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1 Review of measure theory and integration

1.1 Measure theory

Definition 1. Let Q) be a non-empty set, and F a class of subsets of (). The
class F is a field if

e Qe F;
e A € F implies that A € F;
o A, B e F implies that AUB € F.

Definition 2. A field F of subsets of Q is a o-field if Ay, Ag,... € F
implies that | J, | An € F.

Definition 3. Let F be a collection of subsets of Q. A function p from F to
[0, 0] is countably additive if u(A) < oo for some A € F and for disjoint
F-sets Ay, Ag, ... such that | Jo-; A, € F, it holds that

K (U An> :ZN(An>

If F is a o-field, then a p satisfying the above is a measure and (2, F, i) is a
measure space. If F is a o-field and () < oo, then u is a finite measure.
If F is a o-field and there exist Ay, Asa,... € F such that Q = A UA3U. ..
and u(Ay) < oo for all n, then p is a o-finite measure. If F is a o-
field and p(Q) = 1, then p is a probability measure and (2, F,pu) is a
probability space.

Exercise 1.1. If F is a field and p is countably additive on F, show that
0 e F and



Theorem 1.1 (Caratheodory extension theorem). Suppose that F is a field
on Q, and p is a countably additive function on F. Then, there exists a
measure p* on (2, 0(F)) such that

w*(A) = u(A) for all Ae F.

The above theorem, which is ubiquitous in construction of measures, is
Theorem 11.2, pg 166, of Billingsley (1995).

Definition 4. A sequence of sets A, increases to a set A, denoted by A, T A
if Ay C Ay C ..., and A=, An. Similarly, A, | A is also defined.

Definition 5. A family M of subsets of ) is a monotone class if

e (closed under monotone union) A, € M and A, T A implies that
AeM,

o (closed under monotone intersection) A, € M and A, | A implies

that A € M.
The following is Theorem 3.4, pg 43, of |Billingsley| (1995).

Theorem 1.2 (Monotone class theorem). If F is a field, and M is a mono-
tone class, then F C M implies that o(F) C M.

Theorem 1.3 (Uniqueness). Suppose F is a field, and uq, po are measures
on (2, 0(F)) which agree on F and are o-finite on F. Then

p1 = 2
Proof. Follows from Theorem ]

Definition 6. A non-empty collection S of subsets of Q2 is a semi-field if
A, Be S implies ANB €S and A € S implies

A=A U...UA,,
for some disjoint Ay,..., A, € S.
Exercise 1.2. If S is a semi-field, show that
F={A1U...UA,: Ay,..., A, €S are disjoint}
is the smallest field generated by S.

The following corollary of Theorems [I.1] and [T.3] will be most useful for
us.



Corollary 1.1. Suppose that S is a semi-field on Q, and p: S — [0, 00] is
a countably additive function. Then, there exists a measure p* on (2, 0(S))
such that

W (A) = pu(A) forall A€ S.

Furthermore, if p is o-finite on S, then p* is unique.
Exercise 1.3. Prove Corollary[1.1}

Exercise 1.4. Let 1 and pa be measures on (R, B(R)) defined by

p(A) =#(ANQ), p2(A) = 2#(ANQ), A € B(R).

Show that py, pa are o-finite and agree on S = {(a,b)) "R : —o00 <a <b <
oo} which is a semi-field but they do not agree on (R,o(S)). Corollary[1.]
thus fails if p1 and pe are o-finite, but not on S, and everything else holds.

Definition 7. For d > 1, B(R?) is the Borel o-field on R?, that is, the
o-field generated by all open sets in RY. A measure i on (Rd,B(Rd)) s
Radon if

w(K) < oo for all compact K C RY.

The following, which is Theorem 12.4, pg 176, of Billingsley (1995)), is
fundamental to probability theory.

Theorem 1.4. If F': R — R is a non-decreasing right continuous function,
then there exists a unique Radon measure pn on (R, B(R)) such that

1((a, b)) = F(b) — F(a),—o00 < a<b<oo.
Furthermore, if F(c0) =1 and F(—o00) = 0, then u is a probability measure.
In Theorem the following conventions are used:

F(00) = lim F(x) if it exists, and F(—o0) = lim F(z) if it exists.

T—00 T—r—00

Unless mentioned otherwise, F'(co) and F'(—oo) will mean the above every-
where.

Exercise 1.5. Show that a Radon measure p on (R%, B(R?)) is reqular, that
18,

pu(A) =inf {u(U) : U open, and U D A}
=sup{u(F) : F closed, and F C A} ,

for all A € B(R?).

Exercise 1.6. Show that puy as in Ezc is o-finite but not reqular. Thus
not all o-finite measures on (R, B(R)) are regular.



Exercise 1.7. Suppose that 1, pi2 are Radon measures on (R, B(R?)) such
that

p(U°) = p2(U°) =0
for some open set U C R?. If

p1(R) < p2(R),

for all rectangles R = (a1,b1] X ... % (aq,bq] C U with ay,...,aq,b1,...,bq €
Q, then show that
pi(A) < pa(A), A € BRY).
1.2 Integration
Definition 8. Let R = RU {—o0, 0} and

B (R) = o (B(R) U {{—o0},{c0}}) .

That is, B (R) is the smallest o-field which is a superset of B(R) and con-
tain the singleton sets {—oo},{oc0}. Given a measurable space (2, A) and a
function f:Q — R, f is A-measurable if

ftAe A for all A € B(R),
where f71A={weQ: f(w) € A}.

Given a measure space (2,4, 1) and a measurable f :  — [0, 0], the
integral of f with respect to u will be denoted by any of the following:

[ rau. [ r@dnte). [ e ute). [ fan e

For a measurable f : Q — R, its integral is defined as

/fdﬂ—/f+dﬂ—/f_dM7

whenever either [ fTdy < oo or [ f~du < oo, where 2t = z V 0 and
2~ = (—x) V0 for all z € R. The above is defined even when the right hand
side is 400; “co — 00” is the only case when it is undefined.

We say f is integrable if [ f*du < co and [ f~ dp < oo, which hap-
pens if and only if

/\fldu<0<>-

In other words, f is integrable, f has a finite integral, |f| is integrable, f
and f~ are integrable, f € L' all mean the same. However, “[ fdup is
defined” is not the same as “f is integrable”, which deserves emphasis.



Exercise 1.8. Show that the integral of f, if defined, remains unchanged
if the underlying o-field is changed to anything with respect to which f is
measurable.

Theorem 1.5. Suppose g, f, fi, f2,... are measurable functions from a mea-
sure space (0, A, p) to R.

1. (Monotone convergence theorem) If 0 < f, 1 f, then [ fodpt [ fdu.
2. (Fatou’s lemma) If f, > 0, then

/ (lim inf fn> dy < lim inf / Fodp.
n—oo n—oo

3. (Dominated convergence theorem) If f,, — f, |fn] < g and g is inte-
grable, then f is integrable and

/fndu%/gdu-

The above are Theorems 16.2, 16.3 and 16.4 on pg 208-209 of Billingsley
(1995), respectively.

Definition 9. Suppose (21, A1, 1) is a measure space, (2, A2) is a mea-
surable space and T : Q1 — Qo is a measurable map, that is,

T rAe A forall Ae Asy.

The push forward measure of pu under T is the measure o T~ on
(Q2, A2) defined by

poT HA)=pu(TA) A€ As.

Theorem 1.6. Suppose (21,.A1, 1) is a measure space, (Q2, A2) is a mea-
surable space and T : Q1 — Q9 is a measurable map. Then, for a measurable
f 1 Q9 = R,

F(T(@) dp(z)= [ fy)d(poT")(y),
(oF Qo

whenever the integral on either side is defined.

Exercise 1.9. Prove the above theorem by first showing it when f = 14 for
some A € Aa, then for non-negative simple functions f and finally using the
monotone convergence theorem.

Definition 10. If u and v are measures on (2, A), then p is absolutely
continuous with respect to v, we write u < v, if

v(A) =0= u(A) =0, forall Ac A.



Theorem 1.7 (Radon-Nikodym). Suppose (2, .A) is a measurable space on
which u,v are o-finite measures such that u < v. Then there exists a
measurable f : Q@ — [0,00) such that

/fdz/_ ), Ac Al (1.1)

If (1.1) holds with f replaced by any other function g, then g = f v-a.e.
The above is Theorem 32.2, page 422, of Billingsley| (1995).

Definition 11. The function f satisfying (1.1 is the “Radon-Nikodym
derivative of u with respect to v”, and is denoted by

dp

f=o-

Exercise 1.10. Suppose u,v are o-finite measures on (Q,A) and p < v.
Then, for a measurable g : ) — R,

/ngZ/ngdv,
dv

whenever the integral on either side is defined.

Definition 12. If (Q1,.41) and (2, A2) are measurable spaces, then the
product o-field Ay ® As is defined by

A1®A2:O'(A1XAQ:A1€A1,A2€A2) .
Exercise 1.11. Show that
B(R)® B(R) =B (RQ) .

Exercise 1.12. If (1, A1, p1) and (Q2, As, p2) are o-finite measure spaces,
then show that there there exists a unique measure p1 @ p2 on (21 X Qa, A1 ®
As) satisfying

p1 @ p2(Ar X Az) = p1(A1)p2(Az), A1 € A1, Az € Ay
Show that p1 ® po is o-finite.

Theorem 1.8 (Tonelli). Suppose (1, A1, p1) and (Q2, A2, p12) are o-finite
measure spaces and f : Q1 x Qo — [0, 00] is Ay ® Ag-measurable. Then, for
a fixed wi € Q1,

f(wr,-) is measurable w.r.t. Asg,

f(- wa) pa(dws) if measurable w.r.t. Ay,

and likewise with the roles of w1 and wo interchanged. Furthermore,

Lo g = [ ([ ) () ) @)
- /92 ( o f(wMUz)ul(dwl)) i (dws) .
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Convention

The usual convention for iterated integrals is the following:

/Q1 QQf(w17W2)M2(dWQ)M1(dw1):/

( f(wi,w2) M2(dw2)> pi1(dwr)
Q1 \JQ

that is, the left hand side above means the right hand side.

Exercise 1.13. Suppose (21, A1, 1) and (Qo, Ag, p2) are o-finite measure
spaces and f: Q1 x Qo — R is w1 ® po-integrable. Show that

| f (w1, w2)| pa(dws) < oo for almost every wy € 2y,
Qo

and that the similar statement holds for integrals over €.
Theorem 1.9 (Fubini). Suppose (1, A1, pu1) and (22, Az, u2) are o-finite
measure spaces and f € L' (Qq x Qo, p11 @ po). Then

//f(wl,m)m(dwl)m(dwz) —//f(whm)ﬂz(dm)m(dwl)-

The theorems of Tonelli and Fubini are subsumed in Theorem 18.3, pg
234, Billingsley! (1995).

Definition 13. The Lebesgue measure X is the measure on (R, B(R)) satis-

fying
)\((a,b]) =b—a, foral-co<a<b< oo,

the existence and uniqueness of which is guaranteed by Theorem[I.7] by taking
F(x) = x. For a Borel measurable function f : (a,b) — R, where —oo <
a < b < oo, its Lebesgue integral is defined as

b
/ f@de= [ f@)\da),
a (a,b)

whenever the right hand side is defined.

Theorem 1.10 (Fundamental theorem of calculus). Suppose —oo0 < a <
b < oo and F : [a,b] — R is differentiable on (a,b) and continuous at a and
b. Then F', the derivative of F, is Borel measurable. If

b
/ |F'(x)|dx < o0, (1.2)
then )
/ F'(z)dr = F(b) — F(a).

If (1.2) holds with b = oo, then the above holds as well with F(b) replaced
by lim, o0 F'(z) which necessarily exists, and likewise if —oo = a < b < 0.



The above is Theorem 7.21, page 149, of Rudin| (1987).

Theorem 1.11 (Change of variable). IfU,V C R are open sets, ¢ : U — V
is a C! bijection whose derivative 1)’ never vanishes, then

/ f o (@) (z)] de = / f(w)dy,
U 1%

for a measurable f : V — R whenever the integral on either side makes
sense.

In other words, for substituting y = ¢(x), dy is to replaced by |¢'(x)|dx.
It is being emphasized that if |[¢'| is replaced by 1 then the formula is
incorrect. The above is a special case of the change of variables formula in
d dimensions, which is Theorem below.

Exercise 1.14. Calculate

/Oo /00 e~ (@) gy dy .
1= /OO /OO e~ @) g dy

o0 2 o0 2
(Tonelli) —/ e " / e ¥V dydr.
—0oQ — 0o

For a fixed x € R\ {0}, put y = zz using Theorem to get

> 2 b 2,2
/ eV dy = x|/ e “ " dz.
—o0 —o0

I:/ / |x]e_Z2(1+22) dzdx
(Tonelli) —/ / |x]e*x2(1+zz) dx dz .

For a fixed z € R,

Soln.: Let

Thus

/OO |93|6_x2(1+22) dr = 2/00 ze " (1+2%) dy

—00 0

(Theorem 11} y = ;1;27 dy = 2zdx) = / e v(1+2%) g
0

e_y(1+z2)
1422

Y=o

(Theorem [L10]) =

y=0
1
14227



Therefore

« 1
I= ——d
/Ool+z2 :

(Theorem [[10) = [tan~" 2]~

This completes the solution of the exercise.
An immediate consequence of the above exercise is

/ e dr = /7,

—0o0

showing with the help of Theorem that
(o)
/ e V)2 dy = V27
— o

Definition 14. The Lebesgue measure Ag is the d-fold product of the one-
dimensional Lebesque measure X\, that is, A\g is the unique measure on the
space (R, B(R?)) satisfying

d
A (A1 xox Ag) = [ MA), Ar,..., Ag € BR).
i=1
For stating the next result, a Jacobian matrix has to be first defined.
Consider an open set U C R? and a function F : U — R%. Denote by
fi,..., fa the coordinate functions of F', that is,

F(z) = (fi(z),..., fa(z)),z € R?.

If the first partial derivatives of F' exist, that is, 0f;(x)/0x; exists for all
x € U and 1 < 1,5 <d, then its Jacobian matrix at z, denoted by J(x), is
a d X d matrix defined by

[ Ofi(x)
J(z) = < oz, >1§m§d ,xelU,

that is, the (i,7)-th entry of J(x) is 0fi(x)/0x;. The statement of the
theorem is the following, of which Theorem [I.11]is a special case.

Theorem 1.12. For open subsets U and V of R, let T : U — V be a bijec-
tion which is continuously differentiable, that is, the first partial derivatives
of T exist and are continuous. Assume that its Jacobian matriz J(x) is
non-singular for all x € U. Then for any non-negative measurable function

f:V-oR,

/ [ (T (@) |det(J (x))] de = / f(v)dy,
U Vv

det(A) denoting the determinant of A for any square matriz A.



For the sake of completeness, a proof of the above theorem is pro-
vided. The following facts from linear algebra and multivariable analysis
are needed.

Fact 1.1. If T : R — R? is a linear map, then for a compact rectangle
R=la1,bi] X ... x [ag,bg) C R?,

with —oo < a; < b; < oo fori=1,...,d, it holds that

d
A({T(x2) : @ € RY) = |det(T)| [ [(bi — as) = | det(T)A(R),
i=1

where X is the Lebesque measure on R,
The following is the inverse function theorem.

Fact 1.2. Let U C R? be an open set and T : U — R? be continuously
differentiable. Denoting by J(z) the Jacobian matriz of T at x € U, assume
that J(xg) is non-singular for some xy € U. Then, there exists an open
neighbourhood X of xo such that T is one-one on X, the set T(X) is open,
T~ is continuously differentiable on T(X) and the Jacobian matriz of T

at y is (J(Tfly))f1 for ally € T(X).

The following is another fact from multivariable analysis which essen-
tially follows from the one-dimensional mean value theorem.

Fact 1.3. Suppose that U C R? is open, R C U is a closed rectangle and
T :U — R is continuously differentiable such that

where Ji;(2) is the (i, j)-th entry of the Jacobian matriz J(z) of T at z for
all ze U and 1 <1i,5 <d. Then,

1T(x) = T(y) = J(z)(z —y)| <dafz —yll,z,y € R,

where || - || is the L™ norm on R¢ defined by
= |,z = (z1,...,24) € RY, 1.3
Joll = a2 = (21, 20) (1.9

x,y,T(x),T(y) are viewed as d x 1 vectors and hence J(x)(x —y) is also a
d x 1 vector.

A proof of the above fact is provided in Subsection [9.1] of the Appendix.
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Proof of Theorem [1.12

The proof of Theorem will be executed by sequentially showing each
step below. Step 4. would complete the proof.

Step 1. For any compact rectangle R = [a1,b1] X ... X [ag,bq] C U with
—o<ag <b<ocofori=1,...,d,and ay,...,a4,b1,...,bg € Q,

MT(R)) < /R\det(J(:n))\ d (1.4)
Step 2. For all A € B(RY),

MT(ANU)) < /AmU det(J(2))] dx . (1.5)

Step 3. For any non-negative measurable function f: V — R,

/ F(T()) |det(J ()] de > / f(v)dy. (16)
U 1%

Step 4. The inequality in (1.6]) is an equality.
The proof of Step 1., which is the main step of the proof, is based on the
idea that locally T is like a linear transformation.

Proof of Step 1. Fix a compact rectangle R = [a1,b1] X ... X [ag,bq] C U
where a; < b; and aq,...,a4,b1,...,bq € Q. Let ¢ > 0. Since det(J(-)) is a
continuous function, it is uniformly continuous on R. Choose §; > 0 such
that

|det(J(x)) — det(J(2))| < e for all z,2’ € R, ||lx — 2'[| < 61, (1.7)

where || - || denotes the L* norm as in throughout.

Recall that the function A — A~!, from the space of d x d non-singular
matrices to itself, is continuous. Since J(z) is non-singular for all z € U,
the map x — J(x)~! is continuous on U. Thus,

f:Rx{zeRY: |z =1} = RY,
defined by
fla,z) = J(@) "2, (z,2) € Rx {z €R?: |z = 1},

is a continuous function defined on a compact set; elements of R? are viewed
as d x 1 vectors by convention. Therefore,

c:max{Hf(a:,z)H (z,2) ERx {z€R%: 2| = 1}} <.

In other words,
|J(z) 2| < ellz] ,z € R, 2 € R?. (1.8)
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Denote by J;j(x) the (i, j)-th entry of J(x) for all z € U and 1 < i,j < d.
Uniform continuity of J;;(-) on R ensures the existence of d2 > 0 such that

}J,(a;) — Ji-(x')} < id for all z,2' € R, ||z — 2| < &3 (1.9)
c

Let 0 < 6 < min{dy, d2} be such that 671 (b; —a;) is an integer for every i.
Choosing such a ¢ is possible because b; — a; is rational; if p;, ¢; are positive
integers with b; — a; = p;/q¢;, letting

§=—,
ngi...qq

works for large n, for example.
Consider the square

[a1 + (i1 — 1)0,a1 +010] X ... X [ag + (ig — 1)0, aq + iq0] ,

where iy, ...,i4 are positive integers with i; < 671(b; — a;) for j =1,...,d.
Denote the collection of all such squares by {Q1,...,Q}. In other words,
Q1,...,Q are compact squares of side-length ¢ such that

R=Q1U...UQy,

and M(Q;NQ;) =0for 1 <i < j <k. Letx;be the centre of Q; (the centre

of a square or a rectangle is well defined). Recalling that || - || is the L
norm, write

Qi:B(;/g(xi),izl,...,k, (110)
where for 7 > 0 and z = (21,...,2q) € R?,

B (2)={yeR¥: ly—z| <r} =[z1—r 21 +7] x... X [2g—7, 2zg+7]. (1.11)

The above is precisely the advantage of working with the L° norm.
Fori=1,...,k, fix x; € Q; and define

¢i(z) = J(z:)(z — 2;) + T(x;) , 2 € R
Our first claim is that

where
Qf = B(1+5)5/2($i) ,i = 1, ey k.

Proceeding towards proving (1.12)), fix i € {1,...,k}, and use Fact along
with (|1.9) to claim that for all z € Q;,

IT(2) = T(x:) = J(2i)(z — w3) || < ZHZ — i
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Since the left hand side above equals ||T'(z) — ¢i(2)]||, it follows that
1T'(2) = ¢i(2)[| < ZHZ —zill,z € Qi (1.13)
Therefore, for z € Q;,
67" 0 T(2) = 2| = [|¢7 ' 0 T(2) — 67" 0 3(2)]|
= [|J(z) T (T(2) — 0i(2)) |
<c|T(z) — oi(2)]
<ellz =i,

(1.8) and (1.13]) implying the inequalities in the penultimate line and the
last line, respectively. Thus, for z € Q;,

o7t 0 T(z) — ml| < |67 0 T(2) = 2| + ||z — mill < (L +)]1z — i
Recall to argue that
07 0T () € Q7,2 € Qi

which is equivalent to (1.12]).
An immediate implication of ([1.12)) is that for fixed i = 1,...,k,

MT(Q:) < A({J(xi)z + T(m;) — J(wi)wi : 2 € Q7))

=A({J(@)z: 2 € Qi})

= | det(J (z:))|A(Q5)
the second line following from the translation-invariance of the Lebesgue
measure, and Fact and the observation that () is a rectangle implying
the last line. This is the crux of the proof in that it shows how the modulus
of the determinant of the Jacobian appears. Further, shows Q5 is a
square of side-length (1 + €)d. Therefore,

MQ5) = (L+e)%% = (1 +)'\Q1)

implying the second equality. Put everything together to get

MT(Qi)) < | det(J(a7))[(L +)N(Qi) -

Thus,
k
AT(R)) =D MT(Qi))
i=1
k
< (1+e) Z | det(J(2:))[MQ:)
z;1
< (1+e) + min [det(J(2))] ) A(@i)
) 2; <5 ca. >

< (14e) ( /\det rd:c),
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(1.7) and that 6 < ¢; implying the penultimate line. Since the above holds
for all € > 0, letting € | 0 completes the proof of Step 1. O

While Step 1. was mostly based on analysis and linear algebra, the proof
of Step 2. is standard in measure theory and follows from Exc [I.7]

Proof of Step 2. Define measures p and v on R? by
p(A) = NT(ANU)), A e BRY,

and
v(B) = /BmU det(J(x))| dz, B € B(R?).

The claim (1.5)) is equivalent to
w(A) <v(A),A e BRY). (1.14)

In view of Exc it suffices to show that the claim holds for any compact
rectangle with rational corners, that is,

u(R) < v(R), (1.15)
if R = [a1,b1] X ... X [ag,bq] C U for some ay,...,aq,b1,...,b5 € Q with
a; < b;, which is precisely what has been shown in Step 1. O

The proof of Step 3., which is also standard, is based on approximating
a non-negative measurable function by simple functions from below.

Proof of Step 3. First let f: V — R be a non-negative simple function, that

is,
k
F=> aila,,
=1

for some aq,...,ar € [0,00] and Aj,..., A, € B(RY) with 4; C V for all 4.

14



Then,

k
<P ], laeilsa@]ds
k
— [ et 3 aitoia o) de
U i=1

k
_ /U [det(J(@)] 3 aila, (T()) da
=1

- /U |det(J ()] £(T(x)) dz

the inequality in the third line following from Step 2. Thus,

/ f(y) dy < / |det(J(2))| £(T(z)) da (1.16)
Vv U

For a measurable function f : V. — [0,00), there exist non-negative
simple functions f,, such that f, 7 f. The desired inequality holds
with f replaced by f,, therein. Letting n — oo with the help of MCT, the
proof of Step 3. follows. ]

Step 4. is a consequence of the inverse function theorem.

Proof of Step 4. Fact and the assumption that J(z) is non-singular for
all z € U imply that T~ : V — U is a continuously differentiable bijection
whose Jacobian matrix is J(T~'y)~! for all y € V. Using Step 3. with
U,V, T replaced by V,U, T~ implies

/ g(z)dr < / goT () |det (J(T_ly)_l)‘ dy, (1.17)
U 1%

for any measurable g : U — [0, 00).
Fix a measurable f : V — [0,00). Define

g(x) = foT(x)|det(J(x))|,z € U.
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Apply (1.17)) to this g to get
/ foT(x)|det(J(x))|dx < / go Tfl(y) |det (J(Tfly)*l)‘ dy
U 1%

- /V £() [det (J(T~1)) | [det (J(T~1y)7Y)]| dy

~ [ 1wy
\%4
Compare this with (1.6 obtained in Step 3. to get

/ f o T(@)| det(J (x))| da = / f(w)dy.
U |4

This completes the proof of Step 4. and that of Theorem [1.12|as well. [

2 Random experiments and random variables

A random experiment is an experiment for which there is a set of possible
outcomes, of which any one may occur. Though it cannot be predicted which
outcome will occur, the “probabilities” of those outcomes are understood
from intuition. For example, if a fair coin is tossed, then the possible out-
comes are head and tail, each occurring with probability 1/2. No attempts
will be made to give a mathematical definition of random experiments.

Given a random experiment, a probability space is associated with it,
which naturally captures our intuition about the experiment. In other words,
the probability space is the mathematically precise starting point of the
study of probability theory. This is best understood from the following few
examples. The set of all possible outcomes is called the “sample space” and
is usually denoted by Q.

Example 2.1. A fair die is rolled n times. The sample space of this exper-
1ment 1S

Q={(z1,...,zn) rz; €{1,...,6},i=1,...,n}.
The probability space associated with this experiment is (2, A, P) where A =
P is the power set of Q and

_#4
S #0

Example 2.2. A fair coin is tossed till the first head is obtained. The
sample space is

P(A) ,ACQ.

O ={H, HT, HHT,...} .
Define p: Q — [0,1] by

p(T...T(n tz’mes)H) =21 n=0,1,2,...,
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and

P(A) =) pw),AcQ.
wEA

Thus (2, P(S2), P) is the probability space associated with this experiment.

As in the above examples, if the sample space € is countable and p(w) > 0
is the probability of the outcome w for all w € 2, where

> plw) =1,
we

then letting
P(A) = pw),ACQ,

wEA

(97 P(Q), P) is the natural probability space. The above method, however,
fails for an uncountable sample space. For random experiments with such a
sample space, measure theory is essential, as illustrated in the next example.

Example 2.3. A fair coin is tossed infinitely often. That is, for n =
1,2,3,..., there is a n-th toss which yields either a head or a tail. The
sample space of this experiment is

Q= {(wl,wg,wg,...) fwy €{H,T},n= 1,2,...},

which is clearly uncountable. In order to associate a probability measure on
a suitably chosen collection of subsets of ), we first need to decide what are
the events of interest. In practice, we would be interested in events whose
occurrence is decided by the first finitely many tosses, or events that can be
constructed from them. Keeping this in mind, we define

Epyoo, = {(W),wh,..) €Q: 0w =w;, 1 <i<n},

for alln € Nywy,...,w, € {H,T}. That is, E,, ., is the event that the
first toss yields wy, the outcome of the second toss is wa, and so on till the
n-th toss. Define

S={0}U{Eu . w,: nENwi,...,wn, € {HT}}.

The following several exercises show that there is a unique probability mea-
sure P on (Q,0(S)) satisfying

P(Ey . w)=2"n=12,...,w1,...,w, € {H, T}, (2.1)
which is precisely the claim of Exc[2.6
Exercise 2.1. If S is a semi-field and A, B1,...,B, € S, show that
A\ (B1U...UB,)=C1U...UCy,

for some k > 1 and disjoint Cq,...,C, € S.
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Definition 15. Given a non-empty set ) and a non-empty collection C of
subsets of U, C has the “Cantor intersection property” if the following holds.
Whenever Cy,Co,C3 ... € C are such that C1 D Cy D C3 D ... and C,, # ()
for all n, it holds that

() Cn#0.

n=1

For example, the collection of all compact sets of R% has the Cantor
intersection property.

Exercise 2.2. Suppose S is a semi-field having the Cantor intersection
property. If A1, Ag, ... € S are disjoint and |J, | An € S, show that A,, =
for all but finitely many n’s.

Hint.: Assume A, As,... € S are disjoint,

A=|JA,€s,

n=1
and A,, # ) for infinitely many n’s. Use Exc to write
A\Alzclu...UCk,
for some Cy,...,Cy € S. Then for some 1,

C; ¢ Ay U...U A, for all finite n,

because otherwise A is the union of finitely many A,’s which would imply
that all but finitely many of A,’s are empty. Let By = C;. Apply Exc
to By \ (A1 U Ag) to get By € S such that By C By \ (A1 U Ag) and

By & A3U...U A, for all finite n .
Proceed inductively to obtain B, € § with
Bpi1 C By, \ (A1 Uu...u An+1) , (22)

and
Bpi1 € Apypa UL UA 1k (23)

for any finite k.
Thus By, Bs,... € S with A D By D By D ..., and ([2.2)) implies that for
n=23,...

BnCBya\(A1U...UA,) CA\ (A U...UAy) = | 4.
1=n+1
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Besides By, # () for n =1,2,..., for else (2.3) would be contradicted.
The Cantor intersection property of S implies

o0 [o.¢] (o]
O£ Bac () U 4k
n=1 n=1k=n-+1
which is a contradiction because A1, Ao, ... are disjoint.

Exercise 2.3. Let Q and S be as in Example[2.3, Show that S is a semi-field
having the Cantor intersection property.

Exercise 2.4. Let Q and S be as in Example[2.3. Define P: S — [0,1] by
P(E)=0ifE=0,

and by (2.1)) otherwise. Show that P is finitely additive on S, that is, if
Ay, ..., Ay €S are disjoint such that A;U...UA, €S, then

P (Ln) A,) = P(A) +...+ P(A,).
=1

Hint.: Prove this by induction on n. This is a tautology for n = 1
and easy to prove for n = 2. Assuming it for n, prove it for n + 1 by
proceeding along the following lines. Suppose A1, ..., A,+1 € S are disjoint
(and non-empty WLOG) and their union is in . Thus,

Ai:Ew{w;. i for some k; > 1, and wi,...,w,ii e{H,T},i=1,...,n+1.

..wk

Assume WLOG that ky = k1 V...V k,11. Let u be the opposite of w,il, that
isu=H if w,il =T and vice versa. Argue that for some i,

1 1
(wl,...,wkl_l,u,u,u,...) € A;.
For this ¢, show that k; = k1 and
; ; 1 1
(wi,...,w}%) = (wl,...,wklfl,u) .

Thus A1 UA; = Ew%

used.

Wl o which allows the induction hypothesis to be
-

Exercise 2.5. Let Q and S be as in Example[2.3. Use Exc[2.3 and[2.3 to
show if Ay, Ag,... €S are disjoint such that

GAneS,
n=1

then all but finitely many of A, s are empty. Hence argue that P defined in
FExc is countably additive on S.
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Exercise 2.6. Let Q and S be as in Example 2.3 Use the corollary of
Theorems[1.1] and[1.3 to show that there exists a unique probability measure

P on (Q,0(S)) satisfying [2.1).

Now that the natural association of a probability space with a random
experiment is understood, we shall define a random variable and its C.D.F.

Definition 16. Given a probability space (2, A, P), random variable X
defined on it is a measurable function X : Q) — R such that

P (X_l{—oo,oo}) =0. (2.4)

A measurable function X for which (2.4) fails is an improper random vari-
able. Given a random wariable X, its cumulative distribution function
(C.D.F.) is a function F : R — [0,1] defined by

F(z) =P (X *(~o00,2]) ,z € R.
It should be noted that an improper random variable is not a random

variable. The following theorem gives necessary and sufficient conditions for
a function to be a C.D.F.

Theorem 2.1. If F' is the C.D.F. of a random variable X, then

1. F is non-decreasing,
2. F is right continuous,
3. F(—o00) =0,

4. and F(o0) = 1.

Conversely, if F : R — [0,1] is a function satisfying 1.—4. above, then there
exists a random variable X defined on some probability space whose C.D.F.
s F.

Above and elsewhere, the convention adopted is
F(00) = lim F(z) whenever it exists,
T—>r00

and
F(—o00) = lim F(z) whenever it exists.
T—r—00
Proof of Theorem [2.1] The proof of 1.-4. is easy and is left as an exercise
when F'is a C.D.F. Conversely, for a F': R — [0, 1] satisfying 1.—4., Theorem
1.4 guarantees the existence of a unique probability measure P on (R, B(R))
satisfying
P ((a,b]) = F(b) — F(a),—-0 <a<b<oo.

Letting 2 = R, A = B(R) and X : R — R to be the identity function,
it is easy to see that F' is the C.D.F. of X which is a random variable on
(Q, A, P). This completes the proof. O
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Henceforth, (£2,.A, P) will be the probability space underlying any ran-
dom variable talked about, unless explicitly mentioned otherwise. Theorem
guarantees that such a probability space exists whenever a few conditions
are satisfied.

Definition 17. Given a possibly improper random variable X, its distribu-
tion, usually denoted by P(X € ) or PoX~1(.), is the push forward measure
of P on (R,B(R)) under X, that is,

P(Xe€B)=PoX '(B)=P({weQ:X(w) € B}),BcB(R).

For a Borel function f : R — R, we denote by

/_f(x)P(X € dx) or /_f(a?)PoXl(dx),
R R

the integral of f with respect to the distribution of X whenever it is defined.

Exercise 2.7. For a random variable X, show that its distribution is the
unique measure i on (R, B(R)) satisfying

w((a,b) NR) = F(b) — F(a),—00 <a<b< o0,
were F is the C.D.F. of X.

Definition 18. For a possibly improper random variable X, its expectation
s defined as

B(X) = /Q X (w)P(dw)

whenever the integral on the right hand side makes sense. The word “mean”
s an often used synonym of “expectation”.

Note that E(X) is defined if either of E(X 1) and E(X ™) is finite whereas
E(X) is finite when both are finite which happens if and only if E(|.X|) < oo.
The following is a formula relating expectation with C.D.F.

Theorem 2.2. For a possibly improper random vartable X whose expecta-
tion is defined

E(X):/OOOP(X>$)da:—/O P(X <zx)dz. (2.5)

—00
The following exercise is needed for the proof.

Exercise 2.8. For a possibly improper random variable X > 0, show that
{(w,2) eAXxR:0< X(w) <z} € A B(R).

Hint.: First show this for a simple function X.
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Proof of Theorem [2.3. We first show this when X > 0. The definition of
expectation implies

mmzéxwmm)

= / (/ 1[0<x<X(w)]dx) P(dw)
Q 0

P(dw) ® dx ,

/{(w,m)EQXR:OSX(w)<z}
the last line following from Tonelli and Exc Use Tonelli again to write

E(X) :/o /Ql[ogx<X(w)]P(dw) dx

—/0 P(X >z).

For X which is not necessarily non-negative,
o o0
E(X+):/ P(X+>x)dx:/ P(X > z)dx,
0 0

the second equality follows from the observation that for x > 0, X >z <—
X > z. Similarly,

E(X7)= /OOO P(X™ >uz)dx

0

:/ P(X™ > —x)dz
0

(X~ > -2 X<:Ufor33§0):/ P(X < —x)dx

—00

:/0 P(X < —x)dzx,

—0o0
the last line following from the fact that P(X < -) and P(X < -) differs
on a set which is at most countable and hence has Lebesgue measure zero.
Recalling that X = X — X~ and either of E(X 1) and E(X ™) is finite, the
proof follows. 0

The following theorem relates the expectation with its distribution.

Theorem 2.3. F_’or a posstbly tmproper random variable X and a Borel
function f: R — R,

B(/(X0) = [ f@)P(X € da),
whenever either side makes sense. In particular, if E(X) is defined then

E(X) = /R:UP(X € dx).
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Proof. Follows from Theorem O
The proof of the next result follows directly from the definition.

Theorem 2.4 (Linearity of expectation). If X and Y have finite expecta-
tions, then so does aX + BY for o, € R and then

E(aX + 8Y) = aB(X) + BE(Y).

Proof. Follows from the inequality |aX + Y| < |a||X |+ |8||Y| and the fact
that integral on a measure space is monotone and linear. O

If Definition [I8] were replaced by any other definition, for example, by
(2.5)), then proving the above theorem would have become extremely diffi-
cult.

Definition 19. For a random variable X with a finite mean p, its variance
s defined as
Var(X) =E [(X — ,u)Q] .

The standard deviation of X is \/Var(X). The convention is to declare
Var(X) = oo if E(X?) = .

Theorem 2.5. The variance of X is defined and finite if and only if
E(X?) < oo,

in which case,

Var(X) = E(X?) — (E(X))? . (2.6)
For the proof, the following fact is needed.

Fact 2.1 (Cauchy-Schwarz inequality). If f, g are measurable functions from
a measure space (2, A, p) to R, then

s (/f2du>1/2 (/deu>l/2 |

Proof of Theorem [2.5, The Cauchy-Schwarz inequality implies that

E(|XY]) < VE(X?)E(Y?),

for random variables X and Y. Take Y to be identically 1 and square both
sides to get
(E(1X])* < E(X?). (2.7)

If E(X?) < oo, then (2.7) shows X has a finite expectation. Let p =
E(X). Write
(X —p)? = X% —2uX + 2.
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Since X2 and X have a finite expectation, the linearity of expectation implies
so does the left hand side and

E[(X — 1)?] = B(X?) — 20B(X) + i = E(X2) — 2,

which proves the “if” part and (2.6)).
Conversely, if Var(X) is defined and finite, that is, if E(X) = u is finite
and so is

E [(X - N)2] 5
then writing
X? = (X — ) +2pX — 2,

it follows that E(X?) < oo. This shows the “only if” part and thus completes
the proof. O

The formula (2.6) is used almost always for calculating variance. A word
of caution: ({2.7)) should not be misinterpreted as

</|frdu)2s/f2du,

when g is not a probability measure. The above is clearly false, for example,
if u is the Lebesgue measure on R and f(x) = 27 !'1(z > 1) because then
the right hand side is finite whereas the left hand side is not.

Definition 20. A random variable X is discrete if there exists a countable
set C C R such that P(X € C) = 1. The probability mass function of a
discrete random variable X is the function f : R — [0,1] defined by

flz)=P(X =2z),z €R.

Theorem 2.6. If X is a discrete random variable, then for any measurable
f:R—=R,
E(f(X) =) fl@)P(X =), (2.8)

zeR

whenever the left hand side is defined, where the sum on the Tight hand side
is to be interpreted as the sum over those x for which P(X = x) > 0. In
particular, if X has an expectation, then

E(X)=) zP(X =1).

zeR

Proof. Let C = {x € R: P(X = x) > 0}. Since X is discrete, P(X € C) =
1. Let p be the counting measure on C. The fact that for A, F € A with
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P(E)=1, P(ANE) = P(A), implies for B € B(R),

P(XeB)=P(XeBn()

= Y P(X=ux)

zeBNC

:/ P(X = x)u(dx) .
B

In other words,
P(X € dzx)

p(dz)

that is, P(X = -) is the Radon-Nikodym derivative of P(X € -) with respect
to u. Exc shows that for a measurable f: R — R,

= Pz =z),

/ J(@)P(X € dr) = / f(@)P(X = 2)u(dr).
R R

whenever either side is defined. The left hand side equals E(f(X)) by The-
orem ﬁ and the right hand side is simply > .~ f(z)P(X = z). Since
P(X =1z) =0 for z ¢ C, this completes the proof of (2.8). The second
claim being a special case of , the proof follows. O

Example 2.4. A coin with chances of head p is tossed infinitely often.
Proceeding like in Example [2.3, construct the probability space for this ex-
periment. That is, if Q and S are as therein, show that P : & — [0,1],
defined by

P (Euy.u,) = [ [P1(wi = H) + q1(w; = T)] ,n € N,wi,...,w, € {H, T},
i=1

where ¢ = 1 — p and P(0) = 0, is countably additive. Use Theorem to
complete the construction.

Let X be the number of heads obtained in the first n tosses. Show that
the PMF of X 1is

P(X =k)= <Z>pkq”_k,k::0,1,...,n.

The convention followed here and elsewhere is that left hand side is to
be interpreted as zero for those k for which it has not been defined, that
is, for k € R\ {0,1,...,n} in this case. The distribution of X is called
Binomial(n,p). Check that its mean and variance are np and npq, respec-
tively. If n = 1, then this has another name, which is, Bernoulli(p). In
other words, a Bernoulli(p) random variable takes the values 0 and 1 with
probabilities q and p, respectively.
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Let Y be the number of tosses needed to get the first head. The PMF of
Y is
P(Y=n)=¢"'p,neN.

The distribution of Y is called Geometric(p). Check that its mean and vari-
ance are p~t and p~2q, respectively.

For a fixed k =1,2,3,..., let Z be the number of tosses needed to get the
k-th head. The PMF of Z is

-1
P(Z =n)= <Z_1)q”_kpk,n€{k,k:+1,k:+2,...}.

Since the right hand side is the (n — k + 1)-th term in the expansion of
p*(1 — q)7%, the distribution of Z is called Negative Binomial(k,p). Check
that its mean and variance are kp~' and kp~2q, respectively.

Exercise 2.9. Suppose X, is a Bin(n,p,) random variable defined on a
probability space (n, Apn, Py). If

lim np, = X € (0,00),
n—oo
show that for k=0,1,2,...,

k
lim P, (X, =k) = Rl

Exercise 2.10. Show using Theorem[2.1] that there exists a discrete random
variable X defined on some probability space with

n

A
P(X =n)=e*>5 ne{0,1,2,...}.
n!
The distribution of X is called Poisson(\). Show that its mean and variance
both equal .
Definition 21. A random variable X is continuous if
P(X =x2)=0 forallz € R.

Exercise 2.11. If X is a random variable with C.D.F. F, show that for all
z € R,
P(X =2)=F(z)— F(z—).

Hence argue that X is a continuous random wvariable if and only if F is a
continuous function.

Definition 22. A Borel function f: R — [0,00) is the density of a random
variable X if

P(XEB):/ f(x)dx, for all B € B(R).
B
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Exercise 2.12. 1. Show that f is the density of X is equivalent to

P(X € dx)
dzx

that is, f is the Radon-Nikodym derivative of P(X € -) with respect to the
Lebesgue measure.

2. Prove that if f and g are densities of X, then f = g a.e. In other words,
a density is unique upto a set of Lebesque measure zero.

3. Prove that a non-negative Borel function f on R is a density of X having
C.D.F. F if and only if

= f(z),z €R,

/I F(t)dt = F(z),z €R.

4. Show that a random variable is continuous if it has a density.

Definition 23. A function F' : R — R is absolutely continuous if given
€ > 0 there exists § > 0 such that

D OIF) — P <e,
=1

whenever 11 < y1 < x9o < yo < ... <z, <y, are such that

n

Z(yi —ZCZ‘) S (5

=1

Theorem 2.7. A random variable has a density if and only if its C.D.F. is
absolutely continuous.

The proof uses the following exercise.

Exercise 2.13. If h is an integrable function on a measure space (2, A, 1),
then given € > 0 there exists § > 0 such that

[ auze,
A
for all A € A with u(A) <9.

Proof of Theorem [2.7, We start with proving the “if” part. Let X be a ran-
dom variable with an absolutely continuous C.D.F. F'. In view of Theorem
which is the Radon-Nikodym theorem, it suffices to show

P(X €) <A, (2.9)

A being the Lebesgue measure. To prove this, fix any B € B(R) with
A(B) = 0. We shall prove P(X € B) = 0 by showing for any ¢ > 0

P(XeB)<e. (2.10)
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Fix € > 0. Absolute continuity of F' implies there exists § > 0 such that
n
D IF(yi) — Fla)| <e,
i=1

whenever 1 < y; <z <1yy < ... <z, <y, are such that

n

Z(yi —.’L‘Z') S (5

i=1

Since A\(B) = 0 and the Lebesgue measure is regular, see Exc there
exists an open set U C R with U D B and A(B) < 4. An open subset of R
is the union of countably many disjoint open intervals, that is,

U= U(xi,yi),
i>1

for some 1, y1,z2, Y2, . .. satisfying z; < y; and (z;,y;) U (z5,y;) = 0 for all
i # j. Therefore,

Z(yz —x;) = A (U(x“yl)> <\NU)<6,

i=1 =1

showing that

Since
n
P (X € U(mi,yi)> +P(X eU)>P(X € B),
i=1
(2.10)) follows. Arbitrariness of € shows ([2.9) which by an appeal to Theorem
proves the existence of the density of X which is nothing but the Radon-

Nikodym derivative of P o X! with respect to Lebesgue.
Conversely, suppose that X has a density f. That is, f: R — [0,00) is

Borel and satisfies -
/ f(z)de =1.
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Fix € > 0. Use Exc to choose § > 0 such that

‘éfumx<@

for all B € B(R) with A\(B) <§. Forn > 1, fix 21 <y < ... <z, <y,
with

n

Z(yi —xi) S (5

i=1
Letting B = (z1,41]U. ..U (2n,yn], the above simply means A\(B) < §. The
choice of ¢ implies

n

e> / f(a)dr = P(X € B) =" [F(y:) — F(a:)] ,

=1

F being the C.D.F. of X. Thus F' is absolutely continuous. This proves the
“only if” part and thereby completes the proof. O

The following result is most useful in getting the density of a random
variable when it exists.

Theorem 2.8. A random variable X with C.D.F. F has a density if and
only if
|ty

fa) {diF(m)’ if F is differentiable at x
X =

0, otherwise.

where

(2.11)

In that case, f is the density of X.
The proof uses the following facts.

Fact 2.2 (Theorem 31.2, pg 404, Billingsley| (1995)). A non-decreasing func-
tion F : [a,b] — R is differentiable a.e. on (a,b). If f is as in (2.11)), then
f is Borel measurable, non-negative and satisfies

b
(/ﬂ@mgF@—F@.

Fact 2.3 (Theorem 31.3, pg 406, Billingsley| (1995)). If f : [a,b] — [0,00)
1s integrable and

/ f(t)dt,x € [a,b],
then F is differentiable a.e. on (a,b) and

d
%F(x) = f(x) for almost all € (a,b).
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Proof of Theorem [2.8 We start with proving the “if” part. Assume
(o)
/ f(z)de =1, (2.12)
— o0
f being as in (2.11)). Fact implies
b
/ f(z)de < F(b) — F(a),—c0 <a<b< .
a

Keeping b fixed and letting a — —oo, MCT shows that the left hand side
goes to the corresponding integral from —oo to b. Since F' is a C.D.F.,
F(—o00) = 0, showing that

/ boo (@) do < F(b). (2.13)
A similar argument shows that for a fixed,
/Oof(m)d:n <1-Fla).
Thus a
Fla) < 1/:Of(:p)dx
((using (212)) = / Oo f(@) da
< F(a)

(2.13) implying the last line by putting b = a. Thus
/ f(z)dz = F(a) for all a € R.

Exc 3 shows f is the density of X. This proves the “if” part.
For the “only if” part, assume X has a density g. That is,

/ g(t)dt = P(X <z)=F(z),z € R.
—0oQ0
Thus, for —oco < a < b < o0,

Fz) — F(a) :/ g(t)dt,z € [a,0].

Fact shows that the left hand side is differentiable a.e. on (a,b) and

%F(x) = g(z) for a.e.z € (a,b).
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Since this is true for all a,b with —oo < a < b < o0, the above equality
holds a.e. on R. A comparison with (2.11)) shows f = g a.e. Therefore

| twdr= [ gwde=1,

proving the “only if” part. This completes the proof. O

Theorems and and their proofs essentially show the following

result.

Theorem 2.9. If X is a random variable with C.D.F. F, then the following
are equivalent.

1. A density of X exists.
2. The function F' is absolutely continuous.

3. The distribution of X is absolutely continuous with respect to Lebesgue,
that 1s,

P(X )< A(+).
4. Given € > 0 there exists § > 0 such that

P(X € B) < ¢ whenever B € B(R) and A(B) <§¢.

5. If f is the derivative of F' wherever it exists and zero elsewhere, then
o
/ f(z)dx =1.
—o

If any of these hold, then f defined above is the density of X.

Proof. Exc. O

The equivalence of 2. and 5. in the above theorem is important from the
point of view of analysis as well.

Theorem 2.10. If X has density f, then for any measurable g : R — R,

if either side is defined.
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Proof. Similar to the proof of Theorem [2.6] once it is observed that

flz) = P(Xdi dx) '

O

Example 2.5. The distribution of X is Uniform(a,b) for —oo < a < b < 0o
if its C.D.F. is

0, rz<a,
Flz)=143=2, a<z<b,
1, x>0b.
Check that the density of X is
1

with the usual convention of interpreting it as zero wherever it is not defined.
Show that the mean and variance of Uniform(a,b) are (a + b)/2 and (b —
a)?/12, respectively.

Example 2.6. A random variable X follows standard normal or standard
Gaussian if its density is

1 —x2/2
T) = e ,t €ER.
fl@)= =

It is easy to see that E(X) =0 and

E(X?) = / 22 f(x) dx
= g /00 22e=/2 dy
™ Jo

= \/z/ooox (ze_z2/2) dx .

Integrating by parts with the help of the observation that

d (_e_xm) e

dx
we get
2 2 o 2
2y, /2 —xz?/2 - —z*/2
E(X?) F[a:(e )0 /0 <e )dx}
= 2 e~ /2 g
T Jo
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Thus the mean and variance of the standard normal distribution are 0 and
1, respectively.
The distribution with density

fl@) = ——exp (—1“";”2) sER,

e
oV 2

is called Normal(p,0?) for p € R and o > 0. Show that f defined as above
is indeed a density, and that the mean and variance of Normal(u,c?) are p
and o2, respectively.

Definition 24. Let (92, A, P) be a probability space and A,B € A with
P(A) > 0. The conditional probability of B given A is defined as

P(BNA)

P(BIA) = =5 p

Example 2.7. Suppose we want a non-negative random variable X which
has the “memoryless” property, that is, P(X >1t) >0 for allt > 0 and
P(X >s+tX >t)=P(X >s),st>0.
This is the same as
P(X>s+t)=P(X >s)P(X >1t),s,t>0,

that is,
1-F(s+t)=(1-F(s))(1 = F(t)),st>0.

Letting G = log(1 — F), the condition is
G(s+1t)=G(s) +G(t),s,t >0.

It follows that
G(r)=—-Ar,r€[0,00)NQ,

where A = —G(1) = —Iog(l — F(l)) > 0. Right continuity of G implies
G(z) =AM,z >0,

that is,
Flz)=1-¢e? 2>0.

Since F(o0) =1, it is necessary that A > 0. As X >0, F(z) =0 for x <0.
For A > 0, X follows Exponential(\) if F' defined by

{1—6_>@, x>0,

F(x) =
(@) 0, xz <0.

is its C.D.F. Show that the density of Exponential(\) is
f(z) = Ae ™™ >0,

and its mean and variance are X\~ and A\72, respectively.
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Definition 25. For a > 0, define

(o]
I'(«) :/ 2 e da .
0
Exercise 2.14. Show that
1. T(«) < o0 for all a > 0,
2. T(a+1)=al'(a),a >0,

3. and
I'(n)=(n—-1)!,neN.

Example 2.8. For a > 0, Gamma(«) is the distribution with density
f(2) = =—a*te ™ 2 >0.

Check that its mean and variance both equal .

Definition 26. For o, 3 > 0, define

1
B(a, B) :/O 21— 2)P L. (2.14)

Exercise 2.15. 1. Show that the RHS of (2.14)) is finite for a, 8 > 0.

11
Bl-,z)=m,
(=3)

by substituting 0 = sin~! \/z in the RHS of (2.14)).

2. Show that

Example 2.9. For «, 8 >0, X follows Beta(a, ) if its density is

1
flx) = 2 T1-2)t o<z <.
D= g™ Y
When o = 3 = 1/2, show that X has C.D.F.
0, <0,
Flz)=(¢ 2sin!yz, 0<z<1,
1, x>1.

This is why the Beta(1/2,1/2) distribution is also called the “arc-sine law”.
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3 Independence

In this chapter the concept of independence is studied, which is a fundamen-
tal concept in probability theory. Unless mentioned otherwise, (2,4, P) is
the probability space underlying everything we talk about. For example, all
random variables are defined on this space and any collection of sets we talk
about is a subset of A, unless the contrary is explicitly stated.

Definition 27. A collection of o-fields A1, ..., A, are independent if
P(Ain...nAy) =[] PA),

forall Ay € Ay, ..., An € A,

The following is an important observation which connects the usually
given definition of independence of events with the above.

Exercise 3.1. If Ay, ..., A, are independent o-fields and A1, ..., A, belong
to A1,...,A,, respectively, show that

foralll <ip <...<ip <n.
The above when n = 2 should be compared with Definition

Theorem 3.1. If S1,...,S8, are semi-fields such that

P(ﬂAi> :HP(Ai), forall Ay €8y,..., 4, €S,
=1 =1

then 0(S1),...,0(S,) are independent.

Proof. The first step is to show
P (ﬁ Ai> = ﬁP(AZ-) , for all A1 € 0(851),A42 € Sa,..., 4, €S,. (3.1)
i=1 i=1
To that end, fix Ay € Sy,..., 4, € S, and define py, ug : A — [0, 00) by
wi(A) = P[] P(A)
i=2

ua(A) =P(ANA2N...NA,),

for all A € A. Thus p; and uy are finite measures on (€2, .A), which agree
on S; by the hypothesis of the theorem. As S; is a semi-field, Corollary
implies that p1 and pg agree on o(Sy). In other words, (3.1]) holds.
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We shall now show inductively that for i =1,...,n,

P ((n] Ai) - ﬁP(AZ-) , (3.2)
=1 =1

for all A; € 0(81), LA € U(SZ‘),Ai_H S Sz'-i—l; oL AL €Sy shows
this holds for i = 1. As the induction hypothesis, assume for some ¢ €
{1, . .,n—l}. Fix Al, ce ,Ai,Ai+2, ce ,An in J(Sl>, .. .,U(SZ'),SH_Q, ce ,Sn,
respectively. As before, define finite measures vy, v9 on (€2, .A) by

nA)=rE) ] Py,

1<j<n, j#i+1

wA) =P A0 [\ 4],
1<j<n, ji+1
for all A € A. The induction hypothesis implies that v1 and 5 agree on
Si+1 and hence they do so on ¢(S;4+1) by Corollary As this holds for all
Al .o AL Aigay o Ay ino(S), ..., 0(Sh), Sivas - - -, Sn, respectively, (3.2))
follows for ¢ + 1. Mathematical induction shows for i = n, which
completes the proof. O

Definition 28. Random wvariables Xi,..., Xy, all of which by convention
are defined on (2, A, P), are independent if 0(X1),...,0(X,) are indepen-
dent o-fields, where o(X) is the smallest o-field with respect to which X is
measurable for any X : Q — R, that is,

o(X)={X"'B:BeB[R)}.

Exercise 3.2. Show that discrete random variables X1, ..., X, are indepen-
dent if and only if

n

PXi=z,....Xp=2p) = HP(Xi =ux;), forallzy,...,x, € R.
i=1
Theorem 3.2. Random variables X1,..., X, are independent if and only
if
n
P(X) <zy,...,Xp <) = HP(XZ» <), x1,..., 00 ER. (3.3)
i=1
The proof uses the following exercise.
Exercise 3.3. For random wvariables X1,..., X, and —oo < a; < b; < 00
fori=1,...,n,
P(ai < X; gbz,z:l,,n)

= > (—n)flisisme=alp(x) <z, 0 X, < 2).
(21, yzn)€{a1,b1} X...x{an,bn}
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Soln.: As usual, denote by 14 or 1(A) the indicator of A, that is, it is one
or zero depending on whether A occurs or not, respectively. Write

P(ai<XZ~Sbi,izl,...,n):E(l(ai<Xi§bi,z':1,...,n)). (34)
Observe that
1(ai<Xi§bi,i:1,...,n)

l(ai < X; < bl)

@
Il
A

! I
—= 1=

[1(X; < bi) — 1(X; < a;)]

H Z (—1)tE=ed1 (X, < z;)

i=1 xie{ai,bi}
= > > e <
z1€{a1,b1} Tn€{an,bn } =1

= > (—pHisisnei=aly (X <z, X, < ).
(z1,....zn)E{a1,b1 } X...x{an,bn}

<.
3
—

Taking expectation on both sides and using (3.4)), the solution follows.

Proof of Theorem[3.3 The “only if” part is trivial because follows
from the observation that X; (=00, z1], ..., X, *(—o0,z,] belong to o(X1),
..,0(X,), respectively. For the “if” part, assume . The first observa-
tion is that holds for z1,...,z, € R because if ; = —oco for one or
more i, then both sides are zero and if x; — oo, then both sides of
increase to the respective quantities obtained by putting z; = oo for those
i’s. Thus, can be assumed to hold for all z1,...,z, € R without loss
of generality.
Let S; = {Xi_l(ai,bi] =00 < a; < b < oo} fori=1,...,n For
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A €8,..., A, €S8, that is, A; = X;l(ai,bi] for some oo < a; < b; < 00,

P(AiNn...NA,)
:P(al <X1<by,...,0, <X, Sbn)
= > (—1#isisme=al pxX) <2, X, < @)

(xl7~~-axn)€{a17b1}><"'><{an:bn}

= Z (—1)#lisisnei=ai} ﬁP(Xi < z;)

(z1,...,xn)E{a1,b1 } X...x{an,bn } i=1

= Z H(_l)l(xi:ai)P(Xi < )
(1"17 wtn)E€{a1,b1} x...x{an,bn} i=1

_H Z 1(z;= az)p(X < ;)
=1 z;€{a;,b;}

:ﬁ (X; < b;) — P(X; < a))
=1

—f[PaZ<X <b)
=1

= P(A1)... P(4,),

Exc implying the third line and the fourth line following from (3.3)
which holds for all z1,...,z, € R. Theorem shows o(S1),...,0(S,) are
independent, which is the same as independence of X1, ..., X,,. ]

Exercise 3.4. Let Q = (0,1], A be the collection of Borel subsets of (0,1]
and P be the restriction of Lebesgue measure to (0, 1].

1. For allw € Q, show that there exist unique X;(w), Xo(w),... € {0,1,2}

such that -
w=)Y 37"X,(w)
n=1

and {n : X,,(w) equals either 1 or 2} is an infinite set. In other words,
the ternary expansion of w is being considered and in case where mul-
tiple expansions are possible, the non-terminating one, that is, the one
which has infinitely many 2°s is being taken.

2. Forn>1 and iy,...,i, € {0,1,2}, show that for w € Q,
Xi(w) = i1, Xp(w) =in <= Y 37 <w<3"+> 370
j=1 J=1
Hence prove that Xq,...,X, are independent and each takes values

0, 1,2 with probability 1/3 for each.
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3. Prove that inf{n > 1: X,, = 2} is a proper random variable, that is, it
is finite almost surely (“almost surely” or “a.s.” simply means “with
probability 17). In fact, observe that it is a Geometric(1/3) random
variable.

4. Show that the set of w € Q which have multiple ternary expansions is
countable.

5. Use the above two claims to argue that

C= {w € (0,1] : w has a unique ternary expansion and (3.5)

oo
W = Z?f”mn for some x1,x9,... € {0,1}}

n=1

is a Borel set of zero Lebesgue measure.

Hint for (3.5). Observe that

C= (ﬂ {w: Xp(w) # 2}) N{w : w has a unique ternary expansion} .

n=1

Exercise 3.5. Let (2, A, P) be as in Example . Define X : Q3 — R by
X(w) = 31wy = H),w = (wy,w2,...) € Q.
n=1

1. Show that X is a random variable, that is, it is a measurable function.

2. Prove that X is a one-one function. Hence show that X is a continuous
random variable.

3. If C is as in (3.5)), show that P(X € C') = 1.

4. Prove that X cannot have a density.
Hint. Show that if X has a density, then P(X € C) would be zero
because Lebesgue measure of C' is zero.

5. Argue using Theorem [2.7 that the C.D.F. of X is continuous but not
absolutely continuous.

Definition 29. A possibly infinite collection {A; : i € I} is independent
if for all n > 2 and distinct iq,...,i, € I, the o-fields A;,,..., A;, are
independent.

For a collection {A; : i € I} of o-fields, denote

\/A,-—a(U.AZ-) .

i€l el
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Theorem 3.3. If {A; : i € I} is an independent collection of o-fields and

I, I, ..., I are disjoint non-empty subsets of I, then
VAV A
i€l i€l

are independent.

Proof. The first step of the proof is to show the claim when I1,..., I} are
finite sets. Suppose

Ii:{nilv"'aniki},izl,...,k?.
Define
Si:{A1m--.ﬂAki1Aj€.Aij forj:lj'_.7ki}’,L':L“_’k_

Obviously, §; is a semi-field because it is closed under finite intersections.
Further, if A]’ € .Aij forj=1,...,k,

(AiN...NA) =B U...UBy,,
where
Blei:, BQ:AlﬁAg, R Bki:Alﬁ...ﬂAki_lﬂAii.

Since By, ..., By, are disjoint S;-sets, S; is a semi-field. Since {A;; : j =
1,...,k;, i=1,...,k} are independent, it follows that

P(A1N...NAy) = P(Ay)...P(A) for all A1 € Sy,..., Ay € Sk

Theorem implies independence of 0(S1),...,0(Sk), which are same as

VoA AL

i€l i€l

respectively.
Now let Iy, ..., I; be disjoint non-empty subsets of I. Define

F= U V4a.i=1..k

JCI;,J finite jeJ
Clearly, F; is a field for ¢ = 1,...,k and the first step implies that
P(Alﬂ...ﬂAk) :P(Al)...P(Ak),Al € F,..., AL € Fp.

Once again, Theorem|[3.1]implies independence of o(F1), . .., o(F)) and com-
pletes the proof. O
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An immediate corollary of the above theorem is the following.

Corollary 3.1. If {A; : i € I} is an independent collection of o-fields and
for each a € ©, ) # I, C I is such that

InNIzg=0, foralla,f €O, a# 0,
then {\/;cy, Ai : @ € O} is independent.

Exercise 3.6. 1. If A; is a o-field for all i € I, show that A € \/;c; A;
if and only if
Ace \/ Ai,
i€lp
for some countable Iy C I.
2. If X; is a random-variable for all i € I, show that A € o(X; :i € I) if

and only if
AEU(Xi:iGIO)

for some countable Iy C I.
3. If Ay € A for alli € I, show that A € o(A; :i € I) if and only if
Ae€o(4; i€l
for some countable Iy C I.

Definition 30. A possibly infinite collection of random variables {X; : i €
I} is independent if {o(X;) : i € I} is an independent collection of o-fields.
Two random wvariables Y and Z are identically distributed, that is, Y 4 Z,

if
P(Y € B)=P(Z € B),BecB(R).

The collection {X; : i € I} is independent and identically distributed or
ii.d. if it is independent and

X;2X;ijel.

Exercise 3.7. If {A; : i € I} is an independent collection of o-fields and
X; is A;-measurable for each i € I, show that {X; : i € I} is independent.

Theorem 3.4. If X and Y are independent random wvariables with finite
mean, then XY has a finite mean and

E(XY) = E(X)E(Y).
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Proof. As the first step, we show that for simple non-negative independent
random variables X and Y,

E(XY) = E(X)E(Y).

Since X and Y are simple and non-negative,

m n
X:ZailAia Y:ZﬁilB“
=1 i=1

for some aq,...,am,B1,..., 00 >0, A1,..., A € 0(X) and By,...,B, €
o(Y). Thus,

m n

E(XY) =" a;8;P(AiN By)
i=1 j=1

=YD B P(4)P(B;)

i=1 j=1
= E(X)E(Y),

the independence of o(X) and o(Y") being used in the second line.

The second step is to show that for non-negative independent random
variables X and Y, E(XY) = E(X)E(Y). There exist o(X)-measurable
simple random variables s, such that 0 < s, 1 X and o(Y')-measurable sim-
ple random variables t¢,, such that 0 <t, 1Y. As s, and £, are independent
by Exc[3.7] the first step implies

E(sptn) = E(sn)E(tn) .

Observing that 0 < s,t, T XY, letting n — oo and using MCT, it follows
that E(XY) = E(X)E(Y).

Finally suppose X and Y are independent and integrable. Then | X| and
|Y| are independent. The second step shows

E (X[ [Y]) = E(XDE(Y]) < co.

Thus, XY is integrable. Splitting X = X+ — X~ and likewise for Y, the
proof follows. 0

Definition 31. For random wvariables X and Y such that X,Y, XY are
integrable, the covariance of X and Y is

Cov(X,Y) =E [(X - E(X))(Y —E(Y))] .

Theorem 3.5. If X and Y are random variables with finite variance, then
Cov(X,Y) is defined and

|Cov(X,Y)| < +/Var(X)Var(Y).
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Proof. Follows from Cauchy-Schwarz. O

Theorem 3.6. 1. If Cov(X,Y) is defined, then
Cov(X,Y) =E(XY) - EX)E(®Y).
2. If X andY are independent and integrable, then Cov(X,Y") exists and
equals zero.
3. If X has a finite variance, Cov(X, X) = Var(X).
4. If Cov(X,Y) is defined, then

Cov(aX +v,8Y +0) = afCov(X,Y),a,B,d,7v € R.

5. If Xq,..., X, have finite variances, then

Var (Zn: XZ-> = zn:Var(Xi) +2 ) Cov(Xy, X;).
=1 =1

1<i<j<n
Proof. Exc. O

Definition 32. For random variables X and Y whose variances are finite
and positive, their correlation is

Cov(X,Y)
V/Var(X)Var(Y)

Exercise 3.8. For a random variable X, show that Var(X) = 0 if and only
if X is a degenerate random variable, that is, for some c € R, X = c a.s.

Corr(X,Y) =

Theorem 3.7. Suppose X andY are non-degenerate random variables with
finite variances.

1. For a,B,v,6 € R with o, B # 0,

Corr (X +v,8Y +6) = sgn(af)Corr(X,Y).

2. A correlation coefficient always lies between —1 and 1, that is,
|Corr(X,Y)| <1.
3. There exist a,b,c € R with a,b # 0 such that aX + bY = ¢ a.s. if and

only if
Corr(X,Y) = =+1.
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Proof. 1. A trivial consequence of Theorem [3.614.
2. Follows from Theorem 3.5
3. For the “only if” part, suppose aX + bY = c a.s. for some a,b # 0. Then

Corr(X,Y) = Corr (X, g - %X)

= sgn (—%) Corr(X, X)

1. being used in the second line and the last line follows from the observation
that Corr(X,X) = 1 which is a restatement of Theorem [3.6/3. Thus aX +
bY = c a.s. for some a,b # 0 implies Corr(X,Y) = +1.

Conversely, suppose Corr(X,Y) = +1. Define

- X-BX) Y -E)
V/Var(X) ’ VVar(Y)

Then E(X"?) = E(Y"?) =1 and E(X'Y’) = Corr(X,Y). If Corr(X,Y) = 1,
then

E[(X' -Y')?] =E(X?) +EY"?) - 2E(X'Y’) =2 — 2Corr(X,Y) =0,
showing that X’ = Y” a.s. In other words, Corr(X,Y) = 1 implies

X Y _ BX)  EY)
\/ Var(X) Var(Y) /Var(X) Var(Y)

A similar calculation shows that Corr(X,Y) = —1 implies

X N Y E(X) . E(Y)
= a.s.
VVar(X)  Var(Y) /Var(X) Var(Y)
This proves the “if” part and thus completes the proof. O

Now we proceed towards showing that given a countable collection of
CDFs, there exist independent random variables with those CDFs. The
first step in that direction is the following result, which is an alternate way
of proving the second part of Theorem

Theorem 3.8. Let F' be a C.D.F. and define
Fo(y)=if{z eR: F(z) >y}, 0<y<1. (3.6)

If U ~ Uniform(0,1), then F< (U) has C.D.F. F.
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Proof. 1t suffices to prove that for zop € R and 0 < yp < 1,
F™(y) < z0 <= yo < F(xo), (3.7)

because then it would follow from the fact that 0 < U < 1 a.s. that for
T €R,
P(F(U)<xz)=P(U<F(z))=F(x).

Proceeding towards proving (3.7)), first assume y9 < F(zg). In other
words,
o€ {xeR: F(x)>yo}.

Thus, z¢ > inf{zx € R: F(z) > yo} = F (yo), proving the “<” part, that
is, the “if” part.

For the reverse implication of , we shall show that yo > F(xo) =
F<(yo) > xo. Assume yg > F(x0). Right continuity of F' implies there
exists x1 > x¢ with F(z1) < yo. As F is non-decreasing,

F((—00,z1]) = (0, F(z1)] C (0,30).
In other words, F(z) < yo for all x < 1, which is equivalent to
{z: F(z) =2 yo} C (z1,00).

Thus, inf{z : F(x) > yo} > =1 > xo. That is, F* (yo) > zo, as desired.
This proves the “=" implication, that is, the “only if” part of (3.7, which
completes the proof. ]

The next step in the same direction gives an alternate way of generating
an Uniform(0, 1) random variable.

Theorem 3.9. If X1, Xs,... are i.i.d. from Bernoulli(1/2), that is, they
take values 0 and 1 with probability 1/2 each, then

n=1

follows Uniform(0,1).

Proof. Forn=1,2,3,..., define

Up=> 27'X;.
i=1
We shall first show by induction on n that

P(U,=2"")=2",i=0,1,...,2" — 1. (3.8)
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Since Uy = X;/2, that is, U; takes values 0 and 1/2 each with probability
1/2, trivially holds for n = 1. Assume for some n as the induction
hypothesis. Notice

Uni1 —Up =27"71X, 1. (3.9)
Since U, is measurable with respect to (X1, ..., X,,) which is independent
of o(X,41) by Corollary U, is independent of U,y1 — U,. Another
implication of and the fact U,, € {27 :9=0,1,...,2" — 1} is that

- E{{Q‘"i:izO,l,...,Q”—l}, if Upi1 — U, =0,
n+1

IR L | (3.10)
{27 42 :i=0,1,...,2 1}, otherwise.

Since {27 :i=0,1,...,2" —1}n{2™i+2""1:i=0,1,...,2" -~ 1} =0,
fori=0,1,...,2" — 1, implies
P(Upy1 =2"") = PUps1 =2""0,Ups1 — U, =0)
= P(U, =2",Ups1 — U, =0)
(independence of Uy, U, 41 — Up) = P(U, =27 ") P(Upy1 — Uy, = 0)

1
= 3 P(Un=27"0)

— 2—n—1

)

the penultimate line follows from (3.9), whereas (3.8]) for n implies the last
line. A similar calculation with (3.10]) shows

P(Uppr=2""i+2" ) =21 i=0,1,...,2" - 1.
Observing that
{27 :i=0,1,...,2" —1}u{2™ +2" 1 .i=0,1,...,2" — 1}
={27" Y :i=0,1,...,2"" — 1},
follows for n + 1. Mathematical induction shows for all n.

Note that U,, T U and hence for any x € R, [U,, < z| | [U < z]. Thus,
for x € (0,1),

PU <z)= lim P(U, <)

n—oo

= lim 27" ([2"z] + 1)

n—oo

:x’

(3.8)) implying the second line, [z] denoting the largest integer less than or
equal to z. Monotonicity of the CDF implies P(U < 0) = 0 and P(U <
1) = 1. Hence,

0, =<0,
PU<z)=1z, 0O<z<1,
1, z>1,
that is, U follows Uniform(0, 1). This completes the proof. O
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Now we are in a position to prove the existence of a countable collection
of independent random variables.

Theorem 3.10. Given CDFs Iy, Fy, ..., there exist independent random
variables X1, Xo,..., defined on some probability space (2, A, P), whose
CDFs are Iy, Fs, ..., respectively.

Proof. Let (2, A, P) be the probability space associated with infinite tosses
of a fair coin as in Example Define for n = 1,2, ..

Y, (w) =1(w, =H),w= (w1, w2, ws,...) € Q.

Clearly, Y1,Y3, ... are i.i.d. from Bernoulli(1/2). Fix a bijection ¢ : NxN —
N and define
Zz‘j = Yqﬁ(i,j) ;1,7 € N.
It is immediate that {Z;; : 7,7 € N} are i.i.d. from Bernoulli(1/2).
Define

Ui=)Y 27Zj,ieN, (3.11)
j=1

Fori =1,2,..., U; is measurable with respect to A; = o(Z;1, Zi2, . . .). Corol-
lary shows Aj, Ag,... are independent o-fields. Hence, Uy, Us,... are
independent. Theorem in view of shows U; follows Uniform(0, 1)
for every i. That is, Uy, Us, ... are i.i.d. from Uniform(0, 1).

Finally, set X; = F;~(U;), where F;~ is as in (3.6). Theorem shows
X; has CDF F;. Since Uy, Us,,... are independent, so are X1, Xo,..., and
hence the proof follows. O

Remark 1. The construction (3.11)) along with Theorems and gives
an alternative proof of the second part of Theorem which completely

bypasses Theorem [1.4)
Definition 33. Let RN = {(z1,29,23,...) : 2, ER,n=1,2,...} and

B(RN) :a{<ilf[1Ai> xRXRX...: nZl,Al,...,AnEB(R)}.

Theorem 3.11. If Py, Py, ... are probability measures on (R, B(R)), then
there exists a unique probability measure P on (RN, B(RN)) such that

P(Ayx ... x Ay xRxRx..) =[] P(A),Ar,...., Ay € BR),n > 1.
=1
(3.12)
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Proof. For n=1,2,..., let
Fu(z) = Pu ((—00,3]) ,5 €R.

Theorem shows the existence of independent random variables X7, X»,
X3, ... having CDFs Fy, Fy, ..., respectively, defined on some probability
space (2, A,P). Exc shows that P(X; € A) = P;(A) fori =1,2,... and
A € B(R).

Define T': Q@ — RN by

T(w) = (X1(w), X2(w),...) ,we Q.
The map T is measurable, that is, T7'B € A for all B € B(RY), because
foralln > 1 and Ay,..., A, € B(R),
T7' Ay x ... x Ap x RxRx..)=[X;'4; € A.
i=1
Let P=PoT~!. Then, for Ai,..., A, as above,
PAlx...x Ay xRxRx..)=P (T (A x...x A, x Rx R x ...))

=P (ﬁ X;lAZ)

i=1

= ﬁP(Xz € Az)

=1
i=1

the independence of X1, Xo,... implying the penultimate line. Thus, P
satisfies (3.12). Uniqueness follows from the observation that

{A1 X ... x Ay xRxRx...:n>1,4,..., 4, € B(R)}

is a semi-field. This completes the proof. O
Definition 34. The probability measure P on (RN, B(RY)) satisfying (3.12)
is the product measure of Py, Ps, ... and is denoted by
o0
P=@)P,.
n=1
The above infinite product could be defined because Pj, P, ... are all

probability measures.

We conclude this chapter by pointing out that measure theory is indis-
pensable for a rigorous treatment of probability theory, which is now amply
clear. The following are a few instances where usage of measure theory was
necessary.
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1. For studying the simple random experiment of infinite tosses of a fair
coin, as in Example

2. For defining expectation of a general random variable, that is, one
which is neither discrete nor has a density.

3. Showing linearity of expectation is very difficult, even for random vari-
ables having a density, without the measure theoretic definition.

4. Answering the question of when a random variable has a density is
impossible without the Radon-Nikodym theorem.

5. Last but not the least, the study of independence in this chapter be-
came much easier thanks to measure theory.

4 Several random variables

Definition 35. For random variables X1, ..., Xq, which by convention are
defined on the same probability space (2, A, P), the joint CDF of (Xi,...
.., Xg) is a function F : R% — [0,1] defined by

F(xl,...,xd):P(Xlle,...,XdSxd),xl,...,xdeR.

A joint CDF will often be referred to simply by ‘CDF’. For this chapter,
we introduce the following notations:

H = {(a1,b1] x ... x (ag,bq] : —00 < a; < b <oofori=1,...,d},
AgF = > (—)#m=ad Py, ), (4.1)

(z1,..5q)E{a1,b1} x...x{aq,bq}

for a function F : RY — R and R = (ay,b1]x...x(ag, bg] € H. A restatement
of Exc B.3in the above notations is that

P((Xl,...,Xd)ER):ARF,REH, (4.2)

if ' is the CDF of (Xi,...,Xy). The following theorem can be proved along
similar lines as the direct part of Theorem with the help of (4.2).

Theorem 4.1. If F' is the joint CDF of d random variables, then
1. ARF >0 for all R € H,

2. F is continuous from above, that is,

lim F(y1,...,yq) = F(x1,...,2q) for all z1,...,24 € R,
Y141, yal®d
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3. foranyk=1,...;dand1 <i; <...<ix <d,

lim F(zy,...,2q) =0,

11 —>—00,...,0—>—00
where xj € R is fized for all j € {1,...,d} \ {i1,..., ik},

4. and

lim F(zy,...,xq)=1.
T1—>00,...,Lq—>0Q

Proof. Exercise. O

The following measure-theoretic fact is a d-dimensional generalization of
Theorem [1.4l

Fact 4.1. If F : R? — R is a function which is continuous from above and
satisfies ArF > 0 for all R € H, then there exists a unique Radon measure
p on (R%, B(RY)) such that

w(R) = ARF', for all R € H.

Neither the above fact nor the following theorem, which is built on it and
gives a converse of Theorem [4.1] will be used much in the course. Nonethe-
less, a proof of the above fact is given in Subsection of the Appendix.

Theorem 4.2. If F : R? — [0,1] satisfies 1.-4. of Theorem |4.1, then there
exist random variables X1, ..., Xq defined on some probability space such
that F' is the joint CDF of (X1,...,Xa).

Proof. Since F satisfies 1. and 2., the preceding fact implies there exists a
Radon measure x on (RY, B(R?)) such that

M(R):ARF, Re™H.

Our first goal is to show p is a probability measure. To that end, rewrite
the above for R = (—m,n]?, where m,n € N, as

" ((—m, n]d) - 3 (—)#lE=—mb g ) mon e N.
(21,...,2q)E{—m,n}d

In the right hand side above, if n is fixed and m — oo, then every term
except F'(n,...,n) goes to zero by 3. of Theorem which F' satisfies by
hypothesis. As p is a measure, the left hand side increases to pu((—oo,n]?)
as m — oo. Therefore,

,u((—oo,n]d):F(n,n,...,n),nZI. (4.3)

Let n — oo and use 4. to conclude p(R?) = 1. In other words, p is a
probability measure.
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Let © =R% A= B(R?) and P = u. Define X; : R? — R by
Xi(xy, ... xq) = xi, (x1,...,24) € RY,

fore=1,...,d. Then X;,..., X, are random variables on the probability
space (2, A, P). Arguments leading to (4.3)) can be slightly tweaked to show
that

P((—o0,z1] X ... X (=00, 24]) = F(x1,...,2q),21,...,24 € R.

As the above is the same as saying F' is the CDF of (X7,..., Xy), the proof
follows. O

Definition 36. For random variables X1,..., X4, the joint distribution of
(X1,...,Xq) is the measure on (R, B(R?)) given by Po(X1,..., X))}, that
is, the measure pushed forward to R® by (Xi,... ,Xq). For a measurable
function f : Rd — R, the integral of f with respect to the measure P o
(X1,...,Xq)"L, if defined, is denoted by

/ / f(l:l,..., ) (Xlédml,...,XdEd:L'd).

For random wvariables Y1, ...,Yy, (X1,...,Xq) 4 (Y1,...,Yy) means
P((X1,...,X4) € B)=P((Y1,...,Yy) € B) for all B € B(R?).

The following result is similar to its one-dimensional analogue.

Theorem 4.3. 1. For random variables X1, ..., X4 and a Borel measurable
f:RY SR,
E(f(Xl,..., / / fxl,..., ) (XlEdl‘l,...,XdEdSUd),

whenever either side is defined.
2. For random variables X1,...,Xq,Y1,...,Yy,

d
(X1,...,Xq) = (Y1,...,Yy)
if and only if the CDF's of (X1,...,X4) and (Y1,...,Yy) are the same.

Proof. 1. Follows from Theorem
2. Follows from (4.2)) and the observation that

d
{(H(az,bl]> ﬂRd:—OOSCLZ‘Sbi SOO,iZl,...,d}

i=1

is a semi-field and for every set in the above class, there exists sets in H
increasing to that. O
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Definition 37. For discrete random variables X1,..., X4, the joint PMF
of (X1,...,Xy) is the function p : R® = [0,1] defined by

p(xl,...,xd):P(X1:xl,...,Xd::L‘d),xl,...,:rdER.

A Borel function f: R% — [0,00) is the joint density of (X1, ..., Xq) if
P[(X1,...,Xq) € B] = / f(x)dz, B € B(RY).
B

Theorem 4.4. A Borel map f : R? — [0,00) is the density of (X1,..., Xq)
if and only if

T Tq
F(zl,...,md):/ / f(z1,...y2q) dzgq...dz
—00 )

for all x1,...,xq € R, where F is the CDF of (X1,...,Xy).

Proof. Follows from Theorem [£.3]2. O
Theorem 4.5. If Xy,..., Xy are discrete random variables, then for k =
1,...,d—1,

P(Xy=mz1,...,Xp=a21)= »_ ... PXi=uwz1,...,Xq=124q),

Tp4+1€ER rg€R

for all z1,...,z € R. If f is the joint density of (X1,...,Xy4), then for
k=1,...,d—1, g: R¥ = R defined by

o0 o0
g(ml,...,xk):/ / flxy, ... xq)degsq ... dzg,x1,. .., €ER,
—00 —00

is the density of (X1,...,Xk)-

Proof. We prove the second claim; the proof of the first one is similar. Let
f be the density of (X1,...,Xg). Then for B € B(R¥),

P(X1,...,X}) € B
_p {(Xl,...,Xd) €B de—’f]

:/ / 1[(z1,...,2x) € B] f(z1,...,z4)dzq ... dz1
—0o0 —00
:/ 1((z1,...,2) € B) (/ f(xl,...,:nd)dack+1...da:d> dxy...dzy
Rk RA—k
:/kl((xl,...,xk)GB)g(azl,...,xk) dzi...dxy .
R

As this is true for all B € B(R¥), g is the density of (X1, ..., X), as claimed.
]
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Theorem 4.6. For discrete independent random variables, the joint PMF
is the product of the marginal PMFs, that is, if X1,...,Xq are discrete and
independent, then

P(Xy=u1,..., Xa =) = [[ P(Xi = @) , (21, ., 4) € R?.
If X1,...,X4 are independent with respective densities fi,..., fq, then f,
defined by,
d
f(xlw"axd) :Hfi(aji)vxlv"wxdeRv
=1

is the density of (X1,...,Xq).

Proof. The first claim follows immediately from the definition of indepen-
dence. For the second claim, using independence, write for x1,...,xqs € R,

d
P(Xi <xi1,...,Xq < xq) :HP(Xi < ;)
=1

d g
= fi(z) dz;
}I/oo %) dz

T T4
:/ / f(zl,...,zd)dzd...dzl.

Theorem [1.4] completes the proof. O

The following is a converse of the above, and in fact, slightly stronger
than that.

Theorem 4.7. If X1,..., Xy are discrete random variables for which there
exist ¢ € R and functions p1,...,pq : R = R such that

d
P(X)=x1,...,Xq=xq) :chi(:Ui),xl,...,xd €eR,
i=1
then X1,...,Xg are independent. Furthermore, if
Zpi(x):l,i: 1,...,d,

z€R

then ¢ =1 and p1,...,pq are the respective marginal PMFs of X1,..., X4.
If (X4,...,Xy4) has a joint density f which can be written as

d
f(acl,...,:):d):chi(xi),(xl,...,acd)ERd, (4.4)
i=1
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for measurable functions f1,...,fq: R = R, then X1,..., Xy are indepen-
dent. If, in addition, f1,..., fq integrate to 1, then c =1 and f1,..., fq are
the marginal densities of X1, ..., Xy, respectively.

Proof. The second claim will be proved as the proof of the first claim is
similar. Non-negativity of f and (4.4]) show

d
AT i@l = F@r, ... 2a) @1, 34 € R (4.5)
=1

Thus,

d o0 o0 oo d
|c] | fi(x)| dx; = lel V| | fi(xy)| doy ... dx
L1/ iteiteei= [ oo | It an. ..
=1,

(4.5) and that f is a density implying the second line. Hence,

/ |fi(z)|dz < co,i=1,...,d.

This allows integrating both sides of (#.4) over (z1,...,24) € R? which
yields
caj...ag=1, (4.6)

where

aiz/ file)de,i=1,...,d.

Theorem [4.5] shows that for i« = 1,...,d, the density g; of X; can be
obtained by fixing x; and integrating the right hand side of (4.4]) over all
other variables. That is,

gi(zi) = ¢ [T o) fitwi), 2 eR;
Je{L,...d}\{i}

(4.6) implies
gi(x) = ai_lfi(:c) ,reR.

Use this to rewrite (4.4]) as

d
flz1,...,2q) = cHaigi(mi)
i=1

d
= [T g,

i=1
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for all z1, ..., 24 € R, the last line following from (4.6)). Therefore, for By, ...
...,Bg € B(R),

P(XleBl,...,XdeBd)—/ f(xl,...,acd) drg...dzr
B By

:/B/ ﬁgi(a:i) dzg. .. do
d

Ba j=1
= H/ gi(x) dx;
i=1"Bi
d
=[] Pxi€ By,
i=1
the equality in the last line holds because g1, ..., gq are the respective den-
sities of X1,...,Xy. Thus, X1,..., Xy are independent.
If

/ file)de =1,i=1,...,d,

then «; = 1 for all 4, showing ¢ = 1 by (4.6) and that g; = f;. In this case,
fi,..., fa are thus the respective marginal densities of Xi,...,Xy. This
completes the proof. ]

The following exercise is a variant of the above theorem.

Exercise 4.1. Suppose f is the density of (X1,...,Xm,Y1,...,Yn). If
(@ ST , Xm) and (Y1,...,Y,) are independent, then show that

f<$17--~7xm>y17~--7yn) :fX($17'"7xm)fy(y17"'7yn)7

for almost all (x1,...,Tm,Y1,---,Yn) € R™T™ where fx and fy are the
densities of (X1,...,Xm) and (Y1,...,Ys), respectively. Conversely, if there
exist measurable g : R™ — R and h : R® — R and ¢ € R such that

f(xlu"'ax’n’L7y17"‘7yn) :cg(xla"'7xm)h(y17”'7yn)7

for almost all (x1,. .., Tm, Y1, .-+, Yn) € R™T™ then show that (X1,..., X))
and (Y1,...,Y,) are independent. Besides, if

/mg(m)d:vzlz/nh(x)da:,

then show that ¢ = 1, that g, h are non-negative a.e., and that gV 0 and h\V0
are the respective densities of (X1,...,Xm) and (Y1,...,Y,).
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Theorem 4.8. Suppose X = (Xq,...,Xy) is a random vector with P(X €
U) = 1 for some open set U C R Let v : U — V be a bijection for
some open set V. C R Let T : V. — U be the inverse of 1. Assume T is
continuously differentiable and its Jacobian matriz J(y) at y € V, defined
by
T (y)
J(y) = )
() 3y

is non-singular for all y € V. Then the joint density of Y = (Y1,...,Yy) =
B(X) is

) foT(y)ldet(J(y))|, yeV,
mw—{m eV

Proof. Since (Y1,...,Yy) €V as., for B € B(RY),

P((Y1,...,Yg) € B) = P((Y1,...,Yg) € BNV)
=P((X1,...,Xq) €T(BNYV))

= / f(z)dx
T(BNV)

= foT(y)|det(J(y))|dy
BNV

=Aﬁ@m%

the penultimate line following from Theorem Hence the proof follows.
O

Example 4.1. Let X ~ Gamma(a) and Y ~ Gamma(B) independently of
each other. We want to find the distribution of W = X/(X +Y).

Theorem [[.8 is the only tool at our disposal, which is valid for one-one
functions from an open subset of R? to R?. Therefore, we define an auxiliary
random variable Z = X +Y. Thus, (W, Z) = (X,Y) where ¢ : U =V is
a bijection defined by

r+y

ve) = (a4 y) e e U,

and U = (0,00)% and V = (0,1) x (0,00) are open sets. The inverse of 1 is
T:V = U defined by

T(w,z) = (wz,z —wz), (w,z) € V.

The Jacobian matriz of T is

O A

—z 1—w

o6



showing | det J(w, z)| = z for (w,z) € V.. The joint density of (X,Y) is

1
T = )

—ac—yxa—l

e Y (z,y) €U.

Theorem [4.8 shows that the joint density g of (W, Z) at (w,z) € V is

g(w,z) = foT(w,z)|det J(w,z)|
1

= —— e F(w2)* Mz —wz)P 1z
Mar@* T e

_ 1 wafl —w ﬁflefzzoﬂrﬁfl

“ @ U |

and g(w, z) =0 for (w,z) ¢ V. In other words,

g(w, z) = chi(w)hy(z), (w, z) € R?,

where
1
h = =11 —w)P11(0 1 R
1(’UJ) B(Oz,ﬁ)w ( "UJ) ( <w< )’we )
ho(z) = #efzzwrﬁ*ll(z >0),zeR
I'(a+B) ’ ’
and

B(a, B)T (o + B)
INCYINCED
Since hy and hy are densities of Beta(a, ) and Gamma(a+ ), respectively,
Theorem[{.7 shows that ¢ = 1 and W and Z are independent with respective
densities hy and he. In particular, this means X /(X +Y") follows Beta(a, ).
Furthermore, ¢ = 1 reconfirms that

CcC =

L'(a)l'(B)
Bla,8) = ——F,a,6>0.
In the next result and elsewhere, a vector x € R”, for n = 2,3, ..., is to

be thought of as an n X 1 column vector, unless mentioned otherwise.

Theorem 4.9. If X = (X1,...,Xy) has density f, A is a dxd non-singular
matriz and
Y =AX +p,

for some fized p € RY, then' Y = (Y1,...,Yy) has density

1

fFA Ny —p) ,yer?.
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Proof. Follows immediately from Theorem by observing that Y = ¢ (X)
where 1) : R — R? is a bijection defined by

U(z) = Az + p,z € RY,
that the inverse of ¢ is T' defined by
T(y)=A"'y—p),yeR?,
and that the Jacobian matrix of T is A~!. O

The next result is a striking application of Theorem which is very
useful in statistics.

Theorem 4.10. If X1,..., X, are i.i.d. from standard normal for n > 2,

and
X = %Z X;, and S = Z

then X and S are independent.

Proof. Let P be an n x n orthogonal matrix whose first row is

[1 1} .
AR
such a P exists because the above is a vector of norm 1. Let
X = (X1,...,Xy),
which is to be thought of as a column vector by convention. Define

Y1
y=1|:|=prx.
Yo

The density of X is

1o 1
_ —n/2 - 2] _ —n/2 -7
f(z) = (2m) exp < 5 ;1 iUz) = (2m) exp < 5% x) ,
for all x = (z1,...,2,) € R". Theorem shows that the density of Y is
1 T
9(y) = Wf (P y)

(since det(PT) = +1) = (2m) 7"/ exp <—;(PTy)T(PTy)>
= (2%)7"/2 exp (—;yTPPTy>

. 1
= (2m) " ? exp (—QyTy> ,
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for y € R"™, the last line following from the fact that P is an orthogonal
matrix. Thus,

L 5
g(y) = ||—e*yip,y:(yl,...,yn)GR". (4.7)
o Ve

In other words, the joint density g(y1,...,yn) of (Y1,...,Y},) can be factor-
ized as the product of the standard normal density evaluated at y1,...,¥yn.
Theorem shows Yi,...,Y, are i.i.d. from standard normal.

The choice of the first row of P implies

Y) = vnX. (4.8)

Once again, P is an orthogonal matrix implies

n n
dx7=>v7. (4.9)
i=1 =1

Write

(4.8) and (4.9) implying the penultimate line. As S is a function of Vs, ..., Y,
and X is a function of Y7, the independence of X and S follows, which
completes the proof. O

Definition 38. If Z1,...,Z, are i.i.d. from standard normal, the distribu-
tion of Y1 | Z2 is called x2.

Exercise 4.2. Show that S, which is as in Theorem has the x2_,
distribution.

Exercise 4.3. Let X1,...,X, be i.i.d. from standard normal, and
X1
X=1:
Xn



Fiz p € R™ and let ¥ be a n X n real symmetric positive definite (p.d.)
matriz, that is, 27 = ¥ and 7 Xz > 0 for all x € R™\ {0}. Let ©1/2 be the
p.d. square oot of ¥, that is, ¥1/2 is the unique p.d. matriz whose square is
3. Define

Y =p+322x. (4.10)

Show that the density of Y = (Y1,...,Yy) is

9(y) = @n) ;et(El/Q) exp <—;(y — 'Sy — u)) ,y €R™.

Soln.: Follows from Theorem [4.9

The density obtained in the above exercise is the density of the so-called
multivariate normal distribution which is formally defined below. The next
several results are devoted to understanding the properties of this distribu-
tion. Observing that det(X'/2) = |/det(X), the following definition makes
perfect sense.

Definition 39. If X = (X1,...,X,,) has density

fla) = —2 3@ nTE ) R,

ex
)2\ Jdet(m) ¥ ( 2
for some p € R™ and n X n p.d. matriz 3, then X follows n-dimensional

multivariate normal distribution with parameters p and %, which is written

as
X ~ Np(p,2).

The interpretation of p and ¥ in the distribution N, (u, ) will be clear
after a couple of results. The following theorem is essentially the converse

of Exc [4.3]

Theorem 4.11. If X ~ N, (1, %) and (Y1,...,Y,) =Y = V(X — p),
then Y1,...,Yy, are i.i.d. from standard normal.

Proof. The density of X is

! —1u—ufz*@—uﬁ,xeRn

1) = e Jaers) exp< 2

Writing
Y = E*l/QX o 271/2,&,

Theorem with A = £71/2 and p replaced by —X~/2) therein implies

60



that the density of Y is

9W) = Gor z 1/2 752 (v +27))

~ det(D- 1/2 (21/2y+“)

— (27)""2 exp <_ 1 21/2 (El/2y)>

= (2m) "/ eXp< SV y)

det(2-1/2) = (det(E))_l/2 being used in the penultimate line, and the last
line follows from the fact that ©!/2 is symmetric and

w1/2y=1y01/2 _ g

Like in (4.7) and the subsequent argument, Theorem shows Y7,....Y,
are i.i.d. from standard normal, which completes the proof. ]

The next theorem shows that if X ~ N, (u,X), then p and ¥ are the
“mean vector” and the “covariance matrix” of X, respectively.

Theorem 4.12. If X ~ N,(u,X) where

po= (1,5 fin) and X = ((045))1<ij<n »
then

E(XZ) :Mlvzz 1""7”7
COV(Xi,Xj) = 045, 1< i,j <n.
In particular, Var(X;) = oy fori=1,...,n.

Proof. Let (Y1,...,Y,) =Y = S V%X — p); Y1,...,Y, are iid. from
standard normal by Theorem Rewrite the above as

X =pu+ 22y,
or .
X; :,ui—l—ZHinj,z': 1,...,n,
j=1
where ¥1/2 = ((6i5))1<i,j<n- Since Yi,...,Y, are zero mean random vari-

ables, it immediately follows E(X;) = p; fori =1,...,n. Theoremshows
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that for fixed 1 < 1,5 < n,

COV(Xi, Xj) = Cov <Z HikYk, ejlyl)
k=1 =1

= Z Z QikeleOV (Yk7 Yi)

k=1 1=1
n
= b,
k=1

the last line following from the fact that Y7,...,Y,, are independent and each
has variance one. Recalling that 6;; is the (i, k)-th entry of X'/ which is a
symmetric matrix, write

Z Oirbjr = Z 0;10k;
k=1 k=1

= (i,7)-th entry of ¥/2x1/2
= (i,7)-th entry of ¥

= 0 ij -
It thus follows that

COV(X@,X]') =0,1<4,j<n.

Taking ¢ = j implies Var(X;) = 0;; and completes the proof. O
Exercise 4.4. IfY1,...,Y, are random variables, each having variance one,
such that

Cov(Y;,Y;)=0,1<i<j<n,

A is an m X n matriz and

show that the covariance matriz of X is AAT.
The next theorem is consistent with the above exercise .

Theorem 4.13. If X ~ N,(0,1), where I is the n X n identity matriz, then
for any m x n matriz B with Rank(B) = m and p € R™,

BX + pi~ Ny, (1, BBT) .
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Proof. Let us first deal with the case m = n. In this case, B is a non-singular
matrix as Rank(B) = m. The density of X is

f(z) = (2m) ™2 exp (—;xTa:> ,x e R"™.

Theorem implies that the density of Y = BX + pu is
1

90) = Ty (B W= w)
1 det<B>1|<2w>n/2 o <‘;<B‘1<y —m) (B (y - u)))
1 1 L
= o (a0 BB - )

1 1 _
- G <—2(y—u)TE 1y —m) ,

where ¥ = BBT is a p.d. matrix because B is non-singular and therefore
det(X) = | det(B)|. This shows the stated claim when m = n.

Now assume 1 < m < n. Since Rank(B) = m, the rows of B form a
basis of the row space of B. Let C' be a matrix whose rows form a basis of
the orthogonal complement of the row space of B. In other words, C' is an
(n —m) X n matrix with Rank(C) =n —m and

BCT =0. (4.11)
Define Y7,...,Y, by
Y
D | =AX 4,
Yy
where A = [B] is an n X n non-singular matrix and f is an n x 1 vector

defined by i = [§]. Using the result for the case m = n, which has already
been shown, it follows that

(Y1,...,Y,) ~ N, (1, AAT) . (4.12)

Using (4.11)) to write

BBT 0
AAT = [ 0 C’CT] : (4.13)
it is immediate that
T —1
Ayt | (BBT) 0
(447) 0 (ccmy™




Thus for y™) € R™ and 3 € R"™, which are column vectors by conven-
tion, and letting

(1)
v= %] (114)
we get
(y— )" (44T) " (y - )
= (O = T (BBT) ™ (y) — ) + 4 (CCT) Ty (4.15)

Recall (4.12)) to write the density of (Y1,...,Y,) as

o) = (27r)n/2\/1det(TT) eXp <_;(y - ﬂ)T (AAT)71 (y — ﬂ))
- (27r)n/2\/1det(TT) xp (;(y“) — T (BBT) ™ (yM - M)>

1 -1
X exp <—2y(2) (C’C’T) y(2)> ,

by (4.15)), where y is partitioned as in (4.14)). Use (4.13)) to write
det(AAT) = det(BBT) det(CCT),

which allows simplifying g to

9(y) = G %QWBBT) exp <—;(y(1) — " (BBT) " (yV - u))

1 1 -1
L@ (ceryt,®
X 2m) -2 Jdet (CCT) eXp( v (CC) Ty >

=g (y(1)> 9 (y(2)> :

where g1 and go are the densities of Ny, (u, BBT) and N,,_,,,(0, CCT), respec-
tively. Exc shows that (Y1,...,Y,,) and (Y,41,...,Y,) are independent
from N,,(p, BBT) and N,,_,,(0,CCT), respectively. Since

Yi
D | =BX +p,
Yo
a restatement of the former is that

BX + i ~ Np,(u, BBT)

which completes the proof. O
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Theorem 4.14. If X ~ N, (p, X) and B is an mxn matriz with Rank(B) =
m, then
BX ~ Ny, (Bu, BEBT) .

Proof. Let (Yi,...,Y,) =Y = %"Y2(X — p). Theorem shows Y7, ...
..., Y, are i.i.d. from standard normal, that is, Y ~ N, (0, I).
Write

BX = B(X —p) + Bu = BEY?27Y2(X — ) + Bu = AY + By,

where A = BX/2. Since A is an m x n matrix with Rank(A4) = m because
»/2 g non-singular, Theorem shows

AY + Bu ~ Ny, (Bu, AAT) .

Observing that
AAT = By BT,

the proof follows. O
An immediate corollary of the above theorem is the following.

Corollary 4.1. If Xy,...,X,, are independent and X; ~ N(ui,af) fori=

1,...,n, then
n n n
i=1 i=1 i=1

Proof. Follows from Theorem by taking B to be the 1 xn matrix [1...1]
and observing that
(X17 s 7XTL) ~ Nn(lu'v Z) )

Where n = (/Ll, . ,un), 2 = ((O'ij))lgz‘,jgn and
op, i=7],

Oij = . .

0, i#j.

Exercise 4.5. If (X,Y) follows bivariate normal, that is,
(X,Y) ~ Na(1, %)
for some € R? and 2 x 2 p.d. matriz ¥, show that
Corr(X,Y) =0 <= X,Y are independent.

Show that the above equivalence fails if each of X and Y follows normal but
(X,Y) is not necessarily bivariate normal.
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Exercise 4.6. If X ~ N,(0,%), show that

Var (i;x?) =2Tr (¥?%),

where Tr(-) denotes the trace of a square matriz.
Hint. The spectral theorem for real symmetric matrices implies ¥ = PDPT
for some orthogonal matriz P and diagonal matriz D. Define Y = PTX
and show that

YTy = XTX.

Exercise 4.7. Suppose (X1,...,Xpn) ~ Np(p,X) where p = (1, -, pin)
and ¥ = ((0))1<i j<n-

1. Show that X; ~ N(p;,04) fori=1,...,n.
2. If i1, ... i € {1,...,n} are distinct, show that
(Xiys oo, X4y ) ~ Nig ((Mj)lgjsm ((Uz‘j,ij/))lsj',j’sk) :
3. For AABC{l,....n} with A#0, B#( and AN B =10, show that
(Xi:i€A) and (X; : i € B) are independent
if and only if
Cov(X;, X;) =0 forallic A,jeB.

Exercise 4.8. Suppose X and Y are i.i.d. from standard normal. Let p €

(=1,1) and set
Z=pX +1-p?Y.

wo-n(f] [ 5)

Exercise 4.9. If X1,..., X, are i.i.d. from standard normal, P is an m xn
matriz with 1 < m < n and PPT = I,,,, and

Show that

(Y1,....Y,,) =Y = PX,

show that
m
2 2
DY~ X
i=1
n m
SXPT-D Y~
i=1 i=1
and

m n m
Z Y;-Q , Z XZ-2 — Z YZ-2 are independent.
i=1 i=1 i=1
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The last topic to be studied in this chapter is order statistics. We start
with defining the same.

Definition 40. The ascending sort map is a map T : R — R"™ which

sorts the entries of a vector in ascending order, that is, T(x1,...,2,) =
(Y1,.--3Yn) means y1 < ... < y, and (Y1,...,Yn) 1S a permutation of
(x1,...,2y) for all (x1,...,x,) € R™. For random variables Xi,..., X,

their order statistics X(yy,..., X(,) are defined by
(X(l), . ,X(n)) =T(X1,...,Xpn).

The ascending order map is a continuous function from R” to R™ and thus
Borel measurable. Therefore, if X1,..., X, are random variables, which by
convention are defined on the same probability space, their order statistics
are random variables as well.

Theorem 4.15. If Xy,..., X, are i.i.d. from some density f, then the
density of their order statistics (X 1y, ..., X(y)) is

nlf(z1) ... f(zn), z1<x2<...<2p,

0, otherwise .

g(x1, ... xy) = {

The proof uses the following exercise which is a special case of Exc

Exercise 4.10. Suppose P,Q are finite measures on (R™, B(R™)) such that
for some open set U,

P(U®) =0 =Q(U°).

If P(R) = Q(R) for all R = (a1,b1] X ... X (apn,by] C U with —00 < a; <
b <oo,i=1,...,n, show that P and Q) agree on B(R™).

Proof of Theorem [{.15 Letting U = {(z1,...,2n) € R" : 21 < ... < xp},
the proof would follow from the above exercise once it is shown that

P ((X(l),.. . ,X(n)) S UC) =0 :/ g(wl,... ,J?n) dxy...dx,, (4.16)

c

and

P ((X(l), . ,X(n)) € R) = / g(xl, e ,xn) dxy...dx,, (4.17)
R
for all
R=(a1,b1] x ... x (ap,by) CU with —oco<a; <b;<o0,i=1,...,n.
(4.18)
Since Xi,..., X, are ii.d. from a density f, (Xi,...,X,) has a density
h given by

hzi,...,xn) = f(x1)... f(zn),21,...,2, € R.
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Since {(z1,...,2pn) : ; = x; for some 1 < i < j < n} is a finite union of
lower dimension subspaces of R™, it is a set of zero Lebesgue measure and
hence the integral of h on that set is zero. In other words,

P(X; =X forsome1<i<j<n)=0.
Consequently,
P(X(;) = X(j) for some 1 <i<j<n)=0.
This along with the obvious fact that X1y <... < X(;,) shows that
P ((X(l), cos X)) € U) =0.

That
/ g(x1,...,xp)dxy ... dxy, =0

follows tautologically from the definition of g. That is, (4.16]) holds.
For (4.17), fix R as in (4.18). An immediate consequence of R C U is
that a1 < by <as <by <...<a, < b, and hence

(ai,bi]ﬂ(aj,bj]:(D,1§i<j§n. (4.19)
Therefore,

X(l ,X(n)> ER)

P ((Xq),-
:P(ai<X(i)§bi,i:1,...,n)

=P U [ai<Xﬂ.(i)§bi,i=1,...,n]

m permutation of {1,...,n}

= Z P(ai<X7r(i)§bi,i:1,...,n),

7« permutation of {1,...,n}

the penultimate line following from the fact that X()(w),..., X (w) is a
permutation of Xj(w),..., X, (w) for every w € €2, and the last line follows
from the observation that for distinct permutations 7 and 7/,

lai < Xpy <bi,i=1,...,n| N [a; < Xpy <bi,i=1,...,n] =0,

which is another consequence of (4.19)).

68



For a fixed permutation 7, the independence of Xy, ..., Xz (,) implies

P ((X(l), .. 7X(n)) S R) = Z HP (ai < Xﬂ(l) < bz)

7 permutation of {1,...,n} =1

(Ko £ X1, 0 =10 0n) = > ﬁ

T permutation of {1,...,n}i=1"%

:nIH

b1
= n'/ / f(x1) ... f(zn) day, ... doy

:/g(azl,...,aﬁn)dxl...dxn.
R

Thus (4.17) holds for every R as in (4.18)). This completes the proof. O

Exercise 4.11. If (X1,...,X,) is a random vector in R™ with joint density
[ and (X(,...,X(n)) is its order statistic, show that the density of the
latter is

Tr(l)s s Tr(m)) s, L1 < ...< Ty,
g(xlv"'axn) = {Zﬂf( W) ( )) !

0, otherwise,

where the sum is over all permutations of {1,...,n}.

5 Conditional expectation

Following the usual convention, (€2, .4, P) is the probability space underlying
everything we talk about, unless specifically mentioned otherwise. As in
Definition for A, B € A with P(A) > 0, the conditional probability of B
given that A has occurred is

P(BNA)

P(BIA) = =5 p

Suppose now that 0 < P(A) < 1 and we want to define the conditional
probability of B given that we know whether A has occurred or not. If A
has occurred, then the above is the natural definition of the said conditional
probability, whereas it is

P(BnN A9

P(A¢)
if A has not occurred, that is, A¢ has occurred. In other words,
P(BNA) P(BnN A°)

P(A) 4T P(Ar)

1 4c (5.1)
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is a natural definition of the conditional probability of B given the knowledge
of whether A has occurred or not. The said conditional probability is thus
a random variable depending on 14 and 14c alone. To generalize this, if
Aq, As, As, ... are mutually and exhaustive events of positive probability,
that is,

AinAj=0forallij, |JAi=Q, andP(4)>0,i=12,...,

i=1
(5.2)
then a similar reasoning says that the conditional probability of B given the
knowledge which one of A1, Ao, ... has occurred is

7 — Z BﬂA 1Ai7

which should be thought of as a generalization of (5.1)).
Thus, Z is a random variable depending on 14,,14,,..., alone. Fur-
thermore, if E € 0({A1, Ag,...}), then (5.2]) shows

FE = UAiforsomeNCN.
iEN

Therefore,

P(BNE) ZP (BN 4;)

1EN
P(BN4;) / )
ZdP = —————~ dP =P(BNA;)
(/Ai P(A;)  Ja,

Z/ Z dP

iEN

:/ZdP.
E

The conditional probability of B, given the knowledge of which one of
Aq, Aa, ... has occurred, is thus a random variable Z that is o ({ A1, Ag,...})-
measurable and satisfies

/ ZdP = P(BNE) for all B € o({Ay, As,...}).
E

Since the right hand side is the same as |, g 1pdP, and interpreting the
conditional probability of B as the “conditional expectation” of 1p, a nat-
ural candidate for the latter is thus a o({A41, Ag,...})-measurable random
variable Z satisfying

/ZdP:/leP for all E € o({A1, As,...}).
E E
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Reasoning along similar lines, for an integrable random variable X and
a o-field F C A, the conditional expectation of X given F should be defined
as an JF-measurable random variable Z which satisfies

/ZdP:/XdeorallEe}“.
E E

The following theorem guarantees the existence of such Z and its uniqueness
upto zero probability sets.

Theorem 5.1. For an integrable random variable X and a o-field F C A,
there exists an integrable random wvariable Z which is F-measurable and
satisfies

/ZdP:/XdeorallEE}'. (5.3)
E E

If Z' is another F-measurable and integrable random variable such that the
above holds with Z replaced by Z', then Z' = Z a.s.

Proof. Write X = X — X~ where Xt = X V0 and X~ = (—X) V0. Since
X is integrable, so are X and X . Define measures u; and pu_ on (2, F)
by

u+(E):/X+dP,u(E):/XdeorallEe}".
E E

Thus pt and p~ are finite measures on (€2, F) and each of them is absolutely
continuous with respect to P. Theorem which is the Radon-Nikodym
theorem, implies there exist F-measurable functions Z; and Z5 from € to
[0, 00) satisfying

/ZldP:u+(E), and/ZQdP:,u(E), forall E € F.
E E

Letting Z = Z1 — Zs, (5.3)) clearly holds.
If Z' is another F-measurable and integrable random variable such that
(5.3]) holds with Z replaced by Z’, then it would follow that

/(Z—Z’)dP:O,Ee}'.
E

Since Z — Z' is F-measurable, the above implies Z — Z’ = 0 a.s. This
completes the proof. ]

Definition 41. For an integrable random variable X and a o-field F C A,
the conditional expectation of X given F, denoted by E(X|F), is an inte-
grable random variable Z which is F-measurable and satisfies . Theo-
rem guarantees the existence of such Z and its uniqueness upto sets of
zero probability.
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While the above definition is motivated by (5.1]), the same can be arrived
at by another route of reasoning. Recall that for any X € L?(),

E(X) = argminE [(X — a)2] ,

aeR

that is, E(X) is the unique @ € R at which the right hand side is minimized.
When no additional information is available, minimization over the set of
real numbers makes sense. However, if for a o-field F C A, we know for each
E € F whether it has occurred or not, then the class should be expanded
to all F-measurable functions, because any F-measurable function is now
“known”. The following result makes this idea precise.

Theorem 5.2. If E(X?) < oo, and F C A is a o-field, then almost surely,
E(X|F) = argmin {/(X — Y)2 dP : 'Y is measurable with respect to .7:} .

Proof. Recall that L?(f2, A, P) is a Hilbert space of which L?(Q,F, P) is
a subspace. Further, L?(Q), F, P) is a complete metric space. As a con-
sequence, L?(Q2,F,P) is a closed subspace of L?(f2, A, P). Since X €
L?(Q, A, P), it has a projection onto L?($, F, P), which we call Z. In other
words,

Z:argmin{/(X—Y)zdP: YGLQ(Q,}',P)}. (5.4)

Our first task is to show that the above Z actually minimizes the L?
distance from X over all F-measurable functions. Indeed, for a random
variable Y with E(Y?2) = oo, it holds that

/(X—Y)zdP:oo

because otherwise Y = X — (X —Y) would be in L? as X is in L2, Since
Z € L*(Q, F, P),

/(XZ)2dP<oo:/(XY)2dP, if B(Y?) = .
Thus,

Z = arg min {/(X —Y)%dP : Y is measurable with respect to ]—"} .

To complete the proof, all that remains to show is Z = E(X|F) a.s. Since
Z is F-measurable, this would follow once is shown to hold for this Z.

Results in functional analysis show that Z as in is an orthogonal
projection onto L2(), F, P). That is, X — Z belongs to the orthogonal
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complement of L?(2, F, P). Since 1g € L?(Q, F, P) for any E € F, it thus
follows that

/(X— Z)1gpdP =0,
which is the same as (5.3)). Hence the proof follows. O

The inadequacy of the statement of Theorem as a definition of con-
ditional expectation is that it works only for L?(£2), whereas Definition [41]is
valid on L'(£2), which is a superset of L?(Q2) because P is a finite measure.
Therefore, the conditional expectation of any integrable random variable
will be as in Definition [41]

The following theorem is in line with our intuition that given a o-field F,
any J-measurable random variable is a known quantity, and hence should
come outside the conditional expectation just like a constant comes out of
an expectation. Throughout this chapter F is a o-field with F C A, unless
mentioned otherwise.

Theorem 5.3. If X and Y are random variables such that Y and XY are
integrable and X is F-measurable, then

E(XY|F)=XE(Y|F) a.s.
Proof. Let us first assume Y > 0 and p be a finite measure on (€2, .4) defined
by
w(E) = / YdP,Ec A.
E
As shown in the proof of Theorem Z = E(Y|F) is simply the Radon-

Nikodym derivative of p with respect to P on (Q, F). Exc and the fact
that X is F-measurable show that

/ ]X\ZdP:/ X dy
(2,F) (2,F)

(by Exc[L8) =/ | X[ dp
(2,4)
_ / X[V dP < o,
(2,4)

the equality in the last line is implied by the fact that Y is the Radon-
Nikodym derivative of pu with respect to P on (€,.4) and the inequality
follows from the hypothesis that XY is integrable. Thus X Z is P-integrable.

Thus, for all £ € F, XZ1 is P-integrable, showing by a similar argu-
ment that

/ X1pZdP = X1pdu, (5.5)
(2,F) (Q,F)
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because X1g is F-measurable. A similar argument shows

/ X15Y dP = X1gdu. (5.6)
(92,4) (2,4)

Once again, the right hand sides of (5.5) and (5.6 are equal by Exc
This shows

/XZdP:/XYdP,EEJ:.
E E

Since X 7 is F-measurable, it follows that X Z = E(XY|F) which completes
the proof for the case Y > 0. For the general case, the proof follows from
similar arguments by splitting Y =Y — Y. O

Theorem 5.4. If X and Y are integrable random variables, then the fol-
lowing hold.

1. The random variable X +Y 1is integrable and
E(X +Y|F) =EX|F) +EY|F) a.s.

2. For a € R,
E(aX|F) = aE(X|F) a.s.

3. If X >0 a.s., then
E(X|F) >0 a.s.

4. If X <Y a.s., then

E(X|F) < E(Y]F) a.s.

Proof. 1. Follows from the definition of conditional expectation.

2. A special case of Theorem though it follows from the definition as
well.

3. Follows from the definition of conditional expectation.
4. Implied by 1.-3. above by the following arguments:

E(Y|F) - B(X|F)
(by 1. and 2.) = E(Y — X|F)
(by 3.) >0 a.s.
O

The following is the so-called tower property and is in line with the
intuition that conditional expectation given F of an L? random variable is
projection onto L?(§2, F, P) as in Theorem
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Theorem 5.5 (Tower property). If F C G C A and F,G are o-fields, then
for any integrable X,

E (E(X|G)|F) = E(X|F) a.s.

Proof. Let Y = E(X|G) and Z = E(X|F). Then for any A € F,

/ZdP:/XdP
A A

(Y = E(X|9) andAE}"Cg)Z/YdP.
A

Since Z is F-measurable and the above holds for all A € F, we get
Z =E(Y|F) as.,
which is precisely the claim of the theorem. O

The following special case of the tower property deserves special mention.

Corollary 5.1. For an integrable X and a o-field G C A,
E(E(X|9)) = E(X).

Proof. Follows from Theorem by taking F = {0, Q} and observing that
for any integrable random variable Z,

E(Z|F) = E(Z).
L]

Theorem 5.6. If X is an integrable random variable and G C A is a o-field
which is independent of o(X) V F, then

E(X|FVG) = E(X|F) a.s.

Proof. Let Z = E(X|F). Since Z is integrable and F V G-measurable, all
that needs to be shown is

/de:/XdeorauEefvg. (5.7)
E E

Let S={ANB:AecF,BegG} (5.7 will first be shown to hold for
all E € S. Fix E € S, that is, E = AN B for some A € F and B € G. Then

E(X1p) =E((X14)15)
(X1,4 is 0(X) V F-measurable and B € G) = E(X14)E(1p)
(Z =E(X|F), Aec F) =E(Z14)E(1p)
=E(Z1p) ,
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the last line again following from the independence of F and G and that
Z1,4 and 1p are measurable with respect to them, respectively. Thus,
holds for all E € S.

Since S is a semi-field, can easily be shown to hold for all F in the
field generated by S. Finally, standard arguments using Theorem [I.2] which
is the monotone class theorem, completes the proof. ]

Corollary 5.2. If X is integrable and G is a o-field independent of o(X),
then
E(X|G) = E(X) a.s.

Proof. Follows from Theorem by taking F = {0, Q}. O
The above corollary is diametrically opposite to
E(X|G) = X, if X is measurable w.r.t. G.

Definition 42. If X and Y are random wvariables and the former is inte-
grable, define
E(X|Y) =E(X[o(Y)).

Theorem 5.7. Suppose X and Y are independent and f : R> — R is a
Borel function such that

E([f(X,Y)]) <oo.

Then
Y e {y eER: / |f(z,y)|P(X €dx) < oo} a.s. (5.8)
R
Further,
where
e fl@y)P(X €dx), if [p[f(z,y)|P(X € dr) < oo,
9(y) = ‘
0, otherwise.

Proof. Denote by ux and py the respective distributions of X and Y, that
is, ux(B) = P(X € B) for all B € B(R), and likewise for uy. Independence
of X and Y implies

P((X,Y) € B) = ux @ py(B) for all B € B(R?).

Thus,

[ [ 156wl @y @) = BV
RJR

< 00.
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Tonelli’s theorem implies

[y (yER:/RIf(:E,y)qu(d:EKOO) =1,

which is exactly the same as (5.8]).
Fubini’s theorem implies for any A € o(Y), that is, for A = Y~ B for
some B € B(R),

E(f(X,Y)14) = /R /R £ (@, )15 (v (de) oy (dy)

:/B(/Rf(x,y)ux(da:)> py (dy)

Oy €3) = [ atwr (@
(because A=Y 'B) =E (g(Y)14) .
As this holds for all A € o(Y’), the proof follows. O

Exercise 5.1. If X and Y are independent from standard normal and stan-
dard uniform, respectively, calculate E(Y eXY).

Soln.: First note that
0< Ve <XV < o XY < o X1

Since E(elXl) < 0o because X follows normal, YeXY is integrable. The
tower property implies

E(YeXY) =E(E(YeX|Y))
(Theorem 5.3) = E (YE(eX|Y))
(the above theorem and that E(e*¥) = ey2/2, Y€ R) =E (Yey2/2>

1
—/ yey2/2dy
0

1/2
(z:y2/2, dz:ydy):/ e*dz
0

=el/2 1.
Exercise 5.2. For independent X and Y and 0 < p < oo, show that
E(IX+Y|P’) <0 <= E(|X?) < o0 and E([Y|P) < 0.
Soln.: The “«<” part follows trivially from the observation

(X +Y P <22 (X" +[Y]"),
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and doesn’t really need independence.
For the “=" part, assume

E(X+YP) <.
Independence of X, Y and (j5.8]) imply
Ye{yeR:E(|X +y|’) < oo} as.

In particular, the above set is non-empty. Thus, there exists ¥ € R such
that
E(|X 4+ ylP) < 0.

Since
X7 < 2P (|X +yP + [y?) ,

we get E(|X|P) < oo. This also shows E(]Y|P) < oo and thus proves the
“=" part.

Exercise 5.3. A random wvariable X is infinitely divisible if for all fized
n = 1,2,..., there exist i.i.d. random variables X1, ..., Xnn defined on
some probability space such that

XL X+ + X (5.9)

If X is an infinitely divisible random variable with mean zero and variance
one, show that
E(XY) > 3.

Hint. Using the above exercise, show that if E(X*) < oo, then
E(X") = nE (X4) +3n(n — 1) (E (X2))”.

Exercise 5.4. If X and Y are independent and either of them is a contin-
uwous random variable, show that

X #Y as.

wn-m({4)

show that E(Y|X) = pX.

Exercise 5.5. If
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6 Various modes of convergence and the laws of
large numbers

In this chapter, we shall understand the “frequentists’ interpretation” of
probability. Recall that “the probability of Heads for a coin is p” means
that in large number of tosses of the coin, the observed proportion of Heads
is close to p. To make this precise, we need notions of convergence for
random variables. As usual, all random variables are defined on (€2, A, P),
unless mentioned otherwise.

Definition 43. For random variables X, and X, if it holds that
P ({w €0 lim Xo(w) = X(w)}) —1,
n—oo
then as n — oo, X,, converges to X almost surely, or

X, — X as.

Exercise 6.1. For random variables X, X1, Xo, ..., show that

{w €Q: lim X, (w) :X(w)} = [limiann > X > limsup X,,| € A.

n—00 n—00 n—o0

The following exercise shows that a.s. convergence is as good as conver-
gence for every sample point, for practical purposes.

Exercise 6.2. If X;,, — X a.s., show that there exist random variables X1,
X), ... such that X, — X and

P(X;L:anoralln)zl.

Theorem 6.1. If X;, —» X a.s. and |X,| <Y for some Y which has finite
expectation, then show that X has a finite expectation, and

lim E(X,) = E(X).

n—0o0

Proof. Exercise. O

Definition 44. A sequence of random variables (X,,) converges in probabil-
ity to X or X, Iox if for every e > 0,

lim P(|X, — X|>¢)=0.
n—oo

Exercise 6.3. If X, Py X and X, N X', then show that X = X', a.s.

Theorem 6.2. If X,, — X a.s., then X, — X.
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Proof. Assume that X,, — X a.s. Fix € > 0. Clearly,

(X, — X] C[1(| Xy, — X|>¢) = 0],

and hence
1(| X, — X| >¢) = 0 as.
Theorem [6-1] shows
lim E (1(|X,, — X| >¢)) =0,
n—o0
that is,

P(|X,—X|>¢)—0.

Since this holds for all € > 0, it follows that X, P4 X which completes the
proof. O

Example 6.1. Let Q = (0,1], A = B((0,1]) and P be the restriction of
Lebesgue measure to (0,1]. Define for all w € €,

Xi(w) = 1<O<w<;>,

Xo(w) = 1(;<w<1>,
Xsw) = 1<O<w§i>7
Xy(w) = 1<i<w§;>,
Xs(w) = 1<;<w§i>,
Xolw) = 1<i<w§1>,

Then, X, P50 but
P (lim X, =0) =0.

n—oo
The above example shows that convergence in probability is a strictly

weaker notion of convergence than almost sure convergence.
Theorem 6.3 (Markov inequality). For a non-negative random variable Z
and a > 0,

1

P(Z >a) < -E(Z).
a
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Proof. Since Z > 0, it holds that

E(Z) > E(Z1(Z > a))
> E(al(Z > a))
= aP(Z>a),
from which the proof follows. O

Definition 45. For 1 <p < oo and X, X1, Xo,... € LP(Q), X,, = X in LP

if
lim E (| X, — X|P) =0.

n—oo

Theorem 6.4. If X,, — X in L, for some 1 < p < 0o, then the following
hold.

1. For1<q<p, X, - X in L9.
2. Asn — oo, XHLX.
Proof. 1. Follows from the fact that for any random variable Z,
1Zllg < 1211y,
as long as 0 < ¢ < p, the solution of which follows by applying Jensen to get
¢ (E(12]7) <E(8(12]%) ,

where ¢(x) = |z[P/? is convex.
2. For ¢ > 0,

P(|X,—X|>¢e)=P(|X, — X|P >eP) <ePE(| X, — X|P),
by the Markov inequality. Letting n — oo completes the proof. O

Exercise 6.4. If X,, = Y in LP for some 1 < p < oo and X,, = Z a.s.,
show that
Y =27 a.s.

Exercise 6.5. 1. In Example show that for all p € [1,00), X,, — 0
in LP.

2. Show that for p € [1,00), convergence in LP neither implies nor is
implied by a.s. convergence.

Theorem 6.5 (Weak law of large numbers (WLLN) for finite variance). If
X1, Xs, ... are i.i.d. random variables with mean p and finite variance, then

1 n
*E Xi—p
n-

=1

as n — oo in L? and hence in probability.
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Proof. Since

3\*—‘

(15 5) mnern

1

1 ? 1 <
( X, — M) = Var ( Xi>
n 4 n “
i=1 i=1

(X1,...,X, are independent) = — ZVar(XZ-)

it follows that

3

(X1 4 .2 Xn) - %Var(Xl)

Thus

1

—ZXi—MLasn%oo,

i
in L? and hence in probability. This completes the proof. O
Exercise 6.6. If a coin with probability of Heads p is tossed infinitely many

times, and X,, denotes the proportion of Heads observed in the first n tosses,
then show that as n — oo,

Xn £, p.
Theorem 6.6 (Borel-Cantelli lemma). If A;, As,... are events such that

i P(A,) < oo

then
P ({w e Q:we A, for infinitely many n}) =0.
Proof. Let
Bn:AnUAn+1U...,nZ 1,
and -
By = () Bn.

n=1

Clearly,

By ={w € Q:w € A, for infinitely many n} .

Furthermore, since B,, | B, it follows that

P(By) = lim P(B,) < lim ZP (Ap) =0,

n—o0 n—o0

which completes the proof. ]
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Theorem 6.7. If X, i> X, then X,, has a subsequence X,, such that

k
X, — X a.s.,
as k — oo.

Proof. Since X, P x , there exists n1 such that

P(|Xp, — X[>1) <

N | =

There exists Ny such that
1 -2
P \Xn—X|>§ <2 “foralln> N,.

Define ng = Ny V (n1 + 1). Proceeding similarly, we get positive integers
ny < ng < ng < ...such that

1
P <\Xnk - X|> k> < 27% for all k.

Hence,

> 1
Zp(yxnk - X| > k) < 00.
k=1

Borel-Cantelli Lemma implies that
1 o
P <|Xnk - X|> z for infinitely many k> =0.
Thus,
X, — X as.,
as k — oo. This completes the proof. O
Exercise 6.7. If X, L5 X and | Xn| <Y for some Y with E(Y) < oo,

then prove that
lim E(X,) =E(X).

n—o0

Exercise 6.8. Prove or disprove the following claim. If X, and X are
random wvariables such that any subsequence {X,, : k > 1} of X, has a
further subsequence {Xp, :1>1} such that

Xnk, — X a.s.,
then X,, -+ X a.s.

Exercise 6.9. Show that the following are equivalent for random variables
X, and X.
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1. Asn—>oo,Xni>X.

2. Bvery subsequence {X,, : k > 1} of {X,, : n > 1} has a further
subsequence { Xy, 11> 1} such that as | — oo,

Xnkl — X a.s.

3. BEvery subsequence {X,, : k > 1} of {X,, : n > 1} has a further
subsequence {Xp,, : 1 > 1} such that as | — oo,

X, x.

nkl

Theorem 6.8. If X, X1, Xs,... are random variables such that

ZP(\XH—X]>5)<oof0rall€>0,

n=1
then X,, — X a.s.

Proof. Let
Z =limsup | X, — X/,

n—oo

which is a possibly improper random variable. The proof would follow if it
can be shown that Z = 0 a.s., which is the same as

P(Z>¢)=0foralle>0. (6.1)
For ¢ > 0,
P(Z > ¢) = P (| X, — X| > ¢ for infinitely many n) .

The hypothesis in conjunction with the Borel-Cantelli lemma shows that the
right hand side is zero. Thus (/6.1]) follows, which completes the proof. [J

Theorem 6.9 (Strong law of large numbers (SLLN) for finite fourth mo-
ment). If X1, Xo,... are i.i.d. random variables with finite fourth moment,
show that as n — oo,

1 n
— E X; = E(X1) a.s. and in L.
n

i=1

Proof. Without loss of generality, assume that E(X;) = 0. It suffices to
show that

o0

n 4
Y B (i > XZ-> < 0, (6.2)
n=1 =1
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for the following reasons. Markov’s inequality would show for ¢ > 0 and

n=12...
R !
P( >6>§€_4E (E XZ'>
n
= i=1

> Xi
i=1
From (6.2)) it would follow that
Z P ( > 5) < 00,
n=1

which in conjunction with Theorem [6.8 would prove

n

>ox

i=1

1 n
—g X; — 0 a.s.
n <

1=1

Besides, (6.2]) would show that

1 « !
S B (nZXz) =0
which is the same as

1 n
75 X; —»0in L, n — .
n

=1

Thus, showing (6.2)) suffices.
For proving (6.2)), write for a fixed n,

1 n 4 n
E — X; =n"'E XinXle (63)
(n ; ) i,k =1
n
=n"" Y E(XiX;Xp X))
,5,k,l=1
Since X1,..., X, are i.i.d. and zero mean,

E(X;X; Xp X)) # 0

implies either i = j = k = [, in which case E(X;X;X;X;) = E(X{), or
exactly one of the following holds:

i=jtk=li=k+j=lori=1l#j=k.
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In each of the above 3 cases, E(X;X; X} X;) = (E(X?))? Thus,

n 4
E (i Z Xz-) = [nE(X;*) +3n(n—1) (E (X%))Q} (6.4)
<n 2 [B(X{) +3 (B (xD)] .

Thus (6.2) follows, which completes the proof. O

The next result, which is the most general strong law of large numbers,
assumes only finite mean and no higher moment. The following example
shows that such random variables exist.

Example 6.2. Suppose X is a random variable with density

f(z) = s1(z >e),r €R,

cx?(log )

c_/oo dz
=) Pogay

where

Thus X > 0 and

1 [ dz
E(X)=- —_—
(X) c/6 z(log z)?
d 1 [*°d
(yzlog% dy=$> = - %/
x c)i vy
1
=-< .
c

For any ¢ > 0,

because
x

A2 T (log 2)?

/‘X’dx
— =.
. T

Thus E(X) < co = E(X') for all e > 0. That is, X has finite mean but
any higher moment is infinite.

and
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Theorem 6.10 (SLLN). For i.i.d. random variables X1, Xs, ... with finite
mean 4,

1 n
— ZXi — U a.s.,
n -
=1
as n — oo.
For proving the SLLN, the following inequality will be used.
Theorem 6.11 (Kolmogorov maximal inequality). Let Xi,..., X, be inde-

pendent random variables with finite variance. Then, for any a > 0,

P ( max |Sy — E(Sg)| > a> < a"*Var(S,),

1<k<n

where
k

Se=Y Xi,1<k<n.
=1

The following inequality obtained by putting n = 1 above is known
as Chebyshev’s inequality in probability theory. This follows directly from
Markov’s inequality as well.

Corollary 6.1 (Chebyshev’s inequality). If X has mean p and finite vari-
ance o2, then
P(X —pl>a)<a20?,a>0.

Proof of Theorem [6.11 WLOG, assume that X1,..., X, are zero mean. We
start with the observation that

n
R IEL RIVER
k=1
where
Ay =[Skl = a>|Sj|forall 1 <j<k—-1],k=1,...,n.
Since Ay, ..., A, are disjoint, it follows that

Var(S,) =

=

(S3)

n

- Z E (57211141@)

1

b
Il

I
NE

[E ((Sh — Sk)?14,) + E(S71a,) + 2E ((Sp — Sk)Skla,)]

X

s

—_

v

[E (S714,) + 2E ((Sn — Sk)Sk1a,)] -

b
Il
—
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Since S, — Sy and S;14, are independent and the former has zero mean, it
follows that
E ((Sn — Sk)Skla,) =0,

and hence
n
Var(S,) > Y E(S714,)
k=1
n
> Z E (O‘QIAk)
k=1
= o’P < max |Sg| > a) .
1<k<n
This completes the proof. O

Proof of Theorem [6.10. WLOG, assume that F(X;) = 0. For n > 1, define

n
Sn = ZX’L )
=1
X! = X, 1(|X| <),

and

Notice that

Y P(X,#£X;) = Y P(Xi|>n)
n=1 n=1

< ;/nlp(\xl\ > s)ds (6.5)
= /000 P(|X4| > s)ds

= E(IX1])

< 00,

(6.5 following from the observation that P(|Xi| > n) < P(|X1| > s) for
s <n. From the Borel-Cantelli lemma, it follows that

lim sup ‘Sn - S;L‘ < 00

n—oo

almost surely, and hence

n 'S, —n1S, =0
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almost surely. So it suffices to show that
n~1S! =0 a.s.
Notice that by DCT,
E(X;) = E[X11(|X1] < n)] = B(X1)
and hence,

lim n'E(S)) =0

n—0o0

Therefore, (6.6 will follow if we can show that
n~ S, — E(S;)] — 0 as.
For r > 1, set

Z,:= ma S, — E(S})].
T 2T_1§]§<<2T| k (Sk)]

Since

207

1
218k = B(S)| < 27Dz forall 271 < k <27,

it suffices to show that
27"7Z, — 0 a.s.

The above will follows from Theorem [6.8] if it can be shown that

o
Y P|Z] > 2] < 0.
r=1

for any € > 0. Kolmogorov’s inequality implies that

o0

r <
ZIP[\ZT|>25] < ZPCE}%T
r=

- E(Sp)| > 2Te>

4 T

< Zs‘%‘"\/ar(Sér)
r=1
00 27
= 5—224—7"2\@()(/
= 2Z:Vaur Z
r=[logj j]
<

K Z j2Var(X/
j=1
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the last line following from the calculation that

[e.e]
Z 47T = %4—[10&3'1
3
r=[logy j1

%4— logy j
3
4 ._2

IN

Thus, in order to complete the proof, all that needs to be shown is that
o0
Zjﬂ\/ar(X]’-) < 0.
j=1

To that end, observe that

i Var(X) < Y iTEX)
j=1

j=1
= Y JEX(IX] <))
j=1
= iE(th(k -1<|X] < k))ij’2
k=1 Jj=k
< iE(X%l(k —1<|X1| <k)2/k (6.7)
k=1

< 23 B(IXi[L(k — 1 < |X1] < k)
k=1
= 2E|Xy| < 0,

(6.7) following from the fact that for k > 2,

- o~ [I 1 2
.2 -2
J < / rodr=—- < &,

j=k
and
o0
Sitsie [atdn—n,
=1 !
which together imply
o0
Z j?2<Z keN
j=k
Hence, the proof follows. O
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Exercise 6.10. Let X1, Xo,... be i.i.d. taking values 1 and —1, with respec-
tive probabilities p and 1 — p. Define

n
Sp=_ Xi,n=0,1,2,..;
=1

(Sp :m >0) is called a random walk. Show that

1
P(S, =k for somen>0)=1 forallk=1,2,... ifp> 3
and
1
P(Sp, =k for somen>0)=1 forallk=—-1,-2,... ifp< 3
Theorem 6.12 (Kolmogorov’s zero-one law). If Aj, As, ... are independent
o-fields and
[ee] o0
T=1V A,
n=1k=n

then P(A) equals either 0 or 1 for all A € T.

Proof. For a fixed n = 1,2,..., T C Apy1 V Apya V... and hence T is
independent of Ay V...V A,. Thus,

P(ANB)=P(A)P(B)forall Ac T, BE A V...V A,.

The above holds for all n = 1,2,.. ., showing

P(ANB) = P(A)P(B)forall A€ T, B€ | J(A1 V...V A).

n=1

Since | J;—; (A1V...VAy) is a field, Theorem [3.1]shows that T is independent
of the sigma-field generated by (J;~ (A1 V...V Ay). Observing that

a(G(Alv...vAn)> = vAnDT,
n=1

n=1

T is thus independent of itself. In other words,

P(ANA)=P(A)P(A) forall Ae T,
showing that P(A) has to be either 0 or 1, which completes the proof. [
Exercise 6.11. If X1, Xo,... are independent random variables and

Shn=X14+...+Xn,n=12,...,
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show that
P <limsup5’ = oo> =0orl,

n—o0
and that there exists a € [—00, 00] such that

P (liminf lSn = a> =1.

n—oo n

Convince yourself that the above is not necessarily true with %Sn replaced

by S,.

Theorem 6.13 (Second Borel-Cantelli lemma). If Aj, As, ... are indepen-
dent events such that

> P(4,) =00,
n=1

then
P (A, occurs for infinitely many n) = 1.
Proof. Since

E = [A,, occurs for infinitely many n] = ﬂ \/ {Ag, A%, 0,0},

n=1k=n

Kolmogorov’s zero-one law shows P(FE) is either 0 or 1. Thus it suffices to

show
P(E)>0. (6.8)

Recall that for any n > 1,

(Ur) = (010)

n

=1-[[ (- P(ay)
=1
(l-z<e forallz€R) >1—[[e "™
=1

as n — oo because Y .o, P(4;) = oo.
Let aq,az,... € (0,1) be such that

[o.¢]
HO&L' > 0.
=1
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For example, o; = e~V for i = 1,2, ... satisfies the above. The above
calculations show there exists nq such that

P <© A,) Z aq .
i=1

Since Y 2, 1 P(A;) = oo, a similar calculation shows there exists na > n4

such that
n2
P( U Al> Z a9 .

i=ni1+1

Proceeding inductively, get integers 0 = ng < n; < ng < ... such that

Nk
P U A; | >ap,keN.

t=ng_1+1

Clearly,

k=1 iznk,1+1

Therefore,

P(E)> P ﬁ Ej A;

k=1i=ng_1+1

Thus holds, from which the proof follows. O

An immediate consequence of the second Borel-Cantelli lemma is the
following, which should be compared with Theorem [6.8]

Exercise 6.12. If X1, X5, X3,... are independent random variables, then
show that

o
X, = X as. = ZP(]XH—X\>5)<oof0rall€>O.

n=1

Show that if the above holds, then X is a degenerate random variable.
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Exercise 6.13. Suppose X1, Xo,... are random variables such that

o0

> B(X2) < 0.

If Y1,Ys, ... are such that o(X,, : n > 1),0(Y1),0(Y2),... are independent
and Y, takes values 1 and —1, each with probability 1/2 forn = 1,2,...,
show that

n
ZX,»Y;—>Z, as n — oo,
i=1

in L2, for some Z € L*(1).

Soln.: Let

n
Zn=> XYin>1.
i=1
Since L?(2) is a complete metric space, it suffices to show that {Z,, : n > 1}
is a Cauchy sequence in L?(Q2). For 1 < m < n,

E[(Z, - Zn)* =E ( Zn: XY>
i=m-+1

n

=1)= > EX)+2 Y  EXXYY)).
i=m-+1 m+1<i<j<n

For m +1 <i < j < n, independence of (X1, Xo,...),0(Y;),0(Y;) shows
B (X:XGY1Y)) = E(X: X, E()E(Y) = 0.

Thus,

n

E [(Zn - Zm)Q] = Z E(Xf) .

i=m+1
Given € > 0, choosing N such that
oo
> EX})<e,
i=N+1

which is possible from the given hypothesis, it holds that for N < m < n,

E[(Zn— Zm)?] = Z E(X7) < fj E(X}) <e,
i=m+1 i=N+1

showing {Z,, : n > 1} is a Cauchy sequence in L?().
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Exercise 6.14. Suppose X1, Xa,... are i.i.d. from standard exponential,
and Xy 1y, > X(nn) are the order statistics of Xi,...,X,. Then show
that

X(nn/2) —> 1082 a.s., asn — 0.

Exercise 6.15. 1. If X1, Xo, ... are independent and oy, — oo such that
1 <& P
—ZXi—>X asn — 0o,
Qy, 4
=1
show that X 1is a degenerate random variable.

2. Hence or otherwise, prove that if X1, Xo,... are i.i.d. from standard
normal, then there does not exist a random variable Z such that

1 n
=1

7 Characteristic function and moment generating
function
By convention, (2,4, P) is the underlying probability space.

Definition 46. A function Z : Q — C which satisfies Z7'A € A for all
A € B(C) is a complex-valued random variable. A C-valued random variable

Z is integrable if
/ |Z]|dP < o0,
Q

and in that case its expectation is defined as

E(Z)_/QZdP.

Throughout this chapter, ®(z) and J(z) will denote the real and imag-
inary parts of z for z € C and + = v/—1. That is, for z = x + 1y where
z,y € R,

R(z)=2,%(2) =y.

Exercise 7.1. 1. For a function Z : Q — C, show that
o(Z2):={Z'A: AecBC)}=0(R(2)) Vo (3(2)) .

Hence prove that Z is B(C)-measurable if and only if R(Z) and 3(Z)
are B(R)-measurable.

2. For a C-valued integrable random variable Z, show that

[E(2)] < E(Z])-
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3. Show that a C-valued random variable Z is integrable if and only if
R(Z) and I(Z) are integrable, and in that case,

E(Z) = E(R(2)) + (E(3(2)).

4. For integrable C-valued random wvariables Z1,Zs and o, € C, show
that aZy + 8275 is integrable and

E(OzZl + /BZQ) = OéE(Zl) + BE(ZQ) .

5. If Z1 and Zs are integrable C valued random variables which are in-
dependent, that is, o(Z1) and o(Zs) are independent, then show that
7175 is integrable and

E(Z123) = E(Z1)E(Z2) -

Definition 47. For a probability measure 1 on R, its characteristic function
(CHF) is a function ¢ : R — C defined by

o(t) = /Re‘mu(dw), teR,

where v == v/—1. The characteristic function of a random variable X is the
CHF of the measure P o X~! on R, that is,

ox(t) == / e P(X €dx), t € R.
R
Exercise 7.2. For a random variable X with CHF ¢x, show that
¢x(t) == E [¢"*] = ElcostX| +(E[sintX], t € R.

Theorem 7.1. Let ¢x be the characteristic function of a random variable
X. Then

1. ¢x(0) =1 and |px(t)| < 1 for allt,
2. ¢x s uniformly continuous,

3. aX + b has the characteristic function ¢ox1p given by
¢aX+b(t) = Cibt(bx(at), teR.

Proof. Proof of 1. follows immediately from Exc [7.1]2, which implies

|E(6LtX)‘ < E (|€LtX’) —1.
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For 2., notice that for any ¢, h € R,

lpx (t + h) — dx(t)] = )E [ez‘(t+h)x B eitX} ‘
(Exc[l2) < E[elhX x|
— E|ehX _ 1‘ ‘
By the DCT, it follows that
lim F [ ethX _ 1H =0,
h—0

which completes the proof of uniform continuity.
Finally, 3. follows immediately from Exc[7.1]4 which implies

E (eLt(aX+b)> — MR (eLatX) teR.
O

Theorem 7.2. If A # 0 and ¢x is the characteristic function of X, then
the following three statements are equivalent.

1. ¢x(A) =1.
2. ¢x has period .
3.

2
P [X € ”Z] =1,
A
Proof. 1.=3. Assume that ¢x(\) = 1. This means that

Elcos \X] =1.

Therefore, cos AX = 1 almost surely, which shows 3.

3.=2. If 3. holds, then

e =1 as

Thus, for a fixed t € R,

el,(tJr)\)X 2

Taking expectation of both sides shows ¢x(t + \) = ¢x(t), from which 2.
follows.
2.=1. Trivial because ¢x(0) = 1. O

Exercise 7.3. If the CHF ¢x of X satisfies
lox (N)| =1 for some A # 0,

show that there exists a € R such that

9
P(X—aE;TZ):l.
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Definition 48. For a probability measure p on R, its moment generating
function (MGF) is a function 1) : R — (0,00] defined by

wi) = [ eutdo).

The moment generating function of a random variable X is ¥x defined by
vx(t) =E (%) ,t e R.

While the characteristic function (CHF) takes valuesin {z € C: |z] < 1},
the moment generating function at ¢ is possibly +oo for all ¢ # 0. However,
like the CHF, the MGF also maps 0 to 1.

Theorem 7.3. Let p be a probability measure on R with MGF . If
a=inf{t e R:y(t) < oo} and B =sup{t € R:¢(t) < oo},

then {t € R : ¢(t) < oo} D (o, B8). If o < B then e** is p-integrable for z
with o < RN(z) < p and f:{z€ C:a < R(z) < B} — C defined by

)= [ " e ude), (7.1)

is a holomorphic function. If, in addition, o < 0 < 8, then all moments of
wu are finite, that is,

[e.e]
/ |z|"pu(dx) < oco,n=1,2,...,
—0o0

and

flz)=>Y_ % /Oo a"u(dz),z € C, |z < (—a) A B. (7.2)
n=0 vV~

Proof. Monotonicity and positivity of the exponential function on R implies
that for t1 < t9 < t3,

et <Mt e peR, (7.3)
showing that

Y(tz2) < P(tr) +(t3).

Thus, {t € R: ¢ (t) < 0o} is a convex subset of R which contains («, 8
If « < R(z) < B for some z € C, then the above shows 1 (R(z))
and thus

).
< 00

|ttt = [ O utan) = wre) < .

—00 —00
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DCT for complex-valued function shows that f defined by ([7.1)) is continu-
ous. A standard application of Fubini and Morera’s theorem in conjunction
with ([7.3]) proves f is holomorphic.
For the final claim, assume a < 0 < 8. For 0 <t < (—a) Af and n > 1,
|tz

n
|z < t_"n!i' < plt el < plpm (em + e_tx) ,r €R.
n!

Thus,

/ |z u(dx) < n!t_”/ (e + e p(dz) = nlt™" (Y(t) + Y(—t)) < co.
R —o0

Further, for z € C with |z| <,

£ = [ Jim y

=0

| =

(2)! p(de) .

.

Since for all n and = € R,
n

> e

"1
< ZTLZ%‘Z < e\zx| < et\x|’
i=0 !

i=0

and
/ el (der) < (t) + P(—t) < 00,
R
DCT shows that

n
: Lo :
[RED> el = iy,
1=

=0 R
1 . )
—Z‘z’/xl,u(dx)
i=0 R

Since this holds for all z € C with |z|] < ¢ and ¢ is arbitrary in (0, (—a) A B3),

(7.2) follows.

Corollary 7.1. If p is a probability measure such that o < 0 < 3, where
a, B are as in Theorem[7.3, then the MGF ¢ of u satisfies
e tn oo .
B(t) =) 2" u(dx) ,t € R, [t] < (—a) A B,

n!
n=0 o0

and the CHF ¢ of u satisfies

|
ne0 n:

o) = 50" [" aruta) e R < (o) 5.
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Remark 2. Only DCT and no complex analysis is used in the proof of (7.2),
and therefore for Corollary [7-1]

Exercise 7.4. Show that the characteristic function ¢ of standard normal
18

o(t) ==e /2 teR. (7.4)

1. Show that -
et /2 gy = /o */2 ,teR.

—00

2. Interpret the above as that the MGF of standard normal is
w(t) =e’? teR, (7.5)

whose analytic continuation to C is

P(z) = e’/? s eC.
Use Theorem to arrive at (7.4). This line of argument essentially
Justifies replacing t by t in (7.5)).

3. Derive that
e tT=2/2 g0 — \for /2 ,tER,

—00

which is the same as (7.4)).

Theorem 7.4 (Inversion theorem). If the probability measure p has char-
acteristic function ¢, and a < b are such that p{a,b} =0, then

) 1 T e—Lta _ e—Ltb
pla,b] = lim /_ e,

Lemma 7.1. If

T .
Sy = | qx, 7>0,
0 X

then -
li T)=—.
ARSI =35
Proof of Theorem[7.4]. Fix a,b satisfying the hypotheses. Before giving the

actual proof, let us start with a sketch of the proof; every step in the sketch
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will eventually be justified. For T > 0,

—Lta _ e—Ltb

/ —(t)dt
T ut

T —Lta o —Ltb

—/ / e pu(dx) dt
Lt(a: a) _ Lt(m b)

:/ / dt p(dx) (7.6)
= /Oo /Tt U (sin(t(z — a)) — sin(t(x — b))) dt p(dz) (7.7)
= / 2(sgn(z — a)S(T|z — al) — sgn(z — b)S(T|z — b])) p(dz), (7.8)

S being as in Lemma [7.1] provided (7.6)-(7.8) can be justified. The said
lemma implies that

lim (sgn(z —a)S(T|z — al) — sgn(z — b)S(T'|z — b]))

T—o0

- g (sgn(z —a) — sgn(x — b))

, a<xz<b,

I
o 3

, x<aorzx>b,

s J— —
5, x=aorx=>.

Thus,

T e*Lt(l_ —utb

T TR

[e.9]

= lim 2(sgn(z — a)S(T|z — a|) — sgn(z — b)S(T|z — b])) p(dz)

T—oo J_oo

:/m(%ua<x<m+wuxemmpnmm) (7.9)

—00

= 277,“((617 bD )

because p({a,b}) = 0 by assumption, provided the interchange of integral
and limit in (7.9) can be justified. The claim would thus follow once ([7.6)-

[7.9) are justified.
For justifying the interchange of integrals in ((7.6)), notice that

w(z—a) _ eLt(:rfb)

Lt

e*LtCL _ e*Ltb

ut

b
/ e—Lt:cdx
a

<b-—a. (7.10)

€
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Therefore,

ett (z—a) _ Lt(asz)

dt p(dz) < b—a/ / 1dt p(dr)

(Tonelli) = 2T'(b —

Thus, ([7.6) follows from Fubini.
The equality in ([7.7) follows immediately by observing that for fixed =z,

T 6Lt(z—a) _ eLt(x—b) T
/ . (ﬁ:/ 11 (sin(t(x — a)) — sin(t(z — b)) dt

=T =T

T
- L/ t~1 (cos(t(z — a)) — cos(t(x —b))) dt,

-T

and that ¢ — t~! (cos(t(x — a)) — cos(t(x — b))) is an odd function.
For justifying ([7.8)), first fix z # a and write

T _ T o _
/ sin(t(z — a)) it = (z — a)/ sin(t(z — a)) it

T t _r tlxr—a)
T—a T|z—al
|1‘ - CL’ —T|z—a| Y

T|z—a|
= sgn(z — a) / Sy dy
~T)z—a| Y

=2sgn(z —a)S (T|z —al|) ,

siny

(y=tx —a),dy = |z —aldt) =

~lsiny is an even function. The identity

/Tgmaﬁ—@)

-T

asy—y
dt = 2sgn(z — a)S (T|z — al)

holds for z = a as well because in that case both sides vanish. The above
holds with a replaced by b, which establishes ([7.8)).
Finally, (7.9) is justified by the observation that

K =sup|S(t)| < o0, (7.11)
t>0

which follows from Lemmal7.1]and the fact that S(-) is a continuous function.
Since
lsgn(z — a)S(T|x — a]) — sgn(x — b)S(T|z — b|)| < 2K,

and p is a finite measure, DCT justifies the interchange of limit and integral
in ((7.9). This completes the proof. O

The following is an immediate corollary of Theorem

102



Corollary 7.2. If pu1 and ug are probability measures on (R, B(R)) with
respective CHFs ¢1 and ¢2, then

d1(t) = Pa(t) for allt e R <= 1 = us.

Theorem 7.5. Suppose puy and ug are probability measures on (R, B(R))
with respective MGFs 11 and . If there exists 6 > 0 such that

P1(t) = o(t) < oo, t € [-6,0],

then p1 = po.
Proof. For i = 1,2, define f; : {z € C: |R(z)| < 8} — C by

) = [ e tda),

which is possible because the MGF's of p; and pg are finite on [—6, 6]. The-
orem shows that f; and fo are holomorphic. Since v; is the restriction
of fi to (—6,0), the assumption implies f; and fo agree on an uncountable
set. Thus, f; = fo. As {tt : t € R} is contained in the domains of f; and fs,
it follows that

fl(Lt) = fg(Lt) ,teR.
The above is the same as saying the CHF's of p; and p9 are identical. Corol-

lary [7.2] completes the proof. O

Theorem 7.6 (Inversion theorem for densities). If the characteristic func-
tion ¢ of a probability measure p is integrable on R, that is,

/_OO ()]dt < oo,

then f defined by

fla) =~ / T (),

2 J_ o

is a density of .
Proof. Let F be the CDF of u, that is,

F(x) =p((—o0,z]) ,x € R.
Step 1. The function F' is continuous.

Proof of Step 1. Suffices to show that for all x € R, u{z} = 0. Fix z € R.
Let a < < b be such that pu{a,b} = 0. By the preceding result, it follows
that

) 1 T e—tta _ e—Ltb
pla,b] = lim / e,
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Notice that for all T > 0,

T _—uta —utb T —ta —utb
e — € e — €
’ / ¢(t)dt’ < / -
-T Lt -T

Lt
<G-a) [ Jowlar,

—00

|(8)]dt

(7.10) implying the inequality in the last line. Hence

o0

plab) < (b-a) [ lotolar.
Let (a,) and (by,) be such that a, < = < by, p{an, by} = 0, an,b, — =.
Then

(e 9]

i} < alatn,b] < (bn — an) / (b))t

—00
and the RHS converges to zero as n — co. This completes the proof of Step
1. O

Step 2. The function F is differentiable, and

Proof of Step 2. Fix x € R and h # 0. Then, by Step 1 and the preceding
result, it follows that

F(.f[f + h) _ F(w) B 1 B ) 1 T ethm _ e*Lt(ﬁﬁ*h)
h = ph (@4 1) _Th—I>no<>27r/_T ith o()dt.
Since
et _ e—Lt(x—i—h) 1 h
= —uh 1) < .
00| = el 1 <lel, (712

the inequality following from ((7.10)) by putting b = h and a = 0. As |¢(¢)]
is integrable on R, by DCT, it follows that

F(:C + h) _ F(ZE) 1 00 o—utr _ o—ut(z+h)
- - 27T/ - o(1)dt . (7.13)
Since,
—wt(x+h) _ —utx d
lim & ¢ = e U = _ypeHT

h—0 h dx

it follows that the integrand in (7.13)) converges to e~ “*¢(t) as h — 0. By

(7.12)), the modulus of the integrand in (7.13]) is bounded above by |¢(t)].
DCT allows the limit as h — 0 to be interchanged with the integral in the

RHS of (7.13)), which completes the proof of Step 2. O
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Arguments similar to those in the proof of Theorem [7.1]2 show that f is
a continuous function. By Step 2, it follows that for all real a < b,

b
i(a,b] = F(b) — F(a) = / f(z)de,

the second equality following by the fundamental theorem of calculus. This
completes the proof. ]

The following is an immediate corollary of Theorem

Corollary 7.3. Suppose p is a probability measure on R which has a con-
tinuous density f. If the CHF ¢ of u is integrable on R with respect to the
Lebesgue measure, then

/OO e "p(t)dt = 2nf(x) for all x € R.

—00

Exercise 7.5. Use C’orollary to give yet another proof of the fact
o
/ e /2 g = Vo,
— o0

Example 7.1. Let
1
f(l') = ieilﬂ T € Ra

and p be the probability measure whose density is f. The CHF of u can be
calculated and shown to be

o(t) teR.

“Tre

Since f is continuous, the above corollary implies

o dt
et =orf(z) =me Il 2z eR.
1+

Replacing t by —t using the symmetry of ¢ and dividing throughout by m,
the above is the same as saying that the CHF & of the Cauchy distribution
18

Ex)=e zeR.

Definition 49. The CHF of a probability measure p on (R%, B(R?)) is a
function ¢ : R4 — C defined by

d
qﬁ(tl,...,td):/ exp Lthxj ,u(d:vl,...,da:d),(tl,...7td)ERd.
Rd =

For an R%-valued random variable X, its CHF ¢x is

ox(t) = E <6L<t’X>> teR?
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Theorem 7.7 (Inversion theorem on R?). If ¢ is the CHF of probability
measure 1 on R, then for A = [a1,b1] X ... X [ag,bg] where aj < bj for
j=1,....d, and p(0A) = 0 where OA is the boundary of A,

n(A)

d e—l,tjaj _ e—Ltjbj

= (2m)"¢ lim dt1, ... tg dty ...dtg.
( ) T—o0 [fT,T}d ( 1 ) H Ltj

j=1

Proof. We shall proceed along the lines of the proof of Theorem Let
A = [ay,b1] X ... X [ag, bg] satisfy the hypotheses. For T > 0,

e—Ltjll]' _ e—Lt]'bj
t1,...,0 dty...dt 7.14
/[_ P(te, ... ta) H i 1 d (7.14)

—itja; e—l,tjbj

d d
e _
= exp | ¢ tix;
/[T,T]d H Lt]‘ </Rd jz—; I

/L(dl‘l, ce ,d.%'d)> dtl ce dtd

— A day. ... dzg)dty. ... . dty.
T]d/Rd H it p(dxy, ... dxg)dty,. .. dtg

Recall (7.10)) to write

d  ti(zj—aj) _ puti(w;—bs)
/ / [ uldar,... dzg) dir...., dtg
[—T,T}d Rd =1 Ltj

d
S/ / H(bj —aj) p(dxy, ..., dxg)dty,. .., dtg
[*T,T}d Rd i=1

d
= (2T)d H(bj — aj) < 00.
j=1
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Fubini implies that the quantity in ([7.15)) equals

d Lt] Tj—aj) _ eLt](a;j_b )
/d/[ }d H dtla"‘ydtd,uf(da:l,...7d11,’d)
R -TT

j=1 &

etti(wj—aj) _et( —b;)
/d H/ : dtj | p(dzy, ..., dxq)
R
d

= /Rd H 2 (sgn(xj — CLj)S(T’l’j — aj|) — sgn(g;j — bj)S(T|ZL‘j _ bj|))

u(dzy, ... dxg),
(7.8) implying the last equality.
Denote for z1,...,z4 € R,
Yr(z,.. ., 24)

2 (sgn(z; — a;j)S(T|zj — aj|) —sgn(z; — b;)S(T|z; — byl)) ,

H::]&

and use Lemma [7.1] to argue

7=1
- 1/}00(371) 7xd)
For (x1,...,x4) in the interior of A, that is, if a; < x; < b; for all j,
then
sgn(z; —aj) —sgn(x; —bj) =2,7=1,...,d,
and hence

Yoo(21, ..., 2q) = (27)%.

On the other hand, if (z1,...,x4) € A° then there exists j for which either
xj < aj or x; > b; and hence for that j,

sgn(z; — a;) —sgn(z; —bj) =0
In other words,
Yoo (X1, xq) =0, (x1,...,24) € A
Thus,

¢w(x1,... ,a:d) = (271’)d1 ((.CCl,.. . ,J}d) S A) ,(wl,...,md) S (8A)C (716)
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Letting K as in ([7.11)), it is immediate that
’wT(l'l, e ,.%'d)’ S (4K)d s

which along with DCT implies that as T — oo,

/wxl,...,xdm(dxl,...,dxd)ﬁ/ ool -y za)plda, ., )
R4 R4
= (2m)?u(A),

(7.16)) and that p(0A) = 0 imply the second line. The left hand side of the
first line above is the same as the quantity in (7.14). That is, we have shown

d e*l,tjaj _ ethjbj d
lim ot ta) | [] dty ... dtg = (2m)%u(A),
T—o0 [—T,T)d =1 Ltj
which is precisely the claimed formula. O

Theorem 7.8 (Uniqueness theorem on R?). If uy and us are probability
measures on R with identical CHF's, then puy = puo.

Proof. Let pui and po be probability measures on R? with identical CHFs.
To show g1 = g, in view of Theorem [£.3]2, it suffices to prove that

Fi(z) = Fy(z),z € RY, (7.17)
where F1, F5 are the respective CDF's of uy, po, that is,
Fi(z) = pi (=00, 21] X ... X (=00, 24]) yi =1,2, & = (z1,...,2q4) € R?.

An immediate consequence of Theorem [7.7]is that for a compact rectan-
gle A C RY,
,ul(A) = ,U,Q(A) if M1 (8A) =0= 175 (BA) s (718)

OA being the boundary of A. Define

C’ij:{xGR:uj ({(xl,...,xd)GRd:xi:x}) >0},

foralli=1,...,d, j = 1,2. Since Cj; is countable, so is C' defined by

Thus C€ is dense in R and for A = [a1,b1] X ... X [ag, bg],

1 (0A) =0 = pz (0A) if ay,by,...,aq,bqg € C°and a; < b;,i=1,...,d.
(7.19)
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Proceeding towards (7.17)), fix z1,...,x4 € C¢. Since C° is dense, there
exist a,, € C° such that /\;-izlxi > a1 > ag > ...and a, — —oo. It follows

from ([7.18)) and ([7.19)) that

w1 ([an, x1] X .o X [an, z4]) = p2 ([an, z1] X ... X [ap,xq]) ;0 > 1.

Letting n — oo, (7.17) follows for z = (x1,...,zq) if z1,...,24 € C°. Using
the facts that C¢ is dense once again, and that F' is continuous from above,
(7.17)) follows for all z € R?, which completes the proof. O

The following result is an immediate consequence of Theorem

Theorem 7.9 (Cramér-Wold device). For R-valued random variables X
and Y,

X2y «—= \X)ZL(\Y) forall AeR?,
Proof. Follows from Theorem O

Remark 3. No elementary proof of the Cramér-Wold device, without using
CHF's which essentially belong to the domain of Fourier analysis, is known.

Example 7.2. Let Zy,...,Z4 be i.i.d. from standard normal and Z = (Z1,
.oy Zq). Fiz a dxd symmetric non-negative definite (n.n.d.) matriz ¥ and
p € RY and define

X=p+3x"27, (7.20)

where elements of R% are to be interpreted as column vectors by convention.
Let us calculate the CHF of X. Fiz A\ € R and write

MX=Xu+60Tz,

where

0 =x2\.
Recall that 67 Z follows N(0,0||?), where || - || is the L?>-norm, if ||0|| > 0;
0T Z is degenerate at zero otherwise. Assuming for a moment that t = ||0|| >
0,

B (e07) = (o (7))

T
(because 0z ~ N(0, 1)> =¥/

ANz
_ llezr2

= exp <—;9T9>

= exp <—;)\TZ)\> .
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If |6]| = 0, that is, 0 is the zero vector, then also

E (eLGTZ) = exp (;)\TE)\> ,

because both sides equal 1 in this case. Thus,
E (eL)‘TX> = NI (eLHTZ> = exp <L)\T,u — ;)\TE/\> .
In other words, the CHF ¢x of X 1is
bx(\) = exp (MTM — ;/\TE)\> AeR?.

Definition 50. An R%-valued random variable X follows Ng(p, X) for u €
R? and a d x d symmetric n.n.d. matriz X, if the CHF of X is

1
dx(\) = exp (MT,J — 2/\TZ)\> A eRe.

The above definition is consistent with Definition [39] in the following
sense. If ¥ is p.d. and X ~ Ng(u,X) according to Definition then the
density of X is f as in Definition Indeed, should be compared
with to see this immediately.

Remark 4. The Ny(p,X) is called a “singular normal distribution” if ¥ is
n.n.d. but not p.d. It should be noted that a singular normal distribution in
one dimension is a degenerate distribution.

Exercise 7.6. Show that a Ng(u,X) distribution has a density if and only
if X is p.d.

Theorem 7.10. For an R¥-valued random variable X, p € R? and a d x d
n.n.d. matriz X2,

X~ Ny(1,2) = (N X)~ N A, XT8N for all X e RY.

Proof. For the “= part”, assume X ~ Ny(u,¥) and fix A € R% Then for
teR,

E <6Lt<x\,X>> ) <€L(t)\,X))

— exp <L(M)Tu - ;(t)\)TE(t)\))

5242
:eLtG at/2’

where § = M\ and 02 = ATS ). As the above is true for all t € R, Definition
shows that (\, X) ~ N(6,0?). This proves the “= part”.
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For the reverse implication, assume that
A X) ~ N (AT p, ATEA) for all A € R?.
Let Y ~ Ng(u,Y). The already proven “= part” shows that
AY) ~ N (AT, ATEN) for all A € RY.
Thus (X, X) L (A, Y) for all A € R%. The Cramér-Wold device shows
x2y,

from which the “< part” follows. This completes the proof. O

Exercise 7.7. If X is a R%-valued random vector such that for all A € R?,
M X follows one-dimensional normal, show that X ~ Ng(u,¥), where p and
3. are the mean vector and the variance-covariance matriz of X, respectively.

Exercise 7.8. For a random variable X with CHF ¢, show that the following
are equivalent.

1. The distribution of X is symmetric, that is, X 4 _x.
2. For allt € R, J(¢p(t)) =0, that is, ¢ is a real function.
3. The function ¢ is even, that is, ¢(—t) = ¢(t) for allt € R.

Exercise 7.9. If X1, Xo,... are i.i.d. from the Cauchy distribution, show
that there does not exist a random variable Z such that

1 — P
—ZX¢—>Z,n—>oo.
n

i=1
Exercise 7.10. Suppose X and Y are independent random variables.

1. Show that X +Y has a density if either X orY has a density.
Hint. If f is the density of X, use Theorem[5.7 to show that for fized

z € R,
z=Y

P(X+Y§Z|U(Y)):/ f(z)dzx.

—00
The “conditional probability” of an event given a o-field is the same
as the conditional expectation of the indicator of that event.

2. Show that X+Y has a bounded continuous density if the CHF of either
X orY is integrable on R.
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8 Weak convergence and the central limit theorem

Definition 51. For probability measures p, ji1, fi2, . .. on (R, B(R)), u, con-
verges weakly to u, or pn, = p if

nhﬁnc}o Hn ((_007 CED =K ((_OO’ :L’]) ’

for all x € R with u({z}) = 0. For R-valued random variables X, X1, Xo, .. .,
we say X, converges to X in law, in distribution or weakly, and denote it
by X, = X, if

PoX,'= PoX '

Henceforth, B(R) or B(R?) will be the underlying o-field, depending on
the context, unless specifically mentioned otherwise.

Exercise 8.1. If X, X1, Xo,... are random variables with respective CDFs
F Py, Fy, ..., show that X,, = X if and only if

lim F,(x) = F(x) for every continuity point x of F'.
n—oo
Example 8.1. If X,, ~ Binomial(n,p,) where p, € (0,1) are such that

lim np, = XA € (0,00),

n—oo

then X, = X where X ~ Poisson(\).
Exercise 8.2. If X,, = Y and X,, = Z, show that' Y 1z

Theorem 8.1. If X, £, X, then X,, = X.

Proof. Fix € R such that P(X = z) = 0. It suffices to show for all such
$7

lim P(X, <z)=P(X <uz). (8.1)

n—oo
Fix € > 0. Since P(X = z) = 0, there exists w < z < y such that
P(X € [w,y]) <=

Clearly,
(X >yn[|X,—X|<y—2a] C[X, >x].

Take complements of both sides to get
[ng]U[Xn_X| >y—x]3 [Xngl']
Thus,

P(X, <2) < P(X <y]U[X, - X| >y — )

P
P(X <y)+ P(|Xn - X|>y—=).

IN A
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Let n — oo and use the fact X, s X to argue

limsup P(X,, <z) < P(X <y)<P(X<z)+e

n—oo

the right inequality following from the choice of w and y. Since ¢ is arbitrary,
we get
limsup P(X,, <z) < P(X <z).

n—0o0
Since
(Xn >z]N[| X, — X|<z—w| C[X >w],

proceeding along similar lines would yield

liminf P(X,, <z) > P(X <),

n—o0
from which (8.1)) would follow and would complete the proof. O
Exercise 8.3. If X follows standard normal and X, = —X, show that

X, = X but X, £ X.
Exercise 8.4. If X is a degenerate random variable, show that
X,=> X — X, 5 X.

Theorem 8.2. For probability measures pi1, j12, - - -, oo 01 R, iy = fhoo if
and only if

tiw [ fdn = [ e, (8.2)
n—oo
for every bounded continuous function f: R — R.

Proof. For the “if part”, assume (8.2)) and fix z € R with pue({z}) = 0. Fix
e >0 and let w < z <y be such that p([w,y]) <e. Let f: R — R be the
function which is 0 on [z, 00), 1 on (—oo,w] and is the line segment joining
(w,1) and (z,0) on [w,z]. Thus f is bounded and continuous and

l(foo,w] <f< 1(7oo,x} : (83)

The right inequality above implies that for n =1,2,...,

tin (00, 2]) > / f dbtn.

Letting n — oo,

lim inf p, ((—o0, z] >hm1nf/fdun

by €)= [ Fdne

(the left inequality of (8.3])) > 1o ((—00, w])
2> fioo ((—00,2]) — ¢,
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the choice of w implying the last line. Arbitrariness of ¢ shows

liminf 1, ((~00,2]) 2 o ((~o0.2])

A similar argument with g : R — R which is 0 on [y, 00), 1 on (—o0, z] and
is the line segment joining (z,1) and (y,0) on [z,y] yields the desired upper
bound and thus proves p, = jtco. This proves the “if part”.

For the “only if part”, assume p, = poo- Let f : R — R be bounded
continuous and fix € > 0. Fix a,b € R with a < b such that p({a,b}) =0
and

too ([a, b)) < e.

Continuity of f implies it is uniformly continuous on [a, b]. Thus there exists
0 > 0 satisfying

‘f(x)_f(y)’ SEfOI‘ all T,y € [avb]v with |$_y| S(s
Choose xp =a < 1 < ... <z = b satisfying u({zo,...,zr}) =0 and
Ty — Tj—1 Sé,’izl,...,k;

this is possible because a and b have been chosen to be continuity points of
loo- Thus, forn=1,2,..., 0,

k

(@)pn(da) = F@i)pm ((2io1,24))

(a,b] i—1

k
;/u%][f() F(@2)] fn(d)

(8.4)

k
z) — f(x;)| pn(dz
gzj( F(@) = F(@0)] pn(d)

T51,24)

k
< Z,un ((zim1, 7)) max |[f(z) — f(z:)]
i=1

.IE[CEi_1,$i]

k
<ed pn ((wic1, i)
=1
= Elin ((CL, b]) S g,

the inequality in the penultimate line following from the choice of 6 and that
Ty — Tij—1 S(S,i:1,...,k.
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Thus, for n =1,2,...,

(l’) ,U/n(dx) - (x) /Loo(dx)
(a,b] (a,b]

k
(@)pn(dz) = Y fl@i)pn (i1, 2i])

(a,b] i—1

<

_l’_

k
1

/( | (@clds) = e (i)
k

B k
Y F@pn (@ier,@i]) = Y f@i) oo ((wim1, i)
=1 =1
k k
Y @i (@ima,@i]) = (@)oo (zimr, i)) | -

i=1 =1

_l’_

<2+

Since xg, ...,z are continuity points of ps, which is the weak limit of .,
m py, ((Ti-1, 7i]) = ploo ((Ti-1, 7i]) |
n—oo

and hence
k k

Y f@pn (i @i]) = Y f@i)poo (i1, @)

=1 =1

lim
n—o0

=0.  (85)

Therefore,

(x) Un(dx) - ((L‘) ,U/oo(dw)
(a,b] (a,b]

Let K = sup, |f(x)| which is finite because f is bounded. Thus,

lim sup < 2. (8.6)

n—o0

< Kpoo ((a,0)°) < Ke,

/ £(2) oo (d)
(a,b]¢

and

/( @) )| < Kl s (G )

(Hoo({a,b}) = 0) = Kpso ((a, b]°)
< Ke.

lim sup
n—oo

Combine these with to get

lim sup

n—+00 /fd’“‘"_/fdﬂoo‘ < 2(K +1)e.

Since € is arbitrary, (8.2)) follows. This proves the “only if part” and therefore
completes the proof. O
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Theorem 8.3 (Lévy Continuity theorem). Let p,, v be probability measures
on R with characteristic functions ¢n, ¢. Then, u, = p if and only if

lim ¢, (t) = ¢(t) for allt € R.

n—oo

Proof. The “only if” part follows trivially from Theorem [8.2] For the “if”
part, assume that

lim ¢, (t) = ¢(t) for all t € R.

Step 1. Let F,, be the c.d.f. of u,. There exist integers 1 < n; < ns < ...
such that
lim F),, (r) exists for all 7 € Q.

k—o0

Proof of Step 1. Follows immediately from Cantor’s diagonal argument be-
cause Q is countable and for all r € Q, {F,(r) : r € Q} is a bounded
sequence. ]

Step 2. Denote
H(r):= lim F,, (r),r€Q,
k—oo

and
G(z) :==1inf{H(r) : r > z,7r € Q}.

Then, G is a non-decreasing right continuous function.

Proof of Step 2. Non-decreasing is immediate. For right continuity, fix = €
R and € > 0. Clearly, there exists r € (x,00) N Q such that

H(r) <G(z)+e.

Clearly,
’ G(z+1r)/2) <H(r) <G(x)+e¢.

Thus, G is right continuous at . O

Step 3. For every continuity point z of G,

lim F,, (z) = G(x).

k—o0

Proof of Step 3. Fix a continuity point x of G and € > 0. Therefore, there
exist w < x < y such that

G(r) —e <Gw) <G(y) <G(x) +e¢.

116



Let 71,72 be rationals such that w < r; < z < rg <y. Then,
G(z)—«¢ G(w)

H(r1)

lim Fnk (7’1)

k—o00

IN A

IN

liminf F,,, (z)
k—oo

lim sup Fy,, (z)

k—o00
(35, Fne(r2)
= H(r)
G(y) (8.7)
G(z) +e,

IA

IN

IN A

the inequality in following from the fact that for all r € (y,00) N Q,
H(r) > H(rs),

that is, H(r2) is a lower bound of the set of which G(y) is the infimum.
Letting € | 0 completes the proof of Step 3. O

Step 4. Given € > 0, there exists a such that

limsup pp{z: |z| > a} <e.
n—0o0

Proof of Step 4. Observe that for u > 0,

i/i(l—(ﬁn(t))dt - /u/ ) iy (da)d
= / /_u — ") ditpy (dz)
<Interpreting % - 1> — 2 / <1 _ sin “x> i (d)
1-—

<SmZ§1,z€R> > 2 Smux),un(dx)
z [|33|>2/u]

sinuzr _ |sinuz| 1
< < > 2 I (dz)
ux |luz| |uz| [|m|>2/u !Ufﬂ|
1

> 2/ dx)
[|$|>2/u]
= lle] > 2/
By DCT, it follows that for all fixed u > 0,
I 1/“(1—<z> (t))dt = 1/”(1—¢<t>>dt< 1/“ 11— o(e)]dt
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Fix € > 0. Since ¢ is a characteristic function, it is continuous at 0, and

hence there exists u > 0 such that
p(t) — 1| <e/2, |t| <u.

Letting a = 2/u, putting everything together,

1 (A
limsup pp{z: |z| >a} < lim / (1 — op(t))dt
n—oo

n—oou J_,,

1 u
< 1—¢(t)|dt
< o/ n-ol
< €.

Thus Step 4 follows.

Step 5. As z — oo, G(z) — 1 and as x — —o0, G(z) — 0.

Proof of Step 5. Since G is non-decreasing, G(—o0) and G(c0) exist.

€ > 0. Use Step 4 to get a > 0 such that

lim sup py, ((—a,a)€) <e.

n—oo

Let £ < —a be a continuity point of G. Since G is non-decreasing,

G(-00) < G()
(By Step 3) = lim Fy, (2)

< limsup Fy, (—a)

k—oo

= lim sup pip,, ((—o0, —al)
k—oo

< limsup pir, ((—a, a)%)
n—oo

<e.

Fix

Since ¢ is arbitrary and G is non-negative, it follows that G(—o0) = 0. A
similar argument shows that if y > —a is a continuity point of G, then

G(y) > 1 — ¢, and hence G(oco) = 1. This proves Step 5.

Step 6. As k — 00, fin, = L.

O]

Proof of Step 6. Steps 2 and 5 in conjunction with Theorem [I.4] imply there

exists a probability measure v on R such that
v(—oo,z] = G(z), z € R.

Step 3 implies that
L, == V.
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By the already proven “only if” part, it follows that

lim ¢y, (1) = /emu(d:v) for all t € R.

k—o0

This in conjunction with the hypothesis
lim ¢,(t) = ¢(t),t € R,
n—oo

shows

o(t) = /emu(d:ﬁ) forallt e R.

Since ¢ is the CHF of u, Corollary implies

h=v.
This completes the proof. O
Step 7. As n — 00, by => L.

Proof of Step 7. Let puy,, be any subsequence of p,. Steps 1 - 6 show that
itm, has a further subsequence Foany, such that

foany, == pas 1 — 00,

Since this is true for all subsequences iy, , it follows that u, = p as
n — o0o. O

Step 7 clearly completes the proof of the “only if” part, and thereby
proves the theorem. ]

Exercise 8.5. Suppose that pi, po, ... are probability measures on R with
CHF's ¢1, ¢a, . .., respectively. Assume

Tim gu(t) = 6(t) ¢ € R.

Show that there exists a probability measure p whose CHF is ¢ if and only
if ¢ is continuous at zero and in that case p, = p.

Theorem 8.4 (Central limit theorem (CLT) on R for i.i.d.). Let X1, Xo,...
be i.i.d. random variables with mean u and variance 0% € (0,00). Then, as

n — oo, .
Zj:l Xj—np

E
nl/2¢ ’

where Z follows standard normal.

Lemma 8.1. For all 0 € R,

1
et — (1 + 10 — 292> ‘ < 2min(6?, |6®).
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Proof. Notice that

e — <1+L9—;92)‘ <

Ry := cosf— (1—192>,

2
Ry := sinf—80.

Denote

By Taylor’s theorem, there exists &, &’ such that

62 63
cosf = 1—E+€sin§

2

= 1-— cos¢.
5 cosé
Equations (8.8) and respectively show that
10° 3
R < — <0)°,
6
02
IRi| < —(1+]|cos€|)<6?.

- 2
Therefore,
|Ry| < min(6?,|0)*).

Applying Taylor to sin § shows the existence of 1, n’ satisfying

93
sinf = 60— —cosn
6
92
= Q—ESinnl.

Thus,
|Rs| < min(6?, |6]%),

and this completes the proof.
Lemma 8.2. Fory,z € C with |y| V|z| <1, and n € N,
ly" = 2" <nly — 2]

Proof. The observation

—_

n—

A I (TR D T2
j:

n—1 o
= ly—zl|d y" '
7=0
< n|y - Z| )

completes the proof.
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Proof of Theorem[8.4 WLOG, we assume that 4 = 0 and ¢ = 1. Then,
what needs to be shown is that

n
n23 " X; = N(0,1).
j=1

Let ¢ be the characteristic function of X;. In view of the Lévy continuity
theorem, what needs to be shown is that

lim_@(t/v/n)" = e forallt eR. (8.10)

Fix t € R, and notice that

t t2
E X /\/ﬁ —El1 L X, — X2
‘ [e ] + \/ﬁ ! 2n 1

etX1/vin |1 4 in — ﬁX2
vn on !

(by LemmaBd) < 28 (min(2X3/n, [t X1 /n*?)) |

IA

that is,
2

t
¢(t/\/ﬁ) - <1 — 271) ‘ < 2E (min(thlz/n’ ’t’3’X1’3/n3/2)) .
By Lemma it follows that for n > t2,
2

lotervi - (1-3,)
< 2R <min(t2X12, |t|3\X1\3/nl/2)> .

t2

ooy - (1-1)

By DCT, the extreme RHS goes to 0 as n — oo. Thus, (8.10|) follows, and
completes the proof. O

We now proceed towards the multivariate CLT, that is, CLT on R¢, for
which, weak convergence on R? is to be defined.

Definition 52. For probability measures p, pi1, fia, . . . on (R% B(R?)), p, =
wif

n—o0

lim fd,u,n— hm/ fdu,

for all bounded continuous f :RT —» R. If X, X1, Xo,... are R¢valued
random variables, then X, = X if Po X! = Po X.

Theorem [B.2] shows the above definition is consistent with Definition [51]
in the case d = 1. The advantage of the above definition is that the weak
limit, if exists, can easily be shown to be unique, as claimed in the following
exercise. For a probability measure on R?, the underlying o-field B(R?) will
not be mentioned henceforth.
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Exercise 8.6. If i, 1, v are probability measures on R? such that p, = u
and i, = v, show that p = v.
Hint. Use Theorem[7.8.

Another convenience of Definition [52] is that the following result now
becomes automatic.

Theorem 8.5 (Continuous mapping theorem). Suppose X1, Xo, ..., X are
R% -valued random variables and X, = Xoo. If g : RT — R s a continu-
ous function, then

9(Xn) = 9(X)

as R% _yalued random variables.

Proof. According to the definition, it suffices to check that for any bounded
continuous f : R%? — R,

lim E(fog(X,)) =E(fog(Xx)) .

n—oo

Fix such f. Since f,g are continuous, so is f o g. As f is bounded, so is
fog. Thus fog:R® — R is bounded continuous and the definition of
weak convergence implies the above. This completes the proof. ]

The following result shows, among other things, that if weak convergence

on R? were defined by CDFs as in Definition [51} then that would have been
equivalent to Definition

Theorem 8.6 (Portmanteau theorem). For probability measures pi, pa, . . .
., foo 0n R? with respective CDFs Fy, Fs, ..., Fs, the following are equiv-
alent.

1. Asn — 00, ln = foo-

2. For any closed set F C R?,

lim sup g, (F) < pioo(F) .

n—oo

3. For any open set U C R,

liminf 1, (U) 2 poc (U)

n—oo
4. For A € B(RY) with j10,(0A) = 0, where A is the boundary of A,

lim g, (A) = pioo(A) -

n—o0

5. For all z € RY at which Fs is continuous,

lim F,(x) = F(z).

n—o0
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The proof uses the following exercise.

Exercise 8.7. If ji is a probability measure on R? with CDF F, show that
for x = (x1,...,14) € RY,

F is continuous at x <= u(0E,) =0,

where E, = (—oo,x1] X ... X (—00,z4]. Equivalently, show that if F is the
CDF of an R¥-valued random variable (X1,...,Xq), then for every x =
(z1,...,2q) € RY,

d
1=

F' is continuous at t <— P <

(Xi—l‘i):0> =0.

1

Proof of Portmanteau theorem. Since 1, fto,. .., e are probability mea-
sures, it follows trivially that

P —[3.

Thus it suffices to show [=RE=d=E=

Proof of [I=[3. Assume |1} that is, p, = peo. Let | - || be any norm on R?
and define
d(F,z) =inf{||z —y||:y € F},z € R¢,

Fix ¢ > 0 and define f : R — R by
fe(x)=1- (1Aed(F,z)) ;o € RL.
Since d(F,-) is a continuous function, so is f. Further, 0 < f. <1,
fe(x)=1, ifx e F,

and
fe(x) =0, if d(F,z) > €.

In other words,
1p(x) < fe(z) <1(d(F,z) <e) .

Thus,

lim sup p,, (F) = limsup/lp(x)un(da:)

n—o0 n—oo

< lim [ fo(x)pn(dx)

n—oo

(85 tn = f1o0) = / ()t ()

< foo ({x eR?: d(F,z) < 5}) .
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Ase |0,
{zeRY:d(F,z)<e} | {z eRY: d(F,z) =0} = F,

the set theoretic equality following from the fact that F' is closed. Thus,
lif(r)l foo ({x eR?: d(F,z) < 5}) = fioo(F) .
&

Therefore,
lim sup pin (F') < oo (F) -

n—oo

Hence it follows that [=21 O
Proof of [3=]4} From the equivalence of 2] and [3] which is indeed a tautology,

assume that

lim_)sup pin(F) < pioo(F) , F € R? closed (8.11)
and
liminf i (U) > poo(U) , U € R open. (8.12)
Fix A € B(R?) such that i (0A) = 0, that is,
proo(A) = p1oo(A%) = pioo(A) (8.13)

where A and A° are the closure and interior of A, respectively. Invoke (8.12))
with U = A° to get
too(A°%) < liminf p, (A°)
n—oo
(as A° C A) < liminf p,(A)
n—oo
< lim sup p,(A)
n—oo
< limsup pp (A)

n—oo

< poo(4)
(8.11)) implying the last line. This in conjunction with (8.13]) shows
lim i (A) = fino(A)

n—o0

Thus, O

Proof of [J={5, Assume[d] Let x = (x1,...,24) be a continuity point of Fi.
Exc shows that
Moo (6Em) =0,

where FE, = (—o00,z1] X ... X (=00, x4]. The hypothesis |4 which has been
assumed shows that

n—oo

124



which is exactly the same as

nh_>nolo F,(x) = Fo(x).
Thus @=El O
Proof of [3={1l Assume 5] Let

C={z eR?: F is countinuous at z}.

The assumption [5| immediately implies

d
lim ApF, = AgFa, R = [](ai bi] if {a1,b1} x ... x {ag,bs} C C, (8.14)

e i=1
where ARrF is as in . Recall Exc a restatement of which is that
n(R) = AgrF,,n=1,...,00. (8.15)

Let

C; = {ZGRZILLOO ({(ml,...,:bd) ERdzmi:z}) >0} ,i=1,...,d.
Clearly, C1,...,Cy are countable sets and hence

D=(ChU...uCy"
is dense in R. It is immediate that for (z1,...,2q) € D,
oo ({(ml,...,xd) eR?: z; = 2 for some i = 1,...,d}> =0.

Thus for such (z1,...,z2q4),

oo (6((—00,21] X ... X (—oo,zd])) =0.

In view of Exc this means D¢ C C. Combine this with (8.14) and (8.15))
to get

d
lim in(R) = pios(R) , R = [ [(ai,bi] ,a1,b1, ... ,ag,ba € D. (8.16)

n—00 ]
=1

Fix a bounded continuous f : R — R and € > 0. Fix a,b € D, which is
dense in R, such that

oo <(a,b]d> >1—¢. (8.17)
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As [a,b]? is a compact set, f is uniformly continuous there. Hence there
exists § > 0 such that

F@) - f@l <e, forall myy € [a, b0, [z =y <6,  (3.18)
where ||(21,...,24)|| = |21] V...V |z4] is the max norm on RY. Let a = xg <
r1 < ... <z =bbesuch that zg,...,z € D and

xi—xi,lgd,izl,...,k;.
Set
d
H= H(xij—l,xij]11§i17-.-7id§k
j=1

A consequence of (8.16) is that
lim 4in(R) = peo(R) , R €H.
n—oo
For R € H, (8.18) and that || - || has been chosen to be the max-norm imply

lf(y) — f(2)| <e, forally,z € R.

Since the k¢ many rectangles in H are disjoint and their union is (a, b]¢, we

get,
fdﬂn: /fd,un,nzl,Q,...,oo.
/(a,b]d Z R

ReH

Proceeding like in (8.4)-(8.5) with the help of the above three claims, the
analogue of can be shown, which is

/ f dyin — / f dpioe
(a,b)? (a,b]?

Finally, (8.16]) also implies
B ) s (38).

which in conjunction with (8.17) shows

/((a,b}d)c fdun

where K = sup,cpa | f(x)| which is finite because f is bounded. Trivially,

‘/((a,b]d)c Jdpso
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n—o0

< Kse,




Thus

lim sup
n—oo

fdun —/ fd,uoo‘ <2(K + 1)e.
Rd Rd

Since ¢ is arbitrary, it follows that

lim fd,un/ fdpss -

n—oo
This being true for any bounded continuous f, i, = fieo. Thus, O
The proof of Portmanteau theorem is now complete. O

Definition 53. A sequence {u, : n = 1,2,...} of probability measures on
R is tight if given € > 0 there exists a compact set K C R® such that

liminf p,(K) >1—¢.

n—oo

The following result connects tightness with weak convergence.

Theorem 8.7. If {u, : n = 1,2,...} is a tight sequence of probability
measures on R%, then there exists a subsequence {pn, 1 k=1,2,...} and a
probability measure 1 on R such that

Hn, = b,k — 00.

Proof. We shall proceed like in the proof of Lévy continuity theorem. Let
F,, be the CDF of u,, that is,

Fo () = pin ((—00,21] X ... X (—00,24]) ,n €N, z = (z1,...,24) € RL.

As Q% is a countable set and for every r € Q% {F,(r) : n =1,2,...} is a
bounded sequence of real numbers, there exist 1 < n; < ng < ... such that

klirn F,, (r) exists for all r € Q7.
—00

Define
G(r) = lim F, (r),r € Q?,
k—o0

and F: RY — [0,1] by
F(ml,...,xd):inf{G(rl,...,rd):7“1>ac1,...,rd>acd, 7“1,...,7“,16@} .

We shall show that F' is a CDF, that is, it satisfies the assumptions of
Theorem from which it would follows that F' induces a probability
measure p on RY. Tt will be shown that u,, = p. This is achieved in
the following few steps.

Step 1. The function F is continuous from above, that is,

lim F(yi,...,yq) = F(z1,...,2q), forall x1,...,24 € R.
Y1d&1,.,YadTa
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Proof of Step 1. The definition of F' implies that for fixed x = (z1,...,24) €
R? and € > 0, there exist rationals 1 > z1,...,7q4 > x4 such that

G(Tl,...,T’d)SF(xl,...,IL’d)-i-E.

Define
d

(ri — ;).
i=1

6:

For y € [x1,21+0] X ... X [xg, x4+ d], once again, the definition of F implies
that

Fz) < F(y)

Y
(7"1,...,7’0{)
(x)+e.

ININ A

F
G
F
Thus Step 1 follows. O

Step 2. For R = (a1,b1] X ... X (aq,bq] where —oo < a; < b; < oo for
i=1,....,d,
ARF > 0.

Proof of Step 2. Fix R as above and ¢ > 0. Let z = (21,...,24) € F =
{a1,b1} x...x{aq,bs}. There exist rationals 1 > x1,...,74 > x4 such that

G(ri,...,rq) < F(xy,...,xq) +27%.

Set

Since G is non-decreasing by definition, it thus follows that
F(x) <G(s1,-.-,8q4) < G(ri,...,rq) < F(x)+e¢

for all s1,...,8¢ € Q with z; <s; <x;+d,,i=1,...,d.

Taking
d
1
el i=1

it thus follows that for all z = (z1,...,24) € E,
|F(x) — G(s)| <27, s e Q4N ([x1, 214 6] X ... X [xg,zq + 0]) . (8.19)

Choose t; € [a;,a; + 0] NQ and u; € [b;,b; + 0] NQ for i = 1,...,d. Since
0 < b;—a; forall i, t; < a; + < b; <wu; for all i. Letting

R = (t1,u1] X ... x (tg,uq],
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(8.19) implies
|ARF - AR/G‘ <e.

Since
AR/G = lim AR’Fnk Z 0,
k—o0

it follows that

ARF > —c.
As ¢ is arbitrary, Step 2 follows. O
Step 3. As z; — 00,...,xq — 00, F(x1,...,24) = 1. On the other hand,
as /\‘f:1 x; — —o0, F(x1,...,24) = 0.

Proof of Step 3. This is the only step in which tightness of {u,} is used.
Since 0 < F(x) < 1 for all 2 € RY, it suffices to show that for € > 0 there
exists a,b € R such that for z = (21,...,24) € R?,

d
F(z)>1—-cif x>0, (8.20)
=1
and
d
Flz)<eif \ai<a. (8.21)
=1

Fix ¢ > 0. Tightness implies there exists a compact set K such that

liminf p,(K) >1—¢.

n—oo

Since K is compact and hence bounded, there exist a,b € Q with a < b and
K C (a,b]?. Thus

G(b,...,b) = lim F, (b,....b)

k—o0

= lim i, <(—oo,b]d>

k—o0

> lim inf p, (K)

n—oo
>1—c.
The definition of F' and that G is non-decreasing imply that

d
F(z) > Gv) if 2= (21,...,29) €RY, and v € Q' N [[(~o00,z]. (8:22)
i=1

Thus,
F(zy,...,xq) > G(b,...,b) for all zy > b,...,2q > b,
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showing that (8.20) holds. Fix z = (21,...,24) € R? with xj < a for some
fixed j. Let r € Q be such that r > (z1 V...Vz4) and define y = (y1,...,yq)

where
{r, i#5,
Yi = . .
a, i1=7.
Thus y € Q% and y; > z; for all i, which shows
F(z) < G(y)
= lm pp, ((—oo,y1] X ... x (—00,yd])
k—o0
< limsup gy, ((—00, 41] X ... x (=00, y4])
n—oo
< limsup pn (K°),

n—o0

the last line following from the argument that y; = a and K C (a, b]¢ show

((—o0,y1] X ... x (—o0,yq)) NK =10,

and hence
(—o0,y1] X ... X (—o0,yq] C K.
Finally,
limsup pn, (K€) =1 — liminf p,(K) < e,
n—00 n—oo
which establishes (8.21)). This proves Step 3. O

Steps 1-3 in conjunction with Theorem show that there exists a
probability measure 1 on R? satisfying

(=00, 1] X ... x (=00, z4]) = F(z),z = (x1,...,24) € RY,

To complete the proof by showing p,, = p, & — oo, in view of the Port-
manteau theorem, it suffices to prove that

lim F,, (z) = F(x), (8.23)
k—o00
for every continuity point x of F. Fix such x = (z1,...,24) and € > 0. By
continuity, there exist w; < z; < y; for i = 1,...,d such that

F(U}l,...,’lﬂd)EF(wl,...,xd)_E,

and
F(y17"'7yd) SF(xlﬂ"":L‘d)—I_g'
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Let r1,...,74,81,...,8¢ € Q be such that w; < r; < x; < s; < y; for
i=1,...,d. Thus,

Fe) - < Flun, ..., wy)
(definition of F) < G(r1,...,7q)
= lim F,, (r1,...,74)
k—o0

< likn_l)glf Fo, (x)

< limsup Fy, (x)

k—o0
< lim F,, (s1,--.,5d)
k—o00
:G(Sl,...,Sd)
(by (822)) < F(y1,. .., va)
< F(z)+e.

Since ¢ is arbitrary, (8.23)) follows, which completes the proof of Theorem
B1 O

The following is a generalization of Theorem [7.9] and hence this also is
called the Cramér-Wold device.

Theorem 8.8 (Cramér-Wold device for weak convergence). For R¥-valued
random variables X1, Xo, ... Xoo, Xn = X if and only if

A\ Xn) = (N, Xoo) for all X € RY. (8.24)
The proof uses the following exercise from real analysis.

Exercise 8.8. 1. If F, I, I, ... are functions from R? to [0,1], show that

lim F,(x) = F(z)

n—oo

for every continuity point x of F' if and only if every subsequence {F,, } of
{Fn} has a further subsequence {Fy, } such that

lim F, (2) = F(2)

for every continuity point x of F.

2. Hence or otherwise, prove that for probability measures p, p1, 2, ... on
R, 1, = p if and only if every subsequence {fin, } of {un} has a further
subsequence {jn, } such that

Fny, = pu,l = o00.
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Proof of Theorem [8.8 The “only if” part follows trivially from the continu-
ous mapping theorem because for a fixed A € R?, z — (A, ) is a continuous

map from R? to R.
Conversely, assume (8.24)). Denote

Xn:(Xn17-~-7Xnd)7n:1;---7OO~

For fixed i € {1,...,d}, letting A be the vector whose i-th coordinate is 1
and rest are 0, (8.24) implies

We shall first show that {Po X,;!:n =1,2,...} is tight, that is, given
e > 0, a compact K C R? will be obtained satisfying

liminf P(X, € K) >1—¢. (8.26)

n—oo

Fix e > 0. Let 0 < o < 0o be such that

P(|Xoo¢|<a)21—%,i:1,...,d.

Use [3] of the Portmanteau theorem with d = 1, U = (—a, «) and (8.25)) to
get
liminf P(| Xns| < @) > P(|Xooi] <) >1— 2,

n—o0 d

a consequence of which is

limsup P(|Xpni| > a) < E;

i=1,...,d. (8.27)

Let K = [~a,a]?. Thus,

liminf P(X,, € K) =1 —limsup P(X,, € K°)

LAt n—00
d
=1—limsup P UHXm\ > af

d
>1— 1imsupZP(|Xm-| > «)

n—oo
=1

d
>1— ZlimsupP(|Xm" > )

: n—00
=1

d
>1-) limsup P (| Xpl > a)

: n—00
=1

d
21—22:1—5,
i=1
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implying the inequality in the last line. Thus, holds. In other
words, {Po X, 1:n=1,2,...} is tight.

By Exc[8.82, it suffices to show that every subsequence {X,, } of {X,}
has a further subsequence converging weakly to X,. Fix a subsequence
{Xn,}. Since {Po Xt :n=1,2,...}is tight,sois {Po X, 1 : k=1,2,.. }.
Theorem implies {Xp, } has a subsequence {X,, :1=1,2,...} such
that

Xnkl =Y,l—> o,

for some R%valued random variable Y. The already proven “only if” part
of this theorem implies

A\ X)) = (A Y), 1= 00, A €R?.
Comparing this with the hypothesis (8.24)) yields
(A Xoo) £ (\,Y), A e RL

Theorem [7.9] implies
X lY.

Therefore,
Xnk, = Xo,l — 0.

This gives us the desired further subsequence of {X,,} which converges
weakly to Xo,. Hence the proof follows. O

The CLT in R? now becomes a trivial consequence of the above theorem.

Theorem 8.9 (CLT in RY). Suppose X1, Xa, ... are i.i.d. random variables
taking values in R such that each coordinate of X1 has mean zero and finite
variance. Then

1 n
where Z ~ Ng(0,%) and X is the covariance matriz of Xi.

Proof. In view of Theorem it suffices to prove that for all A € R%,

<A,\/15§Xi> = (\Z),n— . (8.28)

To that end fix A € R, write

1 & 1
() -y

3 3
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and notice that (A, X1), (A, X2), ... are i.i.d. Denoting X; = (X11,...

the assumption that Xy1,..., X4 are zero mean implies
E((A X1)) =
Further, if o;; is the (7, j)-th entry of ¥, that is,
oij = Cov(Xui, Xij)

then writing A = [A1... \g]7,

d
Var ({\, X1)) = Var ( )\z‘Xlz’)
d d
=33 Nidoy
—

=ATZA.
The CLT on R, which is Theorem implies

1 n
%Z<)\,Xi>:>Y)\,n—>OO,

where Yy ~ N(0, \T$)). Theorem shows that
Va2 () 2Z).
In other words, ({8.28]) holds, from which the proof follows.

7X1d)7

O

The last theorem of this course is Lindeberg’s CLT, which is a gener-
alization of Theorem [8.4] in that the assumption of identical distribution

therein is relaxed.

Theorem 8.10 (Lindeberg’s CLT). Suppose for allmn € N, X,1,...
are independent R-valued random variables satisfying the following:

E(Xn)=0,i=1,....n,n=1,2,...,

n
HILHSOZ;E (an) =0% <00,
1=
and

lim ZE (| Xnil >€)) =0, for everye > 0.

n—o0

Then, as n — oo,
n
ZXni = Z7
i=1

where Z ~ N(0,0?).
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The assumption is called Lindeberg’s condition. The family {X,,; :
1<i<n,n=1,2,...} is called a triangular array, which is why, Theorem
is also known as CLT for triangular arrays. Theorem follows from
Theorem [8.10] as claimed in the following exercise.

Exercise 8.9. Suppose X1, Xs,... are i.i.d. zero mean random variables
with finite variance o2. Define
1 .
an:ﬁXZ71Sz§nan21
Show that {X,; : 1 < i < n,n = 1,2,...} satisfies the assumptions of
Theorem [8.10 and hence argue that Theorem[8-4] is a special case of that.

Theorem [8.10] can be proven along the lines of the proof of Theorem
that is, with the help of the Lévy continuity theorem. For pedagogi-
cal reasons, we shall prove it using Lindeberg’s principle which completely
bypasses the Fourier analytic method, that is, the use of characteristic func-
tions. The following two exercises, for example, can be easily solved using
the Lévy continuity theorem, though the solutions hinted at don’t use it.

Exercise 8.10. If X,, ~ N(0,02) and 0 < 0, — 0 < 00, show that X,, = X
where X ~ N(0,02).

Hint. If Z ~ N(0,1), then X, % 0,2 — oZ.
Exercise 8.11. Suppose X, X1, Xo, ... are random variables such that for

all thrice differentiable bounded f : R — R whose first three derivatives are
bounded, it holds that

lim E(f(Xy)) =E(f(X)) .

n—o0

Show that X, = X.

Hint. Let
1, z <0,
flx)=< (1 -zt O0<z<l1,
0, z>1.

Observe that for w < y,

r—w

L(coou)(z) < f ( ) < 1(_ooy)(x) for allz € R.

Y —w
Proof of Theorem [8.10. Using Exc it suffices to show that

lim E (f(Sn)) =E(f(2)) , (8.30)

n—o0
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for all thrice differentiable f : R — R such that f and its first three deriva-
tives are bounded, where

n
Sn:ZXni’nz 1.
=1

Fix such f.
Let (Z1, Za, .. .) be a collection of i.i.d. standard normal random variables
which is independent of the triangular array {X,; : 1 <i <mn,n > 1}. Set

oni =\/E(X2),1<i<n,n=12...,

and

Since

ZamZ ~N(0,0%),n=1,2,..., (8.31)

and 02 — o2, Exc shows

JLH;OE <f <ZaniZi>> =E(f(2)) .
=1

Thus, (8.30) would follow once it is shown that

lim_ E( (Z Oni )) =0. (8.32)

Fix n € {1,2,...} and write

—f <Z UniZi> = Z(f(yifl) - f(¥3)),
i=1 '
where
Y, = Z XnJ—G—ZJnj Zj,i=0,1,...,n,

Jj=i+1

with the usual interpretation of the sum as zero if the lower limit exceeds
the upper limit. Thus,

E (f(sn) —f (Z aZ))

<Y IE(f(Yi) = f(Y)) . (8:33)
i=1

136



Fix i € {1,...,n} and write
Yi=W+oniZi,

and
Yioi =W+ X,
where
n i—1
W = Z an +ZO’anj .
j=it+1 j=1
It is immediate that W, X,,;, Z; are independent. Taylor’s theorem implies

F(Yia) = FOW) + X (W) + X200 (61) (331
= JOV) + Xaf (W) + SX2 () + S X01"(@), (8.39)

for some &1 and & between W and Y;_1, where f/, f”, f""" are the first three
derivatives of f, respectively. Let

K= su§(|f(:c)| VIf @V I @) VI (@)])
4SS
which is finite by assumption. A consequence of (8.34) is that
1
00 = (F07)+ X O) + X85O0 )
1
e AT U]
1
< SXn (@) + 11" ))
< KX2..
Similarly, shows

1050) = (FOV) 4 X W) 4 X300 )| < GRIXAP < K.

Thus,
F(Yie1) - (f(W) + Xnif' (W) + ;X{iif”(W)) ‘ < K (X A Xnal?)
Therefore,

KE (X2 A LX) 2 B0 = (709) + Xy (00) + 3330707 )|

> [BU-0) B (J0V) + X (9) + 3 X28707) )




the last line following from the independence of W and X,; and that the
mean and variance of X,,; are zero and U?m respectively. A similar calcula-
tion shows

E(f(Y:) = E(f(W)) = 5omB(f"(W))| < KE (jowiZi|*) = Cop; |

where C = KE(]|Z1]3). Combine the two inequalities obtained to get
B (f(Yie1) = f(Y))] < KE (X3 A | Xnil’) + Coy;.

Summing the above inequality over i = 1,...,n and using ({8.33]), we get

E <f(sn> —f (Z aZ>>

Thus, (8.32) would follow, which would complete the proof, once the follow-

ing are shown:

n n
<O ohi + KDY B(X2AMXul’) .
i=1 =1

n
nh_}rgo Z o, =0, (8.36)
=1
n
and  lim > E (X2 A X0l*) =0, (8.37)

i=1

For (8.36)), write

1<i<n

=02, [ max o2,
1<i<n

Since 02 — 0% < 00, (8.36) would follow if it can be shown that

n

3 2 .
E 0y < 0, MaX Opj
i=1

lim max o2, =0.
n—oo 1<i<n

Fix ¢ > 0 and write
op; = B(X7 (| X | <€) + E(X21(1 X0i| > €)) < €8+ B(X21(| Xni| > €)).
Hence

2 2 2 )
ax op; < €+ max B(X,1(1 X > ¢))

<2+ BXZ1(|Xn| > e)).
=1
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Invoke (8.29) to argue

lim sup maxa <6 .
n—oo 1<i<n

Since ¢ is arbitrary,

lim max o2; =0,
n—00 1<i<n

which shows ([8.36)).
Finally, for (8.37)), fix ¢ > 0 and write

n

n
> B (X2 A Xl <ZE (1% P1(| Xni] <€) +ZE (1 Xn| > 2))

n

gaZE( +ZE 1(|Xpi| > 2))
= eo? +ZE 1(|Xni| > €)) -
Let n — oo and use to get

lim supZE (X725 A [ Xnil*) < 0.

=1
Since ¢ is arbitrary, (8.37)) follows. This in conjunction with (8.36)) shows
(8.32), which completes the proof. O

Remark 5. The above proof is transparent in that it displays the property
of normal that has been used. Indeed, (8.31) does use the fact that the sum
of independent normal random variables also follows normal.

Exercise 8.12. If X1, Xo,... are i.i.d. and P(X; = 0) < 1, show that there
does not exist a random variable Z such that

n
ZXi:Z,n%oo.
i=1

Exercise 8.13. Show that a sequence of probability measure {p,} on RY
is tight if and only if given any subsequence of {uy}, there exists a further
subsequence which converges to a probability measure u on R%. This is a
special case of Prohorov’s theorem

Exercise 8.14. Show that the Lindeberg condition (8.29)) is implied by the
Lyapunov condition

n

lim E <|X ]2+5> =0 for some 6 > 0.

n—00
=1
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Exercise 8.15. If X,, ~ Binomial(n,p,) where p, are such that
lim np,(1 —p,) = o0,
n—oo

show that X
n — NPn -~ Z,
npn(l - pn)
where Z ~ N(0,1).

Exercise 8.16. Suppose X is as in Exc[5.3, that is, it is infinitely divisible,
E(X) =0 and Var(X) = 1. Show that

E(X") =3 < X ~N(0,1).
Hint. If X,1,..., Xpn are as in (5.9) and E(X*) = 3, show that

3

E(Xgl) = ﬁ-
Use Exc[8.1]

Exercise 8.17. A coin with probability of head p € (0, 1) is tossed infinitely
many times. Let X,, be the number of the toss on which the n-th head is

obtained. Show that
n1/2 (Xn - ") = 7,
b

where Z ~ N(0,02) for some 0. Calculate o®.

Exercise 8.18. There are k boxes numbered 1,. ..,k and an infinite supply
of balls. The balls are thrown, one by one, randomly into one of the boxes.
Let Xp1, ..., Xk denote the number of balls in Boxes 1,...  k, respectively,
after the first n balls are thrown. Show that

n~1/? (an — %,...,Xnk — %) = (Z1,..., %),
where (Z1,...,2Z) ~ Ni(0,%) for some k x k matriz 3. Calculate X.
Exercise 8.19. If X,, ~ Binomial(n,py,) and

lim np, = X € (0,00),

n—oo
use the Lévy continuity theorem to show that X, = Z where Z follows
Poisson(\).

Exercise 8.20. Suppose that X1, Xo,... are i.i.d. random variables with
density
fxy=elz21(z>e ), z eR.

Show that as n — oo,
(X1... X))V = 7,

where Z follows the log-normal distribution, that is, log Z follows standard
normal.
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Exercise 8.21. If X1, Xs... are i.i.d. with zero mean and finite positive
vartance, show that there does not exist a random variable Z such that

1 n
=1

Exercise 8.22. Suppose X,, are random variables with all moments finite
such that
lim E(XY) =my, e R, k€ {1,2,...}.

n—oo

If there exists a unique probability measure y on R such that
/acku(dx) =mg, k=1,2,...,
R
show that X, = X where Po X! = p.
Hint. First show {Po X' :n=1,2,...} is tight.
Exercise 8.23. Suppose X1, Xo,... are i.i.d. from the density
flxy=2"2,2>1,

then show that there exists a random variable Z such that

n~! max X, = 7.
1<i<n

Find the distribution of Z.

Exercise 8.24. Suppose X, X1, Xo,... are random variables with CDFs F,
Fy, Fs, ..., respectively. If X, = X and F is continuous, show that

lim sup |F,,(x) — F(z)] =0.

n—oo zeR
Exercise 8.25. Suppose u, p1, p2, . . . are probability measures on R having
densities f, f1, fa, ... with respect to the Lebesque measure (N). If

fu(z) = f(x) for a.e.(N) x,

show that f, — f in L*(R,\) and hence

lim pn(B) = pn(B),B € B(R).

n—oo

Hint. Write
‘fn_f’:fn+f_2(fn/\f)'
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9 Appendix

9.1 Proof of Fact 1.3

Proof of Fact[I.3 Since || - || is the L*™ norm, it suffices to show that the
absolute value of each entry of the d x 1 vector T'(z) — T(y) — J(z)(x — )
is at most. dal|z — y||. In other words, it suffices to show that if f: U — R
is continuously differentiable, and

1fiy) = filz)| <o,z,y e R, i=1,....d,

where 5
fi(x):(,‘};g(f),er,izl,...,d,
then ]
F@) = fy) =) filz) (@i — )| < daflz —y|,z,y € R.
i=1

Let f be a function satisfying the hypotheses. Let 2% = z, 2¢ = y, and
for1<i<d-1,
ac’ = (yl,...,yi,xi+1,...,xd) .
Since R is a rectangle, z',...,2%"! € R. For a fixed i = 1,...,d, 2*~!
and 2’ have all entries identical except the i-th one, which are z; and y;
respectively. The one-dimensional mean value theorem implies there exists
& between z; and y; such that

FEY) = f(2) = (@i —v) iy, Y1, & it 1y - -+, Ta) -

Since EZ = (Y1, Yi-1,&,Tit1,...,2q) € R because R is a rectangle, the
hypotheses on f imply

fil&) — Z(96)) <a,i=1,...,d.
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Therefore,

i=1
d
= £ ) = 1 (2%) = 3 fil@) i — )
. T
= Z [f (33Z 1) f(xz)] _ZfZ(x)(xz Yi)
i=1 i=1
d
= 1> (&) - @) @i~ w)
=1
d
<3 |5 — fi@)| i — i
=1
< da 11£1a<xd|xz Yil
= dallz -y
This completes the proof. O

9.2 Proof of Fact 4.1]
Proof of Fact[[.1. Let F: R? — R satisfy the assumptions, that is,

lim F(yi,...,yq) = F(x1,...,xq) for all (x1,...,24) € RY, (9.1)
Y1321, YadTa

and
ArF >0forall ReH, (9.2)

where

H={(a1,b1] x ... % (ag,bg] : —00 < a; < b; < oo fori=1,...,d},

ARF = > (—n)#FlEz=ad pogy o xyg), (9.3)
(@1,..,za)€{ar,bi}X...x{aq,ba}

for all R = (a1,b1] X ... X (ag,bq) € H.
Step 1. The function R — ARrF is a finitely additive set function on H,
that is, for disjoint Ri,..., R, € H such that R= R, U...UR, € H,

ARF = iARZF.
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Proof of Step 1. For R = (a1,b1] x (aq,bq) € H, and = = (z1,...,14) € R
define

—1)#Ezi=ai} b} x ... b
sgn(:p,R) _ ( ) , T € {al,. 1} X X {ada d}7
0, otherwise .
That is, sgn(z, R) is zero unless x is a vertex of R.
Rewrite (9.3)) as
ARF = > sgn(z, R)F ().

z=(z1,...,xq)€{a1,b1} X...x{aq,ba}

Suppose R = (a1,b1] X ... X (ag,bq] € H and for some ny,...,ng € N,

a; = a;0 < ;1 < ...<Qjp, =b,i=1,...,d.
Let
d
Riy,oby = | [ (@igi—1:0im) 1 <1 <m0 1< kg < ng. (9.4)
=1

We shall first show that

ni nd

> ) A, F=AgF. (9.5)

ki=1  kg=1
The LHS above equals
ni ng
Z F(.T) Z s Z sgn (vakh...,kd) > (96)
€A k1=1 kq=1

where A = H?Zl{aijo,ai,l, ooy in, }. Let Ag ={a1,b01} x ... x {aq,bs} and
observe that for z € Ay, there exists unique k1, ..., kg such that

sgn (xa Rk‘l,...,kd) 7é 0 )
and for this k1,..., kq,
sgn (z, Ry, .. k,) =sgn(z, R) .

Thus, the quantity in equals

ny ng
Z sgn(z, R)F(x) + Z F(x) Z Z sgn (2, Ry, .. ky) -
IEAO xGA\AO ki=1 kd=1
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Since the first term above is the same as AgrF’, (9.5)) would follow once it is
shown that

ni ng
Z Z sgn (z, R, k,) =0, € A\ Ag. (9.7)
ki=1  kg=1

Fix x = (x1,...,24) € A\ Ao. Then there exists i € {1,...,d} such that
x; =y, for some 1 <wu; <n; —1.

Thus for 1 < ky < ny,...,1 < kg < ng, xis not a vertex of Ry, x, by (9.4),
unless k; equals either u; or u; + 1, that is,

sgn (:C, Rk1,4..,kd) =0 if ki §é {ui,ui + 1} .
Further,
sgn (x’ Rk‘l7---aki—1»uiaki+17---vkd) = —sgn (m, Rkl7---7k'i—1vui"‘lyki-‘rlr--vkd) :

Thus follows which proves (9.5]).

To complete the proof of Step 1, let Rq,..., R, € H be disjoint such
that R=R;U...UR,, € H. Let R = (a1,b1] X ... x (ag,bq] € H and

ai:ai,0<ai,1<...<ai’m:bi,i:1,...,d,

be such that vertices of Ry,..., R, belong to H?Zl{ai,o,aZ-,l, ceyQip, e If
Riy....5, is as in (0:4), then

either Rkl,...,kd C R; or Rkl,...,kd NR; = @,

for 1 <k <ng,...,1<kg<ngandi=1,...,n. Use (9.5) to write

ARF = > Mgy, o F

1<ki1<na,...,1<kq<nq

= Z Z ARkl ,,,,, de

i=1 1<ki<ni,...,1<kq<ng: Ry,
n
~Sanr,
i=1
(9.5) being used again in the last line. This completes the proof of Step
1. O

Step 2. If Ri,Ry € H and Ry C Ry, then Ap, F < Ap,F.

Proof of Step 2. Follows from (9.2)) and Step 1 by observing that Re \ Ry =
S1U...US, for some disjoint S1,...,S, € H. O
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Step 3. If R = (a1,b1] X ... X (agq,bq] € H and for € > 0, R. = (a1,b1 +¢] X
... X (ag,bq + €], then

limAp F = ApF.

el

Proof of Step 3. Follows from ((9.1)). O

Step 4. If R = (al,bl] X ... X (ad,bd] € /H,

lim Ay rp 1 F'=ARF.
ai¢a17...’a&¢ad (al,bl]X...X(ad,bd] R

Proof of Step 4. Follows from (9.1)). O

For the next several steps, fix n = (nq,...,ng) € Z% and let
Qp=m1—1,m]x...x(ng—1,n4],

and
S,={0}U{ReH:RCQ,}.
Step 5. The collection S, is a semi-field on €2, and p, : S, — [0, 00) defined
by
un(R) = ArF,0 #R€ S,,

and p,(0) = 0 is a finitely additive set function.

Proof of Step 5. That S,, is a semi-field is immediate. Finite additivity of
tr, follows from Step 1. U

Step 6. Let F, = {A1U...UAg: Ay,..., Ay € S, are disjoint}. Then F,
is a field on Q,,. Extend u, to F, by

k
pn(ALU. . UAR) = pn(Ai), Ar,. .., Ay € S, are disjoint .
1=1

Then ., is well defined on F,, that is, different representations yield the
same definition, is finitely additive on F,,, monotone on F,,, that is, u,(A) <
un(B) for A, B € F,, with A C B and finitely sub-additive on F,, that is,

k

pn(ALU . UAR) < (A, Ar, . A € Fr
=1

Proof of Step 6. That F, is a field follows from Step 5 which says S, is a
semi-field. If Aq,..., Ay € S, are disjoint and so are By,...,B; € S, such
that

AU...UA, =B U...UBy,
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then Step 5 shows
k ko1 1
Zﬂn(Ai) = ZZMH(Ai NBj) = Zﬂn(Bj) :
i=1 i=1 j=1 j=1

Thus, py, is well defined on F,, in that the definition is not dependent on
the representation. A similar argument shows p, is finitely additive on F,.
If A,B € F,, and A C B, then finite additivity shows

pn(B) = pin(A) + pn(B\ A) > pn(A),

showing p,, is monotone on F,. Finally for A, B € F,, finite additivity
shows

pin (AU B) = pin(A) + pn(B\ A) < pn(A4) + pn(B)

the inequality following from monotonicity of u,. Induction shows u, is
finitely sub-additive on F,. This completes the proof of Step 6. 0

Step 7. The set function ., is countably additive on S,,.

Proof of Step 7. Let Ry, Ro,... € S, be disjoint such that
R=RIURyU...€S8,.

For £k =1,2,3,..., finite additivity of u, on F, shown in Step 6 implies

k k
ZMn(Rz) = Hn <U Rz) < Mn(R) ’

the inequality following from monotonicity of u,. Thus, countable additivity
would follow once it is shown that

=1

Let R = (a1,b1] X ... X (aq4,bq] and for i =1,2,...,
Ri = (ai71, bi71] X ... X (a@d, bi,d] .
Fix § > 0. Use Step 3 to get g; > 0 such that ARZ-F < Ag,F + 27§ where
RZ‘ = (am, bi71 =+ Ei] X ... X (ai7d, bi,d + 52‘] .

Fix a} € (ai, b;) for i =1,...,d. Since

[a/l,bl] X ... X [afi,bd] CR= U RZ' C U(ai,l,bm —i—Ei) X ... X (ai,d,bi7d+€l‘) ,
i=1 i=1
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the Heine-Borel theorem implies
k
[a’l, bl] X ... X [azl, bd] C U((I?;J, bz‘,l + Ei) X ... X (ai7d, b@d + Ei)
i=1
for some finite k. Letting R’ = (a/,b1] x ... x (a}}, bq], it follows that
R cQ,n <R1U...uék> .

Monotonicity and finite sub-additivity of u, shown in Step 6 implies

k
Nn(R/) < Z Nn(Rz N Q)

k
(Step 2) < Z Ap I

(choice of ;) < (AR, F +2776)

=1
[

o+ Zun(Ri) :
i=1

Since ¢ is arbitrary, it follows that

pn(R) <> pn(Rs).
=1

Letting a} | a1,...,a); | aq and using Step 4, follows. This completes
the proof of Step 7. 0

Step 8. The set function p, can be extended to a measure on (£, 0(S,)).

Proof of Step 8. Follows from Step 7 and Corollary [I.1] of the Caratheodory
extension theorem. O

Step 9. If
pA) = 3 m(An0,), A € BRY),

nezd

then p is a Radon measure on (R, B(R?)) satisfying

W(R) = ApF,ReH. (9.9)
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Proof of Step 9. As i, is a measure on (€,,0(S,)) for each n € Z? by Step
8 and (Q, : n € Z%) is a partition of R? yu defined above is a measure
on (R4 B(R%)). For R € H, as R is bounded and non-empty, there exist
ni,...,ng € Z%such that RNQ,, # @ fori=1,...,kand R C Qp,U...UQ,, .
Thus,

k
P(R) = pn, (RN Q)
=1

k
0#RNQ, €8,) = Apnq, F
=1

(Step 1) = ARF,

showing . To see that p is Radon, for any compact set K C R?, there
exists n € N such that R = (—n,n]¢ D K. Thus

u(K) < p(R) = AgF,

by . This shows p is a Radon measure and completes the proof of Step
9. O

Step 10. The measure p is the only measure on (R?, B(R?)) satisfying (9.9).

Proof of Step 10. Suppose p/ is a measure on (R? B(RY)) such that
holds with p replaced by p/. Then p and p’ agree on H, and hence on

d
S = {RdﬂH(ai,bi] oo <ap < b < OO} R
=1

because for every set in S there exist sets in H increasing to the former.
Further, p and y' are o-finite on H and hence on S which is a semi-field
that generates B(R?). Corollary shows u and u' agree on B(RY), as
claimed in Step 10. 0

Steps 9 and 10 complete the proof of the fact. O

Remark 6. A function F satisfying (9.1) and (9.2) is not necessarily mono-
tonic. For example, F : R? — R defined by

F(z,y) =y,

satisfies (9.1) and (9.2)), and in fact induces the Lebesgue measure on R?
though F is not monotonic because

F(0,0)=0< F(1,1) = F(-1,-1) =1.

That is, x1 < x9 and y1 < yo implies neither F(x1,y1) < F(x2,y2) nor
F(z1,y1) > F(72,92).
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