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1 Radon-Nikodym theorem

Definition. If v and p are measures on (€2, A) such that u(A) = 0 implies
that v(A) = 0 for all A € A, then v is absolutely continuous with respect
to wu, written as v < p.

Definition. Two measures p and v on (2, A) are singular w.r.t. each other
if there exists S € A such that

u(S) = w(5%) = 0.
Suppose that (€2,.4) is a measurable space.

Definition. A function ¥ from A to R is an “additive set function” if the

following is true. Whenever Ay, Ao, ... is a finite or infinite sequence of
disjoint sets in A, it holds that
> l(An)] < o0
n
and

)

Theorem 1.1 (Hahn decomposition). For any additive set function 1, there
exist disjoint sets A* and A~ such that AT UA™ = Q, ¥(E) > 0 for all
ECAT and y(E) <0 forall EC A™.

The proof will use the following exercise.

Exercise 1.1. Show that if E, T E or E, | E, then ¢(E,) = ¢¥(E).



Proof of Hahn decomposition. Let o = sup{¢(A) : A € A}. Our first claim
is to show that the supremum is achieved, that is, there exists AT C Q with

P(AT) = . (1.1)
Let A,, € A be such that
lim ¥(A,) = .

n—oo

For n > 1, let B, € 0(Ay,...,Ay) be such that
(Byp) = max{y(F) : E € 0(Ay,...,An)}.

Clearly, ¥(By) > ¥ (An)-
We claim that if £ C B, and E € 0(Ay,...,A,), then ¢(E) > 0. If not,
then

w(Bn \ E) = w(Bn) - w(E) > w(Bn) )

contradicting the choice of B,,. Thus, ¥(E) > 0 for such an E. For positive
integers m < n,

(BnU...UBy)\ (BnU...UB,_1) C B,

and the LHS is an element of 0(A4,...,A,). Therefore, ¢ evaluated on the
LHS is non-negative, which shows that

V(B U...UBp_1) <¢Y(BpU...UBy,).

In view of the preceding exercise,

P ( U Bn> = lim $(BnU...UBy) 2 9(Bp) 2 9(Am).

n=m
Setting
(o9} o
At = m U B, ,
m=1n=m

it follows that

$(AT) = lim ¢ ( U Bn) > lim Y(An) = o,

proving (L.1).
The above shows that, in particular, « < co. If E C A* and ¢ (F) < 0,
then

AT\ E) > (A7)
which is impossible. If E C Q\ AT =: A~, then by similar arguments it
follows that ¢ (E) < 0. This completes the proof. O



Lemma 1.1. Suppose that the finite measures p and v on (2, A) are not
mutually singular. Then, there exists A with w(A) > 0 and € > 0 such that
en(E) <v(E) for all E C A.

Proof. For n > 1, let A7 U A, be the Hahn decomposition of the additive
set function v — n~!u. Set
M=|JA}.
n

Thus, M€ C A, for every n, and hence
V(M) < n~Lu(ME),

showing that v(M€¢) = 0. The fact that ¥ and p are not mutually singular

implies that p(M) > 0. Therefore, u(A;") > 0 for some n. Set A := A} and
~1

g:=mn . O

Theorem 1.2. Let u,v be o-finite measures on (2, A). There exists a non-
negative measurable function f :Q — R and a measure vy singular w.r.t. p
such that

v(A) = /Afdu +vs(A), forallAe A.

Proof. Suppose first that v and p are finite measures. Let G be the class of
non-negative functions g such that

/ gdp < v(FE) for all E.
E

If g,¢g' € G, then gV ¢’ € G because

/ng’du = / gdu+/ g'du
E En[g>g'] EN[g<g’]

< v(E).

MCT shows that G is closed under increasing limits, and therefore under
countable supremum.
Set

o= sup/gd,u.
9eg

Let g, € G be such that

nh_)ngo gndp = .

Set
f = Supgn -
n

Thus, f € G and [ fdu = o



Set
v(E) :=v(E) —/ fdu, E€ A.
E

Clearly, 7 is a measure. All that needs to be shown is ¥ is singular w.r.t. pu.

Suppose that is not the case. By the preceding lemma, it follows that
there exists ¢ > 0 and A with p(A) > 0 such that eu(E) < v(E) for all
E C A. Then, for every E € A,

/(f+£1A)du = /fdu—Feu(EﬂA)
E E

< / fdu+v(ENA)
E
< / fdu+v(E)
Z/(EE) .
Therefore, f +e14 € G. Notice that

/(f+51A)dM =a+eu(d) > a,

which is a contradiction. This shows that 7 and p are mutually singular,
and thus completes the proof for finite measures.

Now suppose that p and v are o-finite measures on (€2, .4). Then there
exist disjoint sets A1, Ao, ... such that

Q= GAH,
n=1

and
w(Ap) +v(A,) <oo,n>1.

For n > 1 and A € A, define

Mn(A) = :U'(A NAn),
vn(A) = v(ANA,).

Then, u, and v, are finite measures for which the result is true. Therefore,
there exists a measurable f,, : Q — [0, 00) and a measure v!" which is singular
w.r.t. p, such that

vn(A) = /Afndun +vl(A) forall Ae A.

Therefore, for all A € A,

)= = 8 /A Fudiin
= Z/AfnlAndMZ/AanlAndu.
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Define
f = Z fnlAn )

and the measure

vs(A):=) vl (A), A€ A

The proof follows if it can be shown that vy is singular w.r.t. pu. To that
end, for n > 1, there exists S,, C A,, such that

VI(Sh) = 0 = pa(S5).

S:=JS5,

n

Define

and note that

vs(S) = ZZVZL(STL)
= > (S + Y v(Sn)
n m#n
= 3 (s

m#n

m#n

Furthermore,
p(S) = > (59
< > palS5)
= 0.

This establishes the mutual singularity of v and p, thereby completing the
proof. ]

Theorem 1.3 (Radon-Nikodym theorem). If u and v are o-finite measures
on (2, A) such that v < p, then there exists a non-negative measurable
function f on § such that

v(4) = [ pau

for all A€ A. If f and g both satisfy the above, then u[f # g] = 0.



Exercise 1.2. If f,g are non-negative measurable functions on a o-finite
measure space (2, A, u) such that

/fdu—/gd,u, forallAe A,
A A

then show that f = g almost everywhere.

Proof of the Radon-Nikodym theorem. By Theorem there exists a non-
negative measurable function f on 2 and a measure v singular with respect
to p such that

v(A) = /Afdu +v5(A), AeS.
The mutual singularity implies the existence of S such that
v,(S) = 0 = ().
Since v < p, it follows that
0=v(S5° > vs(59).
Thus, vy is the null measure which completes the proof. O

Corollary 1.1. For o-finite measures u,v on (2, A), there exists a mea-
surable f: Q — [0,00) such that

V(A) = /Afdu, AeSs, (1.2)

if and only if v < p.

Definition. The function f is the “Radon-Nikodym derivative” of v w.r.t.
w. We write

or

v(de) = f(z)p(dz), z € Q.

Theorem 1.4 (Lebesgue decomposition). Let p and v be o-finite measures
on (2, A). Then there is a unique decomposition

V = Vge + Vs,

such that vge and vg are respectively absolutely continuous and singular w.r.t.
1



Proof. By Theorem ([1.2)), there exists a function f such that
v(A) = / fdu+vs(A), forall Ae A.
A
Defining
Vae(A) = / fdu, Ae A,
A
the desired equality holds. To show uniqueness, suppose that
v = v+,

is a different decomposition. By the Radon-Nikodym theorem, there exists
a non-negative measurable g such that

Vae(A) = / gdp.
A
The above equations put together imply that
/ fdu+vs(A) = / gdu +Vi(A), for all A€ A. (1.3)
A A
Furthermore, there exist S, S’ € A such that
vs(S) =vi(S) =0=pn((SNS)°) . (1.4)

Since p is o-finite, it follows that there exist Ap, As,... € A such that
v(A,) < oo for all n, and
Q={JA4,.

Fix n > 1 and note that (f — ¢g)14, is integrable w.r.t. p, and hence for a
fixed A € A,

|1/ac(An NA) —v. (A, N A)‘

/. o

oy @) - |/ (f—g)du‘
ApNANSNS’
(by (L3)) = [vi(4nnNANSNS) —v(ANANSNS)
< v(S) + (S)
(by [L4)) = o.

Since the above holds for all n, it follows that
Vae(A) =V (A) forall A€ A,

and hence the uniqueness. This completes the proof. ]



Theorem 1.5. Suppose that p is a o-finite measure on (R,B). Then there
exist measures g, fhse and g such that

M= pq + flsc + Hac, (1.5)

where pg 1s concentrated on a countable set, use is singular with respect to
the Lebesgue measure and gives zero mass to singletons, pqe is absolutely
continuous with respect to the Lebesgue measure. Furthermore, the decom-

position (1.5)) is unique.

Proof. Since p is o-finite, the set D := {z € R : u({z}) > 0} is countable.
Define
na(4) = (AN D), A€ A,
and let
(A) = u(A) — paA).
The proof follows by applying Lebesgue decomposition to fi. O

Recall the question when does a random variable have a density?

Theorem 1.6. Suppose that F' is the c.d.f. of X. Then, X has a density
if and only if the following holds. Given € > 0, there exists § > 0 such that
whenever, for somen > 1, a1 < by <...<ay < by, €R are such that

n

Z(bi_ai) <9,

i=1

it holds that

n

Y [F(bi) = F(a)) <.

i=1
Lemma 1.2. A Borel subset A of R has Lebesque measure zero if and only

if the following holds. Given € > 0, there exist ai,bi,a2,bs,... € R such
that a, < b, for all n,

(@ bm) N (an, by) =0 if m #n,

AC [j (an,bn),
n=1

and
oo

Z(bn —ay) <e.

n=1
Proof. The “if” part is trivial. The “only if” part follows by recalling that
for any Borel set A C [a, b],

AMA) = inf{\(U N [a,b]) : U open, U D A},

where \ denotes the Lebesgue measure. O



Proof of Theorem [I.6, We start with proving the “if” part. Let the proba-
bility space underlying X be (£2, A, P). Let A denote the Lebesgue measure
on R, and define

pi=PoX 1.

In order to show the desired claim using the Radon-Nikodym theorem, all
we need to check is that
LA (1.6)

To that end, fix a Borel set A with A(A) = 0. We need to show that
u(A) = 0. Fix an arbitrary € > 0. By the assumed hypothesis, there exists
6 > 0 such that a1 < b1 <...<a, <b, and

n

Z(bi_ai) <9,

=1

implies that

n

> [F(bi) = Fla;)] <e.

=1

Lemma [1.2] implies the existence of ai, b1, ... such that a, < b,,

(@my b)) N (an, by) =0 if m #n,

Ac | J(an,bn),
n=1

and
o0

> (bn—an) <6

n=1

For a fixed n,

I (U (%J%)) < 2 nlaws b = 3 (F(by) = Flay)) <,

k=1 k=1 k=1

the rightmost inequality following from the choice of §. Letting n — oo and
using the continuity of measure from below, it follows that

o

e> (Umm) > p(A).
k=1

Since ¢ is arbitrary, (|1.6)) follows, thereby establishing the “if” part.

For the “only if” part, assume that X has a density f. Fix € > 0. Since

1= /_Z f)de =  sup /Oo s(z)dz,

s simple, 0<s<f J—oc0

9



there exists a simple function 0 < s < f such that

/OO s(x)de >1—¢/2.

— 00

Define

M =1+ maxs(x),
zeR

and
d:=¢/2M.

Now suppose that a1 < by < ... < a, < b, are such that

Let

and observe that

=1

= f(z)dzx
A

— [ @) = s@)ds+ [ s(a)da
A A

< [ @) = sta))de+ DAA)

< g + M

< €.

Thus, the “only if” part follows. ]

2 Conditional expectation

Let (€2, A, P) be a probability space.

Exercise 2.1. Let X be a random variable defined on €. Set
F=0(X).

Show that a random variable Y defined on § is measurable w.r.t. F if and
only if there exists a measurable f : R — R such that

Y = f(X).

10



Definition. Let X be an integrable random variable on 2, and F be any sub
o-field of A. An integrable random variable Y, which is measurable w.r.t.
F, is called the conditional expectation of X given F if

/XdP:/YdeorallAe]:.
A A

It is written as
EX|F)=Y.

Observation:

Immediate questions:
e Why does such an Y exist?
e Even if it exists, is it unique?
e Why should such an Y be called a conditional expectation?

From now on, X will denote a A-measurable and integrable random
variable, and F is a sub o-field of A. The following result guarantees the
existence and uniqueness of conditional expectation.

Theorem 2.1. An F-measurable and integrable random variable Y satisfy-
mg

/XdP:/YdeorallAe]:,
A A

always exists. Furthermore, if Y1 and Ya are two choices satisfying the above,
then

Y1 = Y2 a.s..
Proof. Write
Xt = max{X,0},
X~ = max{—-X,0}.
Then,
X=X"-X",

with X, X~ > 0. Clearly,
/X*dP < /|X|dP < 00.
Define a measure vt on (2, F) by

vH(A) = / X*tdpP, Ac F.
A

11



Clearly, v < P as finite measures on (£2, ). By the R.N.T., there exists
Y+ :Q — [0,00) which is F-measurable such that

vT(A) = / Y*tdP, Ae F.
A

Once can define Y~ analogously, and set
Y=Yt -Y~,
to achieve the desired equality. The second claim is an easy exercise. O

Theorem 2.2. Suppose that X,Y, X,, are integrable random variables on
(Q,A,P), and F C A is a o-field.

1. If X =a a.s., then E(X|F) =a a.s. .

2. For constants a and b,

E(aX 4+ b0Y|F) =aE(X|F)+E(Y|F) a.s..

3. If X <Y a.s., then E(X|F) <E(Y|F) a.s. .
4. Almost surely, |E(X|F)| < E(|X]|F).
5. Iflim, X,, = X a.s., | Xp| <Y and Y is integrable, then

lim E(X,,|F) = E(X|F) a.s..

Proof. 1. Easy exercise.
2. Easy exercise.
3. Follows from 2. by considering E(Y — X|F).
4. Using 3., it follows that almost surely
E(|X| | F) > E(X|F),

and
E([X][F) = E(-X|F) = -E(X[F),

the second equality following from 2. This completes the proof of 4.

5. Define
Zy :=sup| Xy — X|[,n>1.
k>n
Clearly
Znd0as.,

12



and 1.-3. imply that
|[E(X,|F) — E(X|F)| <E(Z,|F) as,n>1.
Therefore, it suffices to show that
E(Z,|F) — 0 as..

By 3., E(Z,|F) is non-increasing, and hence has a limit, say Z. Fur-
thermore,

/ ZdP < / E(Zy|F)dP

= /anP.

Notice that Z, < 2Y. DCT implies that

lim [ Z,dP =0.

n—oo

This completes the proof of 5.
O

Theorem 2.3. Suppose that X is F-measurable, and Y, XY are integrable.
Then,
E(XY|F) = XE(Y|F) a.s..

Proof. The equality is trivial if X is a simple function. When X is just an
integrable function which is F-measurable, one can get F-measurable simple
functions s,, such that |s,| < |X| and s,, — X . The proof follows from the
observation that |s,Y| < | XY, XY is integrable, and claim 5. of Theorem
2.2 O

The next result justifies, to an extent, the definition of conditional ex-
pectation.

Theorem 2.4. For a square integrable random variable X,

E|[(X —E(X|F)? = i E[(X -Y)?] .
( ( ‘f)) .F—megslzigzbleY [< ) ]
Proof. Denote
Z =E(X|F).
Our first task is to show that
E(Z%) < .

13



To that end, note that

0 < (X—2)?
X2 -7 -2Z2(X - 7).

Therefore,
X2>X%1(|Z] <n) > Z°1(|1Z| < n) +221(1Z] <n)(X — Z),
for all n > 1. Therefore,

E(X)F) > E(Z°1(Z| <n)+2Z1(1Z] < n)(X — Z)| F)
(by Theorem 2.3) = Z21(|Z| <n)+2Z1(]Z] < n)E (X — Z)|F)
= Z°1(|Z| < n).

Taking expectation on both sides, it follows that
E [Z2°1(|Z] < n)] < E [E(X?|F)] = E(X?).
Letting n — oo, it follows that
E(Z%) < E(X?) < c0.
Note that for any random variable Y with E(Y?) = oo,
E(X -Y) =00>E(X - 2)2.
Therefore, it suffices to show that

E(X - 2)? = min E[(X -Y)].
F-measurable Y:E(Y2)<co

To that end, fix a F-measurable Y with E(Y?) < oo, and note that (X —
Z)(Z —Y) is integrable by the Cauchy-Schwartz inequality. Thus,

EX-Y)? = EX-2)2+EZ-Y)?+2E[(X-2)(Z-Y)]
> B(X -2)2+2E[(X -2)(Z-Y)]
E(X — Z2)2+2EE[(X — Z2)(Z - Y)|F]
= E(X -2)+2E[(Z-Y)E[X — Z|F]]
E(X - 2)2.
This completes the proof. O

Theorem 2.5. If X is integrable and the o-fields F1, Fo satisfy
F1C Fy C .A,
then
E (X‘}—l) =k (E (_X‘.FQ) ’.7:1) a.s..

14



Proof. Denoting

Y =E(X|F),
and
Z =E(X|F),
all that needs to be checked is
/ ZdP:/ YdP, Ae Fy. (2.1)
A A

To that end, fix A € F; and note that

/ZdP = /XdP
A A
= /de,
A

the equality in the second line using the fact that A € F5. This proves ([2.1])
and thereby completes the proof. ]

Theorem 2.6 (Jensen). Suppose that ¢ is a convex function, and X, $(X)
are integrable random variables. For a sub o-field F,

¢ (E(X|F)) < E(6(X)|F) a.s..

Lemma 2.1. If ¢ : R — R is a convex function, the right derivative ¢', (o)
exists at all o € R, and

P(z0) + (. — 20) ¢ (z0) < ¢p(x) for all z,x9 € R.

Proof. Fix z¢ € R and notice that if g < y < z, then

dly) = ¢<Z_yxo+y“”°z)

Z — X0 Z — X0

R OB el C) (22)

- [1 -2 :iz] $(w0) + Z:igm)

= 6ao) + (g — ) L=
Therefore,

By) — dla) _ d(2) — dlan)

Y — X - 2z — X ’
that is,
xHM,x>xo, (2.3)
r — X

15



is a non-decreasing function.

A restatement of (2.2)) is that

"V [4(y) - plao)] < L0
Z— X Z— T

[6(2) — o(y)] ,

which is equivalent to
¢(y) = ¢(zo0) _ ¢(2) = ¢(y)
y—m  z—y

For any v < zg < w, by replacing zq, y, z by v, xg, w, respectively, it follows

that
¢(v) — ¢(z0) _ ¢(w) — $(z0)
vV — X w — X9
that is, the function in is bounded below.
Thus, ¢/, (z9) exists, and in fact, for all v < z,
P(v) — d(zo) ¢(x) — ¢(o)

< @, (zg) = inf 0
v — X0 _¢+( 0) x>x0 T — X

I

Therefore, for all z # x,

d(x) — ¢(wo) > (x — 20)¢'y (w0)
which can be checked separately for the cases x > zg and = < zg. This

completes the proof. This completes the proof. O

Proof of Jensen’s inequality. Denote Y = E(X|F). We first prove the claim
when Y is a bounded random variable, that is, a <Y < b for some finite
a,b. The preceding lemma implies that

P(Y)+ (X —Y)¢' (V) < o(X).

Continuity of ¢ implies that ¢(Y") takes values in the compact set ¢([a, b)),
and convexity implies that ¢/, (a) < ¢/ (Y) < ¢/, (b). Thus, the left hand is
integrable. Hence,

E[p(X)|F] = E[(Y)+ (X —Y)¢! (Y)|F]

= oY)+ ¢/ [(Y)E(X — Y|F)
= oY),

which is the desired inequality.
To prove the result in general, note that for n > 1,

(VY] < n) + (X = Y), (V)L(Y] < n) < o(X)1([Y] < n).

Taking conditional expectation of both sides w.r.t. F and going through the
same steps, it follows that

o(V)1(Y] <n) <U|Y] < n)E ((X)|F) .

Letting n — oo, the proof follows. O

16



Example 2.1. Let X be an integrable random variable on (2, A, P).
. € A are disjoint such that

pose that Ay, Ao, ..

Define
F:
Let
Y = Z
n:P(Ap)
Our claim is that

Q:UAW

:O'(Al,AQ,...) .

/XdP

E(X|F) =

Y is clearly F measurable, and

/mw

To see that, fix B € F. Then,

and hence,

/ YdP
B

Definition. For any random
also denoted by E(X|Y).

>

/XdP’
n:P(An)>0 17 An

> /|MM

n:P(An)>0

= /|X|dP<oo.

IN

there exists I C N such that

B:U&,

il

= z:‘/YM

i€l:P(A

= )

i€1:P(A;)>0

XdP
A;

B

variable Y and integrable X, E(X|o(Y))

Sup-

18

Example 2.2. Let X be an integrable random wvariable, and Y a discrete

random variable taking values y1,y2, . . ..

E(X|Y) =

Then,



Example 2.3. Let (X,Y) have a joint density f(-,-) with respect to the
Lebesgue measure on R%. Assume X to be integrable. Let

2/_00 f(z,y)dz, y € R.

Define

oy) = fyl(y) [ af(e,y)de, if [T |z f(z,y)de < co and fy(y) >0,
' 0, otherwise.

Our claim 1is that
E(XY) =g(Y).

First note that for a fized n,

o> BX) = [ [ el dedy
1 [ele]
1 i ]
- /{y:fy(y)zl/n}{fy(y) /oo|x’f($’y) ”3} fr(y) dy
1 1 00
n dr b dy.
- /{ny >1/n}{fY(y)/ 1 () x} Yy
Therefore,

({reri = o [~ i =} <o.

—0o0
Letting n — oo tmplies that

A <{y€R:fy(y) >0 and /OO ]:c|f(1:,y)da::oo}) =0.

—0o0

Therefore,

Blov)) = | T o)y (v) dy

—00

- / 9|y () dy
{y:fy (y)>0}

1 00
B d
/{yfy(y)>0} fv(v) /Oogﬁf(%?/) x

S/ / || f(z,y) dz dy
{y:fy (y)>0} J =00

fy(y)dy

18



Fiz A € o(Y). Then, there exists B € B such that A =Y ~1B. Furthermore,

E(g(Y)1la) = 9() fy (y) dy

/Bﬁ{y:fy(y)>0}
/ v f(z,y) dz dy

— 00

/Bﬁ{y:fy(y)>0}
= E(X1(Y € B))
= B(X14).

This proves the claim that g(Y') is the conditional expectation of X given Y.

Example 2.4. Let X be integrable, and F a sub o-field independent of F.
Then,
E(X|F)=E(X).

To see this, fir any A € F. Then X and 14 will be independent, implying
the claim.

Definition. Let A € A, and F be a sub o-field of A. The conditional
probability of A given F is same as E(14|F).

Exercise 2.2. Let (Ny : t > 0) be a Poisson process with intensity A. For
0 <t <wu, calculate
E(Nylo(Ns: 0<s<t)).

3 Uniform integrability

Definition. Let (2, A, 1) be a measure space. A family {fo : a € I} of
measurable functions from 2 to R is uniformly integrable if

lim sup/ | faldp=0.
T=o0 ael J]| fa|>T]

Theorem 3.1. A family {fo : € I} of measurable functions is uniformly
integrable if and only if the following hold:

sup [ |foldi < oc.

acl

and given € > 0 there exists § > 0 such that

sup/ |fol dp < & whenever u(A) < 4.
acl JA

Proof. Exercise. O

Theorem 3.2. 1. If (fo : « € I) and (9o : o € I') are uniformly
integrable, then so is (fo + go v € 1,0’ € T').

19



2. If (fo : « € I) is uniformly integrable, and g, is a measurable function
with
|ga| S |fa| 7a E Iv

then (go : a € I) is uniformly integrable.
Proof. Follows from Theorem O

Since the theory of uniform integrability is useful and interesting only
when the measure is finite, we shall henceforth work on a probability space

(Q, A, P).

Exercise 3.1. Show that {X, : a € I} is uniformly integrable if for some
p>1,

supE (| Xa|P) < o0.
acl

Exercise 3.2. Show that a family of finitely many integrable random vari-
ables is uniformly integrable.

Theorem 3.3. Let X,,, X be integrable random variables. Then, as n — oo,
X, — X in L,

if and only if
X, 5 x,

as n — oo, and (X, : n > 1) is uniformly integrable.

Proof. We first prove the “if” part, that is, we assume that X, P, X and
(X :n > 1) is UL There is a subsequence (X, ) of (X,,) such that

Xn, — X as.
Thus,
E(|X|]) = E <liminf|Xnk|>
k—o0
(Fatou) < liminfE (|X,,])
k—o0
< supE[X,|
n>1
< 0.
Define
Y, =X, — X]|.

The assumptions, in view of the previous exercise, mean that Y, P50 and
(Y, :m > 1) is U.I. What needs to be shown is

lim E(Y,) =0.

n—o0
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Fix e > 0. Use (Y,,) is U.L. to get T s.t.
supE (Y,1(Y,, >T)) <e.
n

Write
limsupE(Y;,) < limsupE(Y,1(Y, <T))+limsupE (Y,1(Y, >T))
< e+limsupE(Y,1(Y, <T))
n—o0
= E :

by DCT because Y,1(Y,, < T) 5 0. Since ¢ is arbitrary, the “if” part
follows.

For the “only if” part, assume that X,, — X in L'. Then, X, £, X,
trivially. Letting Y,, = |X,, — X|, it suffices to show that (Y;,) is U.I. Fix
€ > 0. The hypothesis implies that for some N,

sup E(Y,) <e.
n>N

Fori=1,..., N — 1, there exists T; with
EY:1(Y; >T;)) <e.
Letting T'=T1 V...V Tx_1, it follows that
EY,1(Y,>T)) <e,n>1.
Thus, (Y, : n > 1) is U.L,, which completes the proof. O

Exercise 3.3. If (X, : a € I) is dominated by an integrable random variable
Y, that is,
|1 Xo| <Y, ,a€el,

prove that (Xo : o € I) is U.I. Hence, show that the dominated convergence
theorem is weaker than Theorem [3.3.

Theorem 3.4. Let E|X| < 00 and (Fy : a € I) be a family of sub-o-fields.
Then (E(X|Fa) : a € I) is uniformly integrable.

Proof. For a fixed o € I and T' > 0, [X, > T] € F,. Hence,

/ XodP = / XdP.
[Xa>T) [Xa>T)

Thus,

/ X,dP — X, dP

[Xa>T] [Xa<—T]

= / XdP + / (—=X)dP
[Xa>T) [Xa<—T]

< / 1X|dP.
[ Xal>T]

21

[ xalap
[[Xal>T]



Fix € > 0. By integrability of X, get § > 0 s.t.

/X\dPgs, if P(A) <3.
A

Let T = %. Markov inequality implies that for any o € I,

P(|X.|>T) < T 'E|X,|

< T 'E|X]|
= 4.
Thus,
/ \Xa\dPg/ | X|dP <e.
([ Xa|>T] ([ Xa|>T]
This completes the proof. ]

Exercise 3.4. If X1, Xo, ... are i.i.d. with finite mean, and
n
Sn=> Xin>1,
i=1

show that (Sp/n:n >1) is U.L

Exercise 3.5. If X1, Xo,... are i.i.d. with mean u, and finite variance, and
n
Sn=) Xin>1,
i=1
show that

n~ S, = pin L' ,n — .

In the following theorem, the equivalence of [1] and (3| for p = 1 is known
as Scheffé’s lemma.

Theorem 3.5. If X,,, X are such that X, L X and
E(|X]P) < oo,
for some p € [1,00), then the following are equivalent.

1. Asn — oo,
X, — X inIP.

2. Asn — oo,
| Xn| — | X in LP.

3. It holds that
limsup B (|X,[?) < E (| X]?) .

n—oQ
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4. Asn — oo,
| X, P — | X P in L.

5. The family {|X,|P : n > 1} is uniformly integrable.
Proof. Tt will be proved that .
Proof of[[=f2] Follows trivially from the observation that
1] = [X]] < [ X0 — X].

O
Proof of 213 The hypothesis [2| implies that
lim E(]X,[") = E(|X[?),
n—oo
from which [3] follows. O

Proof of Bl={dl Write
E ([[XalP = [XPP]) = E(1Xa") + E(|XP) = 2B (|Xu P A[XP) . (3.1)

The assumption X,, P x implies that
X P A X2 X2 0 — 00
The assumption that the p-th moment of | X| is finite along with DCT implies
lim E (| Xo[" A X[7) = E(1X]7) .
n—oo
Use the above with (3.1]) and [3[to get
limsup E (HXn|p - |X|pD <0,
n— o0
which implies [4]
Proof of [@={5] Follows from the ‘only if’ part of Theorem O

Proof of 5l=11]. Let
Y,=1X,—XP,n>1.

The assumption X, P X s equivalent to Y, 0. Furthermore,
0< Y, <2°(|Xpf” + [X) ,n>1.

The hypothesis [5[ and 1. of Theorem (3.2 imply that {|X,|P + |X|P : n > 1}
is uniformly integrable. Furthermore, 2. of Theorem [3.2] shows uniform
integrability of (Y;, : n > 1). The ‘if part’ of Theorem [3.3| establishes

Y, = 0in L',
which is equivalent to

This completes the proof.
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4 Martingales: definition and convergence results

Definition. Let (2,.A, P) be a probability space. A family of o-fields (F, :
n € N) is a filtration if 71 C Fo C ... C A. A sequence of random
variables (X, : n € N) is a martingale w.r.t. a filtration (F,) if for all
n €N,

o X, is F,-measurable,
e E|X,| < oo,
o and E(X+1|Fn) = X

Dictionary meaning: “A gambling system of continually doubling the
stakes in the hope of an eventual win that must yield a net profit.”

Example 4.1. Imagine a gambler who starts with a certain capital, say Xo.
At each stage, he puts on stake his entire asset at that point of time. With
probability half he doubles his asset, and with probability 1/2, he looses ev-
erything. Let X,, denote his asset after n iterations. Then,given X1, ..., X,
Xnt1 equals 2X, or 0, both with probability 1/2. Then, (X, : n > 1) is a
martingale w.r.t. (o(Xo,...,Xpn):n>1).

Example 4.2. Let X1, Xo,... are independent random variables with mean
W1, 2, - . . Tespectively. Define

n

R S SR
i=1
Fn = o(Xy,...,Xpn),n>1.

Then, (Sp, Fn)n>1 is a martingale.

Example 4.3. Suppose that (Ny :t > 0) is a Poisson process with mean \.
Define

Xn = Np—nAn>1,

Fn = o(Ne:t<n),n>1.

Then, (Xn, Fn) is a martingale.

Example 4.4. Consider an urn with w white balls and b black balls. At
each stage, a ball is selected at random from the urn, and a ball of the same
color is added. Let X, denote the proportion of white balls after n draws.
Then X, is a martingale.
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Example 4.5. Let (X,, : n > 0) be a Markov chain with a countable state
space S and transition matric P. Let m: S — R be a function such that for
alli e S,

> P(i, j)|m(j)| < o0,
JES
and

> P, j)w(G) = (i)

JES
Then, m(X,,) is a martingale w.r.t. (o(Xo,...,Xpn):n>1).

Definition. A function 7 : Q@ — NU{0,00} is a stopping time w.r.t. a
filtration (Fy,) if
[T =n]eF, foralln>0.

Exercise 4.1. Given a filtration (F, : n > 0) and a N U {0, co}-valued
random variable T, show that T is a stopping time if and only if

[Tﬁk] € Fr,k>0.
Definition. For a stopping time T w.r.t. (Fy),
Fr={Ac A: An[r < k| € Fj for all k > 0}.

Definition. The family (X, : n > 1) is adapted to a filtration (Fp, :n > 1)
if Xy s Fp-measurable for all n € N.

Exercise 4.2. If (X,,) is adapted to (Fy), and T is a stopping time, then
show that X, is F,.-measurable.

Definition. A family (X,, : n > 1) of random variables is a submartingale
w.r.t. a filtration (F,) if for alln € N,

o X, is F,-measurable,
e E|X,| < oo,
o and E(Xp+1|Fn) > X, a.s. .

If the inequality in the last line is reversed and everything else is unchanged,
then it defines a supermartingale.

Theorem 4.1 (Doob’s optional stopping theorem). Let (Xy, Fn)n>1 be a
submartingale. Let 11,10 be stopping times such that 1 < 7 < 7 < n for
some fized n € N. Then, X, , X, are integrable and

E(X|Fr) > X4 as..
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Proof. Fori=1,2,

n n
| Xz | = Zle(Ti:j) SZ|XJ|7
o j=1
and hence X7, is integrable. In view of Exc. [£.2] it suffices to show that

/A<XT2 — X;,)dP >0 for all A € F;, .

Fix A € F;, and note that for all k € N,

AO[T1<I<3STQ]:AO[T1Sk‘—l]ﬂ[ngkﬁ—l]CG}—k_l.

Therefore,
T2
JRCEES T A SRC S L
A Ak=7'1+1
= Z/ (Xk — Xg—1)dP
k=2 AN[r <k<7]
= Z/ (E(Xp|Fp_1) — Xp_1)dP
k=2 AN[r1<k<T2]
> 0,

the inequality in the last line following from the submartingale property.
This completes the proof. O

An immediate corollary of Doob’s optional sampling theorem is the fol-
lowing.

Theorem 4.2. Let (X, Fp)n>1 be a martingale. Suppose that T is a finite
stopping time with respect to (Fy, : n > 1) such that (X;nn :n > 1) is U.L
Then, X, is integrable and

E(X,;) =E(X1).
The proof uses the following trivial exercises.
Exercise 4.3. 1. If 1 and 1o are stopping times, show that so is 71 A Ts.

2. Show that any deterministic k € {0,1,...,00}, 7 = k is a stopping
time with respect to any filtration (F,, : n > 0), and that

Fr=Fi.
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Proof of Theorem [{.3 Doob’s optional sampling theorem implies that
X1 = E(XT/\n|Jr1) ,n=>1,

because 1 is a stopping time, as is 7 A n, by the above exercise, and 1 <
(T An) <n. Thus,
E(Xy1) =E(X;an) ,n>1. (4.1)

Since 7 is finite,
Xian = Xpyn — 00,

Uniform integrability of (X, : n > 1) along with Theorem implies that
lim E (X, an) =E(X;),
n—oo

which, in conjunction with (4.1]), completes the proof. O

Theorem 4.3. Let (X, Fp)n>1 be a martingale. Suppose that T is a stop-
ping time with respect to (F, : n > 1) such that either of the following
holds:

1. T is bounded,
2. or there is a finite constant ¢ satisfying
| Xnt1 — Xn| <cas. foralln>1,
and E(1) < oo.

Then,
E(X;) =E(Xy).

Proof. Under 1., the claim follows trivially from the Optional Sampling The-
orem. If 2. holds, then

TAN T
| Xoan| = | X1+ Z(Xz = Xi)| < [Xaf + Z |Xi — Xia| <[ Xa| +er.
i=2 i=2

Excimplies that (X,apn : n > 1) is U.L from which the proof follows. [J

Example 4.6. Consider independent successive tosses of a fair coin. Let
the outcome of the n-th toss be denoted by Z,,, that is, Z, = h or Z, = t.
Define

T=inf{n>2:2,1=2,=h}.

We are interested in calculating E(T).
Observe that

B1(Zn = Zua = W)|F) = 51(Z, = b), (42)
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where Fp, = 0(Zy,...,Zy). Thus, the first task is to compensate
Z 1
Zﬁpﬁizgzm+§u%:h)
i=2

in order to turn it into a martingale. Some calculations using (4.2) show
that letting

1 n "~
X,==1(2Z,=h) — — 1(Z;.1=2;=h) ,n=1,2,...,
1% =) = 3+ 1y ) o

(Xn, Fn) is a martingale.
Note that
< inf{n >1:Zop1= 2oy = h},

N3

The random variable on the RHS is geometric and has mean 4. Thus
E(r) <8.
Further, | X,+1 — Xn| < 2. Theorem shows

E(X,)=E(X;)=0.

Since .
.
X;==-—-+1
TS5 +1,
it follows that
E(r)=6.

Example 4.7. Let (S,) be a simple symmetric random walk. Suppose that
—a < 0 < b be integers. Recall that for a gambler who starts with a capital
of a rupees and wishes to quit once he earns b rupees, his probability of ruin
is defined as

pr = P (for somen>1,5,=—a, Sy, #b foralll <m<n-1).

Define
7:=inf{n e N: S, € {—a,b}}.

It is immediate that T is a stopping time w.r.t. (Fp :n > 1), where
Fn:=0(S1,...,5).

Since (Sy) is a martingale and |Spa-| < a + b, it follows by Theorem [4.9
that
E(S;) =E(S1) =0.
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It is immediate that S; takes values —a and b with probabilities p, and 1 —p,
respectively. Therefore,

0=E(S;) =—ap, +b(1 —p;).

Therefore,
b

a+b’

Dr =

Exercise 4.4. If (S, : n > 0) is once again the simple symmetric random
walk, and
7=inf{n >0: S5, =1},

show that 7 < oo a.s. and
E(1) = 0.
Hint: Use Theorem[{.3

Theorem 4.4. 1. If (X,, Fy,) is a martingale and ¢ : R — R is convex such
that ¢(X,,) is integrable, then (¢(X,)) is a submartingale.

2. If (Xpn,Fn) is a submartingale and ¢ : R — R is convexr and non-
decreasing such that ¢(X,,) is integrable, then (¢(X,,)) is a submartingale.

Proof. Exercise. O

Theorem 4.5 (Doob’s maximal inequality). If (X,) is a submartingale
w.r.t. a filtration (F,), then for a > 0,

1
P(max X; 204) < —ElX,|,n>1.
1<i<n o

Exercise 4.5. Recall Kolmogorov’s mazimal inequality, which says the fol-
lowing. If Xy,...,X, are independent random wvariables each having zero
mean and finite variance, then

1
P ( max |Sg| > a> < ?E(Si),

1<k<n

where S := X1 +...+ Xg. Show that this inequality is a corollary of Doob’s
mazimal inequality.

Proof of Doob’s maximal inequality. Let T be the smallest k such that X >
1, if there is such a k, and n otherwise. Let

My := max X;, 1 <k<n.
1<i<k
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Then, for all 1 <k <n-—1, [M, > ao]N[r < k| =[My > a] € F, and for
E>n, [M,>a]lN[r <k]=[M,>a] €F, CF Thus, [M, > a] € F..
Note that

aP(M, >a) < / X, dP
[Mn>a]
(By the Optional Sampling Theorem) < / X,dP
[Mn>a]
< E|X,|,
which completes the proof. O

Exercise 4.6. If (X, F,) is a martingale, then show that |X,|,Fy) is a
submartingale.

The following is an immediate corollary of Doob’s maximal inequality
and the above exercise.

Theorem 4.6. If (X, F,) is a martingale, then for a > 0,

1
P (max | Xi| > a> < —E|X,|,n>1.
1<i<n a

Definition. Let (X, : n > 1) be a process and —oo < aw < < 00. Define
™ = 0,

inf{n > 71 : X;, > B}, k even,
.
, inf{n > mp_1 : Xn < a}, k odd.
The number of upcrossings of (X,) till time n is defined as
Up:=#{2<k<n:k even and 7, <n}.

Theorem 4.7. For a submartingale (X,,), the number of upcrossings U,
till time n, of [a, B] for a < B, satisfies

o] + B[ Xa|
E(U,) < ——.
(U) < =0
Proof. Define
Y, = max{0,X;—a},n>1,
0 = B—a.

By Exc 4.4]2, (Y;,) is a submartingale. Define

0O = 07
inf{n > 1,1 :Y, >0}, k even,
inf{n > 71 :Y, =0}, k odd.

Tk
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Fix n > 1, and observe that 7, An is a stopping time for every & > 1. Notice
that n A 7,_1 < n A7 if 7._1 < n. Therefore, 7, > n, and hence,

Yn - Y‘r An

n

(because Yo > 0) > Yo an—Yran

— n
n

= Z(YTk/\n - Y’rk_l/\n>
k=2
IO
where ) _ and ) denote the sums over even k and odd k respectively in
2 < k <n. By the O.S.T., for all k,

E(YTk/\n) Z E(Ykal/\n) 9 (43)
and hence
E(Y,) > E)_
e
= E Z (YTk/\" o Ykal/\n) .
2<k<n:k even
For k even,
(Yooan = Yo yan)1(Th—1 2 n) =0,
and
(YTk/\n - Y‘rk,l/\n)l (Tk_l <n< Tk) =Y,>0.
Therefore

E(Yn) > E Z (Y‘rk/\n - YTk,ll\n)]-(Tk < n)

2<k<n:k even

= E Y (Y -Y, )l(m<n)

2<k<n:k even

> EO#{k:2<k<n, keven and 7, < n})
OE(U,) .
Thus,
(8 — )E(U) < E(Ya) < Ja] + E|X,] .
Thus the proof follows. O

Theorem 4.8 (Convergence of L'-bounded submartingales). If (X, : n >
1) is a submartingale satisfying

sup E(|X,]) < o0,
n>1

then there exists an integrable random variable X such that

X, = X as.
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Proof. For fixed a < f3, let U,(c, 3) denote the number of upcrossings of
[a, B] by (X,) till time n, for 1 < n < co. The upcrossings inequality implies
that

E(Un(a,8) < (B—a) ! (la| +E|X,]) ,1<n < .

Letting n — oo and using the hypothesis, we get
E(Ux(a,B)) < oo,

with the aid of the M.C.T.

Thus,
Uso(e, B) < 00 as.
Therefore,
P (Us(a,B) <o foral o, €Q, a< p)=1.
Hence,
lim X,
n—oo
exists, a.s. That is, if
X =limsup X, ,
n—oo

then X,, — X a.s. Fatou’s lemma implies that
E|X| <liminf E|X,| < oo,
n—oo

and hence X is integrable. This completes the proof. O

Example 4.8. Let (S, : n > 0) be a simple symmetric random walk. It is
trivial that it is a martingale w.r.t. (0(S1,...,S,) :n > 1). It is well known
that a.s.,

liminf S,, = —oo, limsup S,, = +00.

n—0o0 n—00
Therefore, the almost sure convergence of a martingale may fail in the ab-
sence of L'-boundedness.

Example 4.9. Recall the example of a gambler who enters a Casino with
a positive capital, and each stage he bets his entire asset. At the next stage,
his asset either gets doubled or becomes zero, each with probability 1/2, in-
dependently of what has happened so far. If X,, denotes his asset at time n,
then clearly

supE(X,) = Xp.

n>1
However, X, — 0 a.s., but not in L'. This shows that (Xy,) is not uniformly
integrable, even though it is L'-bounded.
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Theorem 4.9 (Convergence of uniformly integrable submartingales). Let
(Xn, Fn i n > 1) be an uniformly integrable submartingale. Then there exists
an integrable random variable X such that

X, = Xoo, n — 00 a.s. and in L.

Furthermore,
Xn <E(Xw|Fn) a.s. foralln >1. (4.4)

Proof. Since (X,,) is uniformly integrable, it follows that

supE| X, | < c0.
n>1

By Theorem there exists X, which is integrable, such that
X, & X5 a.s.
Using uniform integrability once again, it follows that
X, — Xoo in L.
Fix n € N. It is immediate that
E(Xm|Fn) = E(Xw|Fy) in L' as m — oo.

Since for all m > n,
X, <E(Xn|Fn) as.,

(4.4) follows, which completes the proof. O

An immediate corollary of Theorem [4.9]is the following which follows by
working with — X, as well, and hence the proof is left as an exercise.

Theorem 4.10. Let (X,,, Fp, : n > 1) be an uniformly integrable martingale.
Then there exists an integrable random variable X, such that

X, = Xoo, n — 00 a.8. and in L.

Furthermore,
X, = E(X|Fn) a.s. foralln>1.

The following result, known as Lévy’s upward theorem, is a consequence
of the above.

Theorem 4.11. If (F,,) is a filtration and X an integrable random variable,
then
E(X|F,) — E(X|Fx),n — o0,

foo:g@fn).
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Proof. Let
X, =E(X|F,),n>1.

Then, for all n > 1,

E(Xnt1|Fn) = E(EX[Fn)Fn)
= E(X|~Fn) =X,,

because F,, C Fp+1. Thus (X,,) is a martingale. Furthermore, (X,,) is
uniformly integrable by Theorem Thus, there exists X, such that

Xn = Xoo,n — 00,
a.s. and in L'. Since each X, is F..-measurable, redefining

Xoo = limsup X, ,

n—oo
it follows that X, is Fo-measurable. Fix
[o.¢]
Ae 7,
n=1

that is, A € F,,, for some ng. For all n > ng, since A € F,,, it holds that

/XndP:/XdP.
A A

Since X,, = X in L', what follows is

/XoodP:/XdP.
A A

Ae ] Fa,

n=1

/XoodP:/XdP.
A A

Since the class of sets A for which the above hold is a monotone class, and
U,2, Fn is a field, the monotone class theorem implies that

Thus, for all

it holds that

/XoodP:/XdP,Ae]-"oo.
A A

Thus,
Xoo = E(X|Fx) -

Hence the proof. O
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Henceforth, we shall use the notation
\/ Fn=0 <U fn) .
n=1 n=1

Theorem 4.12 (Convergence of LP-bounded martingales). If (X, : F, :
n > 1) is a martingale such that

sup E(| X, |P) < o0,
n>1

for some 1 < p < oo, then there exists Xo € LP(Q2) such that

X, = Xoo a.s. and in LP

and
X = E(Xx|Fn) a.s. foralln > 1.

Proof. In view of Theorem it suffices to show that (|X,|P : n > 1) is
uniformly integrable. Since X, is a martingale, (|X,|?) is a submartingale
with respect to the same filtration. Note that

[ee]
E <max |Xi|p> / P <max | X; [P > x> dx
1<i<n 0 1<i<n
oo
= / P(max | X Z:J;l/p> dx
o
= p/ PP <max | X;| > z) dz
0 1<i<n
o
< p/ zp_2/ | Xn| dP dz
0 [maxlgign \Xl\z,z]

maxi <;<n | Xil
— p/ |Xn|/ 2P~2dzdP
Q 0
p r
= / | X0l (max \Xl|> dpP
p—1Jg 1<i<n

N _ |p—1
(6= 25) = o (1] a1

< q(E(|X,[P)Y? (E <max |Xi|(P—1)Q>)1/q

1<i<n

the last line invoking the Holder’s inequality, along with the observation
that p~! 4+ ¢! = 1. Therefore,

) < P Py
B (max 1P < PB(XP)
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Letting n — oo,
E <sup |Xn|p> < ¢’ supE(| X, [P) < 0.
n>1 n>1

This shows that (| X, [P : n > 1) is uniformly integrable, and thereby com-
pletes the proof. O

Example 4.10. Consider an urn having black and white balls, the initial
proportion of white balls being Xo. A ball is drawn at random and replaced.
A ball of the same color is added to the urn. If X, denotes the proportion
of white balls after n draws, then Theorem shows that there exists a
random variables X, such that

X, = X a.s. and in LP

for all 1 < p < o0, 0 < Xoo < 1 and E(X) = Xo. Since X2 is a
submartingale, it follows that

Var(X,) = E(X2) - X2 1 E(X2) — X2 = Var(Xs) .
Therefore, if 0 < Xg < 1, then X7 is non-degenerate and hence so is Xqo.

Definition. In a probability space (2, A, P), a family of o-fields (F,, : n >
1) is a reverse filtration if A D F1 D Fa D .... A family (X, :n>1) of
integrable random variables is a reverse martingale w.r.t. a reverse filtration
(Fn) if Xy, is Fp, measurable for alln € N and

E(Xn_1|Fp) = X, n > 2.

Theorem 4.13 (Reverse martingale convergence theorem). If (X, Fy) is
a reverse martingale, then as n — oo,

X, —E <X1

[o¢]

N a) :
n=1

a.s. and in L1

Proof. Fix ng > 1 and define
k(n):=(np+1—n)V1.
Clearly (Xg(n), Fr(n) : 7 > 1) is a martingale. Furthermore, for fixed —oo <
a< f<oo
E [# times X, ..., X1 upcrosses [a, f]]
= E [# times Xy (1), - -, Xp(no) Upcrosses [a, 6]]
laf + B[ Xk ()|
S T 5-a
o] + E[ X,
58—«
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Since the right hand side is independent of ng, it follows that X, converges
almost surely to a random variable X,. without loss of generality, one can
define

Xoo = limsup X, ,

n—o0

and it is clear that X, is measurable w.r.t. Fo, = ﬂzo:l Fn. Furthermore,
for any A € Fuo,

/XoodP— lim X dP = /deP
A

n—oo

Thus,
E(Xi|Fx) = X0,

and hence the proof follows. O

A restatement of the above result is Lévy’s downward theorem which
says the following.

Theorem 4.14. If Z is an integrable random variable and (Fp, : n > 1) a
reverse filtration, then

E(Z|F,) — E (Z’ ﬂ .Fn) a.s. and in L' ,n — 0o.

n=1
Combining Theorems [4.11] and [£.14] yields the following.

Theorem 4.15. Let Z be an integrable random variable. If (Fy,) is a filtra-
tion or a reverse filtration, then

E(Z|F,) — E(Z|Fx) ,
as n — 00, a.s. and in L', where

Fo = {VZ‘;l Fn s filtration,

Moy Fn, reverse filtration.

5 Applications of martingale and reverse martin-
gale convergence theorems

In this chapter, we’ll see several applications of the results in the last one.
The first one is Kolmogorov’s 0-1 law.

Theorem 5.1 (Kolmogorov’s 0-1 law). Let Aj, As, ... be independent sub
o-fields of the master o-field. The tail o-field is defined as

T=N VA

n=1i=n

Then, for all A € T, P(A) is either 0 or 1, that is, T is a trivial o-field.
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Proof. For n € N, define

fn = \/ Ai7
=1

T. = \ A
i=n+1

Observe that for every n, F, and T, are independent. Fix A € T. Therefore,
for every n € N, A € 7, and hence

E(14]Fn) = P(4).

The observations that (F,) is a filtration and \/,_, F, = ;2 A; imply

that
(o, ¢]
\/.Ai) a.s. asm — 00.

E (lA’fn) —E <1A
i=1

Since /72, A; D T, it follows that

o0
\/ Ai> =14, almost surely.
=1

E(lA

P(A) =14 almost surely.

Thus,

Since the right hand side takes only two values which are 0 and 1, the proof
follows. [

An immediate application of the above result and the reverse martingale
convergence theorem is the strong law of large numbers.

Theorem 5.2 (SLLN). If X, Xo,... are i.i.d. with finite mean p, and
Sn = ZX’L y TV > 17
i=1

then, as n — 00,
n~ 1S, — p a.s. and in L*.

For the proof, the following exercise is needed.

Exercise 5.1. Let X be an integrable random variable and F,G be o-fields
such that GV o(X) is independent of F. Show that

E(X|FVG) =E(X[G) as.
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Solution. Let
Y =E(X|9) .

Clearly, Y is FV G-measurable. To complete the solution, it suffices to show
that
E(Y1lg)=E(X1g),Ec€ FVG. (5.1)

Let
A={ANB:AcF,BegG}.

Clearly, if E,F € Athen ENF e Aandif E=ANBfor Ae F, Beg,
then
E°=A°U (AN B°),

and A°, AN B¢ € A are disjoint. Thus, A is a semi-field. Furthermore, for
E as above, X1p and 14 are measurable with respect to (X )V G and F,
respectively, and hence are independent. Therefore,

E(X1p) =E((X15)14)
=E(X1p)E(14)

E(Y1p)E(14)

E(Y1g),

(because BeGandY = E(X|g))

the last line following from the observation that Y15 and 1 4 are measurable
with respect to G and F, respectively, which are independent.

Thus, holds for all E € A. Since A is a semi-field, sets of the
form Fy U...U E, for disjoint Fy,...,E, € A and n > 1 constitute the
field generated by A. Thus, holds for all £ in the field generated by
A. Tt is easy to see that the collection of sets E for which holds is a
monotone class. The monotone class theorem proves that it holds for all £
in the o-field generated by A which is F V G. This completes the solution.

Proof of Theorem[5.9. Let
Fn =0(Sn, Sn+1, Snt2,.-.),n > 1.
Clearly, (F,) is a reverse filtration, and
Fn=0(Sn, Xnt+1, Xnt2,...) = 0(Sn) Vo (Xnt1, Xnt2,--.).

Fix n > 1 and denote X = X, F = 0(Xp41, Xnt2,...) and G = o(S,).
Clearly, o(X)VG and F are independent, which in view of the above exercise
implies that
E(X|FVG)=E(X|G),
that is,
1
E (X1|Fn) = E(X1|Sn) = ﬁSn,
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the second equality being a trivial consequence of the fact that Xy,..., X,
are i.i.d.
Since (Fy,) is a reverse filtration, it follows that

i),

n=1

n~1S, =E(Xi|F,) = E <X1

in L' and a.s.
Let
Z =limsupn~tS, .

n—o0

It is immediate that for any k& > 1,

n

Z = limsupn~? ZXi ,

n—00 ;
i=k

and hence Z is o(Xg, X1, ...)-measurable for all k. Therefore, Z is mea-
surable with respect to

DL

O'(Xk,Xk+1, e ) .

k=1

Kolmogorov’s 0-1 law implies that the above o-field is trivial, that is, every
event therein has probability 0 or 1, and hence Z is degenerate. Since

ﬁ fn> a.s. ,

n=1

Z:E<X1

it follows that Z = E(X1) = p a.s. Thus, we have shown that
n 1S, — u,
a.s. and in L', as desired. ]

If Ay, As, ... are o-fields generated by i.i.d. random variables, then Kol-
mogorov’s 0-1 law can be strengthened to a result due to Hewitt and Savage.
For stating the same, a few notions have to be introduced. Recall that

RY = {(z1,29,...) : 2, € R for all n € N} ,

and B(RY) is the smallest o-field on RY with respect to which the coordinate
function 6,, : RN — R, defined by 6,,(z) = x,,, is measurable for each n € N.
Fix n € N and a permutation 7 of {1,...,n}. Define the function

fr RN 5 RY
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fﬁ(w) = (xﬂ'(l)7 <oy Lr(n)s Tn+ls - - ) .
Sp = {B e BRY) : f(B) = B} . (5.2)
Clearly, Sy is a o-field. Define

S:ﬁ N Sy

n=1 7 permutation of {1,...,n}

Theorem 5.3 (Hewitt-Savage 0-1 law). If Xy, Xo,,... are i.i.d. random
variables, then for all B € S,

P((X1,X2,...)€B)=0orl.

First note that the Hewitt-Savage law implies the Kolmogorov law in the
ii.d. case. That is, for random variables Z1, Zs, ... defined on (92, 4, P),

[o@)
ﬂ 0(Zny Zpst,...) C
n=1

{AeA: A={weQ:(Z(w), Zy(w),...) € B} for some B € S}.

This follows from the observation that for every n € N and every permuta-
tion w of {1,...,n},

0(Zps1, Znt2,...) C{A€A: A=[(Z1,Z3,...) € B] for some B € S, }.
Proof of the Hewitt-Savage law. Fix B € S, and define
W =1[(X1,Xo,...) € B].
In order to complete the proof, it suffices to show that
E(W?) = E3(W). (5.3)

Setting
Fni=0(X1,...,Xpn),n>1,

it follows from the observation that W is \/,-; F,-measurable, that
le E|[EW|F,) —W|=0.

Fix € > 0. There exists n > 1 such that

E|E(W|F,) — W] <e. (5.4)
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Since 0 < W < 1, there exists a measurable function g : R™ — [0, 1] such
that
Y =EW|F,) =9(Xy,...,X,).

A restatement of (5.4)) is that
E’]‘[(XhX?a) S B] _g(leaXn)| <e.
d

Since (Xl,Xg, . ) = (XnJrl, e ,Xgn,Xl, e ,Xn,X2n+1,X2n+2, .. .), it fol-
lows that

E[L[(Xns1s s Xon X1, Xy Xong1, Xonsa,...) € B]

— 9(Xnt1, -, Xon)|
<e.

Since B € S, it is immediate that
W = 1[(Xns1s- s Xony X1, o, Xy Xong1, Xona,-.) € B] .

Denoting
Z = g(Xn+1, e ,Xgn) y

it is immediate that
E|W-2Z|<e. (5.5)

The fact that Y and Z are i.i.d. implies that

[E* (W) —E(YZ)| = |E*(W)-E*(2)|
< 2BE|W — Z|
< 2,

the last line following from ([5.5)). Similarly,

[EW?) —E(YZ)| < EW?-WY|+EWY -YZ|
< E|W-Y|+E|W - Z|
<

2¢

the last line following from (5.4)) and (5.5)). The two inequalities put together
imply that
IE(W?) — E*(W)]| < 4e.

Since ¢ is arbitrary, this shows (5.3) from which the proof follows. O

The next application is the strong law of large numbers for U-statistics,
of which Theorem [5.2] is a special case.
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Definition. Let f : R”™ — R be a measurable function. The U-statistic,
associated with f, based on a sample x1,...,x, of size n > r is defined as

Un(21,...,20) = r!z") Z @iy, mi,)

7/ 1<, i <niij iy for all j#k

Theorem 5.4 (SLLN for U-statistics). Suppose that X1, Xo,... are i.i.d.
random variables. Let U, be the U-statistic based on X1,...,X, associated
with an f:R" — R forn>r. If

E|f(X17"'7XT)’<OO7
then, as n — oo,
Uo = E(f(X1,...,X,)) a.s. and in L*.

Proof. Let the underlying probability space be denoted by (€, .A, P). Let
S be as in (5.2)). Define for all n € N,

Sn = m S7r7

7 permutation of {1,...,n}

and
Fn={AeA: A=[(X1,X2,...) € B] for some B €S} .

It is immediate that S,, O S,41, and hence F,, O Fp+1.
Fix n > r. Clearly if a measurable function g : R™ — R is such that

g(l‘l, cee 7l'n) = g(xﬂ'(l)’ s 71"7r(n))

for every permutation 7 of {1,...,n} and (z1,...,z,) € R", then g is F,-
measurable. Hence U, is F,-measurable. Since X, Xo,... are i.i.d., it
follows that for distinct iy,...,4, € {1,...,n},

E(f(Xips---, Xi)|Fn) =E(f(X1,..., X0)|Fn) -
Adding over all distinct i1,...,%, € {1,...,n}, we get

E > F(Xiy, e, X)) | Fu

i1,eyir€{1,...,n} distinct
n
=r! (T)E(f(Xl, LX) F)

Since the left hand side is the conditional expectation of r!(?) U,, which is
Fp-measurable, it follows that

E(f(X1,. .o, X)) Fn) = Un.
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Therefore, there exists a random variable Uy, such that
Up = Usx, (5.6)

as n — oo, a.s. and in L.
In order to complete the proof, it suffices to show that Uy, is degenerate.
Denote

N={AcA:PA) =0},

and
.Az:O'(XZ)\/N,ZZ 1.

Then, Ay, Ao, ... are independent o-fields.
Fix k> 2and n > k +r. Write

U, = "a > (X, .., X5,)
A7/ distinct i1,...,5r€{k,...,n}
1
+W Z f( Xy X,
A/ distinet 41,50 €{1,00 0} {01, 00nir JO{ 1,0, k=130

=V, +W,.
It is immediate that V, is \/fik Aj-measurable. For the second term, let
A, = {{z’l,...,ir} Dd1,..., 0 € {1,...,n} are distinct and
{iv,....i, b0 {1, ...,k =1} #0}},

and note that

1
E[W,| < —m#A B f(X1,..., X,)|

=)
()1
—>0T,n—>oo.

Thus,
Un—VnQO,n—)oo.

Recalling (5.6)), it follows that

P
Vi — Uy ,n — 00,

and hence there exists a subsequence of (V) which converges to Uy, a.s.
Since A; D N, it follows that U, is measurable with respect to

a
i=k
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The above being true for all k, Uy, is measurable with respect to
oo o0
AV
k=1i=k
By Kolmogorov’s 0-1 law, it follows that Uy, is degenerate, and hence
Uso = E(f(X1’7X7")) )
which in view of (5.6) completes the proof. O

The next result of interest is the SLLN for exchangeable random vari-
ables, where the limit is not necessarily degenerate any more.

Definition. A sequence of random variables X1, Xo, ... is exchangeable if
for alln > 1 and every permutation ™ of {1,...,n},

d
(Xla s 7XTL) = (Xﬂ'(l)7 .- 1X7r(n))

Example 5.1. Let Zy, Zy,... be i.i.d. standard Normal random variables,
and 0 < p < 1. Define

Xn i =vpZo+\1—pZy,n>1.

Then, for every n, (X1, Xa,...,X,) follows multivariate normal with
E(X;) = 0,
Cov(X;, Xj) = {p’ 7
L, i=j,

for all 1 < i,j < n. It is easy to see that the sequence (X1, Xo,...) is
exchangeable.

Example 5.2. Let © follow standard Uniform, and conditional on ©, let
X1, Xo, ... be i.i.d. from Bernoulli(©®). Then X1, Xs,... are exchangeable.

Theorem 5.5 (SLLN for exchangeable random variables). Let X1, Xo, ... be
an exchangeable sequence of integrable random variables. Then there exists
an integrable random variable Y such that

1< ,
— g X; =Y in L' and a.s., asn — oo
n

i=1

Proof. Let

n
Sh, 1:ZX2‘,TL21-
i=1

45



Define the o-fields

Fom = 0(Sm,Smitts---35), 1 <m<n<oo,
Finoo o(Sm, Smt1,--+), m €N,

Foooo = ﬁfmoo.
m=1

Fix 2 < m < n. There exists a measurable function f : R ™+l 5 R such
that
E(X1|Fmn) = f(Sms---,Sn) -

For any ¢ € {1,...,m},

d
(X17X27 cee )Xn) - (Xi)X17X27 cee )Xi—l)Xi-i-l) .. 'aXn)v

and hence ;
(X1,Sm,--,S) = (Xi, Smy -+, Sn) -
Therefore,
E(X|Fmn) = f(Smy .-, Sn), 1 <i<m.
Thus,

m

Mf (S 3Sn) = B(Xi| Fonn) = BE(Si|Frnn) = Sm -
i=1

That is,
1
E(X1|Fmn) = —Sm -
m
For a fixed m,

00
]:moo:\/]:mnv

n=1

and hence 1
E(X1|Fmo) = lim E(X1|Fmn) = —Sm .
n—oo m

Since (Fmeo : m € N) is a reverse filtration, by the reverse martingale
convergence theorem,

1
—Sm = E(X1|Foooo)
m
a.s. and in L', as m — oo. This completes the proof. ]

De Finetti’s theorem is a non-trivial application of the above result.
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Theorem 5.6 (de Finetti’s theorem). If Xi, Xo,... are exchangeable and
each X, takes value 0 or 1, and © denotes the a.s. limit of n= 1 (X1+. . .+X,),
then

P(Xy =uy,..., X, = uy|o(©)) = OXi=1% (1 — Q)" Li=1 % |
for all uy,. .., u, € {0,1} with the convention that 0° = 1.

Proof. Let S,, for n € N and Fp,,,, for 1 < m < n < oo be defined as in the
above proof. Fix 1 <m <n < oo. Fix v, ..., v, such that

P(Sy = Umy ..., Sy =vp,) >0.
Fix uy,...,up € {0,1} such that u; + ...+ u,, = vy, and observe that

P(Xy=uy,..., Xn =un|Sm =vm,..., S, = vy)

1
= P(X1=u1,...,Xm = Un,
P(szvma---asnzvn) ( ! ! " "
Xm+1 = Um+1 — Um, - - ~7Xn = Un _’Unfl) .
Clearly, there exist 1 <141 < ... < 4, < m such that Uy = ..o =y, =1

and u; =0 for j € {1,...,m} \ {i1,...,im}. Therefore,
P(X1=u1,..., Xm = Um, Xm+1 = Umt1 — Umy oy Xpn = Up — Up—1)
= P(Xj=1forje€ {i1,... iy, }, X; =0 for
je{l,....omi\{i1,...,in}, Xj=vj—vj_g for j=m+1,...,n)
= P(Xj=1forje{l,...,un},X; =0 for
je{om+1,... mhX;=vj—vj_1forj=m+1,...,n),

the last inequality following by exchangeability. That is, for all uy, ..., u, €
{0,1} such that u; + ...+t = vy,

P(X1:ul,...,Xm:’LLm|Sm:Um,...,Sn:’Un)

depends only on v, ...,v,. Since there are (J:L) many possible choices for
U, ..., Uy, it follows that

1
P(X1:ul,...,Xm:um\Sm:vm,...,Sn:vn):—

(o)

for all uy,...,uy, € {0,1} such that u; + ...+ uy = vy, In other words,

—1 m
P(Xlzul,,Xm:um]}"mn):<;n) 1<Sm:2uz> y
m i=1
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for all 1 <m < n < oco. Letting n — oo, it follows that for all 1 < m < oo,

-1 m
m i=1

Fix once again 1 <m <n < oo, and uq, ..., uy, € {0,1}. Define

m
j::ZuZ-, k:=m-—j,
i=1
and note that

P(Xlzul""’Xm:umLFnoo)

(5.)

Sp(Sp—1) ... (Sp—j+1)-(n—28n)...(n— Sy —k+1)
n(n—l)...(n—m+1)

Fixing m and letting n — oo, it is easy to see by the SLLN for exchangeable

sequence that '
Y — ©7(1 — )

where © is the a.s. limit of S,,/n. Thus, it is immediate that on [0 < © < 1],
P(X1=u1,...,Xm =tn|Fneo) = ©(1—0)F as,asn—o00. (57)

Now fix w such that 1
ESn(w) — 0O(w) =0.

If j > 1, then it is easy to see that
1
P(Xi=u1,...,Xm = uUn|Fno) (w) < ES"(W) — 0,
and if j = 0, then

P(X1=wu1,..., Xm = un|Fno) (W)
n—3S,(w) n—9S(w) —m+1
n—m+1

= 1(Sp(w) <n—m)

— 1, asn — 0.

Thus, (5.7) holds on [© = 0] also, recalling the convention that 0° = 1. The
convergence can be established similarly on [© = 1].
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Since,
P(Xi=u1,. ., Xm = un|Fno) = P (X1 =u1,..., Xon = Um|Foooo) »
a.s., as n — oq, it follows from that
P (X1 =1, ., Xp = | Foooo) = OXi51 % (1 — @) 2izn Ui,

The proof follows by conditioning with respect to o(©) which is a subset of
fOOOO‘ D

The next result, which is another application of the martingale conver-
gence theorems, is due to Kakutani.

Theorem 5.7. Let X1, Xo,... be independent non-negative random vari-
ables with mean 1. Let

M,=X1..X,,n>1,
an:E<\/Xn) ,n>1,
and

A:ﬁan.
n=1

If A >0, then
M, - My,

in L' and a.s. for some random variable My,. On the contrary, if A = 0,
then
M, — 0 a.s.

Proof. For proving the first claim, assume that A > 0. Define
fn :O'(Xl,...,Xn),nZ 1,

and

n
/XA
W, = H tn>1.
. a;
=1
Then, (W,,F,) is a martingale. Further,
EW?2) = (a1...a,)" ,n>1.
Since a, < 1 by Jensen, it follows that

supE(W2) < AL,

n>1



Theorem with p = 2 implies that there exists a random variable W,
such that W,, = W4, in L? and a.s. Thus,

W? — W2 as. and in L'.

Since

it follows that
M, — A*W2 as. and in L.

Letting
My, = A2W2
the desired claim for the case A > 0 follows.
Suppose that A = 0. If W, is as above, then it is still a non-negative
martingale and hence converges a.s. to some finite random variable Wo,.

Thus,
M, = (a1...a,Wy)?* — A*W2 =0 as.

This completes the proof. ]

The final application we’ll study is the so-called discrete Dirichlet prob-
lem. The Dirichlet problem, which arises in physics, is the following. Let D
be the open unit disc in R?, D its closure, and

OD=D\D.

Given a continuous function f : 0D — R, the Dirichlet problem is to find
a continuous function h : D — R which is harmonic on D, that is, for all
(z,y) € D and r > 0 such that the ball of radius r around (z,y) is in D, it
holds that

1 27
h(z,y) = 27r/0 h(x+rcosf,y+rsinf) df,

and satisfies
h=fondD.

If such an h exists, the next question is whether it is unique.
Solving the Dirichlet problem is beyond the scope of this course. We
shall consider a discrete version of the above problem.

Theorem 5.8. Let D C Z? be a finite set. Define
D={yeZ:|y—=x| <1 for some x € D},

where || - || denotes the L' norm, and

oD =D\D.
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Given any f : 0D — R, there exists a unique
h:D—R,

which agrees with f on 0D, and satisfies for all (z,y) € D

he,y) = (e = 1y) + hlz +1,9) + by — 1)+ h(ey + 1] . (5.9

Proof. We start with showing existence. Let (S, : n > 0) be the simple
symmetric random walk on Z? with Sy = 0, that is, it takes a step in one of
the four directions, each with probability 1/4. Define

Tx,y :mln{n Z 0: (x,y)+5n ¢ D}?(‘T7y) € Da
the right hand side being finite a.s. because D is a finite set, and

hz,y) =E [f ((w,y) + Sfmyy)] (z,y)€D. (5.9)

The right hand side makes sense because (z,y) + S, , € 0D. It is easy to
see that for (z,y) € 0D, 75, = 0 and hence h agrees with f on 9D.

To show (5.8), fix (z,y) € D and define a Markov chain (X, : n > 0) on
D as follows. Declare the states in 0D to be absorbing, and if the chain is
in (z,y) € D, then it moves to one of (z — 1,y), (x + 1,y), (r,y — 1) and
(z,y 4+ 1), each with probability 1/4. Since this is a chain on a finite state
space with every non-absorbing state leading to at least one absorbing state,
the chain eventually gets absorbed, that is, there exists X, such that

X, — Xso as.
A moment’s thought reveals that (5.9) is equivalent to
h(z,y) = E (f(X)|Xo = (2,9)) . (z,y) € D. (5.10)

Denoting e; = (—1,0), e2 = (1,0), e3 = (0, —1) and eq4 = (0, 1),

4
) = £ S B (K)o = (2.0). X1 = (2.0) + )
1 lzl
= ZE (f(Xoo)| X1 = (z,y) + )
1 7,;1
- 1ZE(f(XOOMXo = (z,y) +e),
i=1

the second and third lines following from the Markov properties. Using
(5.10)), the above line is same as the right hand side of ([5.8)). This proves
the existence.
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For uniqueness, let i : D — R agree with f on D and satisfy (5.8). Fix
(z,y) € D and set
Zn=h({(z,y)+Sp) ,n>1.

Setting Fp, = 0(So,...,Sn), (0.8)) implies that (Z,, F,)n>0 is a martingale.
Since (Zr, ,an = 1 > 0) is uniformly bounded, as D is a finite set, the optional
sampling theorem implies that

E(Z.,,) = E(Zo) = h(z,y).
€ 0D and hence

ZT;L"y = f ((ﬂf,y) + STm,y) .

Thus, h is given by (5.9) which establishes uniqueness. Hence the proof
follows. O

Further, 7, , + S

Tz,y

6 Martingale central limit theorem

Suppose that for each fixed n € N, (Spk, Fnk)r>0 is a martingale, with
Sno = 0. Let
Yok = Suk — Snk—1,k > 1.

Assume that

iE(Y,Ek) < 0. (6.1)
k=1

Then, for every n,
Snk; — Sn s k — o0,

a.s. for some random variable S,,. Define
onk = \/E (Y| Fuk-1),k>1.

The assumption (6.1]) also ensures that
oo
Zogk < 00 a.s. (6.2)
k=1

Theorem 6.1 (Martingale CLT). Assume that for all € > 0,

o
lim > E (Y L(Yarl 2 ) =0, (6.3)
k=1
and that
o
Zaiki)cTQ,n—)oo, (6.4)
k=1
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where o > 0 is a constant. Then,
Spn=2Z.,n— 00,

where Z follows N(0,0?).

Proof. We first prove it under the additional assumption, which will later
be removed, that

oo
Yok <Cin>1, (6.5)
k=1
for some constant C.
Denote i
Enk:ZUij,nGN,lgk‘goo.
j=1

In order to prove the claim, it suffices to show that
lim E (¢/5) = 772 t e R, (6.6)
where i = /—1. Fix t and observe that
‘E (6it5n) _ e—t202/2‘
_ ‘E (eitsn _ eitSn+(Enoo—U2)t2/2) T E (ez’tsn+(2noo—02)t2/2 _ 6—t202/2>‘
<E

S E )1 - e(EnmfaQ)t2/2‘ 4 ’E (eitsn+2nmt2/2) - 1’ .

oitSn (1 _ e(zm—a2)t2/2)’ | e t?0?/2 ‘E (eitSn+Znoot2/2) _ 1’

The hypothesis (6.4) implies that

1 - 2] 2y,

and (6.5) implies that the left hand side is at most 1 + e**. Therefore,

lim B [1 — ()2 — g,
n—o0

and would follows once it is shown that

lim E (eitsﬁzmtzﬂ) —1. (6.7)

n—oo

Proceeding towards the above, fix n and note that

: itSpp+Enkt?/2) _ itSn+Ynoot?/2
hmE(e’ s ’9/>—E<el + />,

k—o00
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(6.5) being used once again, and hence

E (eit5n+2noot2/2 _ 1)

E (eitsnk+2nkt2/2 _ eitsn k—11+2n k—1t2/2>

=
Il
—

e

E [eitSnk,leznth/Q (eitYnk o efdikt2/2>j|

i
I

. 2 . 2 42
E [eztsnk_leznkt /2R (ethnk ookt /Q‘J—"nk—1>:| _

=
Il
—

Hence,

o0
‘E (eitS”JrZ"“’tz/Q — 1)‘ < €t Z E ’E (eityﬂk — efaikﬁ/ﬂfn k—1)’ .
k=1
(6.8)
Fix k € N. Taylor’s theorem implies that

A 1
eI = 1 itk — SV + 0,
where
0] < [tYnil® A (£Y1)2.

Fix ¢ > 0 and denote

Thus, there exists a constant K;, depending only on ¢, such that
0] < K (|Yorl* A Yrg)
< Ko (Yo Lo + [YorP1([Yor| <€)
<Ky (Yl +Y3) -

n

Taylor’s theorem also implies that

1
e Tl /2 = 1 — St 0,

where -
|9/| < Kto-;lzk )

where K; > K.
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Recalling E(Yyx| Fnk-1) = 0 and E(Y2 | Fp—1) = 02,
‘E (emf’“C — e_aikt2/2’fnk—1))

. 1
= }E <€“€Y”’C —1—aitYu, + 2t2yn2k‘]:nk—1>

Fnk—l)‘
E (6] + [0l Frr-1)
KtE (Yn2k1nk + EYn2k + U:llk‘]:nk—l)
= Ky [E(Y3 Lkl 1) + com + o] -

Going back to , we get

)E (ez’tsn+zmot2/2 _ 1)‘

1
—E (e"fmt?/? —1+ §t2g’2‘k

<
<

oo
N E (Y Lok + c02 + o)

<
k=1
< teCt E € + sup O',,Qlk Yoo + Z Yr?k;]-nk
k>1 —
5 o0
< K" |C | e+E | supoyy, +ZE(Y¢?k1nk)
k21 k=1
oo
— 2
< K" |Cle+€*) + (1+0) E(Yfklnk)] : (6.9)
k=1

the last line following from the observation

0
orp = B3| Fako1) € €8 + B Lkl Frpo1) < €%+ Y B0l Fn 1),
j=1

and hence

oo
E (SUP ng) <+ BVl

k21 k=1

Letting n — oo in and using (6.3, it follows that

limsup |E (eit5"+2"°°t2/2 - 1)‘ < KeC" (e +eHC.

n—oo

Arbitrariness of € shows that the left hand side of goes to zero as

n — oo, that is, (6.7) holds. In turn, (6.7) implies which completes
the proof under the assumption (6.5)).
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To complete the proof when (6.5) possibly fails, fix C' > ¢2 and let for
alll<n<oocand 1 <k < oo,

k
§ 2
=1

and
Znk = Yarla,, -

Since 14, € Fni—1, it follows that
E (an|]:nk—1) =0,k,n €N.
Let
0%, =E(Z2|Fnk1) = oo la,, -
Observe that for n fixed, A,; J Anso as k — 0o, and hence

o0

Q= Anoo U U(Anj—l \Anj) ’
j=1
where Apg = Q. Thus, for an w € Q, either w € Ay or w € Ay i1\ Apj
for some j € N. Further,
i 52 () = Z§:1 a%j(w) , w€ App \ Apgeq for some k>0,
R 62, A
7j=1 Z]:l Un] (w) , W € Anco -

In all the cases, it holds that > 2%, 97213- (w) < C. Besides,

oo [e.e]
2 E : 2
j:l j:1

and that C' > o2 along with (6.4) implies that 14, i
Therefore,

o0

P
E 972”—>o*2,n—>oo.
Jj=1

By the case that has already been proved,

iznk = Z7
k=1

where Z ~ N(0,02). Finally,
o0
S =Sl A + Snlag, =14, Y Znk + Sulag, = 2.
k=1

This completes the proof. ]
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It is immediate that the Lévy-Lindeberg central limit theorem, which is
the following, is a corollary of the martingale CLT.

Theorem 6.2. Suppose that for each n, k, € NU {cc}, and the collection
(Yni 1 i € NN [1, ky]) comprises independent zero mean random variables. If
it holds that

kn
. 2 . _
JE{}O;E (Yi1(|Yni| >€) =0, foralle >0,

and i
: - 2\ _ 2
nlggoZE(Ym) =0°>0,
i=1
then
kn
ZYm- = 7Z,n— 00,
i=1

where Z ~ N(0,02).

The following is a special case of above and gives an easy way to check
the Lindberg condition based on the inequality

E(JY*7) > &°E (Y21(]Y] > €)) ,&,0 > 0.

Theorem 6.3. Suppose that for each n, k, € NU {oco}, and the collection
(Yni 11 € NN [1, ky]) comprises independent zero mean random variables. If
for some 6 > 0 it holds that

kn
: J24+6)
Jm 3B (1%al*7) =0,
1=

and i
. ~ 2y _ 2
nl;ngoZE(Ym) =02>0,
i=1
then
kn
ZYm- = 7Z,n— 00,
i=1

where Z ~ N(0,0?).

Theorem [6.1] has several applications. The first one is a CLT for Markov
chains. However, before, that let us quickly state and prove the SLLN for
Markov chains, which doesn’t need martingales, though.
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Theorem 6.4. If (X,, : n > 0) is an irreducible Markov chain on a finite
state space S with stationary distribution m, then for any f : S — R it holds
that

%Zf(XZ) — Zﬂ'jf(j) a.s., as m — 00.
=1

JES

Proof. Since cardinality of S is finite,

=3 AG) YK =).

= i=1
Recalling that for every j € S,

n

Zl(XZ :]) — T a.s.,

1
n
i=1

as n — 0o, because the chain is irreducible and positive recurrent, the proof
follows. O

For the general CLT, one should center by Zj 7 f(j). Instead, in the
following we consider the special case where the quantity vanishes.

Theorem 6.5. Suppose that (X, : n > 0) is an irreducible Markov chain
with state space S and stationary distribution . If f: S — R is such that

Zﬂ'zf(z) = 07
iES
then .
\}ﬁZf(Xi)éZ,n—)oo,
i=1

where Z ~ N(0,02) for some o > 0.

Proof. Without loss of generality, let S = {1, ..., k} for some k > 2. Writing
fi = f(i), and defining 1 x k vectors,

f: [flv"':fk] )
and
=71, T,
the hypothesis implies that
Tf=0.
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Recall that {cm : ¢ € R} is the eigenspace of 1 as a left eigenvalue of P,
that is, the null space of (I — P’). Therefore, f belongs to the orthogonal
complement of (I — P’), which is same as the row space of (I — P’), that is,
there exists a k£ x 1 vector u with

u'(I—-P)=f.
In other words,
f ' =u— Pu.
Thinking of row and column vectors in R* as functions from {1,...,k}

to R, set

n

M, =" [u(X;) = (Pu)(X;1)] ,n > 1

i=1

Thus,

Therefore,
P
— 0,n — o0,

n*1/2 [Mn o Zn:f(Xz)
=1

and hence it suffices to show that

n~V2M, = Z. (6.10)

Proceeding towards proving the above, let F,, = o(Xo, ..., X,) forn > 0,
and observe that

E (Mpi1|Fn) = My — (Pu)(Xn) + E (w(Xn41)[Fn)
(Markov property) = M,, — (Pu)(X,) + E (u(Xn41)| Xn)
k
M, — (Pu)(Xp) + > Px,ju(j)

=1

M, .

Thus, (M, F,) is a martingale. Let

Vvn

0, T1>Mn.

Yni:{l(Mi_Mi—l)y 1§Z§n7

Clearly, for every n, (Yn:, Fi)i>1 is a martingale difference. Furthermore,

Yoi = n V2 [u(X;) — (Pu)(Xi_1)] ,1<i<n,
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and hence for all € > 0 and n large, 1(|Yy;| > €) = 0 for all 7. Finally,

ZE 2|y =;ZE[(u(Xi)—u<Xil>>Qyﬂl]
= *ZZPXZ 1 — u(Xi- 1))2

=1 j=1
1 n
:EZQ(XZ—1)7
=1

where

k
g(i) =Y Py (u(j) —u(@)* 1 <i<k.
j=1

Theorem [6.4] implies that as n — oo, a.s.
k k kK
7111_330529 i) =Y _mig(i) =YY miPy (u(j) — uli))® .
i=1 i=1 j=1

Calling the extreme right hand side o2, (6.10)) follows, which completes the
proof. O

7 Miscellaneous topics

As the name suggests, this chapter covers a few short topics which are not
directly related to each other.

7.1 Martingale decomposition theorems

Theorem 7.1 (Doob’s decomposition theorem). Let ((X,,F,) :n > 1) be
a submartingale. Then, X, can be decomposed as

X, =Y, +A4,,
where
1. (Y, Fn) is a martingale,
2. Aps1 > Ap a.s. foralln > 1,
3. A1 =0 a.s.
4. and for alln > 2, A, is F,_1-measurable.

The components Y, and A, are uniquely determined.
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Proof. Let Ay =0, and for n > 2, define
An == An—l +E (Xn - Xn—l’]:n—l) 5

and
Y,=X,—A4,.
Clearly, and hold, and hence, for n > 2,
E(Y,|Foo1) = E(Xn|Fa-1) — An
== E(Xn’fn—l) - An—l —E (Xn - Xn—l‘-/rn—l)
= Xn—l - An—l
= Yn—l I

showing that holds. Next observe that
An - An—l = E(Xn’]:n—l) - Xn—l > 0 a.s.,

showing that holds.
Now suppose that X,, = Z,, + B,, is a decomposition such that -
hold with A, and Y, replaced by B,, and Z,, respectively. Therefore,

Y,—-Z,=B,—A,,n>1.
From , it follows that for n > 2,
B, — A, = E(B,— Ay|Fn-1)

= E(Y, — Zn|Fu1)

(by (1)) = Y1 —Zna
= Bp1—-Ap1.

Using , it follows inductively that Y,, = Z,, a.s. for all n, from which the
uniqueness follows. O
7.2 Regular conditional distribution

This topic should have been covered right after conditional expectation.
However, it was decided to get to this later only if time permitted, which is
why it’s being done now.

Let X be a random variable defined on (2, 4, P), and F be a sub o-field
of A.

Definition. A function p: B x Q — [0, 1] satisfying
o for all fizxed w € Q, p(-,w) is a probability measure on (R, B),
e and for all A € B, u(A,-) is a version of P(X € A|F),
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is a reqular conditional distribution (RCD) of X given F.
Theorem 7.2. An RCD of X given F erists.
The following elementary exercise will be used in the proof.

Exercise 7.1. Suppose that F : Q — [0, 1] satisfies
F(r)<F(s),r,s€Q,r<s,
lim F(n)=0, and lim F(n)=1.

n——oo n—o0

Define
G(z) =inf {F(r) :r >z,r € Q} ,z € R.

1. Show that G is a C.D.F.
2. If in addition, F satisfies

lim F(r+n')=F(r),r€Q,

n—oo

show that F(r) = G(r) for all v € Q, that is, G is the unique C.D.F.

whose restriction to Q is F.

Proof of Theorem|[7.3. Let G : Q x Q@ — R be a function such that for all

r € Q, G(r,-) is a version of P(X < r|F). It holds that

G(r) < G(s)forallr<s,

0< G(r) <1,

ILm Gr+nt = G(r),
Wi, G =0,
g G =1

forall r,s € Q a.s.

N /N /N /S /S
NN NN
(& 2 S N O R R
N N N N N

Let € be the set on which all the above hold. Define for all » € Q and

w € Q,

F(r.w) G(r,w), weQ,
r,w) =
1(r>0), wef.

Thus, (7.1)—(7.5) hold for every w € ) with G replaced by F.
Furthermore, €y € F and hence,

F(r,)=P(X <r|F),reQ.

Define

F(z,w):=inf{F(r,w):r>z,rcQ},z € Q°, we N.
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The previous exercise along with ((7.1)—(7.5)) shows that for all w € Q, F(-,w)
is a valid C.D.F.
If z € Q¢ and r, € Q is such that r, | =, then the above shows

F(rp,w) = F(z,w),w e .
Since F'(ry,-) is a version of P(X < r,|F), it follows that
F(z,) = P(X < z|F). (7.6)
For fixed w € Q, let p(-,w) be the probability measure on (R, B) such that
u((a,b],w) = F(b,w) — F(a,w), —00 < a <b< 0.
It is immediate from that
w((a,b],) = Pla < X <b|F).

Standard good set argument along with the monotone class theorem shows
that
w(B,)=P(X € B|F),B € B,

which completes the proof. O

Theorem 7.3. Let pu be an RCD of X given F. For any measurable function
f:R = R such that f(X) is integrable,

(E(f(X))F)) (w) = /00 f(z)p(dz,w) for all P-a.s. w.

Proof. Follows by first doing it for simple functions f and then taking limits.
O

7.3 Azuma-Hoeffding inequality

The following inequality due to Azuma and Hoeffding gives a concentration
bound for a martingale with bounded differences around its mean.

Theorem 7.4 (Azuma-Hoeffding). Suppose that (X, Fn)n>0 is a martin-
gale with Xg = 0. Assume that

|Xn_Xn—1’ <op,n=> 17

for some Fo-measurable strictly positive random variable o,. Then for all
t>0andn>1,

—¢2
P(X, > t|Fy) < ——
(a2 4 0)_exp(2222102>
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Let Y1,Y5, ... be i.i.d. taking values +1 each with probability 1/2. Let
Xpo=Y1+...4Y,.

For t > 0, Chebyshev implies
1
P(X, > ty/n) < R
Azuma-Hoeffding gives
P(X, >tyn) <e /2.

CLT tells us

lim P(X, >tyn)=1—®(t).

n—oo
Note that )

1-®(t) < e P2 < o) for allt > 0.

Furthermore, as t — oo, t~2 is much larger than e t?/2
rithmic scale, that is,

, even on the loga-

log e~t*/2
————| =00.
t—oo | logt—2
However,
o 10500

t—o0 —t2/2

see page 175 of Feller Vol. 1. Furthermore, for a fixed t > 0 and a > 1/2,
the Chebyshev and Azuma-Hoeffding upper bounds on P(S,, > tn®) are

1
t72n' 2% and exp (—2t2n2°‘1> ,

respectively. Clearly, the Azuma-Hoeffding bound decays much faster than
the Chebyshev one as n — oo.
The following elementary lemma will be used in the proof of Theorem

4

Lemma 7.1. For any probability measure p on [0,1] such that

! 1
zp(dr) = =,
Jy i =

and a convex ¢ : [0,1] — R, it holds that

1
| otantan) < X2
0
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Proof. Let Y and Z be independent random variables with distribution g
and Uniform(0, 1) respectively. Note that

¢(Y) = (EQZ <Y)Y)) <E(@1(Z<Y))|Y),

the last inequality following from Jensen. Taking unconditional expectation,

/0 o(@)u(dr) = B(Y)
< E¢(1(Z<Y))

¢(0) + ¢(1)
2 Y

the equality following from the observation that 1(Z <Y") follows
Bernoulli(1/2), because

P(Z<Y)=EP(Z<Y|Y)=E(Y)=-.

Hence the proof follows. O

The following exercise, which is a generalization of Theorem will
also be used for proving Theorem [7.4]

Exercise 7.2. Suppose that X is a random variable defined on (X2, A, P)
and F is a sub-o-field of A. If u is the RCD of X given F, Y is an F-
measurable random variable and ¢ : R? — R is bounded measurable, show
that

(E[p(X,Y)|F]) (w) = / d(z,Y (w))p(dz,w) for almost all w.
R
Proof of Theorem [7.4. Note that for all t,0 > 0,

P(Xn 2 F) = P(?" = | Fy) < ' [/

fo} L@

The following two steps will complete the proof.
Step 1. For all n > 1 and 8 > 0,

1 n
E {eex" ‘-7:0} < exp 592 ZUJQ-
j=1

Step 2. For alln > 1 and ¢t > 0,

J

W§:2 ( £2
minexp | —0t + — oi | =exp| =3 | -
>0 2 = 23 0]
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Proof of Step 1. The claim will be proved by induction on n. For n

=1,

need to upper bound E(e?X1). This is achieved by the following claim.

Recalling that | X;| < o1, define

X1+ 01

Y pu—
207

and ¢ : R2 = R by
3y, 2) = " 1(y € [0,1]), (y, 2) € R?.
Denoting by p the RCD of Y given Fy, for all w € Q it holds that
(B |F)) (@) = (B(6(Y,00)|F0)) (@)

= /qby,cn n(dy,w),

the preceding exercise and the fact that o1 is Fg-measurable implying the

second line.

Lemma and the observations that ¢ is convex in the first variable on

[0,1] and )
| oty o) =Bv17) = 3.
0

which is a consequence of o1 being Fp-measurable and E(X|Fy) = 0, imply

that for every w € €,

[6(0,01(w)) + &(1, 01(w))]

(0 4 )

/ P(y, o1(w))p(dy, w) <

N~ N~

Thus,

< (2 )
o
< zgn;

n=0

6252 /2
e 1/ ,

the inequality in (7.10)) following from the observation that

ooy = #{Pairings of {1,...,2n}} > 1.
iz
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Thus, the claim of Step 1 for n = 1 follows. Assume the claim to hold
for n — 1 for some n > 2. Write

B [eexn‘fo} _ 5 [eeX"—lE [ee(xnfxn_l)‘]:n_l} \fo} _

Define 1
Z = 7(Xn_Xn—1+0'n) ;

On

and ¢ : [0,1] x R — R by
¢(z’ U) _ 60(2vz—v) )

The hypothesis |X,, — X,,—1| < o, implies that 0 < Z < 1. Using the
previous exercise and the fact that o, is measurable with respect to Fy and
hence F,,, we get

1
E[ee(xn—xn_l),]:n_l} = /qp(z,an)P(Ze dz|Fn-1),
0

P(Z € |F,-1) denoting the RCD of Z given F,_;. Using Lemma and
the fact that a.s.

1
1
/ 2P(Z € dz|Fomr) = B(Z|For) = 3,
0

it follows that

1
/0 Y(z,00)P(Z € dz|Fp-1) < % [¥(0,0n) +(1,0,)] as.

Arguments similar to ([7.8)) — (7.11]) show that

E |:60(Xn_Xn71)|]:n71:| < Pon/2

Therefore,
E {eeX"}}"o] < fPon/2g (eeX”‘1|.7:0>
1 n
< exp 59220? ,
j=1

using the induction hypothesis in the last inequality, from which Step 1
follows. O

Proof of Step 2. Since exponential is a strictly increasing function, for any
a,t >0,
min exp(—6t + 6%a) = exp (min(—@t + 92oz)>
0>0 0>0
e—t2/4oz ,

because the minimum is attained at § = t/2«. Putting a = 7, UJZ/Q,
Step 2 follows. O
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Steps 1 and 2 complete the proof of Theorem in view of (7.7). O

The following corollary of Theorem [7.4] is the usually stated version of
Azuma-Hoeffding.

Theorem 7.5. Suppose that (X, Fn)n>0 is a martingale with Xo = 0.
Assume that
|Xn_Xn71’ <op,n=> 1,

for some strictly positive constant o,. Then for allt >0 andn > 1,

P(X, >t) <exp <_tg> .

2

23 k-10%
Let us complete this chapter with an example. Let Z, Zs,... be non-
zero random variables with finite mean and Y7, Y5, ... be independent zero

mean random variables, independent of (Z7, Zs,...) with
Y, <1.

Denote

n
Xn=Y Y;Zjn>1.
j=1

The goal is to obtain a bound on P(X,, > t) for a fixed t > 0.
The obvious impediment in applying Azuma-Hoeffding is that Z,,’s are
not necessarily bounded. To overcome this, set

Fo=o0(Z1,29,...),

and
fn:O‘(Yi,...,Yn,Zl,ZQ,.‘.) ,77,21.

Zero-mean property of Y,,’s imply that (X, Fn)n>0 is a martingale, where
Xo = 0. Further,

|Xn - Xn71| = ’YnZn’ < |Zn| , > 11
|Z,| being Fp-measurable for all n. Theorem implies that

—¢2
P(X, > t|Fy) <exp <Zn ZQ) )
i=1%;

Thus,
—42
pnz0<B (o (g 7))
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