
Measure Theory

Lecture notes

Instructor: Arijit Chakrabarty

Last updated: 6 January 2026

1 Motivation for learning Measure Theory

Two important branches of mathematics, namely analysis and probability,
are built on measure theory. The following subsections talk about the mo-
tivations from these two branches separately.

1.1 Analytic motivation

In analysis, the theory of Riemann integration was found to have a few
shortcomings, despite giving a rigorous definition of the integral in terms of
Riemann sums which has its intuitive appeal. One of the first shortcomings
was it failed to integrate functions like the following. Define f : [0, 1] → R
by

f(x) =

{
0, x ∈ Q ∩ [0, 1],

1, else.
(1.1.1)

A moment’s thought reveals that the integral of the above function on [0, 1]
should be 1 because its value is 1 “almost everywhere”, since there are only
countably many rational numbers.

The second shortcoming, which arose out of technical requirements, is
that the space of Riemann integrable functions is not “complete”. To make
this precise, letR be the collection of bounded Riemann integrable functions
from [0, 1] to R equipped with the pseudo-metric d defined by

d(f, g) =

∫ 1

0
|f(x)− g(x)| dx, f, g ∈ R .

A metric space can be constructed out of (R, d) by identifying f, g ∈ R
whenever d(f, g) = 0. This metric space is not complete, that is, there exist
Cauchy sequences under d which are not convergent.
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Another shortcoming of the Riemann theory is that the fundamental
theorem of calculus, which says the following for a differentiable function
f : [a, b]→ R with derivative f ′:∫ b

a
f ′(x) dx = f(b)− f(a), (1.1.2)

fails whenever f ′ is not Riemann integrable on [a, b] because then the left
hand side above doesn’t make sense.

For the reasons mentioned above, the Riemann theory was considered
insufficient and there was a necessity to integrate a larger class of func-
tions. In other words, a richer theory of integration was called for. This was
done by Henri Lebesgue in his doctoral thesis on “Integral, Length, Area”,
which appeared in the Annali di Matematica in 1902. Lebesgue’s work can
be regarded as the starting point of the study of measure theory. Indeed,
Lebesgue’s theory of measure and integration solved the first two shortcom-
ings of the Riemann theory mentioned above. Further, (1.1.2) holds for
a larger class of functions f , when its left hand side is considered in the
Lebesgue sense, though not for every differentiable function.

1.2 Probabilistic motivation

Probability theory starts with the classical definition of probability, in which,
the probability of an event is defined as the ratio of its cardinality and that
of the sample space, which is the set of all possible outcomes. While this
definition makes perfect sense as long as the sample space is finite and all
the outcomes therein are “equally likely”, it fails the moment either the
sample space becomes infinite or the outcomes do not remain equally likely.
Although the definition can be stretched a bit to accommodate the case when
the sample space is countable, it is insufficient to deal with an uncountable
sample space. For example, if a (fair) coin is tossed (countably) infinitely
many times, then the sample space

Ω =
{

(ω1, ω2, . . .) : ωn ∈ {H,T} for all n = 1, 2, 3, . . .
}

is uncountable. A firm mathematical framework for studying such random
experiments was provided by measure theory.

2 Measure

A close look at f as in (1.1.1) tells us that in principle, its integral should be
defined as 0·λ(Q∩[0, 1])+1·λ(Qc∩[0, 1]), where λ(A) is the “length” of a set
A. In other words, our starting point should be to generalize the concept of
length of an interval to “measure” of all subsets. Unfortunately, this cannot
be done for all subsets, which is proved in the following subsection.
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2.1 The Vitali construction

For any set X, its power set is denoted throughout by 2X .

Theorem 2.1.1. There does not exist a function λ : 2[0,1) → [0, 1] such that
λ([0, 1)) = 1 and λ is

1. countably additive, that is, for disjoint A1, A2, A3, . . . ⊂ [0, 1),

λ

( ∞⋃
n=1

An

)
=
∞∑
n=1

λ(An),

2. and translation invariant, that is, if A ⊂ [0, 1) and x ∈ R are such
that

A+ x := {a+ x : a ∈ A} ⊂ [0, 1),

then λ(A+ x) = λ(A).

The proof uses the axiom of choice, which says that for any collection
S of non-empty sets, there exists a function

f : S →
⋃
A∈S

A

such that f(A) ∈ A for all A ∈ S.

Proof of Theorem 2.1.1. Assume for the sake of contradiction such λ exists.
For x, y ∈ [0, 1), say x ∼ y if x− y ∈ Q. Then ∼ is an equivalence relation.
Let S be the collection of equivalence classes under ∼, that is,

S ⊂ 2[0,1) \ {∅},⋃
A∈S

A = [0, 1), (2.1.1)

for A,B ∈ S, either A = B or A ∩B = ∅, and

for all x, y ∈ S, x ∼ y ⇐⇒ x, y ∈ A for some A ∈ S . (2.1.2)

The axiom of choice implies there exists a function f : S → [0, 1) such
that

f(A) ∈ A for all A ∈ S .

Define
V = f(S) . (2.1.3)

Since this construction is due to Vitali, V will be later referred to as the
“Vitali set”. The definition of V ensures that

#(V ∩A) = 1 for all A ∈ S . (2.1.4)
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For x, y ∈ [0, 1), define

x⊕ y =

{
x+ y, if x+ y < 1,

x+ y − 1, if x+ y ≥ 1 .

Trivially, x⊕ y ∈ [0, 1) for all x, y ∈ [0, 1). Hence for x ∈ [0, 1),

V ⊕ x := {v ⊕ x : v ∈ V } ⊂ [0, 1) .

Our first claim is that

λ(V ⊕ x) = λ(V ), x ∈ [0, 1) . (2.1.5)

To see the above, write

V ⊕ x =
(

(V ∩ [0, 1− x)) + x
)
∪
(

(V ∩ [1− x, 1)) + x− 1
)
,

and observe that

(V ∩ [0, 1− x)) + x ⊂ [x, 1),

(V ∩ [1− x, 1)) + x− 1 ⊂ [0, x) .

Countable additivity of λ implies

λ(V ⊕ x) = λ
(

(V ∩ [0, 1− x)) + x
)

+ λ
(

(V ∩ [1− x, 1)) + x− 1
)

= λ
(

(V ∩ [0, 1− x))
)

+ λ
(

(V ∩ [1− x, 1))
)

= λ(V ),

the second line being implied by translation invariance of λ and the last line
again following from countable additivity; (2.1.5) thus follows.

We shall next show that⋃
r∈Q∩[0,1)

(V ⊕ r) = [0, 1) . (2.1.6)

Fix x ∈ [0, 1). It follows from (2.1.1) that there exists A ∈ S such that
x ∈ A. A consequence of (2.1.4) is that A ∩ V is a singleton set, say

A ∩ V = {v} .

Thus x and v are in the same equivalence class which is A, and hence (2.1.2)
implies x ∼ v. In other words, x− v ∈ Q. Define

r =

{
x− v, if v ≤ x,
x− v + 1, if v > x .

4



It is easy to check that r ∈ Q ∩ [0, 1) and x = v ⊕ r. Since v ∈ V , we get
x ∈ V ⊕ r. Thus ⋃

r∈Q∩[0,1)

(V ⊕ r) ⊃ [0, 1) .

The reverse inclusion being trivial, (2.1.6) follows.
We shall next prove that the left hand side of (2.1.6) is a disjoint union,

that is,

(V ⊕ r) ∩ (V ⊕ s) = ∅ for distinct r, s ∈ Q ∩ [0, 1) . (2.1.7)

Fix distinct r, s ∈ Q ∩ [0, 1) and if possible, let x ∈ (V ⊕ r) ∩ (V ⊕ s). Thus
there exist y, z ∈ V such that

y ⊕ r = x = z ⊕ s .

Since y⊕ r equals either y+ r or y+ r− 1 and likewise for z⊕ s, one of the
following three must hold:

y + r = z + s, (2.1.8)

y + r = z + s− 1, (2.1.9)

or, y + r − 1 = z + s . (2.1.10)

In all the above cases, y − z ∈ Q, that is, y ∼ z. By (2.1.2), there exists
A ∈ S such that y, z ∈ A. Hence y, z ∈ A ∩ V ; (2.1.4) implies y = z.
Since r, s ∈ [0, 1), neither (2.1.9) nor (2.1.10) can hold because |r − s| < 1.
Therefore, (2.1.8) holds, which shows r = s and thus leads to a contradiction.
This proves (2.1.7).

Countable additivity of λ in conjunction with (2.1.6) and (2.1.7) shows

λ
(
[0, 1)

)
=

∑
r∈Q∩[0,1)

λ(V ⊕ r)

=
∑

r∈Q∩[0,1)

λ(V ),

(2.1.5) implying the second line. Obviously,

∑
r∈Q∩[0,1)

λ(V ) =

{
0, if λ(V ) = 0,

∞, if λ(V ) > 0 .

This contradicts λ([0, 1)) = 1 and thus completes the proof.

2.2 Definition of measure and its properties

Theorem 2.1.1 tells us that the domain of a “measure” on a set X has to be
much smaller than 2X . This calls for the following definition.
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Definition 2.2.1. Given a non-empty set Ω, A ⊂ 2Ω is a σ-field on Ω if
Ω ∈ A, A ∈ A implies Ac ∈ A, and A1, A2, . . . ∈ A implies

⋃∞
n=1An ∈ A.

If A is a σ-field on Ω, then (Ω,A) is a measurable space.

Now we are in a position to define measure. Before that let us fix the
convention for adding and subtracting ∞. Define

x+∞ =∞+ x =∞ for all x ∈ (−∞,∞]

and
x−∞ = −∞+ x = −∞ for all x ∈ [−∞,∞) .

Neither∞−∞ nor −∞+∞ is defined. For an ∈ R = [−∞,∞], say an →∞
if for all M ∈ R, there exists N such that

an > M for all n ≥ N .

Similarly, an → −∞ if for all M ∈ R, there exists N such that

an < M for all n ≥ N .

In view of the above definition, it is easy to check that for a1, a2, . . . ∈ [0,∞],
there exists s ∈ [0,∞] such that

n∑
i=1

ai → s, n→∞ .

For such an and s, we define

∞∑
n=1

an = s .

Definition 2.2.2. Given a measurable space (Ω,A), a function µ : A →
[0,∞] is a measure if µ(∅) = 0 and µ is countably additive, that is,

µ(A1 ∪A2 ∪ . . .) =
∞∑
n=1

µ(An) for all disjoint A1, A2, A3, . . . ∈ A .

The tuple (Ω,A, µ) is a measure space. We say µ is a

• probability measure if µ(Ω) = 1 and in this case (Ω,A, µ) is a proba-
bility space (a probability measure is usually denoted by P ),

• finite measure if µ(Ω) <∞ and in this case (Ω,A, µ) is a finite mea-
sure space,
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• σ-finite measure if there exist A1, A2, . . . ∈ A such that

Ω =
∞⋃
n=1

An and µ(An) <∞, n ≥ 1,

and in this case (Ω,A, µ) is a σ-finite measure space.

Exercise 2.2.1. Suppose (Ω,A, µ) is a measure space. If A ⊂ B and A,B ∈
A, show that µ(A) ≤ µ(B).

Exercise 2.2.2. Suppose (Ω,A, µ) is a σ-finite measure space. Show that
there exist disjoint A1, A2, . . . ∈ A such that

Ω =

∞⋃
n=1

An and µ(An) <∞, n ≥ 1 .

Let us give a few examples of measure spaces.

Example 2.2.1. Let Ω be an uncountable set. Define

A = {A ⊂ A : Either A or Ac is countable.} .

Clearly, A is a σ-field, usually called the countable-cocountable σ-field. A
set is called cocountable if its complement is countable. Fix 0 ≤ α ≤ ∞ and
let

µ(A) =

{
α, if A is countable,

0, if A is cocountable .

Then µ is a measure on (Ω,A). Furthermore, µ is not σ-finite if α =∞.

Example 2.2.2. Suppose Ω ⊃ C 6= ∅. Define

µ(A) = #(A ∩C), A ∈ 2Ω .

Then µ is a measure on (Ω, 2Ω), called the “counting measure” on C. If C
is countable, then µ is σ-finite.

The following property of a measure is known as “continuity”.

Theorem 2.2.1. Suppose (Ω,A, µ) is a measure space. For A1, A2, . . . ∈ A,

• (continuity from below) An ↑ A implies µ(An) ↑ µ(A),

• (continuity from above) An ↓ A and µ(A1) <∞ imply µ(An) ↓ µ(A).

Proof. Assume first that An ↑ A. That µ(A1) ≤ µ(A2 ≤ . . . follows from
monotonicity of µ. Denoting A0 = ∅, it is immediate that

A =
∞⋃
n=1

(An \An−1) ,
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and that the sets on the right hand side are disjoint. Thus,

µ(A) =

∞∑
n=1

µ (An \An−1)

= lim
n→∞

n∑
i=1

µ (Ai \Ai−1)

= lim
n→∞

µ(An),

the last line following from the observation that

An =
n⋃
i=1

(Ai \Ai−1) .

Thus µ(An) ↑ µ(A), that is, continuity from below follows.
Now suppose that An ↓ A and µ(A1) < ∞. Once again, µ(A1) ≥

µ(A2) ≥ . . . follows from monotonicity. Clearly, Acn ↑ Ac and hence
(A1 \An) ↑ (A1 \A). Continuity of µ from below implies that

µ(A1 \An) ↑ µ(A1 \A) .

Since µ(A1) <∞, the above is the same as

µ(A1)− µ(An) ↑ µ(A1)− µ(A) .

Thus µ(An) ↓ µ(A). This completes the proof.

Exercise 2.2.3. If Ω = N and µ is the counting measure on N, show that

{n, n+ 1, . . .} ↓ ∅

and
µ ({n, n+ 1, . . .}) 6→ 0, n→∞ .

Definition 2.2.3. For Ω 6= ∅ and G ⊂ 2Ω, the σ-field generated by G,
denoted by σ(G), is defined as

σ(G) =
⋂

A:G⊂A⊂2Ω,A is a σ-field

A .

In other words, σ(G) is the intersection of all σ-fields on Ω which contain
G.

Exercise 2.2.4. If Ω and G are as above, show that σ(G) is the smallest
σ-field containing G, that is,

1. G ⊂ σ(G),
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2. σ(G) is a σ-field,

3. and if A is any σ-field on Ω with A ⊃ G, then σ(G) ⊂ A.

Definition 2.2.4. The σ-field on R generated by the collection of all open
subsets of R is called the Borel σ-field on R and is denoted by B(R). Elements
of B(R) are called Borel sets.

Exercise 2.2.5. Show that A ⊂ R is a Borel set if A is

1. an open set

2. a closed set

3. a countable set

4. or an interval, that is, A is one of (a, b), (a, b], [a, b) or [a, b] for some
−∞ < a ≤ b <∞.

2.3 The Carathéodory extension theorem

For constructing useful measures, the usual method is to first define a
“countably additive set function” on a “field”, and then use an extension
theorem to extend it to the generated σ-field. This is done with the help of
the Carathéodory extension theorem, stated and proved below. This result
is therefore of fundamental importance in measure theory.

Definition 2.3.1. For Ω 6= ∅, F ⊂ 2Ω is a field if ∅ ∈ F , A ∈ F implies
Ac ∈ F and A,B ∈ F implies A ∪B ∈ F .

Exercise 2.3.1. If F is a field, show that for A1, . . . , An ∈ F ,

A1 ∪ . . . ∪An ∈ F and A1 ∩ . . . ∩An ∈ F .

Definition 2.3.2. Given a field F on Ω 6= ∅, a function µ : F → [0,∞] is
a countably additive set function if µ(∅) = 0 and

µ

( ∞⋃
n=1

An

)
=

∞∑
n=1

µ(An)

whenever A1, A2, . . . ∈ F are disjoint and A1 ∪A2 ∪ . . . ∈ F .

Theorem 2.3.1 (Carathéodory extension theorem). If F is a field on Ω 6= ∅
and µ is a countably additive set function on F , then there exists a measure
µ∗ on

(
Ω, σ(F)

)
such that

µ∗(A) = µ(A) for all A ∈ F .
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Let µ be a countably additive set function on F . We start with defining
µ∗ as the “outer measure” of µ as follows:

µ∗(E) = inf

{ ∞∑
n=1

µ(An) : E ⊂
∞⋃
n=1

An and A1, A2, . . . ∈ F

}
, E ∈ 2Ω .

(2.3.1)

Lemma 2.3.1. For all A ∈ F , µ∗(A) = µ(A).

Proof. Fix A ∈ F . Letting A1 = A and A2 = A3 = . . . = ∅, it is immediate
that

µ∗(A) ≤
∞∑
n=1

µ(An) = µ(A) .

For the reverse inequality, suppose that

A ⊂
∞⋃
n=1

An for some A1, A2, . . . ∈ F . (2.3.2)

Define B1 = A ∩ A1, B2 = A ∩ A2 ∩ Ac1, B3 = A ∩ A3 ∩ (A1 ∪ A2)c and in
general

Bn = A ∩An ∩

(
n−1⋃
i=1

Ai

)c
for all n ≥ 1 .

Since F is a field, B1, B2, . . . ∈ F . Further, (2.3.2) shows

B1 ∪B2 ∪ . . . = A .

Obviously, B1, B2, . . . are disjoint. Countable additivity of µ implies that

µ(A) =
∞∑
n=1

µ(Bn) ≤
∞∑
n=1

µ(An),

the inequality following from the trivial fact that any countably additive
set function is necessarily monotone. Since this holds for any A1, A2, . . .
satisfying (2.3.2), we get

µ(A) ≤ µ∗(A) .

This along with the already proven reverse inequality completes the proof.

Lemma 2.3.2. For all A1, A2, . . . ∈ 2Ω,

µ∗

( ∞⋃
n=1

An

)
≤
∞∑
n=1

µ∗(An) .

In other words, µ∗ is countably subadditive.
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Proof. Let A1, A2, . . . ∈ 2Ω. The claim would follow if it can be shown that
for all ε > 0,

µ∗

( ∞⋃
n=1

An

)
≤ ε+

∞∑
n=1

µ∗(An) . (2.3.3)

Fix ε > 0. By definition of µ∗, there exists An1, An2, . . . ∈ F such that

A ⊂ An1 ∪An2 ∪ . . . and
∞∑
i=1

µ(Ani) ≤ µ∗(An) + 2−nε .

Thus
∞⋃
n=1

An ⊂
∞⋃
n=1

∞⋃
i=1

Ani .

Hence

µ∗

( ∞⋃
n=1

An

)
≤
∞∑
n=1

∞∑
i=1

µ(Ani) ≤
∞∑
n=1

(
µ∗(An) + 2−nε

)
= ε+

∞∑
n=1

µ∗(An) .

This shows (2.3.3) from which the proof follows.

Lemma 2.3.3. Define

A = {A ∈ 2Ω : µ∗(E) = µ∗(E ∩A) + µ∗(E ∩Ac) for all E ∈ 2Ω} . (2.3.4)

Then A ⊃ F .

Proof. Lemma 2.3.2 shows that

µ∗(E) ≤ µ∗(E ∩A) + µ∗(E ∩Ac) for all E,A ∈ 2Ω .

Hence (2.3.4) becomes

A = {A ∈ 2Ω : µ∗(E) ≥ µ∗(E ∩A) + µ∗(E ∩Ac) for all E ∈ 2Ω} . (2.3.5)

Let A ∈ F and E ∈ 2Ω. Fix ε > 0 and let A1, A2, . . . ∈ F be such that

E ⊂
∞⋃
n=1

An and µ∗(E) + ε ≥
∞∑
n=1

µ(An) .

The definition of µ∗ implies

µ∗(E ∩A) ≤
∞∑
n=1

µ(An ∩A),

and

µ∗(E ∩Ac) ≤
∞∑
n=1

µ(An ∩Ac) .
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Combining the two yields

µ∗(E ∩A) + µ∗(E ∩Ac) ≤
∞∑
n=1

µ(An ∩A) +

∞∑
n=1

µ(An ∩Ac)

(countable additivity of µ) =
∞∑
n=1

µ(An)

≤ ε+ µ∗(E) .

Since ε is arbitrary, it follows that

µ∗(E ∩A) + µ∗(E ∩Ac) ≤ µ∗(E) .

As this holds for all E ∈ 2Ω, (2.3.5) shows A ∈ A and hence completes the
proof.

Lemma 2.3.4. The collection A, as in (2.3.4), is a field and

µ∗

(
E ∩

( ∞⋃
n=1

An

))
=
∞∑
n=1

µ∗(E∩An) for disjoint A1, A2, . . . ∈ A, E ∈ 2Ω .

Proof. The definition (2.3.4) shows Ω ∈ A and that A is closed under com-
plements. Suppose A,B ∈ A and E ∈ 2Ω. Define

F = E ∩ (A ∪B) .

Since A ∈ A,

µ∗(F ) = µ∗(F ∩A) + µ∗(F ∩Ac) = µ∗(F ∩A) + µ∗(E ∩B ∩Ac) .

Since B ∈ A and F ∩A ∈ 2Ω,

µ∗(F∩A) = µ∗((F∩A)∩B)+µ∗((F∩A)∩Bc) = µ∗(E∩A∩B)+µ∗(E∩A∩Bc),

which implies

µ∗ (E ∩ (A ∪B)) = µ∗(E ∩A ∩B) + µ∗(E ∩A ∩Bc) + µ∗(E ∩B ∩Ac) .
(2.3.6)

Once again, A ∈ A implies

µ∗(E) = µ∗(E ∩A) + µ∗(E ∩Ac)
(as B ∈ A) = µ∗(E ∩A ∩B) + µ∗(E ∩A ∩Bc) + µ∗(E ∩Ac ∩B)

+ µ∗(E ∩Ac ∩Bc)

(by (2.3.6)) = µ∗ (E ∩ (A ∪B)) + µ∗(E ∩Ac ∩Bc)

= µ∗ (E ∩ (A ∪B)) + µ∗ (E ∩ (A ∪B)c) .
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Since this holds for all E, A ∪B ∈ A, showing that A is a field.
Fix E ∈ 2Ω and disjoint A1, A2, . . . ∈ A. Let

F = E ∩ (A1 ∪A2 ∪ . . .) .

Then

µ∗(F ) = µ∗(F ∩A1) + µ∗(F ∩Ac1)

= µ∗(E ∩A1) + µ∗ (E ∩ (A2 ∪A3 ∪ . . .)) .

Proceeding inductively, it can be shown that for all n = 1, 2, . . .,

µ∗(F ) =

n∑
i=1

µ∗(E ∩Ai) + µ∗ (E ∩ (An+1 ∪ . . .)) ≥
n∑
i=1

µ∗(E ∩Ai) .

Since this is true for all n, we get

µ∗ (E ∩ (A1 ∪A2 ∪ . . .)) ≥
∞∑
i=1

µ∗(E ∩Ai) .

Lemma 2.3.2 yields the reverse inequality and thus completes the proof.

Lemma 2.3.5. The collection A is a σ-field and µ∗ is a measure on (Ω,A).

Proof. Since A has already been shown to be a field in Lemma 2.3.4, to
show A is a σ-field it suffices to prove it is closed under disjoint countable
union. Let A1, A2, . . . ∈ A be disjoint. Let

A = A1 ∪A2 ∪ . . . and Fn = A1 ∪ . . . ∪An, n ≥ 1 .

Since Fn ∈ A by Lemma 2.3.4, for any E ∈ 2Ω,

µ∗(E) = µ∗(E ∩ Fn) + µ∗(E ∩ F cn)

(by Lemma 2.3.4) =

n∑
i=1

µ∗(E ∩Ai) + µ∗(E ∩ F cn)

≥
n∑
i=1

µ∗(E ∩Ai) + µ∗(E ∩Ac),

the last line following from the observation that F cn ⊂ Ac and the fact that
µ∗ is monotone, that is,

µ∗(A) ≤ µ∗(B) if A ⊂ B ⊂ Ω,

which follows from the very definition of µ∗. Let n→∞ to get

µ∗(E) ≥
∞∑
i=1

µ∗(E ∩Ai) + µ∗(E ∩Ac) = µ∗(E ∩A) + µ∗(E ∩Ac),

the second equality following once again from Lemma 2.3.4. Thus A ∈ A
by (2.3.5). Hence A is a σ-field. Taking E = Ω in Lemma 2.3.4 shows µ∗ is
a measure. This completes the proof.
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Proof of Theorem 2.3.1. Lemmas 2.3.1, 2.3.3 and 2.3.5 complete the proof.

2.4 Uniqueness of the extension

After Theorem 2.3.1, the most pertinent question which arises subsequently
is whether the extension is unique. The following theorem answers this.

Theorem 2.4.1 (Uniqueness). If µ and ν are finite measures on (Ω, σ(F)),
where F is a field, and

µ(A) = ν(A) for all A ∈ F ,

then µ, ν agree on σ(F).

The proof uses the following definition and the “monotone class theorem”
which will be proved a moment later.

Definition 2.4.1. For Ω 6= ∅, M⊂ 2Ω is a monotone class if

An ∈M and An ↑ A imply A ∈M,

and
An ∈M and An ↓ A imply A ∈M .

Theorem 2.4.2 (Monotone class theorem). If F is a field, F ⊂M and M
is a monotone class, then

σ(F) ⊂M .

Although ‘MCT’ is an abbreviation for the above theorem, the same is
being saved for the monotone convergence theorem to be stated and proved
later.

Proof of Theorem 2.4.1. Define

G = {A ∈ σ(F) : µ(A) = ν(A)} .

The hypothesis implies F ⊂ G. Finiteness of µ(Ω) and ν(Ω) in conjunction
with Theorem 2.2.1 implies that

µ(An)→ µ(A) and ν(An)→ ν(A)

if either An ↑ A or An ↓ A. Thus A ∈ G if An ∈ G and either An ↑ A
or An ↓ A. In other words, G is a monotone class. Theorem 2.4.2 shows
G ⊃ σ(F), from which the proof follows.

Remark 2.4.1. The technique employed in the proof of Theorem 2.4.1 is
a variant of the so-called “good set principle” and is ubiquitous in measure
theory, which is the following. For showing that a property holds for every
set in a σ-field generated by a collection H, we first define a set to be “good”
if it has the said property and then show the following.
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• The collection of all good sets, say G, is a σ-field

• and that H ⊂ G.

The above would ensure from the definition of a σ-field generated by H that

σ(H) ⊂ G

which is tautologically the same as that the desired property holds for every
set in σ(H). The tools needed for showing G to be a σ-field vary with context.
In the proof of Theorem 2.4.1, for example, the monotone class theorem was
used to essentially show that G is a σ-field. In other situations, G is shown
to be a σ-field from first principles.

The following stronger version of Theorem 2.4.1 can be proven along
similar lines, whose proof is left as an exercise.

Theorem 2.4.3. Suppose (Ω,A) is a measurable space on which, µ1, µ2 are
measures. Assume F ⊂ A is a field. If µ1, µ2 are σ-finite on F , that is,
there exist A1, A2, . . . ∈ F such that

∞⋃
n=1

An = Ω and µi(An) <∞ for all i = 1, 2, n = 1, 2, . . . ,

and
µ1(A) = µ2(A) for all A ∈ F ,

then
µ1(A) = µ2(A) for all A ∈ σ(F) .

Proof of Theorem 2.4.2. LetM0 be the intersection of all monotone classes
containing F , that is, the smallest monotone class containing F . Clearly, it
suffices to show that

σ(F) ⊂M0 .

To achieve that end, we shall show thatM0 is a σ-field, which will be done
via the following steps.
Step 1. If A ∈M0, then Ac ∈M0.

Proof of Step 1. Define

G := {A ∈M0 : Ac ∈M0} .

Notice that F ⊂ G because F is a field. Next observe that if A1, A2, . . . ∈ G
and An ↑ A, then A ∈ M0 because M0 is closed under monotone unions.
Further, Acn ∈M0 and Acn ↓ Ac. As M0 is closed under monotone intersec-
tion, Ac ∈M0. Therefore, A ∈ G, showing that G is closed under monotone
union. Similarly, it can be shown that G is closed under monotone intersec-
tion. Thus, G is a monotone class containing F . Hence, G ⊃ M0, thereby
proving Step 1.
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Step 2. If A ∈ F and B ∈M0, then A ∪B ∈M0.

Proof. Define

H := {B ∈M0 : A ∪B ∈M0 for all A ∈ F} .

By virtue of being a field, F ⊂ H. Routine verification will ensure that H
is a monotone class, and hence contains M0. This proves Step 2.

Step 3. If A,B ∈M0, then A ∪B ∈M0.

Proof. Define

I := {B ∈M0 : A ∪B ∈M0 for all A ∈M0} .

By Step 2, it follows that F ⊂ I. Once again, similar ideas will ensure that
I is a monotone class, and thus prove Step 3.

Steps 1 and 3, along with the fact thatM0 is a monotone class establishes
that it is a σ-field, and thus completes the proof of the monotone class
theorem.

The statement of Theorem 2.4.3 should not be misinterpreted as the
following: if µ, ν are σ-finite measures on (Ω, σ(F)), where F is a field,
which agree on F , then they agree on σ(F). As shown by the following
example, the claim just made is false.

Example 2.4.1. Define measures µ and ν on (R,B(R)) by

µ(A) = #(A ∩Q),

ν(A) = 2#(A ∩Q),

for all A ∈ B(R). Let

F =
{
R ∩ ((a1, b1] ∪ . . . ∪ (an, bn]) : −∞ ≤ a1 < b1 < . . . < an < bn ≤ ∞,

n = 0, 1, 2, . . .
}
.

Then F is a field and σ(F) = B(R). Further, µ and ν agree on F , are
σ-finite on B(R), and do not agree on B(R).

2.5 Extension from semi-field to field

In practice, it is usually easier to define a set function on a “semi-field” and
then extend it to the generated field.
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Definition 2.5.1. For Ω 6= ∅, S ⊂ 2Ω is a semi-field on Ω if Ω ∈ S,

A,B ∈ S implies A ∩B ∈ S,

and for all A ∈ S,
Ac = A1 ∪ . . . ∪An,

for some disjoint A1, . . . , An ∈ S.

Example 2.5.1. Let

S = {(a, b] ∩ R : −∞ ≤ a ≤ b ≤ ∞} .

Then S is a semi-field on R. It can be checked that σ(S) = B(R).

Theorem 2.5.1. If S is a semi-field on Ω 6= ∅, then

F = {A1 ∪ . . . ∪An : A1, . . . , An ∈ S are disjoint, n = 0, 1, 2, . . .}

is the smallest field containing S.

Proof. Trivially, any field containing S contains F . Thus, all that has to be
shown is F is a field. Since S ⊂ F , Ω ∈ F is automatic.

Suppose A,B ∈ F . Then

A = A1 ∪ . . . ∪Am and B = B1 ∪ . . . ∪Bn

where A1, . . . , Am ∈ S are disjoint and so are B1, . . . , Bn. Thus

A ∩B =
m⋃
i=1

n⋃
j=1

(Ai ∩Bj)

where {(Ai ∩Bj) : i = 1, . . . ,m, j = 1, . . . , n} is a collection of disjoint sets.
Since S is a semi-field,

Ai ∩Bj ∈ S, i = 1, . . . ,m, j = 1, . . . , n .

Hence A ∩B ∈ F . That is, F is closed under finite intersections.
To show that F is closed under complements, let A ∈ F . Then

A = A1 ∪ . . . ∪An

for some disjoint A1, . . . , An ∈ S. Since Ai ∈ S for i = 1, . . . , n,

Aci =

ki⋃
j=1

Bij for some disjoint Bi1, . . . , Biki ∈ S .
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Thus

Ac = Ac1 ∩ . . . ∩Acn =

k1⋃
j1=1

. . .

kn⋃
jn=1

(B1j1 ∩ . . . ∩Bnjn) . (2.5.1)

Clearly,

B1j1 ∩ . . . ∩Bnjn ∈ S, (j1, . . . , jn) ∈ {1, . . . , k1} × . . .× {1, . . . , kn},

and

(B1i1 ∩ . . . ∩Bnin) ∩ (B1j1 ∩ . . . ∩Bnjn) = ∅ if (i1, . . . , in) 6= (j1, . . . , jn) .

Hence (2.5.1) shows Ac ∈ F . Since a collection of subsets, to which contains
the whole space belongs and which is closed under complements and finite
intersections, can be shown to be a field, F is a field, and hence the proof
follows.

Definition 2.5.2. Suppose S is a semi-field on Ω 6= ∅. A function µ : S →
[0,∞] is a finitely additive set function if µ(∅) = 0 and

µ(A1 ∪ . . . ∪An) = µ(A1) + . . .+ µ(An)

whenever A1, . . . , An ∈ S are disjoint such that A1 ∪ . . . ∪ An ∈ S. If in
addition,

µ(A1 ∪A2 ∪ . . .) =
∞∑
n=1

µ(An)

whenever A1, A2, . . . ∈ S are disjoint such that A1 ∪A2 ∪ . . . ∈ S, then µ is
a countably additive set function.

Theorem 2.5.2. Suppose Ω 6= ∅, S is a semi-field on Ω and µ is a finitely
additive set function on S. Let F be the field generated by S. Define µ :
F → [0,∞] by

µ(A) =
k∑
i=1

µ(Ai), if A = A1∪. . .∪Ak for disjoint A1, . . . , Ak ∈ S . (2.5.2)

Then µ is well defined on F , that is, different representations of A lead to
the same definition of µ(A), definition of µ remains unchanged on S and µ
is finitely additive on F . If in addition, µ is countably additive on S, then
so it is on F .

Proof. Assume µ is finitely additive on S. The first step is to show that the
right hand side of (2.5.2) remains invariant under the choice of A1, . . . , Ak.
In other words, if for some A ∈ F ,

A1 ∪ . . . ∪Am = A = B1 ∪ . . . ∪Bn,
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where A1, . . . , Am are disjoint sets in S and so are B1, . . . , Bn, then

m∑
i=1

µ(Ai) =
n∑
j=1

µ(Bj) . (2.5.3)

For a fixed i = 1, . . . ,m,

Ai = Ai ∩A = Ai ∩ (B1 ∪ . . . ∪Bn) =
n⋃
j=1

(Ai ∩Bj) .

Since B1, . . . , Bn are disjoint, so are Ai ∩B1, . . . , Ai ∩Bn. Finite additivity
of µ shows

µ(Ai) =
n∑
j=1

µ(Ai ∩Bj),

and hence
m∑
i=1

µ(Ai) =
m∑
i=1

n∑
j=1

µ(Ai ∩Bj) .

A similar argument shows that

n∑
j=1

µ(Bj) =

n∑
j=1

m∑
i=1

µ(Ai ∩Bj) ;

(2.5.3) follows by comparing the above two equalities. In other words, µ
is well defined by (2.5.2). A trivial consequence is that (2.5.2) keeps µ
unchanged on S.

Finite additivity of µ on F would follow if it shown that

µ(A ∪B) = µ(A) + µ(B) for disjoint A,B ∈ F .

Fix A,B ∈ F disjoint. Then

A = A1 ∪ . . . ∪Am and B = B1 ∪ . . . ∪Bn

for disjoint A1, . . . , Am, B1, . . . , Bn ∈ S. It follows from (2.5.2) that

µ(A ∪B) =
m∑
i=1

µ(Ai) +
n∑
j=1

µ(Bj) = µ(A) + µ(B),

establishing µ is finitely additive on F .
For the final claim, suppose µ is countably additive on S. Suppose that

A1, A2, . . . ∈ F and
∞⋃
n=1

An = A∞ ∈ F .
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Then for n = 1, 2, . . . ,∞, there exist disjoint Bn1, . . . , Bnkn ∈ S such that

An = Bn1 ∪ . . . ∪Bnkn ,

where k1, k2, . . . , k∞ ∈ N. Thus

µ(A∞) =

k∞∑
i=1

µ (B∞i) . (2.5.4)

For i = 1, . . . , k∞,

B∞i = B∞i ∩A∞

= B∞i ∩

 ∞⋃
n=1

kn⋃
j=1

Bnj


=

∞⋃
n=1

kn⋃
j=1

(B∞i ∩Bnj) .

Since B∞i ∩ Bnj ∈ S for all n = 1, 2, . . . and j = 1, . . . , kn, and the right
hand side above is a disjoint union, countable additivity of µ on S shows
that

µ(B∞i) =

∞∑
n=1

kn∑
j=1

µ(B∞i ∩Bnj) .

Invoking (2.5.4) in conjunction with the above, it follows that

µ(A∞) =

k∞∑
i=1

∞∑
n=1

kn∑
j=1

µ(B∞i ∩Bnj)

=
∞∑
n=1

k∞∑
i=1

kn∑
j=1

µ(B∞i ∩Bnj)

=
∞∑
n=1

µ(An),

where the last line again uses (2.5.2) along with the observation that

An = A∞ ∩An =

k∞⋃
i=1

kn⋃
j=1

(B∞i ∩Bnj),

and that the extreme right hand side is a disjoint union. This shows µ is
countably additive on F and hence completes the proof.

The following is a trivial consequence of Theorems 2.3.1 and 2.5.2.
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Corollary 2.5.1. If Ω 6= ∅, S is a semi-field on Ω and µ : S → [0,∞] is
countably additive, then µ can be extended to a measure on

(
Ω, σ(S)

)
.

Theorem 2.5.3. If Ω 6= ∅, F is a field on Ω, and µ is a finitely additive
set function on F , then µ is

(a) monotone, that is, µ(A) ≤ µ(B) for A,B ∈ F with A ⊂ B,

(b) finitely subadditive, that is,

µ(A1 ∪ . . . ∪An) ≤ µ(A1) + . . .+ µ(An), A1, . . . , An ∈ F ,

(c) and countably superadditive, that is,

µ(A) ≥
∞∑
n=1

µ(An) if A1, A2, . . . ∈ F disjoint, A =
∞⋃
n=1

An ∈ F .

Proof. The first two claims are trivial. For (c), use (a) to argue for a finite
N ,

µ(A) ≥ µ (A1 ∪ . . . ∪AN ) =
N∑
n=1

µ(An) .

Letting N →∞, (c) follows, which completes the proof.

Regarding the question of uniqueness, the following is a trivial conse-
quence of Theorems 2.4.3 and 2.5.1.

Theorem 2.5.4. Suppose (Ω,A) is a measurable space on which, µ1, µ2 are
measures. Assume S ⊂ A is a semi-field. If µ1, µ2 are σ-finite on S, that
is, there exist A1, A2, . . . ∈ S such that

∞⋃
n=1

An = Ω and µi(An) <∞ for all i = 1, 2, n = 1, 2, . . . ,

and
µ1(A) = µ2(A) for all A ∈ S,

then
µ1(A) = µ2(A) for all A ∈ σ(S) .

Proof. Exercise.
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2.6 Riemann-Stieltjes measure on R

Definition 2.6.1. Given a function F : R→ R, a measure µ on (R,B(R))
is the Riemann-Stieltjes measure corresponding to F if

µ
(
(a, b]

)
= F (b)− F (a) for all −∞ < a ≤ b <∞ . (2.6.1)

Due to its importance, the following is a fundamental result in measure
theory.

Theorem 2.6.1. For any non-decreasing right continuous function F : R→
R, a unique Riemann-Stieltjes measure µ corresponding to F exists.

Proof. Define
F (∞) = lim

x→∞
F (x),

and
F (−∞) = lim

x→−∞
F (x),

both of which exist because F is monotone. Let S be as in Example 2.5.1.
Define µ : S → [0,∞] by

µ(A) =

{
F (b)− F (a), A = (a, b] ∩ R for some −∞ ≤ a < b ≤ ∞,
0, otherwise, that is, if A = ∅ ;

F (b)−F (a) is defined whenever a < b because then neither F (b) nor −F (a)
equals −∞ (the sum of two quantities in [−∞,∞] is undefined if and only
if one of them is ∞ and the other one −∞).

The first step is to show that µ is finitely additive on S. Let A1, . . . , An ∈
S be disjoint such that

A = A1 ∪ . . . ∪An ∈ S .

Without loss of generality, assume these are non-empty, that is,

Ai = (ai, bi] ∩ R for some −∞ ≤ ai < bi ≤ ∞ .

Since Ai ∩ Aj = ∅ for all 1 ≤ i < j ≤ n, either bi ≤ aj or bj ≤ ai. By a
relabelling, it can be assumed without loss of generality that

a1 < b1 ≤ a2 < . . . < bn−1 ≤ an < bn .

Since A ∈ S, it is necessary that A = (a1, bn] ∩ R and hence b1 = a2, . . .,
bn−1 = an. Thus

n∑
i=1

µ(Ai) =

n∑
i=1

(
F (bi)− F (ai)

)
(because b1 = a2, . . . , bn−1 = an) = F (bn)− F (a1)

= µ(A),

22



showing µ is finitely additive on S.
Let F be the field generated by S. Extend µ to F by (2.5.2). Theorem

2.5.2 shows µ is finitely additive on F . Theorem 2.5.3 tells us µ is monotone,
finitely subadditive and countably superadditive on F .

Our next task is to show µ is countably additive on S. Let A1, A2, . . . ∈ S
be disjoint such that

∞⋃
n=1

An = A ∈ S .

Countable superadditivity of µ on F implies

µ(A) ≥
∞∑
n=1

µ(An) .

Once it is shown that

µ(A) ≤ ε+

∞∑
n=1

µ(An) for all ε > 0, (2.6.2)

countable additivity of µ on S would follow.
Fix ε > 0. Suppose An = (an, bn] ∩ R for some an < bn. Let δn > 0 be

such that
F (bn + δn) ≤ ε2−n + F (bn), n ≥ 1,

which exists if bn < ∞ by right continuity of F , and trivially holds for any
δn > 0 if bn =∞.

Suppose A = (a, b] ⊂ R for some a < b. The proof of (2.6.2) will be
given separately for the cases b < ∞ and b = ∞. First assume b < ∞. Let
a′ ∈ (a, b]. In this case, −∞ ≤ a < a′ ≤ b <∞. Since

[a′, b] ⊂ (a, b] =

∞⋃
n=1

(
(an, bn] ∩ R

)
⊂
∞⋃
n=1

(an, bn + δn), (2.6.3)

the Heine-Borel theorem implies

[a′, b] ⊂
N⋃
n=1

(an, bn + δn)

for some finite N . Thus

(a′, b] ⊂ [a′, b] ⊂
N⋃
n=1

(an, bn + δn) ⊂
N⋃
n=1

(
(an, bn + δn] ∩ R

)
.
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Monotonicity of µ on F implies

µ
(
(a′, b]

)
≤ µ

(
N⋃
n=1

(
(an, bn + δn] ∩ R

))

(finite subadditiviety on F) ≤
N∑
n=1

µ
(
(an, bn + δn] ∩ R

)
=

N∑
n=1

(
F (bn + δn)− F (an)

)
≤
∞∑
n=1

(
ε2−n + F (bn)− F (an)

)
= ε+

∞∑
n=1

µ(An) .

That is,

F (b)− F (a′) ≤ ε+
∞∑
n=1

µ(An) .

Since
lim
a′↓a

F (a′) = F (a), (2.6.4)

which follows from right continuity of F is a > −∞ and the definition if
a = −∞, (2.6.2) follows for the case b <∞.

To prove (2.6.2) in the case b = ∞, fix a < a′ ≤ b′ < b = ∞. The
arguments from (2.6.3) to (2.6.4) with b replaced by b′, using the Heine-
Borel theorem, imply

F (b′)− F (a) ≤ ε+
∞∑
n=1

µ(An) .

Letting b′ ↑ ∞, (2.6.2) follows for the case b =∞.
As argued before, (2.6.2) shows µ is countably additive on S. Invoking

Corollary 2.5.1, µ can be extended to a measure on (R, σ(S)). Clearly,
σ(S) = B(R), and hence µ is a Riemann-Stieltjes measure corresponding to
F .

For uniqueness, suppose µ1 and µ2 are Riemann-Stieltjes measure cor-
responding to F . Then

µ1

(
(a, b]

)
= µ2

(
(a, b]

)
for all −∞ < a ≤ b <∞ .

Continuity from below implies

µ1(A) = µ2(A) for all A ∈ S .
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Further,

R =
⋃
n∈Z

(n, n+ 1] and µi
(
(n, n+ 1]

)
<∞ for all n ∈ Z, i = 1, 2 .

Theorem 2.5.4 implies µ1 and µ2 agree on σ(S) which is B(R). Thus unique-
ness follows, which completes the proof.

Theorem 2.6.2. Given a function F : R → R, a Riemann-Stieltjes mea-
sure corresponding to F exists if and only if F is non-decreasing and right
continuous.

Proof. The “if” part is precisely the claim of Theorem 2.6.1. For the con-
verse part, assume a Riemann-Stieltjes measure µ corresponding to F exists.
Then for −∞ < a < b <∞,

F (b)− F (a) = µ
(
(a, b]

)
≥ 0,

showing that F is non-decreasing. For right continuity, assume that xn ↓ x∞
for real numbers x1, . . . , x∞. Then

(x∞, xn] ↓ ∅ .

Since µ
(
(x∞, x1]

)
= F (x1)− F (x∞) <∞, continuity from above implies

µ
(
(x∞, xn]

)
↓ 0 .

In other words,
lim
n→∞

F (xn) = F (x∞) .

As this holds for any xn ↓ x∞, F is right continuous at x∞. Hence the “only
if” part follows, which completes the proof.

Definition 2.6.2. The Riemann-Stieltjes measure corresponding to F , when
F is the identity function, that is,

F (x) = x for all x ∈ R,

is the Lebesgue measure on R.

Exercise 2.6.1. 1. Show that the Lebesgue measure λ on R is translation
invariant, that is,

λ(A+ x) = λ(A) for all x ∈ R, A ∈ B(R),

where A+ x = {a+ x : a ∈ A}.

2. Hence or otherwise, prove that the Vitali set V , as in (2.1.3), is not a
Borel set.
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Definition 2.6.3. A measure µ on (R,B(R)) is a Radon measure if µ(K) <
∞ for every compact set K ⊂ R.

Exercise 2.6.2. Suppose µ is a measure on (R,B(R)). Show that there
exists a non-decreasing right continuous F : R → R such that µ is the
Riemann-Stieltjes measure corresponding to F if and only if µ is a Radon
measure.

3 Integration

Once measure has been understood, the next step is to develop the theory
of integration. The first step towards that is to study those functions for
which integration can possibly be defined, which are so-called “measurable
functions”.

3.1 Measurable functions

Definition 3.1.1. Suppose (Ω1,A1) and (Ω2,A2) are measurable spaces. A
function f : Ω1 → Ω2 is measurable with respect to A1/A2 if

f−1(A) ∈ A1 for all A ∈ A2,

where f−1(A) = {ω ∈ Ω1 : f(ω) ∈ A}. Whenever either A1 or A2 is obvious
from the context, it will be suppressed in the mention of measurability.

Theorem 3.1.1. Suppose Ω1 6= ∅ and (Ω2,A2) is a measurable space. Then{
f−1A : A ∈ A2

}
is a σ-field.

Proof. Let
A1 =

{
f−1A : A ∈ A2

}
.

Clearly, Ω1 = f−1Ω2 ∈ A1. It is easy to check that for any collection
(Aα : α ∈ I) of subsets of Ω2,

f−1

(⋃
α∈I

Aα

)
=
⋃
α∈I

f−1Aα . (3.1.1)

Hence if B1, B2, . . . ∈ A1, that is, Bn = f−1An for some An ∈ A2, then

B1 ∪B2 ∪ . . . = f−1(A1 ∪A2 ∪ . . .) ∈ A1 because A1 ∪A2 ∪ . . . ∈ A2 .

Finally, (
f−1A

)c
= f−1(Ac) for all A ⊂ Ω2, (3.1.2)

which shows A1 is closed under complements. Thus A1 is a σ-field, which
completes the proof.
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Theorem 3.1.2. Suppose (Ω1,A1) and (Ω2,A2) are measurable spaces and
f : Ω1 → Ω2 is a function. If G ⊂ A2 is such that σ(G) = A2 and

f−1A ∈ A1 for all A ∈ G,

then f is measurable.

Proof. Let
F = {A ⊂ Ω2 : f−1A ∈ A1} .

The hypothesis implies G ⊂ F . Clearly Ω2 ∈ F because A1 is a σ-field and
hence f−1Ω2 = Ω1 ∈ A1. Next (3.1.1) and (3.1.2) show F is a σ-field. Thus
F ⊃ σ(G) = A2. Hence the proof follows.

Exercise 3.1.1. Show that

B(R) = σ ({(−∞, x) : x ∈ R}) = σ ({(−∞, x] : x ∈ R}) .

Theorem 3.1.3. Suppose (Ω,A) is a measurable space and f, g are A/B(R)-
measurable functions from Ω to R. Then f + g is A/B(R)-measurable.

Proof. In view of Exercise 3.1.1, it suffices to show that

(f + g)−1(−∞, x) ∈ A for all x ∈ R .

Fix x ∈ R. We claim that

(f + g)−1(−∞, x) =
⋃
r∈Q

(
f−1(−∞, r)

)
∩
(
g−1(−∞, x− r)

)
.

That the right hand side is a subset of the left hand side is obvious. For the
reverse inclusion, fix ω in the left hand side, that is,

f(ω) + g(ω) < x .

Then f(ω) < x− g(ω). Thus there exists r ∈ Q such that

f(ω) < r < x− g(ω) .

Hence ω ∈
(
f−1(−∞, r)

)
∩
(
g−1(−∞, x− r)

)
. This shows the claimed set

theoretic equality and hence the proof follows.

Exercise 3.1.2. If (Ω,A) is a measurable space and f : Ω→ R is measur-
able, show that for any α ∈ R, αf is measurable.

Definition 3.1.2. A function f : R → R is a Borel function if it is
B(R)/B(R)-measurable.

Theorem 3.1.4. 1. A continuous function is a Borel function.
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2. A monotone function is a Borel function.

Proof. 1. If f : R→ R is continuous, then f−1U is an open set for every
open set U ⊂ R. Since

B(R) = σ ({U ⊂ R : U is open}) ,

f is Borel.

2. Suppose f : R→ R is non-decreasing. Fix x ∈ R and let

α = sup
(
f−1(−∞, x]

)
.

It is immediate that f−1(−∞, x] is either (−∞.α) or (−∞, α]. In both
cases,

f−1(−∞, x] ∈ B(R) .

Since this holds for all x, f is Borel. A similar argument holds for a
non-increasing function.

Theorem 3.1.5. Suppose (Ωi,Ai) is a measurable space for i = 1, 2, 3. If
f : Ω1 → Ω2 and g : Ω2 → Ω3 are measurable, then g ◦ f : Ω1 → Ω3 is
measurable.

Proof. Follows from the definition.

Theorem 3.1.6. Suppose (Ω,A) is a measurable space and f, g are mea-
surable functions from Ω to R. Then fg is measurable.

Proof. Write

fg =

(
f + g

2

)2

−
(
f − g

2

)2

.

Theorem 3.1.3 shows (f + g)/2 and (f − g)/2 are measurable. The function

x 7→ x2 is Borel by Theorem 3.1.4. Theorem 3.1.5 shows
(
(f ± g)/2

)2
is

measurable. The proof follows by applying Theorem 3.1.3 once more.

Theorem 3.1.7. If f, g are measurable functions from some measurable
space (Ω,A) to R, then f ∨ g and f ∧ g are measurable.

Proof. Exercise.
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3.2 Integration of non-negative functions

Henceforth, (Ω,A, µ), where µ(Ω) > 0, will be the underlying measure space.
Unless mentioned otherwise, functions talked about are A-measurable. The
theory of integration is first developed for all non-negative measurable func-
tions on Ω which possibly take the value infinity. To that end, define

R = [−∞,∞]

and
B(R) = σ

(
B(R) ∪

{
{−∞}, {∞}

})
.

That is, B(R) is the smallest σ-field on R which contains the singleton sets
{−∞} and {∞}, in addition to every Borel subset of R.

Exercise 3.2.1. Show that

B(R) = σ ({[−∞, x) : x ∈ R}) .

Definition 3.2.1. A measurable function s : Ω→ R is a simple function if
range of s is a finite set, that is,

#s(Ω) <∞ .

First we shall define integral of simple functions, for which, the conven-
tions of multiplication of two numbers which are possibly infinite have to be
set. Define

x · ∞ =∞ · x =


−∞, if −∞ ≤ x < 0,

0, if x = 0,

∞, if 0 < x ≤ ∞,
and

x · (−∞) = (−∞) · x =


∞, if −∞ ≤ x < 0,

0, if x = 0,

−∞, if 0 < x ≤ ∞ .

It is worth emphasizing that ±∞ · 0 has been defined to be 0.

Definition 3.2.2. If s : Ω → [0,∞] is a simple function whose range is
{α1, . . . . . . , αn}, where α1, . . . , αn are distinct by convention, the integral of
s with respect to µ, denoted by

∫
s dµ, is defined by∫

s dµ =

n∑
i=1

αiµ
(
s−1{αi}

)
. (3.2.1)

Theorem 3.2.1. If s =
∑n

i=1 βi1Ai, where A1, . . . , An ∈ A are disjoint and
β1, . . . , βn ∈ [0,∞], then ∫

s dµ =

n∑
i=1

βiµ(Ai) .
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Proof. Zero times anything, including ∞, is zero. Hence it can be assumed
without loss of generality that Ai 6= ∅ for i = 1, . . . , n. For ω ∈ Ai, which
exists as Ai 6= ∅,

s(ω) = βi,

because A1, . . . , An are disjoint. Thus β1, . . . , βn ∈ s(Ω). Further, for all
α ∈ s(Ω), either α = 0 or α = βi for some i. In the latter case,

s−1{α} =
⋃

i:βi=α

Ai,

and hence for α ∈ s(Ω) \ {0},

µ
(
s−1{α}

)
=
∑
i:βi=α

µ(Ai) . (3.2.2)

The definition implies∫
s dµ =

∑
α∈s(Ω)

αµ
(
s−1{α}

)
=

∑
α∈s(Ω)\{0}

αµ
(
s−1{α}

)
(
by (3.2.2)

)
=

∑
α∈s(Ω)\{0}

α
∑
i:βi=α

µ(Ai)

=
∑

α∈s(Ω)\{0}

∑
i:βi=α

βiµ(Ai)

=
∑
i:βi 6=0

βiµ(Ai)

=
n∑
i=1

βiµ(Ai) .

This completes the proof.

Theorem 3.2.2. If s, t are simple functions with 0 ≤ s ≤ t, then∫
s dµ ≤

∫
t dµ .

Proof. Let{
s−1{α} ∩ t−1{β} : α ∈ s(Ω), β ∈ t(Ω)

}
= {A1, . . . , An} .

For i = 1, . . . , n, if Ai 6= ∅, fix ω ∈ Ai and denote

αi = s(ω), βi = t(ω),
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and let αi = βi = 0 if Ai = ∅. Thus αi ≤ βi for all i, A1, . . . , An are disjoint
sets in A and

s =
n∑
i=1

αi1Ai , t =
n∑
i=1

βi1Ai .

Theorem 3.2.1 implies ∫
s dµ =

n∑
i=1

αiµ(Ai)

≤
n∑
i=1

βiµ(Ai)

=

∫
t dµ,

which completes the proof.

Definition 3.2.3. For a measurable function f : Ω→ [0,∞], define∫
f dµ = sup

{∫
s dµ : 0 ≤ s ≤ f, s is a simple function

}
.

Theorem 3.2.2 ensures that for a simple function t ≥ 0, the above defi-
nition is consistent with (3.2.1), that is,∑
α∈t(Ω)

αµ
(
t−1{α}

)
= sup

{∫
s dµ : 0 ≤ s ≤ t, s is a simple function

}
.

The following theorem is a trivial consequence of the definition given
above.

Theorem 3.2.3. For measurable f, g with 0 ≤ f ≤ g,∫
f dµ ≤

∫
g dµ .

Proof. Exercise.

Theorem 3.2.4. Suppose f1, f2, . . . are measurable functions from Ω→ R.
Then

g = inf
n
fn and h = sup

n
fn

are measurable.

Proof. Follows trivially from the observation that

[g < α] =
∞⋃
n=1

[fn < α]

and Exc 3.2.1 and likewise for h.
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Exercise 3.2.2. For measurable functions f1, f2, . . . from Ω to R, show the
following are measurable:

1. f1 + f2, if it is defined,

2. f1f2,

3. lim infn→∞ fn,

4. lim supn→∞ fn,

5. limn→∞ fn, if it exists.

The next theorem is of utmost importance in measure theory. As men-
tioned earlier, ‘MCT’ will refer to the following result and not the monotone
class theorem (Theorem 2.4.2).

Theorem 3.2.5 (Monotone convergence theorem (MCT)). If fn ≥ 0 and
fn ↑ f , then ∫

fn dµ ↑
∫
f dµ ,

f being measurable by Theorem 3.2.4.

The following exercise will be used for proving the above theorem.

Exercise 3.2.3. If α1, . . . , α∞, β1, . . . , β∞ are such that 0 ≤ αn ↑ α∞ and
0 ≤ βn ↑ β∞, then

αnβn ↑ α∞β∞ .

Proof of Theorem 3.2.5 (MCT). Theorem 3.2.3 implies that∫
f1 dµ ≤

∫
f2 dµ ≤ . . . ≤

∫
f dµ .

Hence ∫
f dµ ≥ lim

n→∞

∫
fn dµ, which exists.

To complete the proof, it suffices to show that for all

α <

∫
f dµ,

there exists n for which ∫
fn dµ ≥ α . (3.2.3)

Fix α as above. The definition of integral implies there exists a simple
function s such that 0 ≤ s ≤ f and

∫
s dµ > α. Write

s =
k∑
i=1

βi1Ai
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where A1, . . . , Ak ∈ A are disjoint and β1, . . . , βk > 0. Since

α <

∫
s dµ

(Theorem 3.2.1) =
k∑
i=1

βiµ(Ai)

= lim
γ1↑β1,...,γk↑βk

k∑
i=1

γiµ(Ai),

Exc 3.2.3 implying the last line, there exist 0 ≤ γ1 < β1, . . . , 0 ≤ γk < βk
such that

k∑
i=1

γiµ(Ai) > α . (3.2.4)

Let

Ani = {ω ∈ Ai : fn(ω) > γi}, n = 1, 2, . . . , and i = 1, . . . , k .

If ω ∈ Ai, then

lim
n→∞

fn(ω) = f(ω) ≥ s(ω) = βi > γi .

Hence
Ani ↑ Ai, i = 1. . . . , k .

Continuity from below implies

µ (Ani) ↑ µ(Ai), n→∞ .

Exc 3.2.3 shows

lim
n→∞

k∑
i=1

γiµ (Ani) =
k∑
i=1

γiµ(Ai) > α,

(3.2.4) implying the inequality.
Thus there exists n for which

α <

k∑
i=1

γiµ(Ani)

(Theorem 3.2.1) =

∫ ( k∑
i=1

γi1Ani

)
dµ .

The definition of Ani implies

k∑
i=1

γi1Ani ≤ fn,
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which in conjunction with the above shows

α ≤
∫
fn dµ .

This show (3.2.3) from which the proof follows.

The following is an immediate consequence of the MCT.

Theorem 3.2.6. For f, g ≥ 0 measurable and α ∈ [0,∞],∫
(f + g) dµ =

∫
f dµ+

∫
g dµ,

and ∫
αf dµ = α

∫
f dµ .

Exercise 3.2.4. For f : Ω→ [0,∞] measurable, define

sn = n1[f≥n] +
n2n−1∑
i=0

2−ni1[2−ni≤f<2−n(i+1)], n ≥ 1 .

Show that 0 ≤ sn ↑ f .

Proof of Theorem 3.2.6. For the first claim, let us first prove it for the case
when f, g are simple. If

f =
m∑
i=1

αi1Ai and g =
n∑
j=1

βj1Bj ,

where A1, . . . , Am ∈ A are disjoint, A1 ∪ . . . ∪ Am = Ω and likewise for
B1, . . . , Bn, then

f + g =

m∑
i=1

n∑
j=1

(αi + βj)1Ai∩Bj .

Theorem 3.2.1 shows∫
(f + g) dµ =

m∑
i=1

n∑
j=1

(αi + βj)µ(Ai ∩Bj) =

∫
f dµ+

∫
g dµ .

For general measurable f, g, Exc 3.2.4 and MCT prove the claim. The second
claim follows in a similar way.

Corollary 3.2.1. If

f =

∞∑
i=1

αi1Ai

for A1, A2, . . . ∈ A which are not necessarily disjoint and α1, α2, . . . ∈ [0,∞],
then ∫

f dµ =
∞∑
i=1

αiµ(Ai) .
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Exercise 3.2.5. Suppose f : Ω → [0,∞] is measurable with respect to a
σ-field A0 ⊂ A. Show that∫

(Ω,A0)
f dµ =

∫
(Ω,A)

f dµ .

Exercise 3.2.6. Suppose f ≥ 0 is measurable.

1. If µ([f > 0]) > 0, show that ∫
f dµ > 0 .

2. If µ([f =∞]) > 0, show that∫
f dµ =∞ .

3.3 Integration of measurable functions

For all x ∈ R, define

x+ = x ∨ 0 and x− = (−x) ∨ 0 ;

x+ and x− are the “positive” and “negative” parts of x, respectively. The
negative part of a number should not be confused with the negative of a
number. In fact,

x+ ≥ 0 and x− ≥ 0 for all x ∈ R .

Exercise 3.3.1. Show that for all x ∈ R,

x = x+ − x− .

Inspired by the above exercise, the integral of a function is defined as
the difference of the integrals of its positive and negative parts, as follows.

Definition 3.3.1. For a measurable f : Ω → R, the integral of f with
respect to µ, denoted by

∫
f dµ, is defined by∫
f dµ =

∫
f+ dµ−

∫
f− dµ,

whenever either
∫
f+ dµ or

∫
f− dµ is finite. If both

∫
f+ dµ and

∫
f− dµ

are finite, then f is integrable.
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The following notations will also be used to denote the integral of f with
respect to µ: ∫

Ω
f dµ,

∫
f(x) dµ(x),

∫
f(x)µ(dx) etc. (3.3.1)

For A ∈ A, the “integral over A” for a measurable f means the following:∫
A
f dµ =

∫
f1A dµ, (3.3.2)

whenever the integral on the right hand side is defined. Taking A = Ω,
the right hand side of (3.3.2) becomes simply the integral of f , which is
consistent with the notation

∫
Ω f dµ in (3.3.1).

Exercise 3.3.2. 1. Show that the following are equivalent for a measur-
able f :

(a) f is integrable,

(b) |f | is integrable,

(c) f+ and f− are integrable,

(d)
∫
|f | dµ <∞,

(e) the integral of f is defined and finite.

2. Show that ‘f is integrable’ and ‘the integral of f is defined’ are not the
same. Though the former implies the latter, the converse is false.

Definition 3.3.2. If A ∈ A is such that µ(Ac) = 0, then anything which
holds on A is said to hold almost everywhere or a.e.

Theorem 3.3.1. The following hold for f, g whose integrals are defined.

1. If f ≤ g a.e., then ∫
f dµ ≤

∫
g dµ .

2. If f = g a.e., then ∫
f dµ =

∫
g dµ .

3. For α ∈ R, ∫
αf dµ = α

∫
f dµ .

4. It holds that ∣∣∣∣∫ f dµ

∣∣∣∣ ≤ ∫ |f | dµ .
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5. If f, g are integrable, then f + g is defined a.e. and is integrable, and∫
(f + g) dµ =

∫
f dµ+

∫
g dµ .

Proof. 1. If f ≤ g a.e., then f+ ≤ g+ a.e. In the notation (3.3.2), it
follows that ∫

[f+>g+]
f+ dP = 0 .

Thus ∫
f+ dP =

∫
[f+≤g+]

f+ dP

(
because f+1[f+≤g+] ≤ g+1[f+≤g+] ≤ g+

)
≤
∫
g+ dP .

A similar argument shows∫
f− dµ ≥

∫
g− dµ,

from which the claim follows.

2. Follows from 1.

3. Follows from the observation

(αf)+ = αf+ and (αf)− = αf− if α ≥ 0,

and
(αf)+ = −αf− and (αf)− = −αf+ if α < 0 .

4. The definition of integral implies∣∣∣∣∫ f dµ

∣∣∣∣ =

∣∣∣∣∫ f+ dµ−
∫
f− dµ

∣∣∣∣
≤
∫
f+ dµ+

∫
f− dµ

=

∫
|f | dµ,

the last line following from Theorem 3.2.6.

5. Exc 3.3.2 implies that∫
|f | dµ <∞ and

∫
|g| dµ <∞ .
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Exc 3.2.6 shows f and g are finite a.e. Hence f + g is defined a.e.
The above along with the inequality |f + g| ≤ |f |+ |g| shows f + g is
integrable by Exc 3.3.2.

Since,

(f + g)+ − (f + g)− = f + g = f+ − f− + g+ − g−,

arranging terms we get

(f + g)+ + f− + g− = (f + g)− + f+ + g+ = h (say).

Theorem 3.2.6 shows∫
(f + g)+ dµ+

∫
f− dµ+

∫
g− dµ (3.3.3)

=

∫
h dµ

=

∫
(f + g)− dµ+

∫
f+ dµ+

∫
g+ dµ . (3.3.4)

Since f , g and f + g are integrable, Exc 3.3.2 implies the integrals of
f±, g±, (f + g)± are all finite. Thus terms between (3.3.3) and (3.3.4)
can be arranged, from which it follows that∫

(f + g)+ dµ−
∫

(f + g)− dµ

=

∫
f+ dµ−

∫
f− dµ+

∫
g+ dµ−

∫
g− dµ,

which is the same as the claimed equality∫
(f + g) dµ =

∫
f dµ+

∫
g dµ .

This completes the proof.

Remark 3.3.1. As is the case for f+g in 5. of the above theorem, it suffices
for a function to be defined a.e. On the set where it is not defined, the
function may be redefined as zero, for example, which doesn’t really matter
as long as that set has zero measure.

Theorem 3.3.2 (Fatou’s lemma). For measurable f1, f2, . . . ≥ 0,∫ (
lim inf
n→∞

fn

)
dµ ≤ lim inf

n→∞

∫
fn dµ .
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Proof. Let
gn = inf

k≥n
fk, n = 1, 2, . . . ,

and
g∞ = lim inf

n→∞
fn .

Then 0 ≤ gn ↑ g∞. MCT implies∫
g∞ dµ = lim

n→∞

∫
gn dµ

= lim inf
n→∞

∫
gn dµ

≤ lim inf
n→∞

∫
fn dµ,

the last line following from the obvious observation that gn ≤ fn. This
completes the proof.

Theorem 3.3.3 (Dominated convergence theorem). If fn → f and |fn| ≤ g,
where fn, f, g are measurable and g is integrable, then fn and f are inte-
grable, and

lim
n→∞

∫
fn dµ =

∫
f dµ .

Proof. The assumptions imply fn + g ≥ 0. Further∫
(f + g) dµ =

∫
lim inf
n→∞

(fn + g) dµ

(Fatou’s lemma) ≤ lim inf
n→∞

∫
(fn + g) dµ

=

∫
g dµ+ lim inf

n→∞

∫
fn dµ .

Subtracting
∫
g dµ from both sides, which is finite, we get∫

f dµ ≤ lim inf
n→∞

∫
fn dµ . (3.3.5)

A similar argument with Fatou’s lemma shows∫
(g − f) dµ ≤ lim inf

n→∞

∫
(g − fn)dµ =

∫
g dµ− lim sup

n→∞

∫
fn dµ,

which implies ∫
f dµ ≥ lim sup

n→∞

∫
fn dµ .

The proof follows by combining the above with (3.3.5).

Remark 3.3.2. The trio of MCT, Fatou’s lemma and DCT is ubiquitous
in mathematics.
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3.4 Inequalities

As before, (Ω,A, µ) is a measure space, and all functions talked about are
measurable functions from Ω to R.

Theorem 3.4.1 (Hölder). For p, q > 1 such that 1
p + 1

q = 1,

∫
|fg| dµ ≤

(∫
|f |p dµ

)1/p(∫
|g|q dµ

)1/q

.

The proof uses the following lemma. Unless mentioned otherwise, f ′(x)
denotes the derivative of f at x if it exists, with the understanding that
one may have to look at the right or the left derivative at the endpoints of
the interval on which the function is defined. This standard convention is
adopted throughout.

Lemma 3.4.1. For 0 < λ < 1, a, b ≥ 0 and t > 0,

aλb1−λ ≤ λtλ−1a+ (1− λ)tλb .

Proof. Assume without loss of generality that a, b > 0 for else the left hand
side vanishes. Define

f(x) = λxλ−1a+ (1− λ)xλb , x > 0 .

Differentiating with respect to x, we get

f ′(x) = λ(λ− 1)xλ−2a+ (1− λ)λxλ−1b

= λ(1− λ)xλ−2(bx− a) .

Thus f ′ ≥ 0 on [a/b,∞) and f ′ ≤ 0 on (0, a/b]. Hence for any t > 0,

f(t) ≥ f(a/b) = λ(a/b)λ−1a+ (1− λ)(a/b)λb = aλb1−λ,

which completes the proof.

Proof of Theorem 3.4.1. Fix measurable functions f, g and p, q > 1 such
that

1

p
+

1

q
= 1 . (3.4.1)

Assume without loss of generality that∫
|f |p dµ > 0 and

∫
|g|q dµ > 0,

because otherwise either f = 0 a.e. or g = 0 a.e. Next assume without loss
of generality that the above quantities are finite as well, because otherwise
the right hand side of the claimed inequality is ∞.
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Use Lemma 3.4.1 with λ = 1
p , a = |f |p and b = |g|q to get for a fixed

t > 0

|f | |g| ≤ 1

p
t−1/q|f |p +

1

q
t1/p|g|q .

Thus, ∫
|fg| dµ ≤ 1

p
t−1/q

∫
|f |p dµ+

1

q
t1/p

∫
|g|q dµ .

The above holds for all t > 0. Putting

t =

(∫
|g|q dµ

)−1 ∫
|f |p dµ,

the right hand side becomes

1

p

(∫
|f |p dµ

)1−1/q (∫
|g|q dµ

)1/q

+
1

q

(∫
|f |p

)1/p(∫
|g|q dµ

)1−1/p

.

Since (3.4.1) implies the above is the same as the right hand side of the
claimed inequality, the proof follows.

Theorem 3.4.2 (Cauchy-Schwarz). For f, g measurable,∫
|fg| dµ ≤

(∫
f2 dµ

∫
g2 dµ

)1/2

.

Proof. Follows from Theorem 3.4.1 by putting p = q = 2.

Theorem 3.4.3 (Minkowski). For 1 ≤ p <∞,(∫
|f + g|p dµ

)1/p

≤
(∫
|f |p dµ

)1/p

+

(∫
|g|p dµ

)1/p

.

Proof. Without loss of generality, assume that the right hand side of the
claimed inequality is finite. Then∫

|f + g|p dµ ≤
∫

(|f |+ |g|)p dµ ≤ 2p
∫

(|f |p + |g|p) dµ <∞ .

Denote

c =

(∫
|f + g|p dµ

)1/p

<∞ .

Assume without loss of generality that c > 0 for else the claimed inequality
is trivial. In addition, assume without loss of generality that p > 1 because
for p = 1 the claim follows trivially from

|f + g| ≤ |f |+ |g| .
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Write

cp =

∫
|f + g|p dµ

=

∫
|f + g||f + g|p−1 dµ

≤
∫
|f ||f + g|p−1 dµ+

∫
|g||f + g|p−1 dµ

(Hölder inequality) ≤
(∫
|f |p dµ

)1/p(∫
|f + g|(p−1)q dµ

)1/q

+

(∫
|g|p dµ

)1/p(∫
|f + g|(p−1)q dµ

)1/q

= cp/q

[(∫
|f |p dµ

)1/p

+

(∫
|g|p dµ

)1/p
]
,

where q = (1− 1/p)−1. Therefore(∫
|f |p dµ

)1/p

+

(∫
|g|p dµ

)1/p

≥ cp−p/q = c,

which completes the proof.

Once again, the notation (3.3.2) is used in the following theorem.

Theorem 3.4.4 (Markov). For f ≥ 0 and a ∈ (0,∞),

µ ([f ≥ a]) ≤ 1

a

∫
f dµ .

Proof. By writing ∫
f dµ ≥

∫
[f≥a]

f dµ

≥
∫

[f≥a]
a dµ

= aµ ([f ≥ a]) ,

the proof follows.

Remark 3.4.1. Theorem 3.4.4 is also known as Chebyshev’s inequality in
several references.

Definition 3.4.1. For −∞ ≤ a < b ≤ ∞, a function ϕ : (a, b) → R is
convex if

ϕ (λx+ (1− λ)y) ≤ λϕ(x) + (1− λ)ϕ(y) for all x, y ∈ (a, b) .
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Exercise 3.4.1. If (a, b) ⊂ R and ϕ : (a, b)→ R is convex, show that

1. ϕ is continuous and hence Borel,

2. for all x ∈ (a, b),

ϕ′+(x) = lim
h↓0

ϕ(x+ h)− ϕ(x)

h

exists,

3. and for all x, x0 ∈ (a, b),

ϕ(x) ≥ ϕ(x0) + (x− x0)ϕ′+(x0) . (3.4.2)

Theorem 3.4.5 (Jensen). Suppose (Ω,A, P ) is a probability space, f : Ω→
(a, b) is measurable for some −∞ ≤ a < b ≤ ∞ and ϕ : (a, b)→ R is convex.
If f and ϕ ◦ f are integrable functions, then

a <

∫
f dP < b, (3.4.3)

and ∫
ϕ(f) dP ≥ ϕ

(∫
f dP

)
.

Proof. Since b > f and P (Ω) > 0, Exc 3.2.6 shows that

0 <

∫
(b− f) dP = b−

∫
f dP,

the equality following from P (Ω) = 1. As
∫
f dP is a finite quantity, it can

be taken to the left hand side, which shows∫
f dP < b .

A similar argument proves ∫
f dµ > a,

(3.4.3) follows from which.
Letting x0 =

∫
f dP , (3.4.2) shows

ϕ(f) ≥ ϕ(x0) + (f − x0)ϕ′+(x0) .

Thus ∫
ϕ(f) dP ≥

∫ (
ϕ(x0) + (f − x0)ϕ′+(x0)

)
dP

(since P (Ω) = 1) = ϕ(x0) + ϕ′+(x0)

(∫
f dP − x0

)
= ϕ(x0),

and hence the proof.
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3.5 The Lp space

As usual, (Ω,A, µ) is a measure space. All functions talked about are mea-
surable functions from Ω to R, unless mentioned otherwise.

Definition 3.5.1. For 1 ≤ p <∞, define

Lp(Ω,A, µ) =

{
f : Ω→ R measurable :

∫
|f |p dµ <∞

}
,

and for all f ∈ Lp(Ω,A, µ), define

‖f‖p =

(∫
|f |p dµ

)1/p

.

For f, f1, f2, . . . ∈ Lp(Ω,A, µ), we say fn → f in Lp if

‖fn − f‖p → 0 as n→∞ .

The mention of A or µ in Lp(Ω,A, µ) will be suppressed whenever the
same is obvious from the context. For f, g ∈ Lp(Ω), f and g will be identified
with each other if f = g a.e. In other words, Lp(Ω) will refer to the set of
partitions induced by the equivalence relation ∼ which is defined as follows:
for f, g ∈ Lp(Ω),

f ∼ g ⇐⇒ f = g a.e.

Let us fix 1 ≤ p <∞ for this subsection.

Theorem 3.5.1. The collection Lp(Ω) is a vector space over R and ‖ · ‖p
is a norm on that.

Proof. The only non-trivial property of ‖ · ‖p to be checked is the triangle
inequality, which follows from Theorem 3.4.3.

Corollary 3.5.1. If

d(f, g) = ‖f − g‖p, f, g ∈ Lp(Ω),

then d is a metric on Lp(Ω), in which, two functions are identified if they
are equal a.e.

Definition 3.5.2. For measurable functions f1, f2, . . . , f∞ from Ω to R, we
say fn → f∞ a.e. if

µ
({
ω ∈ Ω : lim

n→∞
fn(ω) = f∞(ω)

}c)
= 0 .
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Exercise 3.5.1. If fn → f a.e. and |fn| ≤ g, where fn, f, g are measurable
and g is integrable, then show that

lim
n→∞

∫
fn dµ =

∫
f dµ,

and
fn → f in L1 .

Theorem 3.5.2 (Scheffé’s lemma). Suppose f, f1, f2, . . . are measurable
functions such that 0 ≤ fn → f a.e. Then fn → f in L1 if and only if

lim
n→∞

∫
fn dµ =

∫
f dµ <∞ .

Proof. For the ‘if’ part, write

‖fn − f‖1 =

∫
fn dµ+

∫
f dµ− 2

∫
(fn ∧ f) dµ . (3.5.1)

Exc 3.5.1 along with the fact 0 ≤ fn ∧ f ≤ f implies

lim
n→∞

∫
(fn ∧ f) dµ =

∫
f dµ .

This along with the assumed hypothesis implies that the right hand side of
(3.5.1) goes to zero as n→∞. Hence the ‘if’ part follows.

The ‘only if’ part follows trivially from∣∣∣∣∫ fn dµ−
∫
f dµ

∣∣∣∣ =
∣∣‖fn‖1 − ‖f‖1∣∣ ≤ ‖fn − f‖1,

the inequality following from Theorem 3.5.1 with p = 1. This completes the
proof.

Definition 3.5.3. For sets A1, A2, A3, . . ., define

lim sup
n

An =
∞⋂
n=1

∞⋃
k=n

Ak,

and

lim inf
n

An =
∞⋃
n=1

∞⋂
k=n

Ak .

Theorem 3.5.3 (Borel-Cantelli lemma). Suppose that
∑∞

n=1 µ(An) < ∞
for A1, A2, . . . ∈ A. Then

µ

(
lim sup

n
An

)
= 0 .
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Proof. Let B = lim supAn and

Bn =
∞⋃
k=n

Ak, n ≥ 1 .

Then Bn ↓ B. Since

µ(B1) = µ

( ∞⋃
k=1

Ak

)
≤
∞∑
k=1

µ(Ak) <∞,

it follows that µ(Bn) ↓ µ(B). Hence it suffices to show µ(Bn) ↓ 0.
Observing that for all n = 1, 2, . . . ,

µ(Bn) ≤
∞∑
k=n

µ(Ak),

and that the right hand side goes to zero as n→∞, the proof follows.

Theorem 3.5.4. For measurable f, f1, f2, . . . from Ω to R, fn → f a.e. if
and only if

µ

(
lim sup

n

[
|fn − f | > ε

])
= 0 for all ε > 0 . (3.5.2)

Proof. Define
g = lim sup

n→∞
|fn − f | .

Then [fn → f ] = [g = 0]. For all ε > 0,

[g > ε] ⊂ [|fn − f | > ε for infinitely many n] = lim sup
n

[
|fn − f | > ε

]
(3.5.3)

⊂ [g ≥ ε] . (3.5.4)

Thus if g = 0 a.e., then (3.5.4) implies

µ

(
lim sup

n

[
|fn − f | > ε

])
≤ µ([g ≥ ε]) = 0,

which proves the ‘only if’ part.
For the ‘if’ part, assume (3.5.2). For all ε > 0, (3.5.3) implies

µ ([g > ε]) = 0 .

Since [g > 1/k] ↑ [g > 0] as k → ∞, it thus follows that g = 0 a.e. Hence
the proof follows.

The following is a trivial consequence of Theorems 3.5.3 and 3.5.4.
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Corollary 3.5.2. For measurable functions f1, f2, . . . , f∞ from Ω to R sat-
isfying

∞∑
n=1

µ ([|fn − f∞| > ε]) <∞ for all ε > 0,

it holds that fn → f∞ a.e.

Theorem 3.5.5. If fn → f in Lp, then {fn} has a subsequence which
converges to f a.e.

Proof. The hypothesis implies the existence of 1 ≤ n1 < n2 < . . . such that

‖fnk
− f‖p ≤ 4−k, k ≥ 1 .

Then for ε > 0,

µ ([|fnk
− f | > ε]) = µ ([|fnk

− f |p > εp])

(Markov inequality) ≤ ε−p
∫
|fnk
− f |p dµ

= ε−p‖fnk
− f‖pp

≤ ε−p4−kp .

Hence
∞∑
k=1

µ ([|fnk
− f | > ε]) <∞ for all ε > 0 .

Corollary 3.5.2 completes the proof.

Example 3.5.1. Let Ω = (0, 1], A = B((0, 1]) and µ be the restriction of
Lebesgue measure to (0, 1]. Define for all ω ∈ Ω,

f1(ω) = 1

(
0 < ω ≤ 1

2

)
,

f2(ω) = 1

(
1

2
< ω ≤ 1

)
,

f3(ω) = 1

(
0 < ω ≤ 1

4

)
,

f4(ω) = 1

(
1

4
< ω ≤ 1

2

)
,

f5(ω) = 1

(
1

2
< ω ≤ 3

4

)
,

f6(ω) = 1

(
3

4
< ω ≤ 1

)
,

...
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and so on. Show that fn → 0 in Lp for all 1 ≤ p <∞ and

lim inf
n→∞

fn = 0 < 1 = lim sup
n→∞

fn a.e.

Exercise 3.5.2. Show that for a fixed 1 ≤ p < ∞, neither of convergence
in Lp and a.e. convergence implies the other.

Exercise 3.5.3. Suppose fn → g in Lp and fn → h a.e. Show that g and h
are the same, that is,

g = h a.e.

Exercise 3.5.4. Show by citing a counter-example that a.e. convergence is
not metrizable, that is, there does not exist a metric d on the space of all
measurable functions from Ω to R such that convergence in d is equivalent
to a.e. convergence.
Hint. The following steps may be executed.
Step 1. Show that for αn ∈ R, αn → 0 if and only if every subsequence of
αn has a further subsequence which converges to 0.
Step 2. Use Step 1 to argue that in a metric space (Σ, d), for x, x1, x2, . . .
. . . ∈ Σ, xn → x if and only if every subsequence of xn has a further subse-
quence converging to x.
Step 3. Consider fn as in Example 3.5.1. Show that every subsequence of
fn converges to the zero function in L1.
Step 4. Show (using Theorem 3.5.5) that every subsequence of fn has a fur-
ther subsequence which converges to 0 a.e. However, fn does not converge
to 0 a.e.
Step 5. Use Steps 2 and 4 to argue that a.e. convergence on this (Ω,A, µ)
is not metrizable.

Theorem 3.5.6. The metric space Lp(Ω) is complete.

Proof. Let {fn} be a Cauchy sequence in Lp(Ω), that is, for all ε > 0, there
exists N such that

‖fm − fn‖p ≤ ε, m, n ≥ N .

This allows us to choose 1 ≤ n1 < n2 < . . . such that

‖fi − fj‖p ≤ 4−k for all i, j ≥ nk . (3.5.5)

This by an appeal to Minkowski implies

sup
n≥1
‖fn‖p ≤

1

4
+ max

1≤i≤n1

‖fi‖p <∞ . (3.5.6)

Another immediate consequence of (3.5.5) is that∥∥fnk+1
− fnk

∥∥
p
≤ 4−k, k ≥ 1 .
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Arguments similar to those in the proof of Theorem 3.5.5, using the above
and the Markov inequality, imply that

µ
([
|fnk+1

− fnk
| > 2−k

])
≤ 2−kp, k ≥ 1 .

Thus
∞∑
k=1

µ
([
|fnk+1

− fnk
| > 2−k

])
<∞ .

Theorem 3.5.3 implies for a.e. ω ∈ Ω,

|fnk+1
(ω)− fnk

(ω)| ≤ 2−k for all but finitely many k’s, depending upon ω,

and therefore,
∞∑
k=1

|fnk+1
− fnk

| <∞ a.e.

Letting

Ω0 =

[ ∞∑
k=1

|fnk+1
− fnk

| <∞

]
,

it follows that for all ω ∈ Ω0, {fnk
(ω) : k ≥ 1} is a Cauchy sequence in R.

Since R is complete, limk→∞ fnk
(ω) exists for all ω ∈ Ω0.

Let
f = lim sup

k→∞
fnk

.

Since fnk
→ f a.e., ∫

|f |p dµ =

∫
lim inf
k→∞

|fnk
|p dµ

(Fatou’s lemma) ≤ lim inf
k→∞

∫
|fnk
|p dµ

<∞,

(3.5.6) implying the last line. Thus f ∈ Lp(Ω).
For a fixed k = 1, 2, 3, . . ., (3.5.5) implies

‖fnk
− fnl

‖p ≤ 4−k, l ≥ k .

Thus

‖fnk
− f‖pp =

∫
|fnk
− f |p dµ

=

∫
lim inf
l→∞

|fnk
− fnl

|p dµ

(Fatou’s lemma) ≤ lim inf
l→∞

∫
|fnk
− fnl

|p dµ

≤ 4−kp .
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For n ≥ nk, ‖fn − fnk
‖p ≤ 4−k by (3.5.5); Minkowski implies for such n,

‖fn − f‖p ≤ ‖fn − fnk
‖p + ‖fnk

− f‖p ≤ 21−2k .

This shows fn → f in Lp. In other words, every Cauchy sequence in Lp(Ω)
is convergent. This completes the proof.

Definition 3.5.4. For measurable f : Ω→ R, define

‖f‖∞ = inf{0 ≤ α ≤ ∞ : |f | ≤ α a.e.} .

As before, L∞(Ω) = {f : ‖f‖∞ < ∞} with the understanding that two
functions are considered the same if they are equal a.e. For f, f1, f2, . . . ∈
L∞(Ω), fn → f in L∞ if ‖fn − f‖∞ → 0.

Theorem 3.5.7. For a measurable f : Ω→ R, |f | ≤ ‖f‖∞ a.e.

Proof. The definition of the L∞-norm implies there exists αn ↓ ‖f‖∞ such
that for all n = 1, 2, . . .,

|f | ≤ αn a.e.

Since αn ↓ ‖f‖∞, we have

[|f | > αn] ↑ [|f | > ‖f‖∞] .

Continuity from below implies

µ (|f | > ‖f‖∞) = lim
n→∞

µ (|f | > αn) = 0 .

Hence the proof.

Exercise 3.5.5. Show that L∞(Ω) is a complete metric space.

Exercise 3.5.6. Show that Hölder’s inequality holds with p = 1 and q =∞,
that is,

‖fg‖1 ≤ ‖f‖1‖g‖∞ .

In other words, prove that

‖fg‖1 ≤ ‖f‖p‖g‖q,

where 1 ≤ p, q ≤ ∞ are such that

1

p
+

1

q
= 1,

1
∞ being interpreted as 0 above.

Exercise 3.5.7. If µ(Ω) <∞, show that

lim
p→∞

‖f‖p = ‖f‖∞ .
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Exercise 3.5.8. Show the following for f1, . . . , f∞.

1. If fn → f∞ in L∞, then show that there exist measurable functions
g1, . . . , g∞ such that

lim
n→∞

sup
ω∈Ω
|gn(ω)− g∞(ω)| = 0,

and
gn = fn a.e. for n = 1, 2, . . . ,∞ .

Since fn and gn are considered identical elements of L∞(Ω), conver-
gence in L∞ essentially means uniform convergence.

2. If fn → f∞ a.e., then show that there exist measurable functions
g1, . . . , g∞ such that

lim
n→∞

gn(ω) = g∞(ω) for all ω ∈ Ω,

and
gn = fn a.e. for n = 1, 2, . . . ,∞ .

In other words, a.e. convergence essentially means pointwise conver-
gence.

3. If fn → f∞ in L∞, show that fn → f∞ a.e.

Exercise 3.5.9. 1. For 1 ≤ p < q ≤ ∞, show that neither of Lp(R, λ)
and Lq(R, λ) is a subset of the other, where λ is the Lebesgue measure.

2. If µ(Ω) <∞, show that

Lp(Ω) ⊃ Lq(Ω) if 1 ≤ p ≤ q ≤ ∞ .

3. If µ(Ω) = 1, then show that

‖f‖p ≤ ‖f‖q if 1 ≤ p ≤ q ≤ ∞ .

This is known as Lyapunov’s inequality.

4. Let `p = Lp
(
N, 2N, µ

)
where µ is the counting measure, for 1 ≤ p ≤ ∞.

In other words,

`p =

{
(x1, x2, x3, . . .) ∈ RN :

∞∑
n=1

|xn|p <∞

}
for 1 ≤ p <∞

and

`∞ =

{
(x1, x2, x3, . . .) ∈ RN : sup

n≥1
|xn| <∞

}
.

Show that
`p ( `q if 1 ≤ p < q ≤ ∞ .
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Exercise 3.5.10. Suppose 1 ≤ p ≤ q ≤ ∞ and f1, f2, . . . ∈ Lp(Ω) ∩ Lq(Ω).
If

fn → g1 in Lp,

fn → g2 in Lq

and
fn → g3 a.e.,

show that g1 = g2 = g3 a.e.

3.6 Lebesgue integration

Let µ be the Lebesgue measure on (R,B(R)). As in (2.3.1), denote by µ∗

the outer measure of µ where F therein is replaced by B(R), that is,

µ∗(E) = inf{µ(A) : E ⊂ A, A ∈ B(R)}, E ∈ 2R .

As in (2.3.4), let

L(R) =
{
A ∈ 2R : µ∗(E) = µ∗(E ∩A) + µ∗(E ∩Ac) for all E ∈ 2R

}
.

Lemma 2.3.5 shows that L(R) is a σ-field an µ∗ is a measure on (R,L(R)),
which agrees with µ on B(R) by Lemma 2.3.1.

The following is a minor observation.

Theorem 3.6.1. If A ∈ L(R) is such that µ(A) = 0, then B ∈ L(R) for all
B ⊂ A.

Proof. Suppose µ(A) = 0 for some A ∈ L(R) and B ⊂ A. Since µ∗ is
monotone by definition,

µ∗(B) ≤ µ∗(A) = 0 .

Thus for any E ∈ 2R,

µ∗(E ∩B) + µ∗(E ∩Bc) ≤ µ∗(B) + µ∗(E ∩Bc) = µ∗(E ∩Bc) ≤ µ∗(E);

(2.3.5) shows that B ∈ L(R). This completes the proof.

Denote
λ(A) = µ∗(A), A ∈ L(R) .

Thus (R,L(R), λ) is a measure space.

Lemma 3.6.1. If A ∈ L(R) is such that λ(A) = 0, then for any function
g : R→ R, g1A is L(R)-measurable.
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Proof. If h = g1A, then for any E ⊂ R \ {0}, h−1E ⊂ A and hence by
Theorem 3.6.1, h−1E ∈ L(R). For E ⊂ R such that 0 ∈ E,

h−1E =
(
h−1(Ec)

)c ∈ L(R)

because h−1(Ec) ∈ L(R). This completes the proof.

Remark 3.6.1. Lemma 3.6.1 holds for any function g, including which are
not measurable.

Definition 3.6.1. For [a, b] ⊂ R, f : [a, b] → R is Lebesgue measurable if
it is measurable with respect to the σ-field L([a, b]), defined by

L([a, b]) = {A ∈ L(R) : A ⊂ [a, b]},

that is,
f−1B ∈ L([a, b]) for all B ∈ B(R) .

If in addition,
∫

[a,b] |f | dλ <∞, then f is Lebesgue integrable and
∫

[a,b] f dλ

is the Lebesgue integral of f on [a, b]. The notations∫ b

a
f(x) dx,

∫ b

a
f dλ etc.

are also used for denoting the Lebesgue integral. As usual, define∫
A
f(x) dx =

∫
f1A dλ, A ∈ B([a, b]) .

In particular, if A = [α, β] ⊂ [a, b], then there is no conflict of notation in
defining ∫ β

α
f dλ =

∫
A
f dλ .

Let us fix [a, b] ⊂ R for this subsection. Henceforth, “integrable on [a, b]”
will mean Lebesgue integrable.

Exercise 3.6.1. Suppose f : [a, b]→ R is Lebesgue integrable. Define

g(x) =

∫ x

a
f(t) dt, a ≤ x ≤ b .

1. Show that g is a continuous function.

2. If f is continuous at x, show that g is differentiable at x and its deriva-
tive at x equals f(x).

Theorem 3.6.2. If f : [a, b]→ R is bounded and Riemann integrable, then
f is Lebesgue integrable on [a, b] and its Lebesgue integral equals its Riemann
integral.
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Proof. Let [a, b] ⊂ R and f : [a, b]→ R be bounded and Riemann integrable.
Let R denote its Riemann integral. Then

lim
n→∞

(b−a)2−n
2n∑
i=1

inf{f(x) : a+2−n(i−1)(b−a) < x ≤ a+2−ni(b−a)} = R

(3.6.1)
and

lim
n→∞

(b−a)2−n
2n∑
i=1

sup{f(x) : a+2−n(i−1)(b−a) < x ≤ a+2−ni(b−a)} = R .

(3.6.2)
Defining

Pn =
{
{a}, (a, a+ 2−n(b− a)], . . . , (b− 2−n(b− a), b]

}
,

fLn =
∑
A∈Pn

1A inf
x∈A

f(x),

and fUn =
∑
A∈Pn

1A sup
x∈A

f(x),

(3.6.1) and (3.6.2) become

lim
n→∞

∫
[a,b]

fLn dλ = R = lim
n→∞

∫
[a,b]

fUn dλ .

This in view of the observation

fL1 ≤ fL2 ≤ . . . ≤ f ≤ . . . ≤ fU2 ≤ fU1 , (3.6.3)

show that {gn}, defined by

g1 = fL1 , g2 = fU1 , g3 = fL2 , g4 = fU2 , . . . ,

is a Cauchy sequence in L1 ([a, b],B([a, b]), λ).
Theorem 3.5.6 shows there exists g ∈ L1([a, b],B([a, b]), λ) such that

gn → g in L1. Theorem 3.5.5 shows that each of {g2n−1}n≥1 and {g2n}n≥1

has a subsequence that converges to g in L1. In other words, there exist
1 ≤ m1 < m2 < . . . such that

fLmk
→ g a.e.

and 1 ≤ n1 < n2 < . . . such that

fUnk
→ g a.e.
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Denoting A = [fLmk
→ g]∩[fUnk

→ g], (3.6.3) shows that f = g on A. Further,
A ∈ B([a, b]) and λ([a, b] \A) = 0. Thus

f = g1A + f1[a,b]\A;

Lemma 3.6.1 shows f1[a,b]\A is L([a, b])-measurable. Thus so is f . Further,
f = g a.e. Hence gn → f in L1. This shows∫

[a,b]
f dλ = lim

n→∞

∫
[a,b]

gn dλ = R,

which completes the proof.

Lebesgue integration achieves the first goal mentioned in Subsection 1.1,
namely developing a theory of integration which encompasses the Riemann
theory. Further, the collection of integrable functions is a complete met-
ric space under the metric induced by Lebesgue integration, thereby ac-
complishing the second goal as well. This is simply the completeness of
L1 ([a, b],L([a, b]), λ), which is a consequence of Theorem 3.5.6.

4 Absolute continuity

4.1 The Radon-Nikodym theorem

Definition 4.1.1. If ν and µ are measures on (Ω,A) such that µ(A) = 0
implies that ν(A) = 0 for all A ∈ A, then ν is absolutely continuous with
respect to µ, written as ν � µ.

Definition 4.1.2. Two measures µ and ν on (Ω,A) are singular with re-
spect to each other or mutually singular if there exists S ∈ A such that

µ(S) = 0 = ν(Sc) .

Suppose that (Ω,A) is a measurable space. All sets talked about are
those in A and functions are A-measurable functions, unless mentioned oth-
erwise.

Definition 4.1.3. A function ψ : A → R is an additive set function or a
signed measure if the following is true. Whenever A1, A2, . . . is a finite or
infinite sequence of disjoint sets in A, it holds that∑

n

|ψ(An)| <∞ (4.1.1)

and

ψ

(⋃
n

An

)
=
∑
n

ψ(An) . (4.1.2)
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Remark 4.1.1. 1. Although (4.1.1) has been mentioned separately to ensure
that the infinite sum is unchanged by rearrangements, a moment’s thought
would reveal that it is implied by (4.1.2).
2. It is worth emphasizing that the co-domain of an additive set function or
a signed measure is R and not R, that is, ±∞ have been left out. Otherwise
the sum on the right hand side of (4.1.2) could have been undefined even for
a finite collection of sets.

Theorem 4.1.1 (Hahn decomposition). For any additive set function ψ,
there exist disjoint sets A+ and A− such that A+ ∪ A− = Ω, ψ(E) ≥ 0 for
all E ⊂ A+ and ψ(E) ≤ 0 for all E ⊂ A−.

The proof will use the following exercise, which follows from arguments
very similar to those in the proof of Theorem 2.2.1.

Exercise 4.1.1. Show that if En ↑ E or En ↓ E, then ψ(En)→ ψ(E).

Proof of Theorem 4.1.1. Let α = sup{ψ(A) : A ∈ A}. Our first claim is to
show that the supremum is achieved, that is, there exists A+ ⊂ Ω with

ψ(A+) = α . (4.1.3)

Let An ∈ A be such that

lim
n→∞

ψ(An) = α .

For n ≥ 1, let Bn ∈ σ(A1, . . . , An) be such that

ψ(Bn) = max{ψ(E) : E ∈ σ(A1, . . . , An)} .

Clearly, ψ(Bn) ≥ ψ(An).
We claim that if E ⊂ Bn and E ∈ σ(A1, . . . , An), then ψ(E) ≥ 0. If not,

then
ψ(Bn \ E) = ψ(Bn)− ψ(E) > ψ(Bn) ,

contradicting the choice of Bn. Thus, ψ(E) ≥ 0 for such an E. For positive
integers m < n,

(Bm ∪ . . . ∪Bn) \ (Bm ∪ . . . ∪Bn−1) ⊂ Bn

and the LHS is an element of σ(A1, . . . , An). Therefore, ψ evaluated on the
LHS is non-negative, which shows that

ψ(Bm ∪ . . . ∪Bn−1) ≤ ψ(Bm ∪ . . . ∪Bn) .

Proceeding inductively, it can be shown that

ψ(Bm) ≤ ψ(Bm ∪ . . . ∪Bn), m < n .
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In view of Exc 4.1.1,

ψ

( ∞⋃
n=m

Bn

)
= lim

n→∞
ψ(Bm ∪ . . . ∪Bn) ≥ ψ(Bm) ≥ ψ(Am) .

Setting

A+ :=

∞⋂
m=1

∞⋃
n=m

Bn ,

it follows that

ψ(A+) = lim
m→∞

ψ

( ∞⋃
n=m

Bn

)
≥ lim

m→∞
ψ(Am) = α ,

proving (4.1.3).
The above shows that, in particular, α <∞. If E ⊂ A+ and ψ(E) < 0,

then
ψ(A+ \ E) > ψ(A+)

which is impossible. If E ⊂ Ω \ A+ =: A−, then by similar arguments it
follows that ψ(E) ≤ 0. This completes the proof.

Lemma 4.1.1. Suppose that the finite measures µ and ν on (Ω,A) are not
mutually singular. Then, there exists A with µ(A) > 0 and ε > 0 such that
εµ(E) ≤ ν(E) for all E ⊂ A.

Proof. For n ≥ 1, let A+
n ∪ A−n be the Hahn decomposition of the additive

set function ν − n−1µ. Set

M =
⋃
n

A+
n .

Thus, M c ⊂ A−n for every n, and hence

ν(M c) ≤ n−1µ(M c) ,

showing that ν(M c) = 0. The fact that ν and µ are not mutually singular
implies that µ(M) > 0. Therefore, µ(A+

n ) > 0 for some n. Set A := A+
n and

ε := n−1.

Theorem 4.1.2. Let µ, ν be σ-finite measures on (Ω,A). There exists a
measurable function f : Ω → [0,∞) and a measure νs singular with respect
to µ such that

ν(A) =

∫
A
fdµ+ νs(A), for all A ∈ A .
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Proof. Suppose first that ν and µ are finite measures. Let G be the class of
measurable functions g : Ω→ [0,∞) such that∫

E
gdµ ≤ ν(E) for all E .

If g, g′ ∈ G, then g ∨ g′ ∈ G because∫
E
g ∨ g′dµ =

∫
E∩[g≥g′]

gdµ+

∫
E∩[g<g′]

g′dµ

≤ ν(E) .

The monotone convergence theorem shows that G is closed under increasing
limits, and therefore under countable supremum.

Set

α := sup
g∈G

∫
gdµ .

Let gn ∈ G be such that

lim
n→∞

∫
gndµ = α .

Set
f = sup

n
gn .

Thus, f ∈ G and
∫
fdµ = α.

Set

ν̄(E) := ν(E)−
∫
E
fdµ, E ∈ A .

Clearly, ν̄ is a measure. All that needs to be shown is ν̄ is singular with
respect to µ.

Suppose that is not the case. By Lemma 4.1.1, it follows that there
exists ε > 0 and A with µ(A) > 0 such that εµ(E) ≤ ν̄(E) for all E ⊂ A.
Then, for every E ∈ A,∫

E
(f + ε1A)dµ =

∫
E
fdµ+ εµ(E ∩A)

≤
∫
E
fdµ+ ν̄(E ∩A)

≤
∫
E
fdµ+ ν̄(E)

= ν(E) .

Therefore, f + ε1A ∈ G. Notice that∫
(f + ε1A)dµ = α+ εµ(A) > α ,
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which is a contradiction. This shows that ν̄ and µ are mutually singular,
and thus completes the proof for finite measures.

Now suppose that µ and ν are σ-finite measures on (Ω,A). Then there
exist disjoint sets A1, A2, . . . such that

Ω =
∞⋃
n=1

An ,

and
µ(An) + ν(An) <∞, n ≥ 1 .

For n ≥ 1 and A ∈ A, define

µn(A) := µ(A ∩An) ,

νn(A) := ν(A ∩An) .

Then, µn and νn are finite measures for which the result is true. Therefore,
there exists a measurable fn : Ω→ [0,∞) and a measure νns which is singular
with respect to µn such that

νn(A) =

∫
A
fndµn + νns (A) for all A ∈ A .

Therefore, for all A ∈ A,

ν(A)−
∑
n

νns (A) =
∑
n

∫
A
fndµn

=
∑
n

∫
A
fn1Andµ =

∫
A

∑
n

fn1Andµ .

Define
f :=

∑
n

fn1An ,

and the measure
νs(A) :=

∑
n

νns (A), A ∈ A .

It is immediate that 0 ≤ f <∞. The proof would follow if it can be shown
that νs is singular with respect to µ. To that end, for n ≥ 1, there exists
Sn ⊂ An such that

νns (Sn) = 0 = µn(Scn) .

Define
S :=

⋃
n

Sn ,
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and note that

νs(S) =
∑
m

∑
n

νms (Sn)

=
∑
n

νns (Sn) +
∑
m 6=n

νms (Sn)

=
∑
m 6=n

νms (Sn)

≤
∑
m 6=n

νm(An)

= 0 .

Furthermore,

µ(Sc) =
∑
n

µn(Sc)

≤
∑
n

µn(Scn)

= 0 .

This establishes the mutual singularity of νs and µ, thereby completing the
proof.

Theorem 4.1.3 (Radon-Nikodym theorem). If µ and ν are σ-finite mea-
sures on (Ω,A) such that ν � µ, then there exists a measurable function
f : Ω→ [0,∞) such that

ν(A) =

∫
A
fdµ

for all A ∈ A. If f and g both satisfy the above, then µ[f 6= g] = 0.

Exercise 4.1.2. If f, g are non-negative measurable functions on a σ-finite
measure space (Ω,A, µ) such that∫

A
fdµ =

∫
A
g dµ, for all A ∈ A ,

then show that f = g almost everywhere.

Proof of Theorem 4.1.3. By Theorem 4.1.2, there exists a measurable func-
tion f : Ω→ [0,∞) and a measure νs singular with respect to µ such that

ν(A) =

∫
A
fdµ+ νs(A), A ∈ S .

The mutual singularity implies the existence of S such that

νs(S) = 0 = µ(Sc) .
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Since ν � µ, it follows that

0 = ν(Sc) ≥ νs(Sc) .

Thus, νs is the null measure which completes the proof.

Corollary 4.1.1. For σ-finite measures µ, ν on (Ω,A), there exists a mea-
surable f : Ω→ [0,∞) such that

ν(A) =

∫
A
fdµ, A ∈ S , (4.1.4)

if and only if ν � µ.

Definition 4.1.4. The function f is the Radon-Nikodym derivative or den-
sity of ν with respect to µ. We write

f =
dν

dµ
,

dν = f dµ ,

or
ν(dx) = f(x)µ(dx), x ∈ Ω .

Theorem 4.1.4 (Lebesgue decomposition). Let µ be a σ-finite measures on
(R,B(R)). Then there is a decomposition

ν = νac + νs ,

such that νac and νs are respectively absolutely continuous and singular with
respect to the Lebesgue measure.

Proof. Follows from Theorem 4.1.1.

Definition 4.1.5. For −∞ ≤ a < b ≤ ∞, a function F : [a, b] ∩ R → R is
absolutely continuous if the following holds. Given ε > 0, there exists δ > 0
such that whenever a1, b1, . . . , an, bn ∈ R are such that a ≤ a1 ≤ b1 ≤ . . . ≤
an ≤ bn ≤ b and

n∑
i=1

(bi − ai) ≤ δ,

for some n ≥ 1, it holds that

n∑
i=1

|F (bi)− F (ai)| ≤ ε .

A trivial observation is that an absolutely continuous function is uni-
formly continuous.
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Theorem 4.1.5. Suppose F : R → R is a non-decreasing and continuous
function such that

lim
x→−∞

F (x) and lim
x→∞

F (x)

are finite. Let µ be the Riemann-Stieltjes measure of F . Then F is an
absolutely continuous function if and only if µ� λ where λ is the Lebesgue
measure.

The proof uses the following couple of lemmas, the proofs of both of
which are left as exercises.

Lemma 4.1.2. A Borel subset A of R has Lebesgue measure zero if and
only if the following holds. Given ε > 0, there exist a1, b1, a2, b2, . . . ∈ R
such that an < bn for all n,

(am, bm) ∩ (an, bn) = ∅ if m 6= n ,

A ⊂
∞⋃
n=1

(an, bn) ,

and
∞∑
n=1

(bn − an) ≤ ε .

Proof. Exercise.

Lemma 4.1.3. Consider any measure space (Ω,A, µ) and an integrable
function f on Ω. Given ε > 0, there exists δ > 0 such that∫

A
|f | dµ ≤ ε whenever A ∈ A, µ(A) ≤ δ .

Proof. Exercise.

Proof of Theorem 4.1.5. We start with proving the “only if” part, that is,
we assume F is an absolutely continuous function. Fix a Borel set A with
λ(A) = 0. We need to show that µ(A) = 0. Fix an arbitrary ε > 0.
The assumed hypothesis that F is absolutely continuous implies there exists
δ > 0 such that a1 ≤ b1 ≤ . . . ≤ an ≤ bn and

n∑
i=1

(bi − ai) ≤ δ ,

implies that
n∑
i=1

[F (bi)− F (ai)] ≤ ε,
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since F is non-decreasing. A moment’s thought reveals that by considering
a permutation of {1, . . . , n}, we can write

n∑
i=1

[F (bi)− F (ai)] ≤ ε (4.1.5)

whenever ai < bi, the intervals (ai, bi) are disjoint and
∑n

i=1(bi − ai) ≤ δ.
That is, a1 ≤ . . . ≤ an is not needed for (4.1.5) to hold.

As λ(A) = 0, Lemma 4.1.2 implies the existence of a1, b1, . . . such that
an < bn,

(am, bm) ∩ (an, bn) = ∅ if m 6= n ,

A ⊂
∞⋃
n=1

(an, bn) ,

and
∞∑
n=1

(bn − an) ≤ δ .

For a fixed n,

µ

(
n⋃
k=1

(ak, bk)

)
≤

n∑
k=1

µ
(
(ak, bk]

)
=

n∑
k=1

(F (bk)− F (ak)) ≤ ε ,

the rightmost inequality following from the choice of δ and (4.1.5). Letting
n→∞ and using the continuity of measure from below, it follows that

ε ≥ µ

( ∞⋃
k=1

(ak, bk)

)
≥ µ(A) .

Since ε is arbitrary, µ(A) = 0 follows. This proves the “only if” part.
Conversely, suppose that µ � λ. The assumptions that F has finite

limits at ±∞ imply µ(R) <∞. Theorem 4.1.3, which is the Radon-Nikodym
theorem, implies there exists f : R→ [0,∞) Borel measurable such that

µ(A) =

∫
A
f(x) dx for all A ∈ B(R) .

Since µ(R) <∞, it follows that f is integrable.
Fix ε > 0. Lemma 4.1.3 implies the existence of δ > 0 such that

λ(A) ≤ δ ⇒
∫
A
f(x) dx ≤ ε .

Let a1 ≤ b1 ≤ . . . ≤ an ≤ bn be such that

n∑
i=1

(bi − ai) ≤ δ .
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Defining A = (a1, b1] ∪ . . . ∪ (an, bn], the above simply becomes λ(A) ≤ δ.
The choice of δ implies

ε ≥
∫
A
f(x) dx = µ(A) =

n∑
i=1

[F (bi)− F (ai)] =
n∑
i=1

|F (bi)− F (ai)| .

Absolute continuity of F thus follows, which completes the proof.

The following result is a trivial corollary of Theorem 4.1.5.

Theorem 4.1.6. Suppose F : [a, b]→ R is non-decreasing for some −∞ <
a < b <∞. There exists an integrable f : [a, b]→ [0,∞) such that

F (x)− F (a) =

∫ x

a
f(t) dt, a ≤ x ≤ b

if and only if F is absolutely continuous.

Proof. For the ‘only if’ part, suppose such f exists. Then F is continuous
by Exc 3.6.1. Lemma 4.1.3 and arguments similar to those in the proof of
Theorem 4.1.5 show F is an absolutely continuous function.

For the ‘if’ part, assume F is absolutely continuous on [a, b]. Extend F
to whole of R by defining

F (x) =

{
F (a), x < a,

F (b), x > b .

Although F has been assumed to be absolutely continuous on [a, b], a mo-
ment’s thought reveals that due to the above extension, F is absolutely
continuous on whole of R.

Thus F satisfies the hypothesis of Theorem 4.1.5, that is, it is absolutely
continuous on R and has finite limits at ±∞. Proceeding as in its proof,
an f : R→ [0,∞) which is the Radon-Nikodym derivative of the Riemann-
Stieltjes measure µ of F with respect to Lebesgue can be obtained. Thus
for a ≤ x ≤ b,

F (x)− F (a) = µ
(
(a, x]

)
=

∫ x

a
f(t) dt .

Hence the proof follows.

4.2 Functions of Bounded Variation

This subsection is devoted to studying the Radon-Nikodym theorem and its
implications for signed measures, which are as in Definition 4.1.3. While a
non-decreasing function is naturally associated with a Radon measure on R,
the corresponding function for a signed measure is a “function of bounded
variation” which is defined below.
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Definition 4.2.1. For −∞ < a ≤ b <∞ and a function f : [a, b]→ R, its
total variation on [a, b] is defined by

V (f, [a, b]) = sup {v(f, P ) : P a partition of [a, b]} ,

where for any partition P = (x0, x1, . . . , xn) of [a, b] with a = x0 ≤ x1 ≤
. . . ≤ xn = b,

v(f, P ) =

n∑
i=1

|f(xi)− f(xi−1)| .

We say f is a function of bounded variation if

V (f, [a, b]) <∞ .

Let −∞ < a < b < ∞ be fixed for this subsection. The following is a
trivial exercise.

Exercise 4.2.1. Suppose that P = (x0, . . . , xm) and Q = (y1, . . . , yn) are
partitions of [a, b] such that Q is a refinement of P , that is, for all i =
1, . . . ,m, there exists j ∈ {1, . . . , n} such that xi = yj. Show that for any
f : [a, b]→ R,

v(f, P ) ≤ v(f,Q) .

The following theorem characterizes functions of bounded variation.

Theorem 4.2.1. A function f : [a, b] → R is of bounded variation if and
only if there exist non-decreasing functions F and G on [a, b] satisfying

f(x) = F (x)−G(x), x ∈ [a, b] .

Proof. For the ‘if’ part, suppose f = F −G for non-decreasing functions F
and G on [a, b]. For any partition P = (x0, . . . , xn) of [a, b],

v(f, P ) =

n∑
i=1

|f(xi)− f(xi−1)|

≤
n∑
i=1

|F (xi)− F (xi−1)|+
n∑
i=1

|G(xi)−G(xi−1)|

=

n∑
i=1

[F (xi)− F (xi−1)] +

n∑
i=1

[G(xi)−G(xi−1)]

= F (b)− F (a) +G(b)−G(a),

the equality in the penultimate line holds because F,G are non-decreasing.
Thus

V (f, [a, b]) ≤ F (b)− F (a) +G(b)−G(a) <∞,

showing that f is a function of bounded variation.
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Conversely, suppose that V (f, [a, b]) <∞. Define

F (x) = V (f, [a, x]), x ∈ [a, b] .

Our first claim is that

F (y)− F (x) = V (f, [x, y]), a ≤ x < y ≤ b . (4.2.1)

Fix x, y as above. Both F (x) and V (f, [x, y]) are defined in terms of supre-
mum, the former being over all partitions of [a, x] and the latter over those
of [x, y]. Thus

F (x) + V (f, [x, y])

= sup{v(f, P ) : P partition of [a, x]}+ sup{v(f,Q) : Q partition of [x, y]}
= sup{v(f, P ) + v(f,Q) : P,Q respective partitions of [a, x], [x, y]}
≤ sup{v(R) : R partition of [a, y]}
= F (y) .

In other words,
F (y)− F (x) ≥ V (f, [x, y]) . (4.2.2)

For the reverse inequality, let P be any partition of [a, y]. Consider a
refinement P ′ of P obtained by adding the partition point x. Thus P ′ is
essentially the joining of two partitions, say Q and R, of [a, x] and [x, y],
respectively. Exercise 4.2.1 shows

v(f, P ) ≤ v(f, P ′)

= v(f,Q) + v(f,R)

≤ V (f, [a, x]) + V (f, [x, y])

= F (x) + V (f, [x, y]) .

Since this holds for every partition P of [a, y], we get that

F (y) ≤ F (x) + V (f, [x, y]),

which together with (4.2.2) establishes (4.2.1).
Finally, let G = F − f . A trivial consequence of (4.2.1) is that F is

non-decreasing. For a ≤ x < y ≤ b, (4.2.1) again implies

F (y)− F (x) ≥ |f(y)− f(x)| ≥ f(y)− f(x),

which implies that G is also a non-decreasing function. Thus f is the dif-
ference of two non-decreasing functions and hence the ‘only if’ part follows.
This completes the proof.

The following exercise in real analysis will be needed for constructing a
signed measure from a right continuous function of bounded variation.
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Exercise 4.2.2. Suppose F : [a, b]→ R is non-decreasing.

1. Show that for all x ∈ (a, b], the left limit of F at x, denoted by F (x−),
exists and similarly for all x ∈ [a, b), the right limit of F at x, denoted
by F (x+), exists.

2. Show that the set of discontinuities of F is countable.

3. Let {x1, x2, . . .} be an enumeration of {x ∈ [a, b) : F (x) 6= F (x+)}
which is the set of points at which F is not right continuous. Show
that ∑

n≥1

[F (xn+)− F (xn)] ≤ F (b)− F (a) <∞ .

4. Define

ξ(x) =
∑

n≥1:xn<x

[F (xn+)− F (xn)] , a ≤ x ≤ b . (4.2.3)

Show that ξ is a non-decreasing left continuous function.

5. Show that F − ξ is a non-decreasing right continuous function.

Example 4.2.1. Consider

F (x) =


0, a ≤ x < a+b

2 ,

1, x = a+b
2 ,

2, a+b
2 < x ≤ b .

For this example, ξ as in (4.2.3) turns out to be the following:

ξ(x) =

{
0, a ≤ x ≤ a+b

2 ,

1, a+b
2 < x ≤ b .

Thus ξ is left continuous (but not right continuous). Further,

F (x)− ξ(x) =

{
0, a ≤ x < a+b

2 ,

1, a+b
2 ≤ x ≤ b,

showing that F − ξ is right continuous.

The following result is a step towards obtaining a signed measure from
a right continuous function of bounded variation.

Theorem 4.2.2. Suppose f : [a, b]→ R is a function of bounded variation.
There exist non-decreasing F,G on [a, b] such that f = F −G and

{x ∈ [a, b) : F (x) 6= F (x+)} ∩ {x ∈ [a, b) : G(x) 6= G(x+)} = ∅, (4.2.4)

that is, for all x ∈ [a, b), either F or G is continuous at x.
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Proof. Theorem 4.2.1 implies the existence of non-decreasing functions F
and G such that f = F −G. The idea of the proof is to look at point where
both F and G fail to be right continuous. At such points, both F and G
have a right jump. The jump with the larger magnitude will be used to
compensate for the smaller one. This would ensure that at least one of F
and G becomes right continuous at that point. This is made precise in the
following way.

Let {x1, x2, . . .} be an enumeration of the set

{x ∈ [a, b) : Either of F ,G is not right continuous at x}

which is countable by Exercise 4.2.2. Define

α(x) =
(
F (x+)− F (x)

)
−
(
G(x+)−G(x)

)
, a ≤ x < b,

and

F (x) = F (x)−
∑

n:xn<x

([
F (xn+)− F (xn)

]
− (α(xn))+) , (4.2.5)

G(x) = G(x)−
∑

n:xn<x

([
G(xn+)−G(xn)

]
− (α(xn))−

)
, (4.2.6)

for all a ≤ x ≤ b, where z+ = z∨0 and z− = (−z)∨0 for all z ∈ R, as usual.
It is immediate that for all x ∈ [a, b],

F (x)−G(x)

= F (x)−G(x)

−
∑

n:xn<x

[
F (xn+)− F (xn)−G(xn+) +G(xn)− (α(xn))+ + (α(xn))−

]
= F (x)−G(x)−

∑
n:xn<x

[
F (xn+)− F (xn)−G(xn+) +G(xn)− α(xn)

]
= F (x)−G(x)

= f(x),

the equality in the penultimate line following from the definition of α(xn).
Rewrite

F (x) = F (x)−
∑

n:xn<x

[
F (xn+)− F (xn)

]
+

∑
n:xn<x

(α(xn))+ .

Exercise 4.2.2 shows that

F (x)−
∑

n:xn<x

[
F (xn+)− F (xn)

]
is a non-decreasing right continuous function of x, and∑

n:xn<x

(α(xn))+
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is non-decreasing in x. Thus F is non-decreasing. Furthermore,

{x ∈ [a, b) : F (x) 6= F (x+)} = {xn : α(xn) > 0} .

Similarly, G is non-decreasing and

{x ∈ [a, b) : G(x) 6= G(x+)} = {xn : α(xn) < 0} .

Thus (4.2.4) follows. Hence F and G have all the claimed properties. This
completes the proof.

Suppose f : [a, b] → R is a right continuous function of bounded varia-
tion. Then F and G obtained from the above theorem are right continuous.
Indeed, (4.2.4) implies that for x ∈ [a, b), the moment either of F or G is
right continuous at x, the right continuity of f implies that so is the other
one at x as well. In other words, an immediate consequence of Theorem
4.2.2 is the following.

Corollary 4.2.1. If f : [a, b]→ R is a right continuous function of bounded
variation, then there exist non-decreasing right continuous functions F and
G such that f = F −G.

Recall Definition 4.1.3, in which a signed measure is defined. The above
corollary helps in associating a signed measure to a right continuous function
of bounded variation. This is done in the next result.

Theorem 4.2.3. 1. If f : [a, b] → R is a right continuous function of
bounded variation, then a unique signed measure µ on

(
(a, b],B((a, b])

)
ex-

ists, such that

µ
(
(α, β]

)
= f(β)− f(α) for all a ≤ α ≤ β ≤ b . (4.2.7)

2. If µ is a signed measure on
(
R,B(R)

)
, and f [a, b]→ R is defined by

f(x) = µ ((a, x]) , x ∈ [a, b], (4.2.8)

then (4.2.7) holds and f is a right continuous function of bounded variation.

Proof. 1. Corollary 4.2.1 implies that there exist right continuous non-
decreasing F and G on [a, b] such that f = F −G. Extend F to R by

F (x) =

{
F (a), x < a,

F (b), x > b.

Thus F is a right continuous non-decreasing function on R.
Let µF be the Riemann-Stieltjes measure of F . Then

µF
(
(−∞, a]

)
= F (a)− F (−∞) = 0
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and similarly
µF
(
(b,∞)

)
= F (∞)− F (b) = 0 .

Thus µF
(
(a, b]c

)
= 0. In other words, µF is a measure on (a, b] satisfying

µF
(
(α, β]

)
= F (β)− F (α), a ≤ α ≤ β ≤ b .

Likewise, a measure µG exists such that the above holds with ‘F ’ replaced
by ‘G’. Letting

µ(A) = µF (A)− µG(A), A ∈ B
(
(a, b]

)
,

and recalling f = F −G, it is immediate that µ is a signed measure on (a, b]
satisfying (4.2.7).

For uniqueness, suppose µ′ is another measure on (a, b] such that (4.2.7)
holds with µ replaced by µ′. Let

G =
{
A ∈ B

(
(a, b]

)
: µ(A) = µ′(A)

}
.

It is immediate that

S = {(α, β] : a ≤ α ≤ β ≤ b} ⊂ G .

Since S is a semi-field and µ is additive, G contains the field generated by
S. Exercise 4.1.1 shows that G is a monotone class. It follows from the
monotone class theorem that G = B

(
(a, b]

)
which shows µ = µ′. in other

words, uniqueness follows.
2. Suppose µ is a signed measure on

(
R,B(R)

)
and f is defined by (4.2.8).

Additivity of µ immediately shows (4.2.7). If xn ∈ [a, b] and xn ↓ x, then

(x, xn] ↓ ∅ .

Hence
0 = µ(∅) = lim

n→∞
µ
(
(x, xn]) = −f(x) + lim

n→∞
f(xn) .

This shows right continuity of f at x and hence completes the proof.

Definition 4.2.2. For a right continuous f of bounded variation on [a, b],
the unique signed measure µ on (a, b] satisfying (4.2.7) is the signed measure
induced by f .

Theorem 4.2.4. An absolutely continuous function f : [a, b] → R is a
function of bounded variation. Further, its total variation function

F (x) = V (f, [a, x]) , x ∈ [a, b], (4.2.9)

is also absolutely continuous.
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Proof. Since f is absolutely continuous, there exists k ≥ 1 such that

n∑
i=1

|f(yi)− f(xi=1)| ≤ 1 (4.2.10)

whenever a ≤ x1 ≤ y1 ≤ x2 ≤ y2 ≤ . . . ≤ xn ≤ yn ≤ b satisfy

n∑
i=1

(yi − xi) ≤
b− a
k

. (4.2.11)

Let P be any partition of [a, b] and Q be a refinement of P such that

a+
i

k
(b− a) ∈ Q, i = 1, . . . , k .

That is Q = (x0, . . . , xn) and there exist 0 = n0 < n1 < . . . < nk = n such
that

xni = a+
i

k
(b− a), i = 0, . . . , k .

Exercise 4.2.1 shows

v(f, P ) ≤ v(f,Q)

=

n∑
i=0

|f(xi)− f(xi−1)|

=
k∑
j=1

nj∑
i=nj−1+1

|f(xi)− f(xi−1)| .

The choice of k in (4.2.11) which ensures (4.2.10) and the observation

nj∑
i=nj−1+1

(xi − xi−1) =
b− a
k

imply
nj∑

i=nj−1+1

|f(xi)− f(xi−1)| ≤ 1

for j = 1, . . . , k. Thus v(f, P ) ≤ k for every partition P of [a, b], which
shows f has bounded variation.

Let F be as in (4.2.9). For showing absolute continuity of F , fix ε > 0.
Absolute continuity of f imply the existence of δ > 0 such that

n∑
i=1

|f(βi)− f(αi)| (4.2.12)
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whenever a ≤ α1 ≤ β1 ≤ . . . ≤ αn ≤ βn ≤ b and

n∑
i=1

(βi − αi) ≤ δ .

Fix a ≤ x1 ≤ y1 ≤ . . . xn ≤ yn such that

n∑
i=1

(yi − xi) ≤ δ .

Recall that (4.2.1) implies

n∑
i=1

(
F (yi)− F (xi)

)
=

n∑
i=1

V (f, [xi, yi]) .

Let P1, . . . , Pn be partitions of [x1, y1], . . . , [xn, yn], respectively. Suppose
Pi = (αi0, . . . , αiki). Then

n∑
i=1

ki∑
j=1

(αij − αi j−1) =

n∑
i=1

(yi − xi) ≤ δ .

The choice of δ, which ensures (4.2.12), implies that

ε ≥
n∑
i=1

ki∑
j=1

|f(αij)− f(αi j−1)| =
n∑
i=1

v(f, Pi) .

As this is true for all choices of partitions P1, . . . , Pn of [x1, y1], . . . , [xn, yn],
respectively, it follows that

ε ≥
n∑
i=1

V (f, [xi, yi]) =
n∑
i=1

(
F (yi)− F (xi)

)
.

Thus absolute continuity of F follows, which completes the proof.

Definition 4.2.3. Given a measurable space (Ω,A) on which µ is a signed
measure and ν is a measure, µ is absolutely continuous with respect to ν or
µ� ν if

ν(A) = 0 implies µ(A) = 0 for all ∈ A .

Theorem 4.2.5 (Radon-Nikodym theorem for signed measures). Suppose
(Ω,A, ν) is a σ-finite measure space and µ is a signed measure on (Ω,A).
Then µ� ν if and only if there exists f ∈ L1(Ω, ν) such that

µ(A) =

∫
A
f dν, A ∈ A . (4.2.13)

72



Proof. The ‘if’ part is trivial because the right hand side of (4.2.13) vanishes
if ν(A) = 0. For the converse part, assume µ� ν. Theorem 4.1.1 shows the
existence of A+ and A− such that A+ = (A−)c and

µ(A) ≥ 0 for all A ⊂ A+ and µ(A) ≤ 0 for all A ⊂ A− .

Define

µ+(A) = µ(A ∩A+) and µ−(A) = −µ(A ∩A−), A ∈ A .

It is immediate that µ± are finite measures on (Ω,A) and µ = µ+ − µ−.
Further, ν(A) = 0 implies that ν(A ∩ A+) = 0 and hence µ(A ∩ A+) = 0.
Thus µ+ � ν and similarly µ− � ν.

Let

g =
dµ+

dν
and h =

dµ−

dν
,

which exist due to Theorem 4.1.3. Since µ± are finite measures, g and h are
ν-integrable. Setting f = g−h ensures (4.2.13). Hence the proof follows.

Exercise 4.2.3. Show that an f , which satisfies (4.2.13), is unique upto
sets of ν-measure zero, if exists.

Theorem 4.2.6. Suppose f : [a, b] → R is a right continuous function of
bounded variation and µ is the signed measure on (a, b] induced by f . The
following are equivalent:

1. f is an absolutely continuous function,

2. µ� λ where λ is the Lebesgue measure,

3. there exists a Lebesgue integrable function g on [a, b] such that∫ x

a
g(t) dt = f(x)− f(a), a ≤ x ≤ b .

Proof. We start with showing that 1. implies 2. Assume f is an absolutely
continuous function. Theorem 4.2.4 shows that F , as in (4.2.9), is absolutely
continuous. In the proof of Theorem 4.2.1, it has been shown that F and
G = F − f are non-decreasing. Further, G is absolutely continuous as well
because so are f and F .

Let µF be the measure on (a, b] satisfying

µF ((x, y]) = F (y)− F (x), a ≤ x ≤ y ≤ b,

and µG is likewise defined. Theorem 4.1.5 shows that µF � λ and µG � λ.
Since µ = µF − µG, it follows that µ� λ. Thus 1. implies 2.
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For showing 2. implies 3., assume µ � λ. Theorem 4.2.5 shows that
there exists a Lebesgue integrable g on (a, b] such that

µ(A) =

∫
A
g dλ for all A ∈ B

(
(a, b]

)
.

Taking A = (a, x] for x ∈ [a, b] establishes 3.
Finally, assume 3. for showing that it implies 1. Let ε > 0. Since g is

Lebesgue integrable on (a, b], Lemma 4.1.3 shows that δ > 0 exists such that∫
A
|g(x)| dx ≤ ε whenever λ(A) ≤ δ . (4.2.14)

Fix a ≤ x1 ≤ y1 ≤ . . . ≤ xn ≤ yn ≤ b with
∑n

i=1(yi − xi) ≤ δ and take
A = (x1, y1] ∪ . . . (xn, yn]. Thus λ(A) ≤ δ, which shows

ε ≥
∫
A
|g(x)| dx

=

n∑
i=1

∫ yi

xi

|g(x)| dx

≥
n∑
i=1

∣∣∣∣∫ yi

xi

g(x) dx

∣∣∣∣
=

n∑
i=1

|f(yi)− f(xi)| . (4.2.15)

Thus f is absolutely continuous, that is, 3. implies 1. This completes the
proof.

The following result generalizes Theorem 4.1.6. It should be noted that
the latter is built on Theorem 4.1.5, which has been used in the proof of
Theorem 4.2.6 above. The ‘if’ part of the corollary below follows from
(4.2.14) - (4.2.15) and its ‘only if’ part is a consequence of Theorem 4.2.4
and the equivalence of 1. and 3. in Theorem 4.2.6.

Corollary 4.2.2. A function f : [a, b] → R is absolutely continuous if and
only if there exists a Lebesgue integrable g on [a, b] such that∫ x

a
g(t) dt = f(x)− f(a) for all x ∈ [a, b] .

4.3 The fundamental theorems of calculus

A result which connects integration with differentiation is historically known
as a fundamental theorem of calculus (FTC). The statements of the FTCs
are of the following two types.
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1. The derivative of the integral gives back the original function. The
second part of Exercise 3.6.1, for example, is a claim of this kind.

2. The integral of the derivative of a function on an interval equals the
increment of the function on that interval. In other words, a result
guaranteeing (1.1.2) under some conditions falls in this category.

We shall proceed towards an FTC of the first kind above. Since such
a claim is easy to show when the integrand is continuous, as done in 2. of
Exercise 3.6.1, a natural way forward is to show that any integrable function
can be approximated by continuous functions.

Definition 4.3.1. A function f : R → R is compactly supported if there
exists a compact set K ⊂ R such that

f(x) = 0 for all x /∈ K .

Define

Cc(R) =
{
f : R→ R

∣∣f is a compactly supported continuous function
}
,

C(R) =
{
f : R→ R

∣∣f is a continuous function
}
.

Exercise 4.3.1. Show that f : R→ R is compactly supported if and only if
f−1(R \ {0}) is a bounded set.

As usual, λ denotes the Lebesgue measure, and unless stated otherwise,
Lp(R) will mean Lp(R,B(R), λ).

Theorem 4.3.1. For 1 ≤ p <∞, Cc(R) is dense in Lp(R).

Before embarking on the proof, let us note that the above fails if p =∞.

Exercise 4.3.2. Show that Cc(R) is not dense in L∞(R).

The proof of Theorem 4.3.1 uses the following two lemmas.

Lemma 4.3.1. If µ is a Radon measure on R, then for all A ∈ B(R),

sup {µ(K) : K ⊂ A, K compact} = µ(A) = inf {µ(U) : U ⊃ A, U open} .

Further, if µ(A) < ∞, then for all ε > 0, there exist compact K and open
U such that K ⊂ A ⊂ U and µ(U \K) ≤ ε.

Proof. Exercise.

Lemma 4.3.2. If K ⊂ U ⊂ R where K is a compact set and U is an open
set, then there exists f ∈ Cc(R) such that

1K ≤ f ≤ 1U .
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Proof. Let
δ = inf {|x− y| : x ∈ K, y ∈ U c} .

Our first claim is that δ > 0. Assume δ = 0 for the sake of contradiction.
That is, there exist xn ∈ K and yn ∈ U c such that |xn − yn| → 0. Since K
is compact, {xn} has a convergent subsequence {xnk

}. Denoting

x = lim
k→∞

xnk
,

compactness of K implies x ∈ K. Further, ynk
→ x as k → ∞. Since U is

open, U c is closed and hence x ∈ U c. Thus x ∈ K ∩ U c, which contradicts
K ⊂ U . Therefore δ > 0.

Define

f(x) = 1− 1

δ
(δ ∧ d(x,K)) , x ∈ R,

where
d(x,K) = inf{|x− y| : y ∈ K}, x ∈ R .

Since d(·,K) is a continuous function, so is f . For x ∈ K, d(x,K) = 0 which
shows f(x) = 1. Hence 1K ≤ f . If x ∈ U c, then d(x,K) ≥ δ and hence
f(x) = 0, which shows f ≤ 1U . Finally,

{x : f(x) 6= 0} = {x : d(x,K) < δ} .

Since K is a bounded set, so is the set on the right hand side above. Exercise
4.3.1 shows f is compactly supported and hence f ∈ Cc(R). This completes
the proof.

Proof of Theorem 4.3.1. Fix p ∈ [1,∞), f ∈ Lp(R) and ε > 0. It has to be
shown that g ∈ Cc(R) exists such that

‖f − g‖p ≤ ε . (4.3.1)

Without loss of generality, f can be assumed to be non-negative because
if g1, g2 ∈ Cc(R) are such that ‖f+ − g1‖p ≤ ε/2 and ‖f− − g2‖p ≤ ε/2,
(4.3.1) would be ensured by g = g1 − g2. Thus (4.3.1) has to be proved for
a non-negative f ∈ Lp(R). Fix such an f .

Since f ≥ 0, there exist simple functions sn such that 0 ≤ sn ↑ f . As
0 ≤ (f − sn)p ≤ fp and

∫
R f(x)p dx <∞, DCT implies that

‖sn − f‖p → 0, n→∞ .

Let t1 = s1 and for n = 2, 3, . . ., tn = sn − sn−1. Thus

n∑
i=1

ti = sn → f in Lp, n→∞ .
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Further, ti ≥ 0 for all i. That is, ti is a non-negative simple function. Hence
for all i = 1, 2, . . .,

ti =

ni∑
j=1

αij1Aij ,

for some Ai1, . . . , Aini ∈ B(R) and αi1, . . . , αini > 0. Therefore

f =

∞∑
i=1

ni∑
j=1

αij1Aij ,

where the infinite sum on the right hand side converges in Lp. By a re-
indexing, write

f =
∞∑
n=1

αn1An , (4.3.2)

where once again the sum converges in Lp, α1, α2, . . . > 0 and A1, A2, . . . ∈
B(R). The sets An are not necessarily disjoint, and hence we should not get
confused into thinking f takes countably many values. Further, λ(An) > 0
for all n may be assumed because otherwise they may simply be dropped
keeping the equality in (4.3.2), which holds in Lp, intact.

Fix N such that ∥∥∥∥∥f −
N∑
n=1

αn1An

∥∥∥∥∥
p

≤ ε

2
.

Since λ(An) > 0, it is immediate that αn < ∞ for all n, because otherwise
(4.3.2) would imply

∫
R f

p dλ =∞. Similarly, αn > 0 implies λ(An) <∞ for
all n. Lemma 4.3.1 implies the existence of a compact set Kn and an open
set Un such that

Kn ⊂ An ⊂ Un and λ(Un \Kn) ≤
(

ε

αn2n+1

)p
, n ≥ 1 .

Using Lemma 4.3.2, gn ∈ Cc(R) satisfying 1Kn ≤ gn ≤ 1Un can be obtained.
Since 1Kn ≤ 1An ≤ 1Un , it follows that

|gn − 1An | ≤ 1Un − 1Kn = 1Un\Kn
,

which implies

‖gn − 1An‖p ≤
∥∥1Un\Kn

∥∥
p

= (λ(Un \Kn))1/p

≤ ε

αn2n+1
.

Setting

g =

N∑
n=1

αngn,
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it therefore follows that∥∥∥∥∥g −
N∑
n=1

αn1An

∥∥∥∥∥
p

≤
N∑
n=1

αn ‖gn − 1An‖p ≤
∞∑
n=1

2−n−1ε =
ε

2
.

This in conjunction with the choice of N establishes (4.3.1), from which the
proof follows.

Definition 4.3.2. For f ∈ L1(R), its maximal function Mf : R → R is
defined by

Mf(x) = sup
0<r<∞

1

2r

∫ x+r

x−r
|f(t)| dt, x ∈ R .

The first question which arises is whether Mf is measurable. It will be
answered by showing that Mf is “lower semicontinuous” which is defined
below.

Definition 4.3.3. A function g : R → R is lower semicontinuous if for
all θ ∈ R, g−1

(
(θ,∞]

)
is an open set. Similarly, g : R → R is upper

semicontinuous if g−1
(
[−∞, θ)

)
is open for all θ ∈ R.

Theorem 4.3.2. For f ∈ L1(R), Mf is lower semicontinuous.

Proof. Let f ∈ L1(R) and θ ∈ R. Suppose x ∈ [Mf > θ], that is, Mf(x) >
θ. Thus there exists r > 0 such that

1

2r

∫ x+r

x−r
|f(t)| dt > θ .

Let δ > 0 be such that

θ <
r

r + δ

1

2r

∫ x+r

x−r
|f(t)| dt =

1

2(r + δ)

∫ x+r

x−r
|f(t)| dt . (4.3.3)

For y ∈ [r − δ, r + δ], [y − r − δ, y + r + δ] ⊃ [x− r, x+ r] and hence∫ y+r+δ

y−r−δ
|f(t)| dt ≥

∫ x+r

x−r
|f(t)| dt .

Thus
1

2(r + δ)

∫ y+r+δ

y−r−δ
|f(t)| dt ≥ 1

2(r + δ)

∫ x+r

x−r
|f(t)| dt > θ,

(4.3.3) implying the rightmost inequality which is strict. Hence Mf(y) > θ,
which shows [x − δ, x + δ] ⊂ [Mf > θ]. In other words, every point of
[Mf > θ] is an interior point, showing that the set is open. As this holds
for all θ ∈ R, the proof follows.

An immediate consequence of the above result is that Mf is measurable.

78



Theorem 4.3.3. For f ∈ L1(R) and θ > 0,

λ ([Mf > θ]) ≤ 3

θ
‖f‖1 .

The proof is built on the following lemma.

Lemma 4.3.3. For x1, . . . , xn ∈ R and r1, . . . , rn > 0, there exists S ⊂
{1, . . . , n} such that the sets in {(xi − ri, xi + ri) : i ∈ S} are disjoint and

n⋃
i=1

(xi − ri, xi + ri) ⊂
⋃
i∈S

(xi − 3xi, xi + 3ri) .

Proof. Assume without loss of generality that r1 ≥ r2 ≥ . . . ≥ rn. A trivial
observation is that if y, z ∈ R and 0 ≤ s ≤ t are such that

(y − s, y + s) ∩ (z − t, z + t) 6= ∅,

then
(y − s, y + s) ⊂ (z − 3t, z + 3t) .

Let i1 = 1 and

i2 = min{j > 1 : (xj − rj , xj + rj) ∩ (xi1 − ri1 , xi1 + ri1) = ∅} .

Proceed inductively by letting

ik+1 = min{j > ik : (xj−rj , xj+rj)∩(xiu−riu , xiu +riu) = ∅, u = 1, . . . , k}

until ik = n for some k ≥ 1 or the set on the right hand side above is empty.
Letting S = {i1, . . . , ik}, it is obvious from the construction that for all

j ∈ {1, . . . , n} \ S,

(xj − rj , xj + rj) ∩ (xi − ri, xi + ri) 6= ∅

for some i ∈ S with i < j and hence the observation above, along with
ri ≥ rj , implies

(xj − rj , xj + rj) ⊂
⋃

i∈S:i<j

(xi − 3ri, xi + 3ri) .

It thus follows that

n⋃
i=1

(xi − ri, xi + ri) ⊂
⋃
i∈S

(xi − 3xi, xi + 3ri) .

It is also immediate that {(xi − ri, xi + ri) : i ∈ S} is a collection of disjoint
sets. Hence the proof follows.
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Proof of Theorem 4.3.3. Let f ∈ L1(R) and θ > 0. By an appeal to Lemma
4.3.1, it suffices to show that for all compact K ⊂ [Mf > θ],

λ(K) ≤ 3

θ
‖f‖1 . (4.3.4)

Fix such a K.
For all x ∈ K, Mf(x) > θ. Hence there exists r(x) > 0 such that

1

2r(x)

∫ x+r(x)

x−r(x)
|f(t)| dt ≥ θ . (4.3.5)

Since {(x− r(x), x+ r(x)) : x ∈ K} is an open cover of K which is compact,
there exist x1, . . . , xn ∈ K with

K ⊂
n⋃
i=1

(xi − ri, xi + ri),

where ri = r(xi) for i = 1, . . . , n.
Let S ⊂ {1, . . . , n} be obtained from the claim of Lemma 4.3.3. Thus

K ⊂
n⋃
i=1

(xi − ri, xi + ri) ⊂
⋃
i∈S

(xi − 3ri, xi + 3ri),

a consequence of which is

λ(K) ≤
∑
i∈S

λ
(
(xi − 3ri, xi + 3ri)

)
=
∑
i∈S

6ri

≤ 3
∑
i∈S

1

θ

∫ xi+ri

xi−ri
|f(t)| dt

=
3

θ

∫
⋃

i∈S(xi−ri,xi+ri)
|f(t)| dt ≤ 3

θ
‖f‖1,

(4.3.5) implying the penultimate line and the equality in the last line fol-
lowing from the disjointness of the sets in {(xi − ri, xi + ri) : i ∈ S}. Hence
(4.3.4) follows, which completes the proof.

Definition 4.3.4. For f ∈ L1(R), x ∈ R is a Lebesgue point of f if

lim
r↓0

1

2r

∫ x+r

x−r
|f(t)− f(x)| dt = 0 .

The following result illustrates the significance of Lebesgue points.
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Theorem 4.3.4. Suppose f ∈ L1(R). Define

F (x) =

∫ x

−∞
f(t) dt, x ∈ R .

1. If x is a Lebesgue point of f , then F is differentiable at x and

F ′(x) = f(x) .

2. Points at which f is continuous are Lebesgue points of f .

Proof. 1. Let f and F be as given and x be a Lebesgue point of f . Then
for h > 0, ∣∣∣∣F (x+ h)− F (x)

h
− f(x)

∣∣∣∣ =
1

h

∣∣∣∣∫ x+h

x
(f(t)− f(x)) dt

∣∣∣∣
≤ 1

h

∫ x+h

x
|f(t)− f(x)| dt

≤ 1

h

∫ x+h

x−h
|f(t)− f(x)| dt .

Thus

lim sup
h↓0

∣∣∣∣F (x+ h)− F (x)

h
− f(x)

∣∣∣∣ ≤ 2 lim sup
h↓0

1

2h

∫ x+h

x−h
|f(t)− f(x)| dt = 0,

the equality being a consequence of x being a Lebesgue point. Thus the
right derivative of F at x equals f(x). A similar argument works for the left
derivative as well, which shows

F ′(x) = f(x) .

2. Let x be a continuity point of f . Fix ε > 0. Continuity at x implies there
exists δ > 0 such that

|f(t)− f(x)| ≤ ε, t ∈ [x− δ, x+ δ] .

Thus for 0 < r ≤ δ,

1

2r

∫ x+r

x−r
|f(t)− f(x)| dt ≤ 1

2r

∫ x+r

x−r
ε dt = ε .

This shows

lim
r↓0

1

2r

∫ x+r

x−r
|f(t)− f(x)| dt = 0,

from which the proof follows.
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Theorem 4.3.5. For f ∈ L1(R),

{x ∈ R : x is not a Lebesgue point of f} ∈ L(R)

and the set on the left hand side has Lebesgue measure zero. That is, almost
every real number is a Lebesgue point of f .

Proof. Define for all h ∈ L1(R) and 0 < r <∞, Trh : R→ R by

Trh(x) =
1

2r

∫ x+r

x−r
|h(t)− h(x)| dt, x ∈ R,

and Th : R→ R by

Th(x) = lim sup
r↓0

Trh(x), x ∈ R .

Fix n ≥ 1 and let g ∈ Cc(R) be such that ‖f−g‖1 ≤ 1
n , which is obtained

from Theorem 4.3.1. Let h = f − g. Thus for all x ∈ R,

Trf(x) = (Tr(g + h)) (x) ≤ Trg(x) + Trh(x) .

Since g is continuous, every point is a Lebesgue point by the second part of
Theorem 4.3.4. Taking lim supr↓0 we get

Tf(x) ≤ Th(x), x ∈ R . (4.3.6)

For all x ∈ R,

Trh(x) ≤ 1

2r

∫ x+r

x−r
(|h(t)|+ |h(x)|) dt

= |h(x)|+ 1

2r

∫ x+r

x−r
|h(t)| dt

≤ |h(x)|+Mh(x) .

Therefore,
Th(x) ≤ |h(x)|+Mh(x) .

This in conjunction with (4.3.6) shows that

[Tf > 2ξ] ⊂ [|h| > ξ] ∪ [Mh > ξ], ξ > 0 . (4.3.7)

So far, n was fixed. Now suppose for all n = 1, 2, . . ., gn ∈ Cc(R) is
chosen to satisfy ‖f − gn‖1 ≤ 1

n . Letting hn = f − gn, (4.3.7) implies

[Tf > 2ξ] ⊂ [|hn| > ξ] ∪ [Mhn > ξ], n = 1, 2, . . . , ξ > 0 .
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For a fixed ξ > 0, it thus follows that

[Tf > 2ξ] ⊂
∞⋂
n=1

([|hn| > ξ] ∪ [Mhn > ξ]) .

Theorems 3.4.4 and 4.3.3 imply

λ ([|hn| > ξ] ∪ [Mhn > ξ]) ≤ 4

ξ
‖hn‖1 ≤

4

nξ
.

Therefore

λ

( ∞⋂
n=1

([|hn| > ξ] ∪ [Mhn > ξ])

)
= 0 .

Theorem 3.6.1 implies that [Tf > 2ξ] ∈ L(R) and

λ ([Tf > 2ξ]) = 0 .

As [Tf > 2/k] ↑ [Tf > 0], it follows that

Tf = 0 a.e.

This completes the proof.

Let us adopt the following notation for the rest of this subsection:

F ′(x) =

{
d
dxF (x), if the derivative exists at x,

0, otherwise .
(4.3.8)

Exercise 4.3.3. Suppose F : R→ R is a Borel function. Show that

{x ∈ R : F is differentiable at x} ∈ B(R),

and F ′, as in (4.3.8), is a Borel function.

The next result is an FTC of the first kind.

Theorem 4.3.6 (FTC, version 1). Suppose f ∈ L1(R). Define

F (x) =

∫ x

−∞
f(t) dt, x ∈ R .

Then F is differentiable a.e. and

F ′ = f a.e.

Proof. For every Lebesgue point x of f , F is differentiable at x and F ′(x) =
f(x) by the first part of Theorem 4.3.4. Since almost every point is a
Lebesgue point of f by Theorem 4.3.5, the proof follows.
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The next result combines the above result with Corollary 4.2.2.

Theorem 4.3.7. For −∞ < a < b < ∞, F : [a, b] → R is an absolutely
continuous function if and only if F is differentiable a.e. on [a, b],∫ b

a
|F ′(x)| dx <∞

and ∫ x

a
F ′(t) dt = F (x)− F (a) for all x ∈ [a, b] .

Proof. The ‘if’ part follows directly from Corollary 4.2.2. Conversely, assume
F is absolutely continuous. Once again, Corollary 4.2.2 implies there exists
an integrable f : [a, b]→ R such that∫ x

a
f(t) dt = F (x)− F (a), x ∈ [a, b] . (4.3.9)

Extend f to whole of R by defining it to be zero outside [a, b]. Since

F (x) = F (a) +

∫ x

−∞
f(t) dt, x ∈ [a, b],

Theorem 4.3.6 shows that F is differentiable a.e. and

F ′ = f a.e. on [a, b] .

Thus F ′ is integrable on [a, b] and (4.3.9) shows that∫ x

a
F ′(t) dt = F (x)− F (a) for all x ∈ [a, b] .

Hence the ‘only if’ part follows, which completes the proof.

The following theorem, which is a particular claim of Theorem 4.3.7,
shows that (1.1.2) holds whenever f therein is absolutely continuous, and is
hence an FTC of the second kind.

Theorem 4.3.8 (FTC, version 2). If −∞ < a < b <∞ and F : [a, b]→ R
is absolutely continuous, then it is differentiable a.e., F ′ is integrable on
[a, b] and ∫ b

a
F ′(x) dx = F (b)− F (a) .

Proof. Follows from the ‘only if’ part of Theorem 4.3.7.

The following exercise establishes a connection between Radon-Nikodym
derivative, as in Definition 4.1.4, and functional derivative.
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Exercise 4.3.4. Suppose F : R → R is a non-decreasing function which is
absolutely continuous on [a, b] for every compact interval [a, b] ⊂ R. If µ is
the Riemann-Stieltjes measure of F , show that µ� λ and

dµ

dλ
= F ′ .

The next result gives an easily checkable sufficient condition under which
the claim of Theorem 4.3.8 holds.

Theorem 4.3.9 (FTC, version 3). If F : [a, b]→ R is differentiable every-
where on (a, b) and continuous at a and b such that

sup
x∈(a,b)

|F ′(x)| <∞,

then ∫ b

a
F ′(x) dx = F (b)− F (a) .

Proof. It suffices to prove that F is absolutely continuous, because then the
proof would follow from Theorem 4.3.8. Denoting

K = sup
x∈(a,b)

|F ′(x)|,

it is immediate from the mean value theorem that

|F (y)− F (x)| ≤ K|x− y|, a ≤ x ≤ y ≤ b .

Absolute continuity of F follows immediately from the above, and hence
completes the proof.

The following exercise is a very commonly used version of the fundamen-
tal theorem of calculus.

Exercise 4.3.5. Suppose for some −∞ ≤ a < b ≤ ∞, F : (a, b) → R is a
continuously differentiable function. Assume that∫ b

a
|F ′(x)| dx <∞ .

Show that
lim
x↓a

F (x) and lim
x↑b

F (x) exist and are finite.

Denoting by F (a) and F (b) the above limits, respectively, show furthermore
that ∫ b

a
F ′(x) dx = F (b)− F (a) .
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Theorem 4.3.10. Suppose (Ω1,A1, µ) is a measure space, (Ω2,A2) is a
measurable space and T : Ω1 → Ω2 is a measurable function. Define

ν(A) = µ
(
T−1A

)
, A ∈ A2 . (4.3.10)

Then ν is a measure on (Ω2,A2).

Proof. Exercise.

The following definition is motivated by the above theorem.

Definition 4.3.5. Under the hypotheses of Theorem 4.3.10, ν defined by
(4.3.10) is the push-forward measure of µ under T , and is denoted by

ν = µ ◦ T−1 .

Exercise 4.3.6. If (Ω1,A1) is a measurable space, (Ω2,A2, µ) is a σ-finite
measure space and T : Ω1 → Ω2 is a bijection such that T−1 : Ω2 → Ω1

is measurable, show that T (A) ∈ A2 for all A ∈ A1 and ν : A1 → [0,∞]
defined by

ν(A) = µ
(
T (A)

)
, A ∈ A1, (4.3.11)

is a σ-finite measure on (Ω2,A2).

The measure ν, defined by (4.3.11), is sometimes called the “pull-back”
of µ under T . The pull-back measure is defined whenever µ is a measure
and T is a bijection whose inverse is measurable.

Theorem 4.3.11. Suppose −∞ ≤ a < b ≤ ∞ and −∞ ≤ c < d ≤ ∞ and
F : (a, b) → (c, d) is a bijection which is absolutely continuous on [α, β] for
all a < α < β < b. Let µ = λ ◦ F , that is,

µ(A) = λ(F (A)), A ∈ B
(
(a, b)

)
.

Then µ is a σ-finite measure on (a, b), µ� λ as measures on (a, b) and

dµ

dλ
(x) = |F ′(x)|, x ∈ (a, b) .

Proof. Since F is a continuous bijection on (a, b), it is either increasing or
decreasing. We prove the result for the case F is decreasing; the proof of
the other case is similar.

As F is decreasing, its inverse F−1 is also decreasing and hence mea-
surable, Exercise 4.3.6 shows µ is the pull-back of λ under F from (c, d) to
(a, b). Since λ is σ-finite, so is µ. Define a measure ν on (a, b) by

ν(A) =

∫
A

(
−F ′(x)

)
dx . (4.3.12)
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In other words, ν is the measure whose Radon-Nikodym derivative with
respect to λ is −F ′. Then for a < α < β < b,

ν ((α, β]) = −
∫ β

α
F ′(x) dx

= F (α)− F (β)

= λ
([
F (β), F (α)

))
= µ

(
(α, β]

)
,

the second line following from Theorem 4.3.8 and the list line follows from
the observation that since F is decreasing, F

(
(α, β]

)
= [F (β), F (α)).

Continuity from below shows that µ and ν agree on

S = {(α, β] ∩ (a, b) : a ≤ α ≤ β ≤ b},

where S is a semi-field. Further, µ and ν are σ-finite on S because if a <
αn < βn < b are such that αn → a and βn → b, then

(a, b) =
∞⋃
n=1

(αn, βn]

and
µ
(
(αn, βn]

)
= ν

(
(αn, βn]

)
= F (αn)− F (βn) <∞ .

Theorem 2.5.4 implies µ and ν agree on σ(S) which is the same as B
(
(a, b)

)
.

Hence µ� λ and (4.3.12) shows

dµ

dλ
= −F ′ = |F ′|,

which completes the proof.

Exercise 4.3.7. Suppose (Ω1,A1, µ) is a measure space, (Ω2,A2) is a mea-
surable space and T : Ω1 → Ω2 is a measurable map. Then for a measurable
f : Ω2 → R, show that∫

Ω1

f (T (ω)) µ(dω) =

∫
Ω2

f(x)µ ◦ T−1(dx), (4.3.13)

where the integrals above refer to the notations introduced in (3.3.1) which
is just below Definition 3.3.1, whenever either side of (4.3.13) makes sense.
This is the so-called change of variables formula for push-forward measures.

Exercise 4.3.8. Suppose (Ω,A, µ) is a measure space and f : Ω → [0,∞]
is measurable. Define

ν(A) =

∫
A
f dµ, A ∈ A .
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1. Show that ν is a measure on (Ω,A).

2. Prove that for a measurable g : Ω→ R,∫
g dν =

∫
gf dµ, (4.3.14)

whenever either side is defined.

The formula (4.3.14) is called the “change of measure formula”.

Theorem 4.3.12 (Change of variables for Lebesgue integration). Suppose
−∞ ≤ a < b ≤ ∞, −∞ ≤ c < d ≤ ∞ and F : (a, b) → (c, d) is a bijection
which is absolutely continuous on [α, β] for all a < α < β < b. Then for a
measurable f : (c, d)→ R,∫ b

a
f ◦ F (x)|F ′(x)| dx =

∫ d

c
f(y) dy, (4.3.15)

whenever the integral on either side is defined.

Remark 4.3.1. 1. The above theorem justifies the substitution

y = F (x), dy = |F ′(x)| dx .

2. The formula (4.3.15) becomes incorrect if the modulus sign on F ′(x) is
removed.

Exercise 4.3.9. If (Ω1,A1) is a measurable space, (Ω2,A2, µ) is a measure
space and T : Ω1 → Ω2 is a bijection such that T−1 : Ω2 → Ω1 is measurable,
show that for a measurable f : Ω2 → R,∫

Ω2

f(y)µ(dy) =

∫
Ω1

f
(
T (x)

)
µ ◦ T (dx)

whenever the integral on either side is defined.

Proof of Theorem 4.3.12. Let µ = λ ◦ F . For a non-negative measurable
f : (c, d)→ R, Exercise 4.3.9 shows that∫ d

c
f(y) dy =

∫ b

a
f ◦ F (x)λ ◦ F (dx)

=

∫ b

a
f ◦ F (x)µ(dx)

=

∫ b

a
f ◦ F (x)|F ′(x)| dx,

(4.3.14) and Theorem 4.3.11 implying the last line. Thus (4.3.15) holds
whenever either side of it makes sense. This completes the proof.
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We end this subsection with a corollary of Theorem 4.3.12.

Corollary 4.3.1. Suppose U, V ⊂ R are open sets and F : U → V is
a bijection which is absolutely continuous on [α, β] whenever [α, β] ⊂ U .
Then for a measurable f : V → R,∫

U
f ◦ F (x)|F ′(x)| dx =

∫
V
f(y) dy (4.3.16)

whenever either side makes sense.

Once again, (4.3.16) becomes incorrect if the modulus sign on F ′(x) is
removed.

4.4 Complex Measures

Let (Ω,A) be a measurable space, fixed for this subsection. The following
is in line with Definition 4.1.3.

Definition 4.4.1. A function µ : A → C is a complex measure if

∞∑
n=1

|µ(An)| <∞

and

µ

( ∞⋃
n=1

An

)
=
∞∑
n=1

µ(An)

for all disjoint A1, A2, . . . ∈ A. The tuple (Ω,A, µ) is a complex measure
space.

As mention in Remark 4.1.1, the first condition is implied by the second
one, though it doesn’t hurt to mention the former separately for the sake of
emphasis. A signed measure is trivially a complex measure.

Definition 4.4.2. Given a complex measure space (Ω,A, µ), the total vari-
ation |µ|(A) of µ on A for A ∈ A is defined by

|µ|(A) = sup

{
n∑
i=1

|µ(Ai)| : A1, . . . , An ∈ A disjoint,

n⋃
i=1

Ai = A, n ∈ N

}
.

Let µ be a complex measure on (Ω,A) unless specified otherwise.

Remark 4.4.1. The total variation |µ|(A) of µ on A should not be confused
with |µ(A)|.

Exercise 4.4.1. Show that

|µ(A)| ≤ |µ|(A), A ∈ A .
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Definition 4.4.3. If A ∈ A is the union of A1, A2, . . . which is a finite
or countably infinite collection of disjoint sets in A, then {A1, A2, . . .} is a
partition of A.

Exercise 4.4.2. Show that for

|µ|(A) = sup

{ ∞∑
i=1

|µ(Ai)| : {A1, A2, . . .} is an infinite partition of A

}
.

Theorem 4.4.1. If µ is a signed measure on Ω and (A+, A−) is its Hahn
decomposition, that is, A− = (A+)c and for all A ∈ A,

µ(A) ≥ 0 if A ⊂ A+ and µ(A) ≤ 0 if A ⊂ A−,

then
|µ|(A) = µ(A ∩A+)− µ(A ∩A−), A ∈ A .

Proof. Fix A ∈ A and let A1 = A ∩ A+ and A2 = A ∩ A−. Then {A1, A2}
is a partition of A and hence

|µ(A)| ≥ |µ(A1)|+ |µ(A2)| = µ(A ∩A+)− µ(A ∩A−) .

Now let {A1, . . . , An} be any partition of A. Then

n∑
i=1

|µ(Ai)| =
n∑
i=1

|µ(Ai ∩A+) + µ(Ai ∩A−)|

≤
n∑
i=1

[
|µ(Ai ∩A+)|+ |µ(Ai ∩A−)|

]
=

n∑
i=1

[
µ(Ai ∩A+)− µ(Ai ∩A−)

]
= µ(A ∩A+)− µ(A ∩A−) .

As this holds for any partition of A, it follows that

|µ|(A) ≤ µ(A ∩A+)− µ(A ∩A−),

which in conjunction with the already proved reverse inequality completes
the proof.

The following definition is motivated by the above theorem.

Definition 4.4.4. For a signed measure µ on (Ω,A) with Hahn decomposi-
tion (A+, A−), the positive and negative parts of µ, denoted by µ+ and µ−,
respectively, are defined by

µ+(A) = µ(A ∩A+) and µ−(A) = −µ(A ∩A−), A ∈ A . (4.4.1)
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The exercise below follows from Theorem 4.4.1.

Exercise 4.4.3. Suppose µ is a signed measure on Ω.

1. Show that µ+ and µ− are finite measures on Ω and are independent
of the choice of the Hahn decomposition, that is, if (A+

1 , A
−
1 ) and

(A+
2 , A

−
2 ) are such that A+

i = (A−i )c and

µ(A) ≥ 0 if A ⊂ A+
i and µ(A) ≤ 0 if A ⊂ A−i ,

for i = 1, 2, then

µ(A ∩A±1 ) = µ(A ∩A±2 ), A ∈ A .

2. Show that
|µ|(A) = µ+(A) + µ−(A), A ∈ A . (4.4.2)

Definition 4.4.5. For z = x+ιy ∈ C where x, y ∈ R, the real and imaginary
parts of z, denoted by <(z) and =(z), respectively, are defined by

<(z) = x and =(z) = y .

The notation ι =
√
−1 is used above and elsewhere in this subsection.

It is worth emphasizing that the imaginary part is also a real number, and

z = <(z) + ι=(z), z ∈ C .

Theorem 4.4.2. The real and complex parts <µ and =µ of the complex
measure µ are signed measures. Further for all A ∈ A,

|µ|(A) ≤ |<µ|(A) + |=µ|(A)

and
|<µ|(A) ∨ |=µ|(A) ≤ |µ|(A) .

Proof. That <µ and =µ are signed measures follow trivially since µ is a
complex measure. For A ∈ A and a partition {A1, . . . , An} of A,

n∑
i=1

|µ(Ai)| ≤
n∑
i=1

(|<µ(Ai)|+ |=µ(Ai)|) ≤ |<µ|(A) + |=µ|(A) .

Taking the supremum over all finite partitions {A1, . . . , An} of A, the first
claim follows.

For the second claim, observe that for A1, . . . , An as above,

n∑
i=1

|µ(Ai)| ≥
n∑
i=1

|<µ(Ai)|,
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which shows by taking a supremum that

|µ|(A) ≥ |<µ|(A) .

This in conjunction with

|µ|(A) ≥ |=µ|(A) ,

which follows similarly, proves the second claim. This completes the proof.

Theorem 4.4.3. The total variation |µ| is a finite measure on Ω.

Proof. Theorem 4.4.2 implies

|µ|(A) ≤ |<µ|(A) + |=µ|(A) <∞, A ∈ A . (4.4.3)

To show that |µ| is a measure, let A1, A2, . . . ∈ A be disjoint and set

A =
∞⋃
n=1

An .

For a fixed ε > 0, (4.4.3) implies |µ|(An)− 2−nε < |µ|(An) and hence there
exists a partition {An1, . . . , Ankn} of An such that

kn∑
i=1

|µ(Ani)| ≥ |µ|(An)− 2−nε . (4.4.4)

Thus {A11, . . . , A1k1 , A21, . . . , A2k2 , . . .} is an infinite partition of A. Exercise
4.4.2 implies that

|µ|(A) ≥
∞∑
n=1

kn∑
i=1

|µ(Ani)|

≥
∞∑
n=1

(
|µ|(An)− 2−nε

)
= −ε+

∞∑
n=1

|µ|(An),

(4.4.4) implying the inequality in the second line. Since ε is arbitrary, it
follows that

|µ|(A) ≥
∞∑
n=1

|µ|(An) .

For the reverse inequality, let {E1, . . . , Ek} be a partition of A. Then

Ei =
∞⋃
n=1

(Ei ∩An), i = 1, . . . , k,
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and the sets on the right hand side are disjoint. Hence

k∑
i=1

|µ(Ei)| =
k∑
i=1

∣∣∣∣∣
∞∑
n=1

µ(Ei ∩An)

∣∣∣∣∣
≤

k∑
i=1

∞∑
n=1

|µ(Ei ∩An)|

=

∞∑
n=1

k∑
i=1

|µ(Ei ∩An)|

≤
∞∑
n=1

|µ|(An),

the last line following from the observation that An ∩ E1, . . . , An ∩ Ek is a
partition of An for all n ∈ N. Taking supremum over all finite partitions
{E1, . . . , Ek} of A, we get

|µ|(A) ≤
∞∑
n=1

|µ|(An) .

This along with the already proven reverse inequality shows |µ| is a measure.
Putting A = Ω in (4.4.3) shows that |µ| is a finite measure and hence the
proof follows.

Definition 4.4.6. The Borel σ-field on the complex plane, denoted by B(C),
is the σ-field on C generated by open sets.

Exercise 4.4.4. 1. Show that

B(C) = σ ({Rabcd : a, b, c, d ∈ R, a < b, c < d})

where

Rabcd = {z ∈ C : a < <(z) < b, c < =(z) < d}, a, b, c, d ∈ R, a < b, c < d .

2. Using 1. or otherwise, show that f : Ω → C is B(C)-measurable if and
only if <f and =f are Borel functions.

Henceforth ν is a measure on (Ω,A) and µ continues to be a complex
measure on the same space, unless specified otherwise.

Definition 4.4.7. If f : Ω→ C is such that <f,=f are in L1(Ω, ν), then f
is said to be integrable with respect to ν and we define∫

f dν =

∫
<f dν + i

∫
=f dν .
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Exercise 4.4.5. For a measurable f : Ω→ C, show that |f | is Borel and f
is integrable with respect to ν if and only if |f | is ν-integrable.

Exercise 4.4.6. For ν-integrable f, g : Ω → C and z1, z2 ∈ C, show that
z1f + z2g is also ν-integrable and∫

(z1f + z2g) dν = z1

∫
f dν + z2

∫
g dν .

Theorem 4.4.4. For a ν-integrable f : Ω→ C,∣∣∣∣∫ f dν

∣∣∣∣ ≤ ∫ |f | dν .
Proof. Let z =

∫
f dν. If z = 0, the claimed inequality follows trivially.

Assume without loss of generality that z 6= 0. Then

1 = z−1

∫
f dν =

∫
z−1f dν,

the right equality following from Exercise 4.4.6. Thus
∫
z−1f dν is a real

number. It follows from the definition that∫
=(z−1f) dν = =

(∫
z−1f dν

)
= 0 .

Therefore

1 =

∫
<(z−1f) dν

=

∣∣∣∣∫ <(z−1f) dν

∣∣∣∣
≤
∫
|<(z−1f)| dν

≤
∫
|z−1f | dν

= |z|−1

∫
|f | dν,

Hence

|z| ≤
∫
|f | dν,

which is precisely the claimed inequality. Hence the proof.

Theorem 4.4.5. If f : Ω→ [0,∞] is measurable, then∫
f d(<µ)± ≤

∫
f d|µ|,
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∫
f d(=µ)± ≤

∫
f d|µ|

and∫
f d|µ| ≤

∫
f d(<µ)+ +

∫
f d(<µ)− +

∫
f d(=µ)+ +

∫
f d(=µ)− .

Proof. If f = 1A for some A ∈ A, then∫
f d(<µ)+ = (<µ)+(A) ≤ |<µ|(A) ≤ |µ|(A) =

∫
f d|µ|,

(4.4.2) implying the first inequality and the second one following from the
second claim of Theorem 4.4.2. Routine arguments show the claim for a non-
negative simple function f and the monotone convergence theorem shows
that ∫

f d(<µ)+ ≤
∫
f d|µ| .

A similar argument works for (<µ)− and (=µ)± and hence proves the first
two claims.

The third claim also follows from (4.4.2) and the first inequality of The-
orem 4.4.2 in a similar way. This completes the proof.

Definition 4.4.8. A measurable f : Ω→ C is µ-integrable if∫
|f | d|µ| <∞,

and for such f , its integral with respect to µ is defined by∫
f dµ =

∫
f d (<µ)+ −

∫
f d (<µ)− + ι

∫
f d (=µ)+ − ι

∫
f d (=µ)− ;

each integral on the right hand side is finite due to Theorem 4.4.5.

The notion of absolute continuity of a complex measure with respect to
a measure is as in Definition 4.2.3 and is not being stated explicitly.

Theorem 4.4.6 (Radon-Nikodym theorem for complex measures). Assume
µ� ν, that is, ν(A) = 0 implies that µ(A) = 0 and that ν is σ-finite. Then
there exists a ν-integrable f : Ω→ C such that

µ(A) =

∫
A
f dν, A ∈ A .

Proof. Observe that µ � ν implies that <µ � ν and =µ � ν. Since
ν is σ-finite, the proof follows by applying Theorem 4.2.5 to (<µ, ν) and
(=µ, ν).
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Theorem 4.4.7. The exists h : Ω→ C which is |µ|-integrable such that for
all A,

µ(A) =

∫
A
h d|µ| . (4.4.5)

Proof. Exercise 4.4.1 shows that |µ|(A) = 0 implies

|µ(A)| ≤ |µ|(A) = 0

and hence µ � |µ|. Since |µ| is a finite measure, Theorem 4.4.6 completes
the proof.

Theorem 4.4.8. If h is as in (4.4.5), then

|h| = 1, |µ|-a.e.

The proof of the above theorem uses the following lemma.

Lemma 4.4.1. Suppose ν is a finite measure on (Ω,A) and f : Ω → C is
ν-integrable. If S ⊂ C is a closed set such that

1

ν(E)

∫
E
f dν ∈ S

for all E ∈ A with ν(E) > 0, then f ∈ S ν-a.e.

Proof. Since Sc is an open set, as S is closed, there exist z1, z2, . . . ∈ Sc and
r1, r2, . . . > 0 such that

Sc =

∞⋃
n=1

{z ∈ C : |z − zn| ≤ rn} .

Thus it suffices to show that

ν
(
f−1{z ∈ C : |z − z0| ≤ r}

)
= 0

whenever z0, r are such that {z ∈ C : |z − z0| ≤ r} ⊂ Sc.
Let z0, r be as above. Denote E = f−1{z ∈ C : |z − z0| ≤ r}. For

showing ν(E) = 0, assume the contrary, that is, ν(E) > 0. Then∣∣∣∣ 1

ν(E)

∫
E
f dν − z0

∣∣∣∣ =

∣∣∣∣ 1

ν(E)

∫
E

(f − z0) dν

∣∣∣∣
≤ 1

ν(E)

∫
E
|f − z0| dν

≤ 1

ν(E)

∫
E
r dν

= r,

96



Theorem 4.4.4 implying the inequality in the second line and that in the
penultimate line following from the definition of E. Thus

1

ν(E)

∫
E
f dν ∈ {z ∈ C : |z − z0| ≤ r} ⊂ Sc,

which contradicts the hypothesis of the lemma. Hence ν(E) = 0, from which
the proof follows.

Proof of Theorem 4.4.8. Let h be as in (4.4.5) and S = {z ∈ C : |z| ≤ 1}.
Then for all E ∈ A with |µ|(E) > 0,∣∣∣∣ 1

|µ|(E)

∫
h dµ

∣∣∣∣ =
|µ(E)|
|µ|(E)

≤ 1,

the inequality following from Exercise 4.4.1. In other words,

1

|µ|(E)

∫
h dµ ∈ S whenever |µ|(E) > 0 .

Lemma 4.4.1 shows h ∈ S |µ|-a.e. That is,

|h| ≤ 1, |µ|-a.e. (4.4.6)

Let {A1, A2, . . . , An} be a partition of A = [|h| ≤ 1− ε] for some ε > 0.
Then

n∑
i=1

|µ(Ai)| =
n∑
i=1

∣∣∣∣∫
Ai

h d|µ|
∣∣∣∣ ≤ n∑

i=1

∫
Ai

|h| d|µ| ≤ (1− ε)|µ|(A) .

Since this holds for every partition,

|µ|(A) ≤ (1− ε)|µ|(A) .

Hence |µ|(A) = 0, that is, µ(|h| ≤ 1 − ε) = 0 for all 0 < ε < 1. Recalling
that

[|h| < 1] =
∞⋃
k=1

[|h| ≤ 1− 1/k],

it follows that |h| ≥ 1 |µ|-a.e. The proof follows by combining this with
(4.4.6).

Theorem 4.4.9 (Change of measure formula for complex measures). Let ν
be a measure on Ω and f : Ω→ C be ν-integrable. Define

µ(A) =

∫
A
f dν, A ∈ A .

Then µ is a complex measure on Ω. A measurable g : Ω→ C is µ-integrable
if and only if |fg| ∈ L1(Ω, ν) and for such g,∫

g dµ =

∫
fg dν .
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Proof. Let f1 = (<f)+, f2 = (<f)−, f3 = (=f)+ and f4 = (=f)− where
x+ = x ∨ 0 and x− = (−x) ∨ 0 for x ∈ R, as usual. Recall that

|f1| ∨ . . . ∨ |f4| ≤ |f |,

and hence f1, . . . , f4 are ν-integrable. Define

µi(A) =

∫
A
fi dν, i = 1, 2, 3, 4 .

Thus µ1, . . . , µ4 are finite measures on Ω. Since

µ = µ1 − µ2 + ιµ3 − ιµ4,

it follows that µ is a complex measure on Ω.
A trivial observation is that

<µ(A) =

∫
A
<f dν, A ∈ A .

Hence ([<f ≥ 0], [<f < 0]) is a Hahn decomposition for <µ. Thus for all
A ∈ A,

(<µ)+(A) = µ1(A), (4.4.7)

(<µ)−(A) = µ2(A) . (4.4.8)

Similarly, it can be shown that

(=µ)+(A) = µ3(A), (4.4.9)

(=µ)−(A) = µ4(A) . (4.4.10)

Let g : Ω→ C be measurable. Suppose that g is µ-integrable, that is,∫
|g| d|µ| <∞ .

The first claim of Theorem 4.4.5 implies that∫
|g| d|µ| ≥

∫
|g| d(<µ)+

=

∫
|g| dµ1

=

∫
|g|f1 dν,

(4.4.7) implying the second line and the last line following from the definition
of µ1 and (4.3.14). Similarly, (4.4.8)-(4.4.10) imply∫

|g|fi dν ≤
∫
|g| d|µ|, i = 2, 3, 4 .
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Thus ∫
|fg| dν ≤

4∑
i=1

∫
|g|fidν ≤ 4

∫
|g| d|µ| <∞ .

Conversely, suppose that ∫
|fg| dν <∞ .

The third claim of Theorem 4.4.5 and (4.4.7)-(4.4.10) imply that∫
|g| d|µ| ≤

4∑
i=1

∫
|g| dµi

=

4∑
i=1

∫
|g|fi dν

≤ 2

∫
|fg| dν

<∞,

(4.3.14) and the definition of µ1, . . . , µ4 implying the second line and the
inequality in the penultimate line following from the observation

4∑
i=1

fi = |<f |+ |=f | ≤ 2|f | .

This proves the “if and only if” claim.
Finally let g be µ-integrable. It follows from (4.3.14) that∫

<g dµi =

∫
fi<g dν, i = 1, . . . , 4 .

A similar argument works for =g, which in conjunction with the above shows∫
g dµi =

∫
fig dν, i = 1, . . . , 4 . (4.4.11)

Recalling (4.4.7)-(4.4.10) and Definition 4.4.8, we get∫
g dµ =

∫
g dµ1 −

∫
g dµ2 + ι

∫
g dµ3 − ι

∫
g dµ4

=

∫
f1g dν −

∫
f2g dν + ι

∫
f3g dν − ι

∫
f4g dν

=

∫
fg dν,

(4.4.11) implying the second line. This completes the proof.
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The following result is the goal of this subsection.

Theorem 4.4.10. If f : Ω→ C is µ-integrable, then∣∣∣∣∫ f dµ

∣∣∣∣ ≤ ∫ |f | d|µ| .
Proof. Theorem 4.4.7 implies the existence of h satisfying (4.4.5). Thus for
a µ-integrable f : Ω→ C, Theorem 4.4.9 shows that∣∣∣∣∫ f dµ

∣∣∣∣ =

∣∣∣∣∫ fh d|µ|
∣∣∣∣

≤
∫
|fh| d|µ|

=

∫
|f | d|µ|,

the second line and the last line following from Theorems 4.4.4 and 4.4.8,
respectively. This completes the proof.

5 Product measures

5.1 The Theorems of Tonelli and Fubini

Suppose (Ω1,A1, µ1) and (Ω2,A2, µ2) are finite measure spaces. Define

Ω1 × Ω2 = {(ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2} , (5.1.1)

that is, Ω1 × Ω2 is the usual Cartesian product of Ω1 and Ω2, and let

A1 ⊗A2 = σ ({A1 ×A2 : A1 ∈ A1, A2 ∈ A2}) . (5.1.2)

For all E ⊂ Ω1 × Ω2, define

Eω1 = {ω2 ∈ Ω2 : (ω1, ω2) ∈ E} , ω1 ∈ Ω1,

Eω2 = {ω1 ∈ Ω1 : (ω1, ω2) ∈ E} , ω2 ∈ Ω2 .

The following result is the first step towards constructing product measures.

Theorem 5.1.1. For all fixed E ∈ A1 ⊗A2, the following holds:

1. Eω1 ∈ A2 for all ω1 ∈ Ω1,

2. ω1 7→ µ2(Eω1) is an A1-measurable function on Ω1 and

3. µ defined on A1 ⊗A2 by

µ(E) =

∫
Ω1

µ2(Eω1)µ1(dω1), E ∈ A1 ⊗A2,

is a measure on (Ω1 × Ω2,A1 ⊗A2).
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Similarly, the following holds for all E ∈ A1 ⊗A2:

4. Eω2 ∈ A1 for all ω2 ∈ Ω2,

5. ω2 7→ µ1(Eω2) is an A2-measurable function on Ω2 and

6. µ′ defined on A1 ⊗A2 by

µ′(E) =

∫
Ω2

µ1(Eω2)µ2(dω2), E ∈ A1 ⊗A2,

is a measure on (Ω1 × Ω2,A1 ⊗A2).

Finally,
µ(E) = µ′(E) for all E ∈ A1 ⊗A2 . (5.1.3)

Proof. The proof follows by routine verifications, as sketched below. Let

G = {A ⊂ Ω1 × Ω2 : each of 1,2, 4 and 5 above holds for A} .

Define
S = {A1 ×A2 : A1 ∈ A1, A2 ∈ A2},

which is a semi-field because it is trivially closed under finite intersections
and for A1 ∈ A1 and A2 ∈ A2,

(A1 ×A2)c = (A1 ×Ac2) ∪ (Ac1 × Ω2) .

It is immediate that S ⊂ G because for A1 ×A2 ∈ S,

(A1 ×A2)ω1 =

{
A2, ω1 ∈ A1,

∅, else,

and hence
µ2 ((A1 ×A2)ω1) = µ2(A2)1A1(ω1) (5.1.4)

is an A1-measurable function of ω1, showing 1 and 2 hold; 4 and 5 hold
for A1 × A2 by similar arguments. Routine arguments show that the field
generated by S is contained in G. Finally G can be shown to be a monotone
class with the help of DCT, using the fact that µ1, µ2 are finite measures,
by standard arguments. The monotone class theorem shows G ⊃ σ(S) =
A1 ⊗A2, that is, 1, 2, 4 and 5 hold for all E ∈ A1 ⊗A2.

Once the RHS of 3 is defined, due to 2, that µ is a measure is immediate.
Similarly, 6 also follows. For (5.1.3), observe that (5.1.4) implies for all
A1 ∈ A1, A2 ∈ A2,

µ(A1 ×A2) = µ1(A1)µ2(A2) .

Similarly,

µ′(A1 ×A2) = µ1(A1)µ2(A2), A1 ∈ A1, A2 ∈ A2 .

Thus µ and µ′ are finite measures which agree on the semi-field S. Hence
(5.1.3) follows.
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The jump from finite to σ-finite is easy and is left as an exercise.

Theorem 5.1.2. The claims of Theorem 5.1.1 hold when µ1 and µ2 are
σ-finite measures.

Proof. Exercise.

Now we are in a position to define the product of two σ-finite measure
spaces.

Definition 5.1.1. Suppose (Ω1,A1, µ1) and (Ω2,A2, µ2) are σ-finite mea-
sure spaces. Let Ω = Ω1×Ω2 and A = A1⊗A2 be as in (5.1.1) and (5.1.2),
respectively. The unique σ-finite measure µ on (Ω,A) satisfying

µ(A1 ×A2) = µ1(A1)µ2(A2) for all A1 ∈ A1, A2 ∈ A2

is the product measure of µ1 and µ2. The measure space (Ω,A, µ) is the
product of the measure spaces (Ω1,A1, µ1) and (Ω2,A2, µ2), which is written
as

(Ω1,A1, µ1)⊗ (Ω2,A2, µ2) = (Ω,A, µ) .

Usually we also write µ = µ1 ⊗ µ2.

Throughout this subsection, (Ωi,Ai, µi) is a σ-finite measure space for
i = 1, 2.

Theorem 5.1.3 (Tonelli). Suppose f : Ω1 × Ω2 → [0,∞] is A1 ⊗ A2-
measurable. Then

1. for all fixed ω1 ∈ Ω1, f(ω1, ·) is an A2-measurable function from Ω2 to
[0,∞],

2. ω1 7→
∫

Ω2
f(ω1, ω2)µ2(dω2) is an A1-measurable function of ω1 on Ω1,

3. for all fixed ω2 ∈ Ω2, f(·, ω2) is an A1-measurable function from Ω1 to
[0,∞],

4. ω2 7→
∫

Ω1
f(ω1, ω2)µ1(dω1) is an A2-measurable function of ω2 on Ω2,

5. and∫
Ω1

∫
Ω2

f(ω1, ω2)µ2(dω2)µ1(dω1) =

∫
Ω1×Ω2

f d (µ1 ⊗ µ2)

=

∫
Ω2

∫
Ω1

f(ω1, ω2)µ1(dω1)µ2(dω2)

where ∫
Ω1

∫
Ω2

f(ω1, ω2)µ2(dω2)µ1(dω1)

means ∫
Ω1

(∫
Ω2

f(ω1, ω2)µ2(dω2)

)
µ1(dω1)

by convention.
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Proof. For f = 1E where E ∈ A1 ⊗ A2, 1, 2, 4, 5 and (5.1.3) of Theorem
5.1.1, which hold for σ-finite measure spaces by Theorem 5.1.2, prove 1-
5 above. Routine arguments via simple functions and MCT complete the
proof.

Theorem 5.1.4 (Fubini). Suppose (Ω,A, µ) = (Ω1,A1, µ1) ⊗ (Ω2,A2, µ2)
and

f ∈ L1 (Ω,A, µ) .

Then the following holds.

1. For all ω1 ∈ Ω1, f(ω1, ·) is an A2-measurable function form Ω2 to R.

2. For (µ1) almost all ω1 ∈ Ω1,∫
Ω2

|f(ω1, ω2)|µ2(dω2) <∞ .

3. If g : Ω1 → R is defined by

g(ω1) =

{∫
Ω2
f(ω1, ω2)µ2(dω2), if

∫
Ω2
|f(ω1, ω2)|µ2(dω2) <∞,

0, else,

then g is measurable, µ1-integrable and∫
Ω1

g dµ1 =

∫
Ω
f dµ .

4. For all ω2 ∈ Ω2, f(·, ω2) is an A1-measurable function form Ω1 to R.

5. For (µ2) almost all ω2 ∈ Ω2,∫
Ω1

|f(ω1, ω2)|mu1(dω1) <∞ .

6. If h : Ω2 → R is defined by

h(ω2) =

{∫
Ω1
f(ω1, ω2)µ1(dω1), if

∫
Ω1
|f(ω1, ω2)|µ1(dω1) <∞,

0, else,

then h is measurable, µ2-integrable and∫
Ω2

h dµ2 =

∫
Ω
f dµ .

Proof. Follows by applying Theorem 5.1.3 to f+ and f−.
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The following corollary of Theorems 5.1.3 and 5.1.4 is often referred to
jointly as the Tonelli-Fubini theorem.

Corollary 5.1.1. For a measurable f : Ω1 × Ω2 → R, it holds that∫
Ω1

∫
Ω2

f(ω1, ω2)µ2(dω2)µ1(dω1) =

∫
Ω2

∫
Ω1

f(ω1, ω2)µ1(dω1)µ2(dω2),

whenever either f ≥ 0 or∫
Ω1×Ω2

|f | d(µ1 ⊗ µ2) <∞ .

Example 5.1.1. Letting (Ωi,Ai, µi) = (N, 2N, ν) for i = 1, 2, where ν is
the counting measure on N, Corollary 5.1.1 implies that for a double array
(aij : i, j ∈ N) ⊂ R,

∞∑
i=1

∞∑
j=1

aij =
∞∑
j=1

∞∑
i=1

aij (5.1.5)

holds if either
aij ≥ 0 for all i, j ∈ N, (5.1.6)

or
∞∑
i=1

∞∑
j=1

|aij | <∞ . (5.1.7)

In view of the above example, it can be asked if (5.1.7) always holds
regardless of whether or not (5.1.5) or (5.1.6) is satisfied. The following
counter-example answers this question in the negative.

Example 5.1.2. For all i, j ∈ N, define

aij =


−1, j = i,

1, j = i+ 1,

0, else.

Then
∞∑
j=1

aij = 0 for all i = 1, 2, . . .

and hence
∞∑
i=1

∞∑
j=1

aij = 0 .

On the other hand,
∞∑
i=1

ai1 = −1

104



because a11 = −1 and ai1 = 0 for all i = 2, 3, . . .; further,

∞∑
i=1

aij = aj−1 j + ajj = 1− 1 = 0, j ≥ 2 .

Thus
∞∑
j=1

∞∑
i=1

aij = −1 6= 0 =

∞∑
i=1

∞∑
j=1

aij ,

showing that (5.1.5) does not hold. Neither (5.1.6) nor (5.1.7) is satisfied in
this case and hence the failure of (5.1.5) does not lead to any contradiction.

Along the lines of Definition 5.1.1, the product of σ-finite product mea-
sures (Ω1,A1, µ1), . . . , (Ωn,An, µn) can be defined. The usual notation for
the same is

n⊗
i=1

(Ωi,Ai, µi) =

(
n∏
i=1

Ωi,
n⊗
i=1

Ai,
n⊗
i=1

µi

)
,

where
∏n
i=1 Ωi = Ω1 × . . .× Ωn.

5.2 The Lebesgue measure in higher dimensions

This subsection is devoted to defining the Lebesgue measure on Rd and
studying its properties. The dimension d ≥ 1 is fixed throughout.

Definition 5.2.1. The Lebesgue measure on Rd, usually denoted by λd, is
the d-fold product of the Lebesgue measure on R, that is,

d⊗
i=1

(
R,B(R), λ

)
=

(
Rd,

d⊗
i=1

B(R), λd

)
,

where λ is the Lebesgue measure on R. For a measurable f : Rd → R, its
integral with respect to λd is usually denoted by∫

f dλd,

∫
Rd

f(x) dx,

∫ ∞
−∞

. . .

∫ ∞
−∞

f(x1, . . . , xd) dx1 . . . dxd etc.

The subscript ‘d’ in λd will be suppressed whenever the dimension of the
Euclidean space, on which we are working, is obvious from the context.

Definition 5.2.2. The Borel σ-field on Rd, denoted by B(Rd), is the σ-field
generated by open sets in Rd.

Exercise 5.2.1. Show that

d⊗
i=1

B(R) = B
(
Rd
)
.
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Let us start with seeing an interesting application of Corollary 5.1.1 in
the context of λ2.

Example 5.2.1. We wish to calculate

I =

∫
R
e−x

2
dx .

Corollary 5.1.1 implies that∫ ∞
−∞

∫ ∞
−∞

e−(x2+y2) dx dy =

∫ ∞
−∞

e−x
2

∫ ∞
−∞

e−y
2
dy dx,

= I2 .

For a fixed x ∈ R \ {0}, put y = xz, dy = |x| dz using Theorem 4.3.12 to get∫ ∞
−∞

e−y
2
dy = |x|

∫ ∞
−∞

e−z
2x2

dz .

Thus

I2 =

∫ ∞
−∞

∫ ∞
−∞
|x|e−x2(1+z2) dz dx

=

∫ ∞
−∞

∫ ∞
−∞
|x|e−x2(1+z2) dx dz,

the second line following once again from Corollary 5.1.1. For a fixed z ∈ R,∫ ∞
−∞
|x|e−x2(1+z2) dx = 2

∫ ∞
0

xe−x
2(1+z2) dx

(Theorem 4.3.12: y = x2, dy = 2x dx) =

∫ ∞
0

e−y(1+z2) dz

(Exercise 4.3.5) =

[
− e
−y(1+z2)

1 + z2

]y=∞

y=0

=
1

1 + z2
.

Therefore

I2 =

∫ ∞
−∞

1

1 + z2
dz

(Exercise 4.3.5) =
[
tan−1 z

]∞
−∞

=
π

2
−
(
−π

2

)
= π .

Since I ≥ 0, we get
I =
√
π .

106



that is, ∫ ∞
−∞

e−x
2
dx =

√
π .

Theorem 4.3.12 shows that∫ ∞
−∞

e−y
2/2 dy =

√
2π .

In other words, ∫
R
ϕ(z) dz = 1,

where ϕ : R→ R is defined by

ϕ(z) = (2π)−1/2e−z
2/2, z ∈ R .

The function ϕ is of central importance in probability theory and is called
the “Gaussian or normal density” therein.

Let H be the collection of all half-open (left open, right closed) bounded
rectangles, that is,

H = {(a1, b1]× . . .× (ad, bd] : −∞ < ai < bi <∞ for i = 1, . . . , d} .

Exercise 5.2.2. Check that

σ(H) = B(Rd) .

For all R ∈ H, R0 and R denote the interior and closure of R, respec-
tively.

Exercise 5.2.3. For R =
∏d
i=1(ai, bi] ∈ H, show that

λ(R) = λ(R0) = λ(R) =
d∏
i=1

(bi − ai) .

Throughout this subsection and elsewhere, x ∈ Rd is to be interpreted
as a d× 1 matrix, that is, a column vector of length d. The following is the
main result of this subsection.

Theorem 5.2.1. Suppose f : Rd → Rd is defined by

f(x) = Ax+ b

where A is a d× d non-singular matrix and b ∈ Rd, then

λ (f(B)) = | det(A)|λ(B) for all B ∈ B(Rd), (5.2.1)

det(A) denoting the determinant of A.
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Proceeding towards the proof, we start with defining “vertices” of a
rectangle.

Definition 5.2.3. For R =
∏d
i=1(ai, bi] ∈ H, the set of its vertices v(R) is

defined by

v(R) =

d∏
i=1

{ai, bi} .

The proof of Theorem 5.2.1 relies on the following few lemmas, the first
of which is stated in more generality than is immediately needed, for a later
requirement. Before stating that, the following definition is needed, which
is a generalization of Definition 2.6.3.

Definition 5.2.4. A measure µ on
(
Rd,B(Rd)

)
is a Radon measure if

µ(K) <∞ for every compact set K ⊂ Rd.

Lemma 5.2.1. Suppose U ⊂ Rd is an open set. If µ1, µ2 are Radon mea-
sures on (Rd,B(Rd)) such that µ1(U c) = µ2(U c) = 0 and

µ1(R) ≤ µ2(R) for all R ∈ H for which R ⊂ U and v(R) ∈ Qd,

then µ1(B) ≤ µ2(B) for all B ∈ B(Rd).

Proof. We shall first show that the given assumption implies

µ1(R) ≤ µ2(R) for all R ∈ H with v(R) ∈ Qd . (5.2.2)

Fix R =
∏d
i=1(ai, bi] ∈ H with v(R) ∈ Qd. Let R1,1, . . . R1,2d be the

2d rectangles in H obtained by bisecting each side of R1, that is, for each
j = 1, . . . , 2d,

R1,j =
d∏
i=1

(αi, βi],

where for every i = 1, . . . , d, either αi = ai and βi = (ai+bi)/2 or βi = bi and
αi = (ai + bi)/2. For n ≥ 2, let Rn,1, . . . , Rn,2dn be the rectangles obtained
by bisecting the sides of Rn−1,1, . . . , Rn−1,2(n−1)d . Define

Bn =
⋃

1≤j≤2dn :Rn,j⊂U

Rn,j , n ≥ 1 .

The given hypothesis, along with the observation v(Rnj) ∈ Qd, implies

µ1(Bn) ≤ µ2(Bn), n ≥ 1 .

Since U is an open set and the diameter of Rn,j is 2−dn times the diameter
of R, it is immediate that

Bn ↑ R ∩ U .
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Continuity of measures from below implies

µ1(R ∩ U) ≤ µ2(R ∩ U),

which in conjunction with the assumption that µ1, µ2 are supported on U
shows (5.2.2).

Fix N ∈ N and define

S =

{
d∏
i=1

(ai, bi] : −N ≤ ai ≤ bi ≤ N and for all 1 ≤ i ≤ d, ai, bi ∈ Q

}
.

Thinking of S as a collection of subsets of ΩN := (−N,N ]d, it is immediate
that S is a semi-field on ΩN . The restrictions of µ1, µ2, which are Radon
measures, to ΩN is finite. With the help of standard measure theoretic
arguments using the monotone class theorem, for example, those similar to
the ones in the proof of Theorem 2.4.1, (5.2.2) can be shown to imply

µ1(B) ≤ µ2(B) for all B ∈ B(Rd), B ⊂ (−N,N ]d .

Finally, the observation

lim
N→∞

µi

(
B ∩ (−N,N ]d

)
= µi(B), i = 1, 2,

completes the proof.

An immediate corollary of the above lemma is the following.

Corollary 5.2.1. If µ1, µ2 are Radon measures on
(
Rd,B(Rd)

)
such that

µ1(R) = µ2(R) for all R ∈ H with v(R) ∈ Qd,

then µ1, µ2 agree on B(Rd).

Proceeding towards the proof of Theorem 5.2.1, the following lemma
shows that like in 1-dimension, the Lebesgue measure on Rd is translation
invariant.

Lemma 5.2.2. For B ∈ B(Rd) and x ∈ Rd,

λ(B + x) = λ(B),

where B + x = {y + x : y ∈ B}.

Proof. Follows from Exc 5.2.3 and Corollary 5.2.1.

The next lemma, taking us closer to the proof of Theorem 5.2.1, tells us
that it suffices to check (5.2.1) for one Borel set B with 0 < λ(B) <∞.
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Lemma 5.2.3. If f and A are as in the statement of Theorem 5.2.1, then
there exists θ ∈ R such that

λ (f(B)) = θλ(B) for all B ∈ B(Rd) .

Proof. Define

θ = λ
(
f
(

(0, 1]d
))

.

Setting
µ1(B) = λ(f(B)), B ∈ B(Rd),

which is a measure because f is a bijection, and

µ2(B) = θλ(B), B ∈ B(Rd),

the claim would follow from Corollary 5.2.1 once it is shown that

λ (f(R)) = θλ(R) for all R ∈ H with v(R) ∈ Qd . (5.2.3)

For any B ∈ B(Rd) and y ∈ Rd,

f(B + y) = {A(x+ y) + b : x ∈ B}
= {Ax : x ∈ B}+ (Ay + b)

= f(B) +Ay .

Lemma 5.2.2 shows
λ (f(B + y)) = λ (f(B)) . (5.2.4)

Since for n = 1, 2, . . .,(
0,

1

n

]d
+ x =

d∏
i=1

(
xi, xi +

1

n

]
, x = (x1, . . . , xd) ∈ Rd,

(5.2.4) implies

λ

(
f

((
0,

1

n

]d))
= λ

(
f

(
d∏
i=1

(
xi, xi +

1

n

]))
. (5.2.5)

Recalling that f is a bijection,

(0, 1]d =

n⋃
i1,...,id=1

d∏
j=1

(
ij
n
,
ij
n

+
1

n

]
,

and the sets on the right hand side above are disjoint, the definition of θ
implies

λ

(
f

((
0,

1

n

]d))
= n−dθ . (5.2.6)
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Additivity of measure implies that for m1, . . . ,md ∈ N,

λ

(
f

(
d∏
i=1

(
0,
mi

n

]))
=

m1∑
j1=1

. . .

md∑
jd=1

λ

(
f

(
d∏
i=1

(
mij − 1

n
,
mij

n

]))

(by (5.2.5) and (5.2.6)) =

m1∑
j1=1

. . .

md∑
jd=1

n−dθ

= n−dθm1 . . .md

= θ

d∏
i=1

mi

n
.

In other words,

λ

(
f

(
d∏
i=1

(0, ri]

))
= θλ

(
d∏
i=1

(0, ri]

)
, r1, . . . , rd ∈ Q ∩ (0,∞) .

Using (5.2.4) and Lemma 5.2.2 once again establishes (5.2.3), from which,
the proof follows.

Proof of Theorem 5.2.1. Let GL(d,R) be the collection of all d × d non-
singular matrices. Lemma 5.2.3 shows that for all A ∈ GL(d,R), there
exists φ(A) ∈ R such that for all b ∈ Rd,

λ ({Ax+ b : x ∈ B}) = φ(A)λ(B) for all A ∈ GL(d,R), B ∈ B(Rd) .
(5.2.7)

To complete the proof, all that needs to be shown is φ(A) = | det(A)| for all
A ∈ GL(d,R).

An immediate observation is that

φ(A1A2) = φ(A1)φ(A2), A1, A2 ∈ GL(d,R) . (5.2.8)

Thus the proof would follow once it can be shown that

φ(D) = det(D) for a positive definite diagonal matrix D, (5.2.9)

φ(P ) = 1 for an orthogonal matrix P, (5.2.10)

and that any A ∈ GL(d,R) can be written as

A = P1DP2 (5.2.11)

where P1, P2 are orthogonal matrices and D is a p.d. diagonal matrix.
If D is a d× d diagonal matrix whose i-th diagonal entry is ci > 0, then

it is immediate that {
Dx : x ∈ (0, 1]d

}
=

d∏
i=1

(0, ci] .
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Putting B = (0, 1]d in (5.2.7) thus shows

φ(D) = c1 . . . cd,

(5.2.9) follows from which. If P is a d× d orthogonal matrix, then

{Px : x ∈ Rd, ‖x‖ ≤ 1} = {x ∈ Rd : ‖x‖ ≤ 1},

‖ · ‖ being the usual L2-norm on Rd. Taking B to be the set on the right
hand side above, putting it in (5.2.7) and using the fact 0 < λ(B) < ∞,
(5.2.10) follows.

Finally for (5.2.11), the spectral theorem implies

AA′ = Q1WQ′1

for some orthogonal matrix Q1 and p.d. diagonal matrix W . Let D be the
diagonal matrix whose entries are the positive square root of the correspond-
ing entries of W . Define

C = Q1DQ
′
1

which is obviously non-singular, and

Q2 = C−1A . (5.2.12)

Since C is a symmetric matrix, it follows from the above that

Q2Q
′
2 = C−1AA′C−1

(follows from the definition of C) = Q1D
−1Q′1(AA′)Q1D

−1Q′1

(choice of Q1,W ) = Q1D
−1Q′1(Q1WQ′1)Q1D

−1Q′1(
Q′1Q1 = I

)
= Q1D

−1WD−1Q′1(
Q′1Q1 = I, W = D2

)
= I,

showing Q2 is an orthogonal matrix. Rewrite (5.2.12) as

A = CQ2

= Q1DQ
′
1Q2 .

Setting P1 = Q1 and P2 = Q′1Q2, and observing P1, P2 are orthogonal
matrices and D is diagonal and p.d., (5.2.11) follows.

Combine (5.2.8) and (5.2.11) to write

φ(A) = φ(P1)φ(D)φ(P1)

(by (5.2.9) and (5.2.10)) = det(D)

= | det(A)|,

the last line following from (5.2.11) and the facts det(UV ) = det(U) det(V )
and det(P ) = ±1 if P is orthogonal. Hence the proof follows.

Exercise 5.2.4. Show that λ(V + x) = 0 if V is a subspace of Rd with
dimension at most d− 1.
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5.3 The Jacobian Theorem

For stating the result, a Jacobian matrix has to be first defined. Consider
an open set U ⊂ Rd and a function F : U → Rd. Denote by f1, . . . , fd the
coordinate functions of F , that is,

F (x) =
(
f1(x), . . . , fd(x)

)
, x ∈ Rd .

If the first partial derivatives of F exist, that is, ∂fi(x)/∂xj exists for all
x ∈ U and 1 ≤ i, j ≤ d, then its Jacobian matrix at x, denoted by J(x), is
a d× d matrix defined by

J(x) =

(
∂fi(x)

∂xj

)
1≤i,j≤d

, x ∈ U ,

that is, the (i, j)-th entry of J(x) is ∂fi(x)/∂xj . The statement of the
theorem is the following, of which, the one-dimensional change of variables
formula is a special case. As mentioned in Definition 5.2.1, the integral of a
Borel function f : Rd → R with respect to λ, which is the Lebesgue measure
on Rd, is denoted by ∫

f(x) dx,

whenever it is defined.

Theorem 5.3.1 (The Jacobian theorem). For open subsets U and V of Rd,
let T : U → V be a bijection which is continuously differentiable, that is,
the first partial derivatives of T exist and are continuous. Assume that its
Jacobian matrix J(x) is non-singular for all x ∈ U . Then for any measurable
function f : V → R,∫

U
f
(
T (x)

)
|det(J(x))| dx =

∫
V
f(y) dy ,

whenever the integral on either side is defined.

Putting d = 1 in the above theorem yields the following.

Corollary 5.3.1. Suppose that U and V are open subsets of R and T :
U → V is a continuously differentiable bijection whose derivative T ′ never
vanishes. Then ∫

U
f (T (x)) |T ′(x)| dx =

∫
V
f(y) dy,

for a measurable f : V → R whenever either side above is defined.

Corollary 5.3.1 is slightly weaker than Corollary 4.3.1 because the con-
tinuity of the derivative is not assumed in the latter.

The following facts from multivariable analysis are needed for the proof.
The first one is the inverse function theorem.
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Fact 5.3.1. Let U ⊂ Rd be an open set and T : U → Rd be continuously
differentiable. Denoting by J(x) the Jacobian matrix of T at x ∈ U , assume
that J(x0) is non-singular for some x0 ∈ U . Then, there exists an open
neighbourhood X of x0 such that T is one-one on X, the set T (X) is open,
T−1 is continuously differentiable on T (X) and the Jacobian matrix of T−1

at y is
(
J(T−1y)

)−1
for all y ∈ T (X).

The following is another fact from multivariable analysis which essen-
tially follows from the one-dimensional mean value theorem.

Fact 5.3.2. Suppose that U ⊂ Rd is open, R ⊂ U is a compact rectangle
and T : U → Rd is continuously differentiable such that

|Jij(y)− Jij(x)| ≤ α , x, y ∈ R , 1 ≤ i, j ≤ d ,

where Jij(z) is the (i, j)-th entry of the Jacobian matrix J(z) of T at z for
all z ∈ U and 1 ≤ i, j ≤ d. Then,

‖T (x)− T (y)− J(x)(x− y)‖ ≤ dα‖x− y‖ , x, y ∈ R ,

where ‖ · ‖ is the L∞ norm on Rd defined by

‖x‖ = max
1≤i≤d

|xi| , x = (x1, . . . , xd) ∈ Rd , (5.3.1)

x, y, T (x), T (y) are viewed as d× 1 vectors and hence J(x)(x− y) is also a
d× 1 vector.

Proof of Fact 5.3.2. Since ‖ · ‖ is the L∞ norm, it suffices to show that the
absolute value of each entry of the d × 1 vector T (x) − T (y) − J(x)(x − y)
is at most dα‖x− y‖. In other words, it suffices to show that if f : U → R
is continuously differentiable, and

|fi(y)− fi(x)| ≤ α , x, y ∈ R, i = 1, . . . , d ,

where

fi(x) =
∂f(x)

∂xi
, x ∈ U, i = 1, . . . , d ,

then ∣∣∣∣∣f(x)− f(y)−
d∑
i=1

fi(x)(xi − yi)

∣∣∣∣∣ ≤ dα‖x− y‖ , x, y ∈ R .
Let f be a function satisfying the hypotheses. Let x0 = x, xd = y, and

for 1 ≤ i ≤ d− 1,
xi = (y1, . . . , yi, xi+1, . . . , xd) .

Since R is a rectangle, x1, . . . , xd−1 ∈ R. For a fixed i = 1, . . . , d, xi−1

and xi have all entries identical except the i-th one, which are xi and yi
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respectively. The one-dimensional mean value theorem implies there exists
ξi between xi and yi such that

f
(
xi−1

)
− f

(
xi
)

= (xi − yi)fi(y1, . . . , yi−1, ξi, xi+1, . . . , xd) .

Since ξ̃i = (y1, . . . , yi−1, ξi, xi+1, . . . , xd) ∈ R because R is a rectangle, the
hypotheses on f imply∣∣∣fi(ξ̃i)− fi(x)

∣∣∣ ≤ α , i = 1, . . . , d .

Therefore, ∣∣∣∣∣f(x)− f(y)−
d∑
i=1

fi(x)(xi − yi)

∣∣∣∣∣
=

∣∣∣∣∣f (x0
)
− f

(
xd
)
−

d∑
i=1

fi(x)(xi − yi)

∣∣∣∣∣
=

∣∣∣∣∣
d∑
i=1

[
f
(
xi−1

)
− f

(
xi
)]
−

d∑
i=1

fi(x)(xi − yi)

∣∣∣∣∣
=

∣∣∣∣∣
d∑
i=1

(
fi(ξ̃i)− fi(x)

)
(xi − yi)

∣∣∣∣∣
≤

d∑
i=1

∣∣∣fi(ξ̃i)− fi(x)
∣∣∣ |xi − yi|

≤ dα max
1≤i≤d

|xi − yi|

= dα‖x− y‖ .

This completes the proof.

Proof of Theorem 5.3.1

Without loss of generality, assume f to be non-negative and finite. The
proof of Theorem 5.3.1 will be executed by sequentially showing each step
below. Step 4. would complete the proof.
Step 1. For any R ∈ H with R ⊂ U and v(R) ∈ Qd,

λ
(
T (R)

)
≤
∫
R
|det(J(x))| dx . (5.3.2)

Step 2. For all A ∈ B(Rd),

λ
(
T (A ∩ U)

)
≤
∫
A∩U
|det(J(x))| dx . (5.3.3)
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Step 3. For any non-negative measurable function f : V → R,∫
U
f
(
T (x)

)
|det(J(x))| dx ≥

∫
V
f(y) dy . (5.3.4)

Step 4. The inequality in (5.3.4) is an equality.
The proof of Step 1., which is the main step of the proof, is based on the

idea that locally T is like a linear transformation.

Proof of Step 1. Fix R ∈ H with R ⊂ U and v(R) ∈ Qd; R is a compact set
as R is bounded. Let ε > 0. Since det(J(·)) is a continuous function, it is
uniformly continuous on R. Choose δ1 > 0 such that∣∣det(J(x))− det(J(x′))

∣∣ ≤ ε for all x, x′ ∈ R, ‖x− x′‖ ≤ δ1 , (5.3.5)

where ‖ · ‖ denotes the L∞ norm as in (5.3.1) throughout.
Recall that the function A→ A−1, from the space of d× d non-singular

matrices to itself, is continuous. Since J(x) is non-singular for all x ∈ U ,
the map x 7→ J(x)−1 is continuous on U . Thus,

f : R× {z ∈ Rd : ‖z‖ = 1} → Rd ,

defined by

f(x, z) = J(x)−1z , (x, z) ∈ R× {z ∈ Rd : ‖z‖ = 1} ,

is a continuous function defined on a compact set; elements of Rd are viewed
as d× 1 vectors by convention. Therefore,

c = max
{
‖f(x, z)‖ : (x, z) ∈ R× {z ∈ Rd : ‖z‖ = 1}

}
<∞ .

In other words, ∥∥J(x)−1z
∥∥ ≤ c‖z‖ , x ∈ R, z ∈ Rd . (5.3.6)

Denote by Jij(x) the (i, j)-th entry of J(x) for all x ∈ U and 1 ≤ i, j ≤ d.
Uniform continuity of Jij(·) on R ensures the existence of δ2 > 0 such that∣∣Jij(x)− Jij(x′)

∣∣ ≤ ε

cd
for all x, x′ ∈ R, ‖x− x′‖ ≤ δ2 . (5.3.7)

Let 0 < δ ≤ min{δ1, δ2} be such that δ−1(bi−ai) is an integer for every i.
Choosing such a δ is possible because bi− ai is rational; if pi, qi are positive
integers with bi − ai = pi/qi, letting

δ =
1

nq1 . . . qd
,

works for large n, for example.
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Consider the square

[a1 + (i1 − 1)δ, a1 + i1δ]× . . .× [ad + (id − 1)δ, ad + idδ] ,

where i1, . . . , id are positive integers with ij ≤ δ−1(bj − aj) for j = 1, . . . , d.
Denote the collection of all such squares by {Q1, . . . , Qk}. In other words,
Q1, . . . , Qk are compact squares of side-length δ such that

R = Q1 ∪ . . . ∪Qk , (5.3.8)

and λ(Qi ∩Qj) = 0 for 1 ≤ i < j ≤ k by Exc 5.2.4. Let xi be the centre of
Qi (the centre of a square or a rectangle is well defined). Recalling that ‖ · ‖
is the L∞ norm, write

Qi = Bδ/2(xi) , i = 1, . . . , k , (5.3.9)

where for r ≥ 0 and z = (z1, . . . , zd) ∈ Rd,

Br(z) = {y ∈ Rd : ‖y−z‖ ≤ r} = [z1−r, z1+r]×. . .×[zd−r, zd+r] . (5.3.10)

The above is precisely the advantage of working with the L∞ norm.
For i = 1, . . . , k, define

φi(z) = J(xi)(z − xi) + T (xi) , z ∈ Rd .

Our first claim is that

T (Qi) ⊂ φi (Qεi ) , i = 1, . . . , k , (5.3.11)

where
Qεi = B(1+ε)δ/2(xi) , i = 1, . . . , k .

Proceeding towards proving (5.3.11), fix i ∈ {1, . . . , k}, and use Fact
5.3.2 along with (5.3.7) to claim that for all z ∈ Qi,

‖T (z)− T (xi)− J(xi)(z − xi)‖ ≤
ε

c
‖z − xi‖ .

Since the left hand side above equals ‖T (z)− φi(z)‖, it follows that

‖T (z)− φi(z)‖ ≤
ε

c
‖z − xi‖ , z ∈ Qi . (5.3.12)

Therefore, for z ∈ Qi,∥∥φ−1
i ◦ T (z)− z

∥∥ =
∥∥φ−1

i ◦ T (z)− φ−1
i ◦ φi(z)

∥∥
=
∥∥J(xi)

−1 (T (z)− φi(z))
∥∥

≤ c ‖T (z)− φi(z)‖
≤ ε‖z − xi‖ ,
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(5.3.6) and (5.3.12) implying the inequalities in the penultimate line and the
last line, respectively. Thus, for z ∈ Qi,∥∥φ−1

i ◦ T (z)− xi
∥∥ ≤ ∥∥φ−1

i ◦ T (z)− z
∥∥+ ‖z − xi‖ ≤ (1 + ε)‖z − xi‖ .

Recall (5.3.9) to argue that

φ−1
i ◦ T (z) ∈ Qεi , z ∈ Qi ,

which is equivalent to (5.3.11).
An immediate implication of (5.3.11) is that for fixed i = 1, . . . , k,

λ (T (Qi)) ≤ λ ({J(xi)z + T (xi)− J(xi)xi : z ∈ Qεi})
= | det(J(xi))|λ(Qεi ) ,

the second line following from Theorem 5.2.1. This is the crux of the proof in
that it shows how the modulus of the determinant of the Jacobian appears.
Further, (5.3.10) shows Qεi is a square of side-length (1 + ε)δ. Therefore,

λ(Qεi ) = (1 + ε)dδd = (1 + ε)dλ(Qi) ,

(5.3.9) implying the second equality. Put everything together to get

λ (T (Qi)) ≤ |det(J(xi))|(1 + ε)dλ(Qi) .

Thus,

λ (T (R)) ≤
k∑
i=1

λ(T (Qi))

≤ (1 + ε)d
k∑
i=1

|det(J(xi))|λ(Qi)

(by (5.3.5) and δ ≤ δ1) ≤ (1 + ε)d
k∑
i=1

(
ε+ min

z∈Qi

| det(J(z))|
)
λ(Qi)

(λ(Qi ∩Qj) = 0, i 6= j) ≤ (1 + ε)d
(
ελ(R) +

∫
Q1∪...∪Qk

| det(J(x))| dx
)

= (1 + ε)d
(
ελ(R) +

∫
R
|det(J(x))|dx

)
,

the last line following from (5.3.8) and Exc 5.2.3. Since the above holds for
all ε > 0, letting ε ↓ 0 completes the proof of Step 1.

While Step 1. was mostly based on analysis and linear algebra, the proof
of Step 2. is standard in measure theory and follows from Lemma 5.2.1.
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Proof of Step 2. Define measures µ and ν on Rd by

µ(A) = λ(T (A ∩ U)) , A ∈ B(Rd) ,

and

ν(B) =

∫
B∩U
|det(J(x))| dx ,B ∈ B(Rd) .

The claim (5.3.3) is equivalent to

µ(A) ≤ ν(A) , A ∈ B(Rd) . (5.3.13)

In view of Lemma 5.2.1, it suffices to show that the claim holds for any
R ∈ H with R ⊂ U and v(R) ∈ Qd, that is,

µ(R) ≤ ν(R) . (5.3.14)

This is precisely what has been shown in Step 1.

The proof of Step 3., which is also standard, is based on approximating
a non-negative measurable function by simple functions from below.

Proof of Step 3. First let f : V → R be a non-negative simple function, that
is,

f =
k∑
i=1

αi1Ai ,

for some α1, . . . , αk ∈ [0,∞] and A1, . . . , Ak ∈ B(Rd) with Ai ⊂ V for all i.
Then, ∫

V
f(y) dy =

k∑
i=1

αiλ(Ai)

=
k∑
i=1

αiλ(T (T−1Ai))

≤
k∑
i=1

αi

∫
T−1Ai

|det(J(x))| dx

=

∫
U
|det(J(x))|

k∑
i=1

αi1T−1Ai
(x) dx

=

∫
U
|det(J(x))|

k∑
i=1

αi1Ai(T (x)) dx

=

∫
U
|det(J(x))| f(T (x)) dx ,
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the inequality in the third line following from Step 2. Thus,∫
V
f(y) dy ≤

∫
U
|det(J(x))| f(T (x)) dx . (5.3.15)

For a measurable function f : V → [0,∞), there exist non-negative
simple functions fn such that fn ↑ f . The desired inequality (5.3.15) holds
with f replaced by fn therein. Letting n → ∞ with the help of MCT, the
proof of Step 3. follows.

Step 4. is a consequence of the inverse function theorem.

Proof of Step 4. Fact 5.3.1 and the assumption that J(x) is non-singular for
all x ∈ U imply that T−1 : V → U is a continuously differentiable bijection
whose Jacobian matrix is J(T−1y)−1 for all y ∈ V . Using Step 3. with
U, V, T replaced by V,U, T−1 implies∫

U
g(x) dx ≤

∫
V
g ◦ T−1(y)

∣∣det
(
J(T−1y)−1

)∣∣ dy , (5.3.16)

for any measurable g : U → [0,∞).
Fix a measurable f : V → [0,∞). Define

g(x) = f ◦ T (x)| det(J(x))| , x ∈ U .

Apply (5.3.16) to this g to get∫
U
f ◦ T (x)|det(J(x))| dx ≤

∫
V
g ◦ T−1(y)

∣∣det
(
J(T−1y)−1

)∣∣ dy
=

∫
V
f(y)

∣∣det
(
J(T−1y)

)∣∣ ∣∣det
(
J(T−1y)−1

)∣∣ dy
=

∫
V
f(y) dy .

Compare this with (5.3.4) obtained in Step 3. to get∫
U
f ◦ T (x)|det(J(x))| dx =

∫
V
f(y) dy .

This completes the proof of Step 4. and that of Theorem 5.3.1 as well.

The following special case of Theorem 5.3.1 deserves special mention.

Corollary 5.3.2 (Transformation to polar coordinates). For a Borel mea-
surable f : R2 → R,∫

R2

f(x, y)λ(dx, dy) =

∫
(0,2π)×(0,∞)

f (r cos θ, r sin θ) r λ(dr, dθ), (5.3.17)

whenever the integral on either side makes sense.
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Proof. Use Theorem 5.3.1 with U = (0, 2π)×(0,∞), V = R2\{(x, 0) : x ≥ 0}
and T : U → V defined by

T (θ, r) = (r cos θ, r sin θ) , (θ, r) ∈ U .

The Jacobian matrix of T is

J(θ, r) =

[
−r sin θ r cos θ

cos θ sin θ

]
, (θ, r) ∈ U ,

and hence
|det J(θ, r)| = r .

Since T is a continuously differentiable bijection from U to V whose Jacobian
matrix is always non-singular, (5.3.17) follows from Theorem 5.3.1 whenever
either side of it makes sense.
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