Sets and functions

(AR FIOT ATF (AP (WG (ST AR AT | IZ6T ([T S
SINET AFONE S Fig 60-98 XS I | & THoT e e
@ f(1)-€F value ¥ | (I AT TG (78 CHOIF AT
@G Nern My (96T @G RS ABE), ACS @I
e WIRRE SR A A | [

Example 27: ™

1 ifo<ze<l
glz)=1¢ 3 ifz=1
2 ifl<ae<2

2, OF O AF A GFFH—

3 °
27 e
19—

1 2

2.2.3 Absolute value function, |z

QFIEF GHE-SA function N 24N S «=ican =
FE N 2 OF 401 e oLt WR| Wl function
JeCS Qfe] A2 F2E f&f [@IRCSN (LEAE (F961 QI
FE e fone e Tw, @9 22 4 3z T sinz 9@F|
D’Alembert wIH @Fee sifgw forem, $a oz e [fen
O A [ FE IS 0 1R <A I e | e
ST @61 O, 6T I9+ 97 9% MU &3 Fig 61-
@F Yo g @07 @ZF D’Alembert M7 sine, cosine
Tonfi fACw forare siraferer | g w2e OIRoT 29 5 2oafee
O 0T AC® f2& Fig 62-97 9, (67 40T SRR Y
todl | @222 D’Alembert ©IS1 40 2Y e, 2[RGIH
@357 function I F SRT Bfow? 37 ome Euler? e
e ofdee forere, fofd @ @ qior GReEns qiel
fRfera @61 function ©RCS W& AT TH® T o=
o1 T D’Alembert-@9 N9 €& {71 @361 function-€3
QFIEF GICEAT WS AR o1 @2 @ q99 @O oF beng
@2 Cauchy (1) W @F w7 ofdo® €2 function-o1

T ifxz>0
flz) = { —x otherwise.

29w ST | 28 )
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Real Analysis

| I—
2N, Va € ATNR, O12—

Take any a € A.

GIJF GJF0T € > 0 I FAO T |

—
Then a € A; for some A;.

Since A; is open,
Je >0 N(a,e) C A,.
Choose this € > 0.
@2 2o HWME AT €. G3[ MR & N(a,e) C A.
"~ A; CA - N(ae) C A, as required.
[Q.E.D]

SI9AT MeAfR T3 open interval-F open set ¥, €3 open
set-TAd union ¥4 open 2| IOAR fF7 open interval-a3
union 1 @FGT open set *MA| TeT 2o &7 THIMFOTS
6y | W I (nonempty) open set-tF2 fFg open
interval-98 union 2GR foity (Fell AR | 2T QAR
CreT—

Exercise 58: Show that every nonempty open
set can be expressed as a union of open intervals.[2]
(2013.2c) W

Soln:

Let A # ¢ Be an open sueset of R.
Then Vae A Je, >0 Nla,e,) C A.

QU BT e ¢ o ol ¢, FRETN @7 IEI QLA
oEr [{fem -7 & orew [fem ¢ Fm @32 Stenr Fre
I | OIR (P e-B1 (Fe a-F &) GIO1 (AA AL &) ¢,
forafe | B e “7 (WIeE @30T FhF SR &L S

Vg € GIRL 3d € DOG g hasd

o2 ore | g @A A WA R o [ 0w
I FIF-2HANCS T O FTREF 1T SIS WA A1
TR e P (ST SICeTl | SRPe @I

Vg € GIRL 3d, € DOG g has d,.

O(F QI WA FLAGH [ G e FAS A1 A d,
o for el d foraeei oeel | oo SRS e St o
F9 @ N(a, €,)-F1 K12 open interval. €M union a2
TT S[ET A-GT (ot A9}

—
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Limit points

Example 50: Show that 2 is an isolated point of

{1,2,2.5,3}.
SOLN:

To show 2 is an isolated point of
{15272'573}5

OF W TS ™R W@ 2 € {1,2,2.5,3} (IO =712 A0 1),
% 2 @2 set-0r limit point =¥ |

F . . . -
e, 2 € {1,2,2.5,3}, which is oBvious,

and 2 is 8 Nnot a limit point of
{1,2,2.5,3},

ie.,
Target Je>0 N'(2,¢6)n{1,2,2.5,3} = ¢.
—
@ZBT {2/ limit point-93 FREE negation x| Fig 113
U WATS MR 7 2 IRANT IAFITA (WF 4FG OFS T,
IR -0 (74 QNTeNd A0S o7 2-99 foabon aAferaea
FHCOE AN A O O W ™| QA 2-97 s
A 21 1, (71 = 2 — 1 = 2) W oMy Al
7 2.5 (FF°9 2.5 — 2 = }). O e fAwvow aAfes g
2.5, FE T 1. 0% OET € = £ o Sfif¥ |

— 1
Je Choose € = 3.

Check Then N'(2,¢) = (2,2)U (2, %)

So N'(2,e)N{1,2,2.5} = ¢, as required.
]

Exercise 73: WIe (T o oS0 tF@2 o FA061 S-
@F @IFOT limit point, g b FRANGT 1| =R dF fre e
Cicol

1L S=[1,2]u{3}, a=3, b=3.

2. S=(-1,00), a=-1, b=-2.

3.8=(0,1)UN, a=1, b=2.

P AL MR TR limit point ¥E boundary point
e el @we, 3w Afer (0,1)-98 fO7G limit point
fats, S& 9o limit point 66°F I#CS ARE—0 WF 1.
OFAR TF6e [T Qe NS A9 H(H IeF— N
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Real Analysis

{0} Z {1, 5,5, 1, 0
.. the set is not closed. Fig 124
]
O BN (AT TTFH S A ST @32 | 21fer
o1 4fsew iz |
Exercise 101: Correct

or justify: {x €R : cos1 =0} is not a closed set.[3]
(2012.1ci) W
Soln:

YA TOF (@18 set-bT (MATS FdN | FI9 cos% =0 2q°
U L oS 2 (20— 1) 249 WO, (T 1 € Z. O [
x TJ -QF O WMACS | e STNWA set-5T 20

{W(anl) T neE Z} .

@FQ ORCEE JHE @ n T92 0o A —oo-F M@ AR, ©9L
point-(aT 0-7 FE ST TR | e o7 2708 Fig 124-
@F IO | Mwg @2 {672 (7 0 @I limit point, =¥ 0
foler 5% set-BTa WXy (12| TOAR set-0T O closed =0 &
FE?

QI @O &Aoo YR (0T MR, 3 o ko ¥
3 |

__2
m(2n—1)

Exercise 102: Let A C R and G be an open subset
of R. If A’ denotes the set of all limit points of A
then show that GN A’ = ¢ whenever G N A = ¢. [3]
(1998,2006) W

Soln:

2N fone =g S & e =g o T mere ww—

Given: A C R any sugset, G C R open,
GNA=¢.

To show: GN A" = ¢.
SNET @914 proof by contradiction 811
Let, if possiele, GN A’ # ¢.

M GNA # ¢ 2 NI GF N IF9 GF0T point MR |
Q3TN GJ0T point HE—

Pick anyz € GN A'.

29 G open O z-&F W& G-97 W&y Qo1 FTH @2
A
—
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Completeness

7.3 Existence of supremum

(TR set-@9 (PMAT upper bound ACE «1, SO (&
unbounded above. @I GFEE oo #¥F [F© =A, T
N,Z T (2,00). €2 9% set-49 supremum ACF 1| (&
P 91 AL 2IFe—unbounded above 2@ (&I upper
bound-2 #TA =, FT OG0T (FIAR ([ ¥ FAI?
IIFOT set-9€ supremum UF T, T B ¢. IET p-
QF (T SeEoT M TOR AAE AT MR G 7|
IAE ¢ O ([N FIF, [T o SO 7

€% 92 HAE set-(F IM A IS N set-daF (D
supremum S A€ | G2 FUGLF & completeness
axiom 1 supremum axiom < least upper bound
axiom | FOT *F[S Y& 7S oMF, 7 @7 FAFAT
T | TR 2P SINAT @FG (F2 SR |

Exercise 114:
State the least upper bound axiom for the set of real
numbers.[1] (1997,2001,2003,2005,2009,2010,2013)

[ ]
Soln:
—

—— LEAST UPPER BOUND AXIOM —
£ A C R is nonempty and Bounded
from arove, then A has a supremum
in R.

—

QI Q0T (=IET F2T (e AMR— ST [5G 20fe1 “A has a
supremum.” = foitd feaf® “A has a supremum in R.”
& EF “in R?-§F 1 1@ M@ TS @ supremum-
O A-7 foomg s@l g oo B, @ (0,1)-93
supremum = 1, &% 1 & (0, 1).

|
Exercise 115: State the completeness axiom of R.[1]
(2011) W
Soln:
AR %GR |

|
Supremum-98 ¥ €F0T axiom WMZ| Infimum-93
Gy (727 o, F€9 supremum-93 axiom-0T (AL AN
infimum-93 GRF*IS I @S AR COR Wod WS
BIeIT AR |
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Sequences (part 1)

bi Yo, {@n — bn Y, {@nbn }n,~€ convergent = | QBT (1R
™

anp b, > a+tb, a,b, — ab

@ | OO ([0S WINA AFR FA @S Alf—a,, /b, —
a/b, Afe1 TSR AR (T O & by, b # 0 |
Divergent sequence-Md @08 =0T AL | T
ap, — 00 W b, - o0 W 9F a, + b, — 00 4R
anby, — 00 I | O G 4FG FN ©H, a,,—b, 9K a,,/b,-
@7 R o o g e =y A

Exercise 167: 3% a,, — —oc0 WH b,, — —00 &, OR
T6F sequence-@TH [Faww & @S AT 7

(l) 429 +bn7 (”) Ap — bn7 (7/”) anbnu

|

Exercise 168: I a, — co WA b,, —» —o0 T €R
VN Gy, b, #0 20 9@ Q@A THE [ 600 oAE—

(i) o= () 5o (1) an + by

|

QIF ST FAEE Touwd FAF| I {a, ), {by}n O
oscillating &, @ a, + bn,an — bn,anbn,an/by
amF I e o i gt e o @) @
qOF SRFOI2 QAT GO AOWE 7 FAE [FONI OIS
TOROFE SO0 20 Pt el ou = @S A
RTCT—

Exercise 169: Give examples of two non-convergent

sequences {x,}n, and {yn}, such that the sequence

{ZnYn}n is convergent.|2] (2012.32) B
Soln:

Let z, = (-1)" and y, = (—1)". Then
{zn}n 8nd {yn}n 8re noNn-converecent.
But z,y, = 1, and so {x,yn}n is
a constant sequence, and hence
converaent.

[ |
@2 ORFH TATRRCDT [ HCE AN GIoT 36T, FTE9 PrAAGT
@) SIS Fer AN AW A YF @I6T convergent
sequence GAREN {z,},, TICT WAL 2, # 0. 92
EF 2z, = 1 @Rl «@@om W R @I oscillating
sequence CARETN {x,,},, 9@ & 2, # 0 2| OEF
Yn = Zn/xn ﬁa]ﬁl mfﬂnyn = ZzZp AR w {xnyn}n_
@F convergent 2SAN (PO FIF(S A2 11 AF {y,}
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Sequences (part 1)

| I—
O&I[ BME Vn > N, 98—

—
Vn Take any n > N.

Check Then
|0y
. |a1+...+an|
o n
< |a1+"'+(IN1—1|+|aN1+---+an| By trianale
- n n inequality
<t dav] am e Fal s ys g,
N2 n
a ++a
< %_i_w [5y (**) ]
< £+|GN1|+"'+|an| By trianale
- 2 n inequality
(n—N1+1)6
< e NPT AT AR
< 35+ o
—
IR |an, |, .., |an| ATONPR < §, @R G O n— Ny +1
el (R |
—
< S5+5 [N>1 ]

2
€

as required.

|
Exercise 186: If lim, .., x, = ¢, show that
R T S
n— 00 n
[3] (2010.4b) B
Soln:
SIOF SRFO1R, 2AfeT -7 S L.
[ |

DAY 12

Recurrence relation
AT AN 0T sequence-(F recurrence relation faca
P I 2 TNT—

ay = 20,1 — 1.
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DAY 16

Continuity and Limit

Limits

72 TR TN OIS TN W SR 7 (AL ST
N6l SO ([FETeTaed IMEE A% SF UmE 2T
P JEREAN | AF (AF 92 q2 BT PR (XL ST
fifen «aeR discontinuity-(& <memr Fcs FrfRl @2
fifaeea ABEE A left limit, S1F SHWEE 2ATHF 0T
right limit. Fig 196 WRAT| @AM © = a9 f(x)-€F
value &1 p. % x = a1 f(z)-99 right limit 2 ¢,
94 left limit 26T r. @2 FAGIF SN FREF 17—

fla)=p, flat)=q 9 fla—) ="

Right limit-t& f(a+) =91 lim, . f(2) fRo@e e
M| o2 AT @OIEe e sos—

Jm fa) =g = lim f(a) =r

@3 Fig 197 WA | QA o AT MR -7 2 S,
STNEE f(x) OR ¢-9F MR | QUHA AN A6 T o =
a-t3 f(z)-99 limit 2o ¢. (W97Q left A right FGT Srem™r
F o e arl)

16.1 Domain-@3 A2A limit

Rl lim, ., f(r) € IR G0 & a-F f(x)-99
domain-9 UFCS T, WA f(a)-0 exist FAO LI? AN
& =@ @ @ f(a) =91 undefined, 9o lim, _,, f(z),
iy exist @7 Tog 2o, &, QW07 e, [Fg 98 STIONGT
QY AR JHS = |
Fig 198-43 ATFGIE FUR LAT| @AM f(a) 21 undefined.
((M2Q 2 = aT® WF @A g @) 5 ors
lim, o f(x) = ¢. M99k = = a function-619 domain
of definition-98 X 2ICETS lim,, ., f(z) exist FAR
g 9 IR (T GIN0T I AN I 712, @99 Fig 199-
@F @ f(z)-99 domain & D, 9¥ q TR D {F &
fFR0T 9 | Qe SRR limy, ., f () 00 1 FoT= e
A2 7T T
QI W(FF0T AR I A& @2 2w 2fs Oifv | Fig
200-4 f(z)-43 domain = D = [0,1]U{2}. €91 £(2)
SR exist F(E, G QNS lim, o f(2)-97 @A WA
2 T, IEI 2 AR D-4F 9 point-TF (T 4FG SFCS |
O ST S WS AR (7, f: D — R & (@< M@
O limy, ., f(2)-99 257%] (OeT (A 2 II9 ¢ WS
D-&3 @367 limit point. N &A1 &, a &g D-97 limit
point &€ lim, _,, f(z) M8 exist FAS M, g limit
point =T (@ exist FAR PGS 8T 1| B=F T T =
FENS O 77 o, OIF AF FCESTH A[HH A A AT A
A 28 2|

199

T = a-To Fyg
f(x) defined =

Fig 198

/\/

|

|

|

|

|

|

|

|

I
a

‘ Domain

@2 point-bm= /
e f ()
w@rans defined w71

Fig 199

z = a® f(x) /
exist ¥ G, [FY
YRR AT (IANS
I «rl

Fig 200



Sequences (part 2)

{zp}n is convergent. W

QI QTFOT (QET IFAT kT MR, QS OAF 4F0T I/ Ao
R, 40O 2T & 1wy |

Exercise 274: @301 sequence-93 e convergent
subsequence-2 M @32 limit-@ converge FH, O el
sequence—l?m B2 convergent T3I2? M

19.1 Bolzano-Weierstrass for sequences

VAT RS IR (T @61 sequence (W& converge =
FAEIS O AT @367 subsequence F% converge FA=18
IS AN O 92 FAGIRL Q0T ST (SIS FRFL
&[N FI— &I6T sequence AW bounded 2T &
O WO 0T subsequence ﬁ_{ converge FARL| @2
UGS RG] ‘Bolzano-
Weierstrass theorem for sequences. ST ST
1@ Bolzano-Weierstrass theorem for sets FAReN, ©F
Mol @7 9 TF W0, FOT WA QTG AR 3T |

Exercise 275: Prove that every bounded sequence in
R has a convergent subsequence. [4] (2001,2003,2011)
|

Soln:

@2 IRIFO1 g 3T, O12 42 40 F9 |

Step | : Shall show: Every sequence

has either a nondecreasing or a

NOoNINCreasinGg suBsequence:
(@A sequence-98 ATF  SIFE AEOT GI[ 7 IS
OOTA | @G e @eW TF| Fig 232(a)-T0 Q0T
sequence-98 AF AAR| @O FICT THY, FIAAT AN,
941e increasing T decreasing (FI612 717 | Fig 232(b)-
3 sequence-Bl ¥ increasing. W& Fig 232(c)-goT
decreasing.

GIF QBT T T STl FEE—

Call n € N a "galcony” if Vk > n we
have a, > ay. Fig 233

@2 “balcony” FGI (AT standard term =%, (e
INWA @R1E AR G (911 FAT | GTHATRGT @ &) Fig
233 WICAT | QLI PICET FICET e 29 balcony. ML
T = Ay @67 & FE @R ACR? LA QN QFOT FICET
s I, O & Ol Ui Srs, O] T
Sl o TR | ST (@ O qfS (IS AL S AT,
Gle, T I (PICAT 9 O @9 W27 (o1t | @2
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Sequences (part 2)

Pick any vy € U,,.

Then up = s + tg, Where s € S, and
tr €T,.
.8k > inf S, and t; > inf T,.
CoUER = Sk + ty > inf S, + inf T,,.
So inf S, + infT, is indeed a lower
; gound for U,, completing the proos.
[ |

Exercise 302: If {u,}, and {v,}, are bounded
sequences, prove that

limu,, 4 limv,, > lim(u, + vy,).

2] (2011.4c) B

Soln:

DAY 22

€2 SRIVT QFAER AR O, A lim inf-98 SRE
lim sup, OI2 O T9F F(H FHEIN T |
]

Cauchy sequences

IRIAGTAIA (7 QFIFN AT FAT SR A A (=17,
(NIH O oAl WS QA OIS S S (T LD
IRE (QOT TS A0 GFOT Feptl [FRIAT AT RO M
faf<y G @ A @A @A sequence-9R6 Q2FFN
Y[ | QNS T & sequence-92 infinitely many
term U@, [FY @R sequence-F @  term-eT
AT GO FRISIQ (T SIS 7 GO NEIR 208 ST
term-2 &G A “oAr FE” @ FET G2 (T OGS
SN MR W&F finitely many term J2E (F TE, IAK
infinitely many term Q& I (RIGI SRNMGREI N | G2
TP sequence (Mg A1 Cauchy sequence.

Example 82: &7 @2 sequence-01—1, %, %, i, %,

Fig
250 TCETR @ T term-o0T F 799 0-F FME OT IE
MR | f ST TS @O LA QF6T € > 0 ws, SN 21
IR term-1F2 ¢ AT QF0T (IS OF (FCS AT |
e A e = 1w, W@ 2N oA term AR TR IR
(0, 3)-9 & 4 A (Fig 251). 1 e = & w8, wrzere
AT FAMLAFL A (0, 15 )-4F T 0T T, =0T 2027 =11
M WS A (Fig 252).

OPL PO FA AE T @A € > 0-99 TO2| ©12 a2
sequence-0T @30T Cauchy sequence. ]

259

Fig 249

Fig 250
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More on continuity

. [ cannot Be uniformly continuous
n (0,1].

|
@07 function MEA AR & FE IFF T uniformly
continuous fF? €% 204 @7 W2 AR AW Ao
SRIFGI FAET SARON LHT = |

Exercise 386: Prove or disprove: Si‘;z, x> 0is
not uniformly continuous.[3] (2013.6c) W
Soln:

Target

39 IR @ (A function-G1a A SMETGT ST AT
R =W QAT ATHGT WINAR Fig 302-41 @2 AFT 7
QTN (AT I O g 209 SR [@R0 A, QTSNET—
SN Sl (F sin z-9QF ATF B TS (AT, GO —1
W 1 ofE SN | OAR SEL (3 SN IR L
W —L offs are W e R wirey (e o L
A — L@ AT o7 T SR S A, O[AT O T
GFOT T Al MR i eei? SLLo@qq o SmeTor
cwwmrr%mwwxwoagﬁw—w SIEIE|
mawwmlﬁr{wwmﬁm@wﬁm
lim, o4 S22 = 1. SRR SIS BT 1-4F o 7 g
Eell

QI1F B6, FE AFGE M OIY o1 W (HIAS STSIOIRT
fFg @z Pl IM ACF ST discontinuous, TOAR
uniform continuity-8 ST IRIAE ¥ | QAT ==
ST (2| G WCAT ATF0T (FIAMS SIF ©IFel A8l 2
Tig (1 ANrR) el S SlEe «rer W @I INE A
O T SO GFE (AR | QR ORI (I AT
@2l I oW s =@ IS A (@ @61 uniformly

continuous TI2|

Shall show that f(z) = =2z js

x

uniformly continuous on (0, co),

oM 25 219 1 [F @7 AW @ifel (7 @I continuous
function SNIZ  closed, bounded set-«ag
T uniformly continuous 2% | g @9 domain-5T =&
(0, 00), TIOT closed-€ 7%, bounded-€ 7| JSAR FAAE
TR@[ (W AN FAF HI Bl—

—
ie,

sinx

=1

Fig 302

Ve>0 30>0 Yo,y e (1,00) (lz—y| <d = [f(2)=f(y) <e).

Take any € > 0.
—

@JF @FOT I OME, JOAR Irer WA oI IS T
2N F FF T ANWMA domain-0T (0, 00) S €HIH
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Countability

For zellet A, = (f(z—), f(z+)).
Then A, is nonempty and open.
Also, “* f(x) is monotonic,

- Lr#yelwehave A, NA, # ¢.

@JF 3 SR w)@e IR AR —

—
Since Q is dense in R,
there must Be a rational ¢, € A,.
Let B={q, : =z €I}

Consider the function f : I — B
defined as f(z) = ¢,

K is onto By definition.
Also, it is one-one.

[ Because:
- Ag’s are disjoint,
.z s are distinet.
|
So f:I — Bis a Bijection
So I and B are equipotentt.
But B C Q and Q is countarle.
So B is countagle.
So I is countarle, as required.

30.2 (0,1), [0, 1] nonenumerable

@2 J2FE ¥ WA terminating SM€ nonterminating
decimal expansion-a8 I AR, N7 =MR? G2 @
Georg Cantor «I(NE (12 VEGMH CR(EFH IS017 QI
¥ SRFOT AT (0TS a2 SUENFA TS | Gk QI
decimal expansion-&g J2RGT O | @G NI P M2 |
AT Sl (7 L @2 AW 0.5, @& A 199 decimal
expansion. €2 point-&@F 7(F 2feT @F618 MRAN MR |
@ decimal expansion-@ point-&@8 (& M finite
YT AT AP, OMA (@ terminating decimal
expansion, IV 0.23 1 12.3784. @F FRAE (PIAT
terminating decimal expansion A =T, TN % g
decimal expansion & 0.333 ... S(IFOT TARAT =T
V2 = 1.414.... €399 decimal expansion-tng el
nonterminating decimal expansion. ¥ AL
fRicafesi™ (7, 39 MAE terminating decimal expansion
A ARETS, ATONFAR AF6I F(A nonterminating decimal
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