJTa closed-O ny, bounded-O ny! sutraK srasir

sKÄa eQek �maN krar e
ëa kir	

ie,

Target ∀ǫ > 0 ∃δ > 0 ∀x, y ∈ (1,∞)
(

|x−y| < δ =⇒ |f(x)−f(y)| < ǫ
)

.

∀ǫ Take any ǫ > 0.

Ebar EkTa ∃ Aaeq, sutraK Fa«Da maQay i
Úa kret Heb.

�Qem lX kr eJ Aamaedr domain-Ta (0,∞) HelO OTaek
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Countability

For x ∈ I let Ax =
(

f(x−), f(x+)
)

.

Then Ax is nonempty and open.

Also, ∵ f(x) is monotonic,

∴ x 6= y ∈ I we have Ax ∩ Ay 6= φ.

Ebar iFk Aaegr AKekr JuiµTaI lagab	

Since Q is dense in R,

there must be a rational qx ∈ Ax.

Let B = {qx : x ∈ I}.
Consider the function f : I → B
defined as f(x) = qx

It is onto by definition.

Also, it is one­one.

[[ Because:

∵ Ax’s are disjoint,
∴ qx’s are distinct.

]]

So f : I → B is a bijection.

So I and B are equipotent.

But B ⊆ Q and Q is countable.

So B is countable.

So I is countable, as required.

�

30.2 (0, 1), [0, 1] nonenumerable
EI bIeyr Pì AzYaey terminating Aar nonterminating

decimal expansion-Er kQa iSexiqlam, men Aaeq? esI eJ

Georg Cantor naemr esI mjadar v�elaekr kajTa? Ebar

eJ AKkTa iSxb esTaO EkI v�elaekr miï²k�s�t. EbK Exaen

decimal expansion-Er bYaparTa lageb. EkTu men kirey idI.

Aamra jain eJ

1
2 -ek elxa Jay 0.5. Eek bel

1
2 -Er decimal

expansion. Exaen point-Er per xail EkTaI sKxYa Aaeq.

eJsb decimal expansion-E point-Er per xail finite
sKxYk sKxYa Qaek, taedr bel terminating decimal
expansion, eJmn 0.23 ba 12.3784. Aenk sKxYar ekaena

terminating decimal expansion Qaek na, eJmn

1
3 . Er

decimal expansion Hl 0.333 · · · AaerkTa UdaHrN Hl√
2 = 1.414.... Erkm decimal expansion-edr bel

nonterminating decimal expansion. Pì AzYaeyI

iSexiqlam eJ, sb sKxYar terminating decimal expansion
na QakelO, �etYekrI EkTa ker nonterminating decimal
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