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1 An impossibility

We start with showing (by giving an example) that a “measure” cannot be
defined for all subsets, which is done in the following subsection.

1.1 The Vitali construction

For any set X, its power set is denoted throughout by 2X .

Theorem 1.1.1. There does not exist a function λ : 2[0,1) → [0, 1] such that
λ([0, 1)) = 1 and λ is

1. countably additive, that is, for disjoint A1, A2, A3, . . . ⊂ [0, 1),

λ

( ∞⋃
n=1

An

)
=
∞∑
n=1

λ(An),

2. and translation invariant, that is, if A ⊂ [0, 1) and x ∈ R are such
that

A+ x := {a+ x : a ∈ A} ⊂ [0, 1),

then λ(A+ x) = λ(A).

The proof uses the axiom of choice, which says that for any collection
S of non-empty sets, there exists a function

f : S →
⋃
A∈S

A

such that f(A) ∈ A for all A ∈ S.
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Proof of Theorem 1.1.1. Assume for the sake of contradiction such λ exists.
For x, y ∈ [0, 1), say x ∼ y if x− y ∈ Q. Then ∼ is an equivalence relation.
Let S be the collection of equivalence classes under ∼, that is,

S ⊂ 2[0,1) \ {∅},⋃
A∈S

A = [0, 1), (1.1.1)

for A,B ∈ S, either A = B or A ∩B = ∅, and

for all x, y ∈ S, x ∼ y ⇐⇒ x, y ∈ A for some A ∈ S . (1.1.2)

The axiom of choice implies there exists a function f : S → [0, 1) such
that

f(A) ∈ A for all A ∈ S .

Define
V = f(S) . (1.1.3)

Since this construction is due to Vitali, V will be later referred to as the
“Vitali set”. The definition of V ensures that

#(V ∩A) = 1 for all A ∈ S . (1.1.4)

For x, y ∈ [0, 1), define

x⊕ y =

{
x+ y, if x+ y < 1,

x+ y − 1, if x+ y ≥ 1 .

Trivially, x⊕ y ∈ [0, 1) for all x, y ∈ [0, 1). Hence for x ∈ [0, 1),

V ⊕ x := {v ⊕ x : v ∈ V } ⊂ [0, 1) .

Our first claim is that

λ(V ⊕ x) = λ(V ), x ∈ [0, 1) . (1.1.5)

To see the above, write

V ⊕ x =
(

(V ∩ [0, 1− x)) + x
)
∪
(

(V ∩ [1− x, 1)) + x− 1
)
,

and observe that

(V ∩ [0, 1− x)) + x ⊂ [x, 1),

(V ∩ [1− x, 1)) + x− 1 ⊂ [0, x) .
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Countable additivity of λ implies

λ(V ⊕ x) = λ
(

(V ∩ [0, 1− x)) + x
)

+ λ
(

(V ∩ [1− x, 1)) + x− 1
)

= λ
(

(V ∩ [0, 1− x))
)

+ λ
(

(V ∩ [1− x, 1))
)

= λ(V ),

the second line being implied by translation invariance of λ and the last line
again following from countable additivity; (1.1.5) thus follows.

We shall next show that⋃
r∈Q∩[0,1)

(V ⊕ r) = [0, 1) . (1.1.6)

Fix x ∈ [0, 1). It follows from (1.1.1) that there exists A ∈ S such that
x ∈ A. A consequence of (1.1.4) is that A ∩ V is a singleton set, say

A ∩ V = {v} .

Thus x and v are in the same equivalence class which is A, and hence (1.1.2)
implies x ∼ v. In other words, x− v ∈ Q. Define

r =

{
x− v, if v ≤ x,
x− v + 1, if v > x .

It is easy to check that r ∈ Q ∩ [0, 1) and x = v ⊕ r. Since v ∈ V , we get
x ∈ V ⊕ r. Thus ⋃

r∈Q∩[0,1)

(V ⊕ r) ⊃ [0, 1) .

The reverse inclusion being trivial, (1.1.6) follows.
We shall next prove that the left hand side of (1.1.6) is a disjoint union,

that is,

(V ⊕ r) ∩ (V ⊕ s) = ∅ for distinct r, s ∈ Q ∩ [0, 1) . (1.1.7)

Fix distinct r, s ∈ Q ∩ [0, 1) and if possible, let x ∈ (V ⊕ r) ∩ (V ⊕ s). Thus
there exist y, z ∈ V such that

y ⊕ r = x = z ⊕ s .

Since y⊕ r equals either y+ r or y+ r− 1 and likewise for z⊕ s, one of the
following three must hold:

y + r = z + s, (1.1.8)

y + r = z + s− 1, (1.1.9)

or, y + r − 1 = z + s . (1.1.10)
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In all the above cases, y − z ∈ Q, that is, y ∼ z. By (1.1.2), there exists
A ∈ S such that y, z ∈ A. Hence y, z ∈ A ∩ V ; (1.1.4) implies y = z.
Since r, s ∈ [0, 1), neither (1.1.9) nor (1.1.10) can hold because |r − s| < 1.
Therefore, (1.1.8) holds, which shows r = s and thus leads to a contradiction.
This proves (1.1.7).

Countable additivity of λ in conjunction with (1.1.6) and (1.1.7) shows

λ
(
[0, 1)

)
=

∑
r∈Q∩[0,1)

λ(V ⊕ r)

=
∑

r∈Q∩[0,1)

λ(V ),

(1.1.5) implying the second line. Obviously,

∑
r∈Q∩[0,1)

λ(V ) =

{
0, if λ(V ) = 0,

∞, if λ(V ) > 0 .

This contradicts λ([0, 1)) = 1 and thus completes the proof.

2 Measure

2.1 Definition of measure and its properties

Theorem 1.1.1 tells us that the domain of a “measure” on a set X has to be
much smaller than 2X . This calls for the following definition.

Definition. Given a non-empty set Ω, A ⊂ 2Ω is a σ-field on Ω if Ω ∈ A,
A ∈ A implies Ac ∈ A, and A1, A2, . . . ∈ A implies

⋃∞
n=1An ∈ A. If A is a

σ-field on Ω, then (Ω,A) is a measurable space.

Now we are in a position to define measure. Before that let us fix the
convention for adding and subtracting ∞. Define

x+∞ =∞+ x =∞ for all x ∈ (−∞,∞]

and
x−∞ = −∞+ x = −∞ for all x ∈ [−∞,∞) .

Neither∞−∞ nor −∞+∞ is defined. For an ∈ R = [−∞,∞], say an →∞
if for all M ∈ R, there exists N such that

an > M for all n ≥ N .

Similarly, an → −∞ if for all M ∈ R, there exists N such that

an < M for all n ≥ N .
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In view of the above definition, it is easy to check that for a1, a2, . . . ∈ [0,∞],
there exists s ∈ [0,∞] such that

n∑
i=1

ai → s, n→∞ .

For such an and s, we define

∞∑
n=1

an = s .

Definition. Given a measurable space (Ω,A), a function µ : A → [0,∞] is
a measure if µ(∅) = 0 and µ is countably additive, that is,

µ(A1 ∪A2 ∪ . . .) =
∞∑
n=1

µ(An) for all disjoint A1, A2, A3, . . . ∈ A .

The tuple (Ω,A, µ) is a measure space. We say µ is a

• probability measure if µ(Ω) = 1 and in this case (Ω,A, µ) is a proba-
bility space (a probability measure is usually denoted by P ),

• finite measure if µ(Ω) <∞ and in this case (Ω,A, µ) is a finite mea-
sure space,

• σ-finite measure if there exist A1, A2, . . . ∈ A such that

Ω =
∞⋃
n=1

An and µ(An) <∞, n ≥ 1,

and in this case (Ω,A, µ) is a σ-finite measure space.

Exercise 2.1.1. Suppose (Ω,A, µ) is a measure space. If A ⊂ B and A,B ∈
A, show that µ(A) ≤ µ(B).

Exercise 2.1.2. Suppose (Ω,A, µ) is a σ-finite measure space. Show that
there exist disjoint A1, A2, . . . ∈ A such that

Ω =
∞⋃
n=1

An and µ(An) <∞, n ≥ 1 .

Let us give a few examples of measure spaces.

Example 2.1.1. Let Ω be an uncountable set. Define

A = {A ⊂ A : Either A or Ac is countable.} .
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Clearly, A is a σ-field, usually called the countable-cocountable σ-field. A
set is called cocountable if its complement is countable. Fix 0 ≤ α ≤ ∞ and
let

µ(A) =

{
α, if A is countable,

0, if A is cocountable .

Then µ is a measure on (Ω,A). Furthermore, µ is not σ-finite if α =∞.

Example 2.1.2. Suppose Ω ⊃ C 6= ∅. Define

µ(A) = #(A ∩C), A ∈ 2Ω .

Then µ is a measure on (Ω, 2Ω), called the “counting measure” on C. If C
is countable, then µ is σ-finite.

The following property of a measure is known as “continuity”.

Theorem 2.1.1. Suppose (Ω,A, µ) is a measure space. For A1, A2, . . . ∈ A,

• (continuity from below) An ↑ A implies µ(An) ↑ µ(A),

• (continuity from above) An ↓ A and µ(A1) <∞ imply µ(An) ↓ µ(A).

Proof. Assume first that An ↑ A. That µ(A1) ≤ µ(A2 ≤ . . . follows from
monotonicity of µ. Denoting A0 = ∅, it is immediate that

A =
∞⋃
n=1

(An \An−1) ,

and that the sets on the right hand side are disjoint. Thus,

µ(A) =

∞∑
n=1

µ (An \An−1)

= lim
n→∞

n∑
i=1

µ (Ai \Ai−1)

= lim
n→∞

µ(An),

the last line following from the observation that

An =

n⋃
i=1

(Ai \Ai−1) .

Thus µ(An) ↑ µ(A), that is, continuity from below follows.
Now suppose that An ↓ A and µ(A1) < ∞. Once again, µ(A1) ≥

µ(A2) ≥ . . . follows from monotonicity. Clearly, Acn ↑ Ac and hence
(A1 \An) ↑ (A1 \A). Continuity of µ from below implies that

µ(A1 \An) ↑ µ(A1 \A) .
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Since µ(A1) <∞, the above is the same as

µ(A1)− µ(An) ↑ µ(A1)− µ(A) .

Thus µ(An) ↓ µ(A). This completes the proof.

Exercise 2.1.3. If Ω = N and µ is the counting measure on N, show that

{n, n+ 1, . . .} ↓ ∅

and
µ ({n, n+ 1, . . .}) 6→ 0, n→∞ .

Definition. For Ω 6= ∅ and G ⊂ 2Ω, the σ-field generated by G, denoted by
σ(G), is defined as

σ(G) =
⋂

A:G⊂A⊂2Ω,A is a σ-field

A .

In other words, σ(G) is the intersection of all σ-fields on Ω containing G.

Exercise 2.1.4. If Ω and G are as above, show that σ(G) is the smallest
σ-field containing G, that is,

1. G ⊂ σ(G),

2. σ(G) is a σ-field,

3. and if A is any σ-field on Ω with A ⊃ G, then σ(G) ⊂ A.

Definition. The σ-field on R generated by the collection of all open subsets
of R is called the Borel σ-field on R and is denoted by B(R). Elements of
B(R) are called Borel sets.

Exercise 2.1.5. Show that A ⊂ R is a Borel set if A is

1. an open set

2. a closed set

3. a countable set

4. or an interval, that is, A is one of (a, b), (a, b], [a, b) or [a, b] for some
−∞ < a ≤ b <∞.
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2.2 The Carathéodory extension theorem

For constructing useful measures, the usual method is to first define a
“countably additive set function” on a “field”, and then use an extension
theorem to extend it to the generated σ-field. This is done with the help of
the Carathéodory extension theorem, stated and proved below. This result
is therefore of fundamental importance in measure theory.

Definition. For Ω 6= ∅, F ⊂ 2Ω is a field if ∅ ∈ F , A ∈ F implies Ac ∈ F
and A,B ∈ F implies A ∪B ∈ F .

Exercise 2.2.1. Show that F is a field on Ω if and only if Ω ∈ F , A,B ∈ F
implies A ∩B ∈ F and F is closed under complements.

Exercise 2.2.2. If F is a field, show that for A1, . . . , An ∈ F ,

A1 ∪ . . . ∪An ∈ F and A1 ∩ . . . ∩An ∈ F .

Definition. Given a field F on Ω 6= ∅, a function µ : F → [0,∞] is a
countably additive set function if µ(∅) = 0 and

µ

( ∞⋃
n=1

An

)
=
∞∑
n=1

µ(An)

whenever A1, A2, . . . ∈ F are disjoint and A1 ∪A2 ∪ . . . ∈ F .

Theorem 2.2.1 (Carathéodory extension theorem). If F is a field on Ω 6= ∅
and µ is a countably additive set function on F , then there exists a measure
µ∗ on

(
Ω, σ(F)

)
such that

µ∗(A) = µ(A) for all A ∈ F .

Let µ be a countably additive set function on F . We start with defining
µ∗ as the “outer measure” of µ as follows:

µ∗(E) = inf

{ ∞∑
n=1

µ(An) : E ⊂
∞⋃
n=1

An and A1, A2, . . . ∈ F

}
, E ∈ 2Ω .

(2.2.1)

Lemma 2.2.1. For all A ∈ F , µ∗(A) = µ(A).

Proof. Fix A ∈ F . Letting A1 = A and A2 = A3 = . . . = ∅, it is immediate
that

µ∗(A) ≤
∞∑
n=1

µ(An) = µ(A) .

For the reverse inequality, suppose that

A ⊂
∞⋃
n=1

An for some A1, A2, . . . ∈ F . (2.2.2)
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Define B1 = A ∩ A1, B2 = A ∩ A2 ∩ Ac1, B3 = A ∩ A3 ∩ (A1 ∪ A2)c and in
general

Bn = A ∩An ∩

(
n−1⋃
i=1

Ai

)c
for all n ≥ 1 .

Since F is a field, B1, B2, . . . ∈ F . Further, (2.2.2) shows

B1 ∪B2 ∪ . . . = A .

Obviously, B1, B2, . . . are disjoint. Countable additivity of µ implies that

µ(A) =
∞∑
n=1

µ(Bn) ≤
∞∑
n=1

µ(An),

the inequality following from the trivial fact that any countably additive
set function is necessarily monotone. Since this holds for any A1, A2, . . .
satisfying (2.2.2), we get

µ(A) ≤ µ∗(A) .

This along with the already proven reverse inequality completes the proof.

Lemma 2.2.2. For all A1, A2, . . . ∈ 2Ω,

µ∗

( ∞⋃
n=1

An

)
≤
∞∑
n=1

µ∗(An) .

In other words, µ∗ is countably subadditive.

Proof. Let A1, A2, . . . ∈ 2Ω. The claim would follow if it can be shown that
for all ε > 0,

µ∗

( ∞⋃
n=1

An

)
≤ ε+

∞∑
n=1

µ∗(An) . (2.2.3)

Fix ε > 0. By definition of µ∗, there exists An1, An2, . . . ∈ F such that

An ⊂ An1 ∪An2 ∪ . . . and
∞∑
i=1

µ(Ani) ≤ µ∗(An) + 2−nε .

Thus
∞⋃
n=1

An ⊂
∞⋃
n=1

∞⋃
i=1

Ani .

Hence

µ∗

( ∞⋃
n=1

An

)
≤
∞∑
n=1

∞∑
i=1

µ(Ani) ≤
∞∑
n=1

(
µ∗(An) + 2−nε

)
= ε+

∞∑
n=1

µ∗(An) .

This shows (2.2.3) from which the proof follows.
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Lemma 2.2.3. Define

A = {A ∈ 2Ω : µ∗(E) = µ∗(E ∩A) + µ∗(E ∩Ac) for all E ∈ 2Ω} . (2.2.4)

Then A ⊃ F .

Proof. Lemma 2.2.2 shows that

µ∗(E) ≤ µ∗(E ∩A) + µ∗(E ∩Ac) for all E,A ∈ 2Ω .

Hence (2.2.4) becomes

A = {A ∈ 2Ω : µ∗(E) ≥ µ∗(E ∩A) + µ∗(E ∩Ac) for all E ∈ 2Ω} . (2.2.5)

Let A ∈ F and E ∈ 2Ω. Fix ε > 0 and let A1, A2, . . . ∈ F be such that

E ⊂
∞⋃
n=1

An and µ∗(E) + ε ≥
∞∑
n=1

µ(An) .

The definition of µ∗ implies

µ∗(E ∩A) ≤
∞∑
n=1

µ(An ∩A),

and

µ∗(E ∩Ac) ≤
∞∑
n=1

µ(An ∩Ac) .

Combining the two yields

µ∗(E ∩A) + µ∗(E ∩Ac) ≤
∞∑
n=1

µ(An ∩A) +

∞∑
n=1

µ(An ∩Ac)

(countable additivity of µ) =
∞∑
n=1

µ(An)

≤ ε+ µ∗(E) .

Since ε is arbitrary, it follows that

µ∗(E ∩A) + µ∗(E ∩Ac) ≤ µ∗(E) .

As this holds for all E ∈ 2Ω, (2.2.5) shows A ∈ A and hence completes the
proof.

Lemma 2.2.4. The collection A, as in (2.2.4), is a field and

µ∗

(
E ∩

( ∞⋃
n=1

An

))
=
∞∑
n=1

µ∗(E∩An) for disjoint A1, A2, . . . ∈ A, E ∈ 2Ω .
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Proof. The definition (2.2.4) shows Ω ∈ A and that A is closed under com-
plements. Suppose A,B ∈ A and E ∈ 2Ω. Define

F = E ∩ (A ∪B) .

Since A ∈ A,

µ∗(F ) = µ∗(F ∩A) + µ∗(F ∩Ac) = µ∗(F ∩A) + µ∗(E ∩B ∩Ac) .

Since B ∈ A and F ∩A ∈ 2Ω,

µ∗(F∩A) = µ∗((F∩A)∩B)+µ∗((F∩A)∩Bc) = µ∗(E∩A∩B)+µ∗(E∩A∩Bc),

which implies

µ∗ (E ∩ (A ∪B)) = µ∗(E ∩A ∩B) + µ∗(E ∩A ∩Bc) + µ∗(E ∩B ∩Ac) .
(2.2.6)

Once again, A ∈ A implies

µ∗(E) = µ∗(E ∩A) + µ∗(E ∩Ac)
(as B ∈ A) = µ∗(E ∩A ∩B) + µ∗(E ∩A ∩Bc) + µ∗(E ∩Ac ∩B)

+ µ∗(E ∩Ac ∩Bc)

(by (2.2.6)) = µ∗ (E ∩ (A ∪B)) + µ∗(E ∩Ac ∩Bc)

= µ∗ (E ∩ (A ∪B)) + µ∗ (E ∩ (A ∪B)c) .

Since this holds for all E, A ∪B ∈ A, showing that A is a field.
Fix E ∈ 2Ω and disjoint A1, A2, . . . ∈ A. Let

F = E ∩ (A1 ∪A2 ∪ . . .) .

Then

µ∗(F ) = µ∗(F ∩A1) + µ∗(F ∩Ac1)

= µ∗(E ∩A1) + µ∗ (E ∩ (A2 ∪A3 ∪ . . .)) .

Proceeding inductively, it can be shown that for all n = 1, 2, . . .,

µ∗(F ) =

n∑
i=1

µ∗(E ∩Ai) + µ∗ (E ∩ (An+1 ∪ . . .)) ≥
n∑
i=1

µ∗(E ∩Ai) .

Since this is true for all n, we get

µ∗ (E ∩ (A1 ∪A2 ∪ . . .)) ≥
∞∑
i=1

µ∗(E ∩Ai) .

Lemma 2.2.2 yields the reverse inequality and thus completes the proof.
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Lemma 2.2.5. The collection A is a σ-field and µ∗ is a measure on (Ω,A).

Proof. Since A has already been shown to be a field in Lemma 2.2.4, to
show A is a σ-field it suffices to prove it is closed under disjoint countable
union. Let A1, A2, . . . ∈ A be disjoint. Let

A = A1 ∪A2 ∪ . . . and Fn = A1 ∪ . . . ∪An, n ≥ 1 .

Since Fn ∈ A by Lemma 2.2.4, for any E ∈ 2Ω,

µ∗(E) = µ∗(E ∩ Fn) + µ∗(E ∩ F cn)

(by Lemma 2.2.4) =
n∑
i=1

µ∗(E ∩Ai) + µ∗(E ∩ F cn)

≥
n∑
i=1

µ∗(E ∩Ai) + µ∗(E ∩Ac),

the last line following from the observation that F cn ⊂ Ac and the fact that
µ∗ is monotone, that is,

µ∗(A) ≤ µ∗(B) if A ⊂ B ⊂ Ω,

which follows from the very definition of µ∗. Let n→∞ to get

µ∗(E) ≥
∞∑
i=1

µ∗(E ∩Ai) + µ∗(E ∩Ac) = µ∗(E ∩A) + µ∗(E ∩Ac),

the second equality following once again from Lemma 2.2.4. Thus A ∈ A
by (2.2.5). Hence A is a σ-field. Taking E = Ω in Lemma 2.2.4 shows µ∗ is
a measure. This completes the proof.

Proof of Theorem 2.2.1. Lemmas 2.2.1, 2.2.3 and 2.2.5 complete the proof.

2.3 Uniqueness of the extension

After Theorem 2.2.1, the most pertinent question which arises subsequently
is whether the extension is unique. The following theorem answers this.

Theorem 2.3.1 (Uniqueness). If µ and ν are finite measures on (Ω, σ(F)),
where F is a field, and

µ(A) = ν(A) for all A ∈ F ,

then µ, ν agree on σ(F).

The proof uses the following definition and the “monotone class theorem”
which will be proved a moment later.
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Definition. For Ω 6= ∅, M⊂ 2Ω is a monotone class if

An ∈M and An ↑ A imply A ∈M,

and
An ∈M and An ↓ A imply A ∈M .

Theorem 2.3.2 (Monotone class theorem). If F is a field, F ⊂M and M
is a monotone class, then

σ(F) ⊂M .

Although ‘MCT’ is an abbreviation for the above theorem, the same is
being saved for the monotone convergence theorem to be stated and proved
later.

Proof of Theorem 2.3.1. Define

G = {A ∈ σ(F) : µ(A) = ν(A)} .

The hypothesis implies F ⊂ G. Finiteness of µ(Ω) and ν(Ω) in conjunction
with Theorem 2.1.1 implies that

µ(An)→ µ(A) and ν(An)→ ν(A)

if either An ↑ A or An ↓ A. Thus A ∈ G if An ∈ G and either An ↑ A
or An ↓ A. In other words, G is a monotone class. Theorem 2.3.2 shows
G ⊃ σ(F), from which the proof follows.

Remark 2.3.1. The technique employed in the proof of Theorem 2.3.1 is
a variant of the so-called “good set principle” and is ubiquitous in measure
theory, which is the following. For showing that a property holds for every
set in a σ-field generated by a collection H, we first define a set to be “good”
if it has the said property and then show the following.

• The collection of all good sets, say G, is a σ-field

• and that H ⊂ G.

The above would ensure from the definition of a σ-field generated by H that

σ(H) ⊂ G

which is tautologically the same as that the desired property holds for every
set in σ(H). The tools needed for showing G to be a σ-field vary with context.
In the proof of Theorem 2.3.1, for example, the monotone class theorem was
used to essentially show that G is a σ-field. In other situations, G is shown
to be a σ-field from first principles.
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The following stronger version of Theorem 2.3.1 can be proven along
similar lines, whose proof is left as an exercise.

Theorem 2.3.3. Suppose (Ω,A) is a measurable space on which, µ1, µ2 are
measures. Assume F ⊂ A is a field. If µ1, µ2 are σ-finite on F , that is,
there exist A1, A2, . . . ∈ F such that

∞⋃
n=1

An = Ω and µi(An) <∞ for all i = 1, 2, n = 1, 2, . . . ,

and
µ1(A) = µ2(A) for all A ∈ F ,

then
µ1(A) = µ2(A) for all A ∈ σ(F) .

Proof of Theorem 2.3.2. LetM0 be the intersection of all monotone classes
containing F , that is, the smallest monotone class containing F . Clearly, it
suffices to show that

σ(F) ⊂M0 .

To achieve that end, we shall show thatM0 is a σ-field, which will be done
via the following steps.
Step 1. If A ∈M0, then Ac ∈M0.

Proof of Step 1. Define

G := {A ∈M0 : Ac ∈M0} .

Notice that F ⊂ G because F is a field. Next observe that if A1, A2, . . . ∈ G
and An ↑ A, then A ∈ M0 because M0 is closed under monotone unions.
Further, Acn ∈M0 and Acn ↓ Ac. As M0 is closed under monotone intersec-
tion, Ac ∈M0. Therefore, A ∈ G, showing that G is closed under monotone
union. Similarly, it can be shown that G is closed under monotone intersec-
tion. Thus, G is a monotone class containing F . Hence, G ⊃ M0, thereby
proving Step 1.

Step 2. If A ∈ F and B ∈M0, then A ∪B ∈M0.

Proof. Define

H := {B ∈M0 : A ∪B ∈M0 for all A ∈ F} .

By virtue of being a field, F ⊂ H. Routine verification will ensure that H
is a monotone class, and hence contains M0. This proves Step 2.

Step 3. If A,B ∈M0, then A ∪B ∈M0.
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Proof. Define

I := {B ∈M0 : A ∪B ∈M0 for all A ∈M0} .

By Step 2, it follows that F ⊂ I. Once again, similar ideas will ensure that
I is a monotone class, and thus prove Step 3.

Steps 1 and 3, along with the fact thatM0 is a monotone class establishes
that it is a σ-field, and thus completes the proof of the monotone class
theorem.

The statement of Theorem 2.3.3 should not be misinterpreted as the
following: if µ, ν are σ-finite measures on (Ω, σ(F)), where F is a field,
which agree on F , then they agree on σ(F). As shown by the following
example, the claim just made is false.

Example 2.3.1. Define measures µ and ν on (R,B(R)) by

µ(A) = #(A ∩Q),

ν(A) = 2#(A ∩Q),

for all A ∈ B(R). Let

F =
{
R ∩ ((a1, b1] ∪ . . . ∪ (an, bn]) : −∞ ≤ a1 < b1 < . . . < an < bn ≤ ∞,

n = 0, 1, 2, . . .
}
.

Then F is a field and σ(F) = B(R). Further, µ and ν agree on F , are
σ-finite on B(R), and do not agree on B(R).

2.4 Extension from semi-field to field

In practice, it is usually easier to define a set function on a “semi-field” and
then extend it to the generated field.

Definition. For Ω 6= ∅, S ⊂ 2Ω is a semi-field on Ω if Ω ∈ S,

A,B ∈ S implies A ∩B ∈ S,

and for all A ∈ S,
Ac = A1 ∪ . . . ∪An,

for some disjoint A1, . . . , An ∈ S.

Example 2.4.1. Let

S = {(a, b] ∩ R : −∞ ≤ a ≤ b ≤ ∞} .

Then S is a semi-field on R. It can be checked that σ(S) = B(R).
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Theorem 2.4.1. If S is a semi-field on Ω 6= ∅, then

F = {A1 ∪ . . . ∪An : A1, . . . , An ∈ S are disjoint, n = 0, 1, 2, . . .}

is the smallest field containing S.

Proof. Trivially, any field containing S contains F . Thus, all that has to be
shown is F is a field. Since S ⊂ F , Ω ∈ F is automatic.

Suppose A,B ∈ F . Then

A = A1 ∪ . . . ∪Am and B = B1 ∪ . . . ∪Bn

where A1, . . . , Am ∈ S are disjoint and so are B1, . . . , Bn. Thus

A ∩B =
m⋃
i=1

n⋃
j=1

(Ai ∩Bj)

where {(Ai ∩Bj) : i = 1, . . . ,m, j = 1, . . . , n} is a collection of disjoint sets.
Since S is a semi-field,

Ai ∩Bj ∈ S, i = 1, . . . ,m, j = 1, . . . , n .

Hence A ∩B ∈ F . That is, F is closed under finite intersections.
To show that F is closed under complements, let A ∈ F . Then

A = A1 ∪ . . . ∪An

for some disjoint A1, . . . , An ∈ S. Since Ai ∈ S for i = 1, . . . , n,

Aci =

ki⋃
j=1

Bij for some disjoint Bi1, . . . , Biki ∈ S .

Thus

Ac = Ac1 ∩ . . . ∩Acn =

k1⋃
j1=1

. . .

kn⋃
jn=1

(B1j1 ∩ . . . ∩Bnjn) . (2.4.1)

Clearly,

B1j1 ∩ . . . ∩Bnjn ∈ S, (j1, . . . , jn) ∈ {1, . . . , k1} × . . .× {1, . . . , kn},

and

(B1i1 ∩ . . . ∩Bnin) ∩ (B1j1 ∩ . . . ∩Bnjn) = ∅ if (i1, . . . , in) 6= (j1, . . . , jn) .

Hence (2.4.1) shows Ac ∈ F . Exercise 2.2.1 shows that F is a field, and
hence the proof follows.
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Definition. Suppose S is a semi-field on Ω 6= ∅. A function µ : S → [0,∞]
is a finitely additive set function if µ(∅) = 0 and

µ(A1 ∪ . . . ∪An) = µ(A1) + . . .+ µ(An)

whenever A1, . . . , An ∈ S are disjoint such that A1 ∪ . . . ∪ An ∈ S. If in
addition,

µ(A1 ∪A2 ∪ . . .) =

∞∑
n=1

µ(An)

whenever A1, A2, . . . ∈ S are disjoint such that A1 ∪A2 ∪ . . . ∈ S, then µ is
a countably additive set function.

Theorem 2.4.2. Suppose Ω 6= ∅, S is a semi-field on Ω and µ is a finitely
additive set function on S. Let F be the field generated by S. Define µ :
F → [0,∞] by

µ(A) =
k∑
i=1

µ(Ai), if A = A1∪. . .∪Ak for disjoint A1, . . . , Ak ∈ S . (2.4.2)

Then µ is well defined on F , that is, different representations of A lead to
the same definition of µ(A), definition of µ remains unchanged on S and µ
is finitely additive on F . If in addition, µ is countably additive on S, then
so it is on F .

Proof. Assume µ is finitely additive on S. The first step is to show that the
right hand side of (2.4.2) remains invariant under the choice of A1, . . . , Ak.
In other words, if for some A ∈ F ,

A1 ∪ . . . ∪Am = A = B1 ∪ . . . ∪Bn,

where A1, . . . , Am are disjoint sets in S and so are B1, . . . , Bn, then

m∑
i=1

µ(Ai) =

n∑
j=1

µ(Bj) . (2.4.3)

For a fixed i = 1, . . . ,m,

Ai = Ai ∩A = Ai ∩ (B1 ∪ . . . ∪Bn) =

n⋃
j=1

(Ai ∩Bj) .

Since B1, . . . , Bn are disjoint, so are Ai ∩B1, . . . , Ai ∩Bn. Finite additivity
of µ shows

µ(Ai) =
n∑
j=1

µ(Ai ∩Bj),
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and hence
m∑
i=1

µ(Ai) =

m∑
i=1

n∑
j=1

µ(Ai ∩Bj) .

A similar argument shows that

n∑
j=1

µ(Bj) =
n∑
j=1

m∑
i=1

µ(Ai ∩Bj) ;

(2.4.3) follows by comparing the above two equalities. In other words, µ
is well defined by (2.4.2). A trivial consequence is that (2.4.2) keeps µ
unchanged on S.

Finite additivity of µ on F would follow if it shown that

µ(A ∪B) = µ(A) + µ(B) for disjoint A,B ∈ F .

Fix A,B ∈ F disjoint. Then

A = A1 ∪ . . . ∪Am and B = B1 ∪ . . . ∪Bn

for disjoint A1, . . . , Am, B1, . . . , Bn ∈ S. It follows from (2.4.2) that

µ(A ∪B) =
m∑
i=1

µ(Ai) +
n∑
j=1

µ(Bj) = µ(A) + µ(B),

establishing µ is finitely additive on F .
For the final claim, suppose µ is countably additive on S. Suppose that

A1, A2, . . . ∈ F and
∞⋃
n=1

An = A∞ ∈ F .

Then for n = 1, 2, . . . ,∞, there exist disjoint Bn1, . . . , Bnkn ∈ S such that

An = Bn1 ∪ . . . ∪Bnkn ,

where k1, k2, . . . , k∞ ∈ N. Thus

µ(A∞) =

k∞∑
i=1

µ (B∞i) . (2.4.4)

For i = 1, . . . , k∞,

B∞i = B∞i ∩A∞

= B∞i ∩

 ∞⋃
n=1

kn⋃
j=1

Bnj


=
∞⋃
n=1

kn⋃
j=1

(B∞i ∩Bnj) .
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Since B∞i ∩ Bnj ∈ S for all n = 1, 2, . . . and j = 1, . . . , kn, and the right
hand side above is a disjoint union, countable additivity of µ on S shows
that

µ(B∞i) =
∞∑
n=1

kn∑
j=1

µ(B∞i ∩Bnj) .

Invoking (2.4.4), it follows that

µ(A∞) =

k∞∑
i=1

∞∑
n=1

kn∑
j=1

µ(B∞i ∩Bnj)

=
∞∑
n=1

k∞∑
i=1

kn∑
j=1

µ(B∞i ∩Bnj)

=
∞∑
n=1

µ(An),

where the last line again uses (2.4.2) along with the observation that

An = A∞ ∩An =

k∞⋃
i=1

kn⋃
j=1

(B∞i ∩Bnj),

and that the union on the extreme right hand side is disjoint. This shows µ
is countably additive on F and hence completes the proof.

The following is a trivial consequence of Theorems 2.2.1 and 2.4.2.

Corollary 2.4.1. If Ω 6= ∅, S is a semi-field on Ω and µ : S → [0,∞] is
countably additive, then µ can be extended to a measure on

(
Ω, σ(S)

)
.

Theorem 2.4.3. If Ω 6= ∅, F is a field on Ω, and µ is a finitely additive
set function on F , then µ is

(a) monotone, that is, µ(A) ≤ µ(B) for A,B ∈ F with A ⊂ B,

(b) finitely subadditive, that is,

µ(A1 ∪ . . . ∪An) ≤ µ(A1) + . . .+ µ(An), A1, . . . , An ∈ F ,

(c) and countably superadditive, that is,

µ(A) ≥
∞∑
n=1

µ(An) if A1, A2, . . . ∈ F disjoint, A =

∞⋃
n=1

An ∈ F .
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Proof. The first two claims are trivial. For (c), use (a) to argue for a finite
N ,

µ(A) ≥ µ (A1 ∪ . . . ∪AN ) =
N∑
n=1

µ(An) .

Letting N →∞, (c) follows, which completes the proof.

Regarding the question of uniqueness, the following is a trivial conse-
quence of Theorems 2.3.3 and 2.4.1.

Theorem 2.4.4. Suppose (Ω,A) is a measurable space on which, µ1, µ2 are
measures. Assume S ⊂ A is a semi-field. If µ1, µ2 are σ-finite on S, that
is, there exist A1, A2, . . . ∈ S such that

∞⋃
n=1

An = Ω and µi(An) <∞ for all i = 1, 2, n = 1, 2, . . . ,

and
µ1(A) = µ2(A) for all A ∈ S,

then
µ1(A) = µ2(A) for all A ∈ σ(S) .

Proof. Exercise.

2.5 Riemann-Stieltjes measure on R

Let us adopt the following convention. For any function F : R→ R,

F (∞) = lim
x→∞

F (x) if it exists,

and
F (−∞) = lim

x→−∞
F (x) if it exists.

Definition. Given a function F : R→ R, a measure µ on (R,B(R)) is the
Riemann-Stieltjes measure corresponding to F if

µ
(
(a, b]

)
= F (b)− F (a) for all −∞ < a ≤ b <∞ . (2.5.1)

Due to its importance, the following result is often referred to as the
fundamental theorem in probability.

Theorem 2.5.1. For any non-decreasing right continuous function F : R→
R, a unique Riemann-Stieltjes measure µ corresponding to F exists. If in
addition, F (∞) = 1 and F (−∞) = 0, then µ is a probability measure.
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Proof. Let S be as in Example 2.4.1. Define µ : S → [0,∞] by

µ(A) =

{
F (b)− F (a), A = (a, b] ∩ R for some −∞ ≤ a < b ≤ ∞,
0, otherwise, that is, if A = ∅ ;

F (b)−F (a) is defined whenever a < b because then neither F (b) nor −F (a)
equals −∞ (the sum of two quantities in [−∞,∞] is undefined if and only
if one of them is ∞ and the other one −∞).

The first step is to show that µ is finitely additive on S. Let A1, . . . , An ∈
S be disjoint such that

A = A1 ∪ . . . ∪An ∈ S .

Without loss of generality, assume these are non-empty, that is,

Ai = (ai, bi] ∩ R for some −∞ ≤ ai < bi ≤ ∞ .

Since Ai ∩ Aj = ∅ for all 1 ≤ i < j ≤ n, either bi ≤ aj or bj ≤ ai. By a
relabelling, it can be assumed without loss of generality that

a1 < b1 ≤ a2 < . . . < bn−1 ≤ an < bn .

Since A ∈ S, it is necessary that A = (a1, bn] ∩ R and hence b1 = a2, . . .,
bn−1 = an. Thus

n∑
i=1

µ(Ai) =
n∑
i=1

(
F (bi)− F (ai)

)
(because b1 = a2, . . . , bn−1 = an) = F (bn)− F (a1)

= µ(A),

showing µ is finitely additive on S.
Let F be the field generated by S. Extend µ to F by (2.4.2). Theorem

2.4.2 shows µ is finitely additive on F . Theorem 2.4.3 tells us µ is monotone,
finitely subadditive and countably superadditive on F .

Our next task is to show µ is countably additive on S. Let A1, A2, . . . ∈ S
be disjoint such that

∞⋃
n=1

An = A ∈ S .

Countable superadditivity of µ on F implies

µ(A) ≥
∞∑
n=1

µ(An) .

Once it is shown that

µ(A) ≤ ε+
∞∑
n=1

µ(An) for all ε > 0, (2.5.2)
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countable additivity of µ on S would follow.
Fix ε > 0. Suppose An = (an, bn] ∩ R for some an < bn. Let δn > 0 be

such that
F (bn + δn) ≤ ε2−n + F (bn), n ≥ 1,

which exists if bn < ∞ by right continuity of F , and trivially holds for any
δn > 0 if bn =∞.

Suppose A = (a, b] ⊂ R for some a < b. The proof of (2.5.2) will be
given separately for the cases b < ∞ and b = ∞. First assume b < ∞. Let
a′ ∈ (a, b]. In this case, −∞ ≤ a < a′ ≤ b <∞. Since

[a′, b] ⊂ (a, b] =
∞⋃
n=1

(
(an, bn] ∩ R

)
⊂
∞⋃
n=1

(an, bn + δn), (2.5.3)

the Heine-Borel theorem implies

[a′, b] ⊂
N⋃
n=1

(an, bn + δn)

for some finite N . Thus

(a′, b] ⊂ [a′, b] ⊂
N⋃
n=1

(an, bn + δn) ⊂
N⋃
n=1

(
(an, bn + δn] ∩ R

)
.

Monotonicity of µ on F implies

µ
(
(a′, b]

)
≤ µ

(
N⋃
n=1

(
(an, bn + δn] ∩ R

))

(finite subadditiviety on F) ≤
N∑
n=1

µ
(
(an, bn + δn] ∩ R

)
=

N∑
n=1

(
F (bn + δn)− F (an)

)
≤
∞∑
n=1

(
ε2−n + F (bn)− F (an)

)
= ε+

∞∑
n=1

µ(An) .

That is,

F (b)− F (a′) ≤ ε+
∞∑
n=1

µ(An) .

Since
lim
a′↓a

F (a′) = F (a), (2.5.4)
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which follows from right continuity of F is a > −∞ and the definition if
a = −∞, (2.5.2) follows for the case b <∞.

To prove (2.5.2) in the case b = ∞, fix a < a′ ≤ b′ < b = ∞. The
arguments from (2.5.3) to (2.5.4) with b replaced by b′, using the Heine-
Borel theorem, imply

F (b′)− F (a) ≤ ε+
∞∑
n=1

µ(An) .

Letting b′ ↑ ∞, (2.5.2) follows for the case b =∞.
As argued before, (2.5.2) shows µ is countably additive on S. Invoking

Corollary 2.4.1, µ can be extended to a measure on (R, σ(S)). Clearly,
σ(S) = B(R), and hence µ is a Riemann-Stieltjes measure corresponding to
F . It is trivial that µ(R) = 1 if F (∞) = 1 and F (−∞) = 0.

For uniqueness, suppose µ1 and µ2 are Riemann-Stieltjes measure cor-
responding to F . Then

µ1

(
(a, b]

)
= µ2

(
(a, b]

)
for all −∞ < a ≤ b <∞ .

Continuity from below implies

µ1(A) = µ2(A) for all A ∈ S .

Further,

R =
⋃
n∈Z

(n, n+ 1] and µi
(
(n, n+ 1]

)
<∞ for all n ∈ Z, i = 1, 2 .

Theorem 2.4.4 implies µ1 and µ2 agree on σ(S) which is B(R). Thus unique-
ness follows, which completes the proof.

Theorem 2.5.2. Given a function F : R → R, a Riemann-Stieltjes mea-
sure corresponding to F exists if and only if F is non-decreasing and right
continuous.

Proof. The “if” part is precisely the claim of Theorem 2.5.1. For the con-
verse part, assume a Riemann-Stieltjes measure µ corresponding to F exists.
Then for −∞ < a < b <∞,

F (b)− F (a) = µ
(
(a, b]

)
≥ 0,

showing that F is non-decreasing. For right continuity, assume that xn ↓ x∞
for real numbers x1, . . . , x∞. Then

(x∞, xn] ↓ ∅ .

Since µ
(
(x∞, x1]

)
= F (x1)− F (x∞) <∞, continuity from above implies

µ
(
(x∞, xn]

)
↓ 0 .
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In other words,
lim
n→∞

F (xn) = F (x∞) .

As this holds for any xn ↓ x∞, F is right continuous at x∞. Hence the “only
if” part follows, which completes the proof.

Definition. The Riemann-Stieltjes measure corresponding to the identity
function F , that is,

F (x) = x for all x ∈ R,

is the Lebesgue measure on R.

Exercise 2.5.1. 1. Show that the Lebesgue measure λ on R is translation
invariant, that is,

λ(A+ x) = λ(A) for all x ∈ R, A ∈ B(R),

where A+ x = {a+ x : a ∈ A}.

2. Hence or otherwise, prove that the Vitali set V , as in (1.1.3), is not a
Borel set.

Definition. A measure µ on (R,B(R)) is a Radon measure if µ(K) < ∞
for every compact set K ⊂ R.

Exercise 2.5.2. Suppose µ is a measure on (R,B(R)). Show that there
exists a non-decreasing right continuous F : R → R such that µ is the
Riemann-Stieltjes measure corresponding to F if and only if µ is a Radon
measure.

2.6 Measurable functions

Definition. Suppose (Ω1,A1) and (Ω2,A2) are measurable spaces. A func-
tion f : Ω1 → Ω2 is measurable with respect to A1/A2 if

f−1(A) ∈ A1 for all A ∈ A2,

where f−1(A) = {ω ∈ Ω1 : f(ω) ∈ A}. Whenever either A1 or A2 is obvious
from the context, it will be suppressed in the mention of measurability.

Theorem 2.6.1. Suppose Ω1 6= ∅ and (Ω2,A2) is a measurable space. Then{
f−1A : A ∈ A2

}
is a σ-field.
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Proof. Let
A1 =

{
f−1A : A ∈ A2

}
.

Clearly, Ω1 = f−1Ω2 ∈ A1. It is easy to check that for any collection
(Aα : α ∈ I) of subsets of Ω2,

f−1

(⋃
α∈I

Aα

)
=
⋃
α∈I

f−1Aα . (2.6.1)

Hence if B1, B2, . . . ∈ A1, that is, Bn = f−1An for some An ∈ A2, then

B1 ∪B2 ∪ . . . = f−1(A1 ∪A2 ∪ . . .) ∈ A1 because A1 ∪A2 ∪ . . . ∈ A2 .

Finally, (
f−1A

)c
= f−1(Ac) for all A ⊂ Ω2, (2.6.2)

which shows A1 is closed under complements. Thus A1 is a σ-field, which
completes the proof.

Theorem 2.6.2. Suppose (Ω1,A1) and (Ω2,A2) are measurable spaces and
f : Ω1 → Ω2 is a function. If G ⊂ A2 is such that σ(G) = A2 and

f−1A ∈ A1 for all A ∈ G,

then f is measurable.

Proof. Let
F = {A ⊂ Ω2 : f−1A ∈ A1} .

The hypothesis implies G ⊂ F . Clearly Ω2 ∈ F because A1 is a σ-field and
hence f−1Ω2 = Ω1 ∈ A1. Next (2.6.1) and (2.6.2) show F is a σ-field. Thus
F ⊃ σ(G) = A2. Hence the proof follows.

Theorem 2.6.3. Suppose (Ω1,A1, µ) is a measure space, (Ω2,A2) is a mea-
surable space and T : Ω1 → Ω2 is a measurable function. Define

ν(A) = µ
(
T−1A

)
, A ∈ A2 . (2.6.3)

Then ν is a measure on (Ω2,A2).

Proof. Follows from (2.6.1).

The following definition is motivated by the above theorem.

Definition. Under the hypotheses of Theorem 2.6.3, ν defined by (2.6.3) is
the push-forward measure of µ under T , and is denoted by

ν = µ ◦ T−1 .
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Definition. If (Ω,A, P ) is a probability space, a function X : Ω → R is a
random variable if X is A/B(R)-measurable. For a random variable X de-
fined on the probability space (Ω,A, P ), its cumulative distribution function
(CDF) F is a function from R to [0, 1] defined by

F (x) = P
(
X−1(−∞, x]

)
, x ∈ R .

The following is an immediate consequence of Theorem 2.5.2.

Theorem 2.6.4. Given a function F : R → R, there exists a random
variable X defined on some probability space (Ω,A, P ) such that F is its CDF
if and only if F is right continuous, non-decreasing and satisfies F (∞) = 1
and F (−∞) = 0.

Proof. For the “if” part, assume F has the given properties. Let P be the
Riemann-Stieltjes measure on (R,B(R)) corresponding to F , that is,

P
(
(a, b]

)
= F (b)− F (a), −∞ < a < b <∞ ;

P is a probability measure because F (∞) = 1 and F (−∞) = 0. Keeping b
fixed and letting a→ −∞ shows

P
(
(−∞, b]

)
= F (b), b ∈ R .

Letting X be the identity function from R to R, the above immediately
shows that F is the CDF of X which is a random variable defined on the
probability space (R,B(R), P ).

Conversely, suppose that F is the CDF of a random variable X defined
on some probability space (Ω,A, P ). Let µ be the push-forward of P under
X, that is, µ is the measure on (R,B(R)) defined by µ = P ◦ X−1. It is
easy to check that µ is the Riemann-Stieltjes measure corresponding to F .
Hence F is non-decreasing and right continuous by Theorem 2.5.2. Since

F (n) = P
(
X−1(−∞, n]

)
, n ∈ Z,

X−1(−∞, n] ↑ Ω and X−1(−∞,−n] ↓ ∅, it follows that F (∞) = 1 and
F (−∞) = 0. This proves the “only if” part follows, which completes the
proof.

Exercise 2.6.1. Show that

B(R) = σ ({(−∞, x) : x ∈ R}) = σ ({(−∞, x] : x ∈ R}) .

Theorem 2.6.5. Suppose (Ω,A) is a measurable space and f, g are A/B(R)-
measurable functions from Ω to R. Then f + g is A/B(R)-measurable.
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Proof. In view of Exercise 2.6.1, it suffices to show that

(f + g)−1(−∞, x) ∈ A for all x ∈ R .

Fix x ∈ R. We claim that

(f + g)−1(−∞, x) =
⋃
r∈Q

(
f−1(−∞, r)

)
∩
(
g−1(−∞, x− r)

)
.

That the right hand side is a subset of the left hand side is obvious. For the
reverse inclusion, fix ω in the left hand side, that is,

f(ω) + g(ω) < x .

Then f(ω) < x− g(ω). Thus there exists r ∈ Q such that

f(ω) < r < x− g(ω) .

Hence ω ∈
(
f−1(−∞, r)

)
∩
(
g−1(−∞, x− r)

)
. This shows the claimed set

theoretic equality and hence the proof follows.

Exercise 2.6.2. If (Ω,A) is a measurable space and f : Ω→ R is measur-
able, show that for any α ∈ R, αf is measurable.

Definition. A function f : R → R is a Borel function if it is B(R)/B(R)-
measurable.

Theorem 2.6.6. 1. A continuous function is a Borel function.

2. A monotone function is a Borel function.

Proof. 1. If f : R→ R is continuous, then f−1U is an open set for every
open set U ⊂ R. Since

B(R) = σ ({U ⊂ R : U is open}) ,

f is Borel.

2. Suppose f : R→ R is non-decreasing. Fix x ∈ R and let

α = sup
(
f−1(−∞, x]

)
.

It is immediate that f−1(−∞, x] is either (−∞.α) or (−∞, α]. In both
cases,

f−1(−∞, x] ∈ B(R) .

Since this holds for all x, f is Borel. A similar argument holds for a
non-increasing function.
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Theorem 2.6.7. Suppose (Ωi,Ai) is a measurable space for i = 1, 2, 3. If
f : Ω1 → Ω2 and g : Ω2 → Ω3 are measurable, then g ◦ f : Ω1 → Ω3 is
measurable.

Proof. Follows from the definition.

Theorem 2.6.8. Suppose (Ω,A) is a measurable space and f, g are mea-
surable functions from Ω to R. Then fg is measurable.

Proof. Write

fg =

(
f + g

2

)2

−
(
f − g

2

)2

.

Theorem 2.6.5 shows (f + g)/2 and (f − g)/2 are measurable. The function

x 7→ x2 is Borel by Theorem 2.6.6. Theorem 2.6.7 shows
(
(f ± g)/2

)2
is

measurable. The proof follows by applying Theorem 2.6.5 once more.

Theorem 2.6.9. If f, g are measurable functions from some measurable
space (Ω,A) to R, then f ∨ g and f ∧ g are measurable.

Proof. Exercise.

3 Integration

3.1 Integration of non-negative functions

Henceforth, (Ω,A, µ), where µ(Ω) > 0, will be the underlying measure space.
Unless mentioned otherwise, functions talked about are A-measurable. The
theory of integration is first developed for all non-negative measurable func-
tions on Ω which possibly take the value infinity. To that end, define

R = [−∞,∞]

and
B(R) = σ

(
B(R) ∪

{
{−∞}, {∞}

})
.

That is, B(R) is the smallest σ-field on R which contains the singleton sets
{−∞} and {∞}, in addition to every Borel subset of R.

Exercise 3.1.1. Show that

B(R) = σ ({[−∞, x) : x ∈ R}) .

Definition. A measurable function s : Ω→ R is a simple function if range
of s is a finite set, that is,

#s(Ω) <∞ .
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First we shall define integral of simple functions, for which, the conven-
tions of multiplication of two numbers which are possibly infinite have to be
set. Define

x · ∞ =∞ · x =


−∞, if −∞ ≤ x < 0,

0, if x = 0,

∞, if 0 < x ≤ ∞,

and

x · (−∞) = (−∞) · x =


∞, if −∞ ≤ x < 0,

0, if x = 0,

−∞, if 0 < x ≤ ∞ .

It is worth emphasizing that ±∞ · 0 has been defined to be 0.

Definition. If s : Ω → [0,∞] is a simple function whose range is {α1, . . .
. . . , αn}, where α1, . . . , αn are distinct by convention, the integral of s with
respect to µ, denoted by

∫
s dµ, is defined by∫
s dµ =

n∑
i=1

αiµ
(
s−1{αi}

)
. (3.1.1)

Theorem 3.1.1. If s =
∑n

i=1 βi1Ai, where A1, . . . , An ∈ A are disjoint and
β1, . . . , βn ∈ [0,∞], then ∫

s dµ =

n∑
i=1

βiµ(Ai) .

Proof. Zero times anything, including ∞, is zero. Hence it can be assumed
without loss of generality that Ai 6= ∅ for i = 1, . . . , n. For ω ∈ Ai, which
exists as Ai 6= ∅,

s(ω) = βi,

because A1, . . . , An are disjoint. Thus β1, . . . , βn ∈ s(Ω). Further, for all
α ∈ s(Ω), either α = 0 or α = βi for some i. In the latter case,

s−1{α} =
⋃

i:βi=α

Ai,

and hence for α ∈ s(Ω) \ {0},

µ
(
s−1{α}

)
=
∑
i:βi=α

µ(Ai) . (3.1.2)
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The definition implies∫
s dµ =

∑
α∈s(Ω)

αµ
(
s−1{α}

)
=

∑
α∈s(Ω)\{0}

αµ
(
s−1{α}

)
(
by (3.1.2)

)
=

∑
α∈s(Ω)\{0}

α
∑
i:βi=α

µ(Ai)

=
∑

α∈s(Ω)\{0}

∑
i:βi=α

βiµ(Ai)

=
∑
i:βi 6=0

βiµ(Ai)

=

n∑
i=1

βiµ(Ai) .

This completes the proof.

Theorem 3.1.2. If s, t are simple functions with 0 ≤ s ≤ t, then∫
s dµ ≤

∫
t dµ .

Proof. Let{
s−1{α} ∩ t−1{β} : α ∈ s(Ω), β ∈ t(Ω)

}
= {A1, . . . , An} .

For i = 1, . . . , n, if Ai 6= ∅, fix ω ∈ Ai and denote

αi = s(ω), βi = t(ω),

and let αi = βi = 0 if Ai = ∅. Thus αi ≤ βi for all i, A1, . . . , An are disjoint
sets in A and

s =

n∑
i=1

αi1Ai , t =

n∑
i=1

βi1Ai .

Theorem 3.1.1 implies ∫
s dµ =

n∑
i=1

αiµ(Ai)

≤
n∑
i=1

βiµ(Ai)

=

∫
t dµ,

which completes the proof.

30



Definition. For a measurable function f : Ω→ [0,∞], define∫
f dµ = sup

{∫
s dµ : 0 ≤ s ≤ f, s is a simple function

}
.

Theorem 3.1.2 ensures that for a simple function t ≥ 0, the above defi-
nition is consistent with (3.1.1), that is,∑
α∈t(Ω)

αµ
(
t−1{α}

)
= sup

{∫
s dµ : 0 ≤ s ≤ t, s is a simple function

}
.

The following theorem is a trivial consequence of the definition given
above.

Theorem 3.1.3. For measurable f, g with 0 ≤ f ≤ g,∫
f dµ ≤

∫
g dµ .

Proof. Exercise.

Theorem 3.1.4. Suppose f1, f2, . . . are measurable functions from Ω→ R.
Then

g = inf
n
fn and h = sup

n
fn

are measurable.

Proof. Follows trivially from the observation that

[g < α] =
∞⋃
n=1

[fn < α]

and Exc 3.1.1 and likewise for h.

Exercise 3.1.2. For measurable functions f1, f2, . . . from Ω to R, show the
following are measurable:

1. f1 + f2, if it is defined,

2. f1f2,

3. lim infn→∞ fn,

4. lim supn→∞ fn,

5. limn→∞ fn, if it exists.

The next theorem is of utmost importance in measure theory. As men-
tioned earlier, ‘MCT’ will refer to the following result and not the monotone
class theorem (Theorem 2.3.2).
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Theorem 3.1.5 (Monotone convergence theorem (MCT)). If fn ≥ 0 and
fn ↑ f , then ∫

fn dµ ↑
∫
f dµ ,

f being measurable by Theorem 3.1.4.

The following exercise will be used for proving the above theorem.

Exercise 3.1.3. If α1, . . . , α∞, β1, . . . , β∞ are such that 0 ≤ αn ↑ α∞ and
0 ≤ βn ↑ β∞, then

αnβn ↑ α∞β∞ .

Proof of Theorem 3.1.5 (MCT). Theorem 3.1.3 implies that∫
f1 dµ ≤

∫
f2 dµ ≤ . . . ≤

∫
f dµ .

Hence ∫
f dµ ≥ lim

n→∞

∫
fn dµ, which exists.

To complete the proof, it suffices to show that for all

α <

∫
f dµ,

there exists n for which ∫
fn dµ ≥ α . (3.1.3)

Fix α as above. The definition of integral implies there exists a simple
function s such that 0 ≤ s ≤ f and

∫
s dµ > α. Write

s =
k∑
i=1

βi1Ai

where A1, . . . , Ak ∈ A are disjoint and β1, . . . , βk > 0. Since

α <

∫
s dµ

(Theorem 3.1.1) =
k∑
i=1

βiµ(Ai)

= lim
γ1↑β1,...,γk↑βk

k∑
i=1

γiµ(Ai),

Exc 3.1.3 implying the last line, there exist 0 ≤ γ1 < β1, . . . , 0 ≤ γk < βk
such that

k∑
i=1

γiµ(Ai) > α . (3.1.4)
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Let

Ani = {ω ∈ Ai : fn(ω) > γi}, n = 1, 2, . . . , and i = 1, . . . , k .

If ω ∈ Ai, then

lim
n→∞

fn(ω) = f(ω) ≥ s(ω) = βi > γi .

Hence
Ani ↑ Ai, i = 1. . . . , k .

Continuity from below implies

µ (Ani) ↑ µ(Ai), n→∞ .

Exc 3.1.3 shows

lim
n→∞

k∑
i=1

γiµ (Ani) =

k∑
i=1

γiµ(Ai) > α,

(3.1.4) implying the inequality.
Thus there exists n for which

α <

k∑
i=1

γiµ(Ani)

(Theorem 3.1.1) =

∫ ( k∑
i=1

γi1Ani

)
dµ .

The definition of Ani implies

k∑
i=1

γi1Ani ≤ fn,

which in conjunction with the above shows

α ≤
∫
fn dµ .

This show (3.1.3) from which the proof follows.

The following is an immediate consequence of the MCT.

Theorem 3.1.6. For f, g ≥ 0 measurable and α ∈ [0,∞],∫
(f + g) dµ =

∫
f dµ+

∫
g dµ,

and ∫
αf dµ = α

∫
f dµ .
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Exercise 3.1.4. For f : Ω→ [0,∞] measurable, define

sn = n1[f≥n] +
n2n−1∑
i=0

2−ni1[2−ni≤f<2−n(i+1)], n ≥ 1 .

Show that 0 ≤ sn ↑ f .

Proof of Theorem 3.1.6. For the first claim, let us first prove it for the case
when f, g are simple. If

f =

m∑
i=1

αi1Ai and g =

n∑
j=1

βj1Bj ,

where A1, . . . , Am ∈ A are disjoint, A1 ∪ . . . ∪ Am = Ω and likewise for
B1, . . . , Bn, then

f + g =
m∑
i=1

n∑
j=1

(αi + βj)1Ai∩Bj .

Theorem 3.1.1 shows∫
(f + g) dµ =

m∑
i=1

n∑
j=1

(αi + βj)µ(Ai ∩Bj) =

∫
f dµ+

∫
g dµ .

For general measurable f, g, Exc 3.1.4 and MCT prove the claim. The second
claim follows in a similar way.

Corollary 3.1.1. If

f =
∞∑
i=1

αi1Ai

for A1, A2, . . . ∈ A which are not necessarily disjoint and α1, α2, . . . ∈ [0,∞],
then ∫

f dµ =
∞∑
i=1

αiµ(Ai) .

Exercise 3.1.5. Suppose f : Ω → [0,∞] is measurable with respect to a
σ-field A0 ⊂ A. Show that∫

(Ω,A0)
f dµ =

∫
(Ω,A)

f dµ .

Exercise 3.1.6. Suppose f ≥ 0 is measurable.

1. If µ([f > 0]) > 0, show that ∫
f dµ > 0 .

2. If µ([f =∞]) > 0, show that∫
f dµ =∞ .
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3.2 Integration of measurable functions

For all x ∈ R,
x+ = x ∨ 0 and x− = (−x) ∨ 0 .

Definition. For a measurable f : Ω → R, the integral of f with respect to
µ, denoted by

∫
f dµ, is defined by∫

f dµ =

∫
f+ dµ−

∫
f− dµ,

whenever either
∫
f+ dµ or

∫
f− dµ is finite. If both

∫
f+ dµ and

∫
f− dµ

are finite, f is integrable.

The following notations will also be used to denote the integral of f with
respect to µ: ∫

Ω
f dµ,

∫
f(x) dµ(x),

∫
f(x)µ(dx) etc.

Exercise 3.2.1. 1. Show that the following are equivalent for a measur-
able f :

(a) f is integrable,

(b)
∫
|f | dµ <∞,

(c) the integral of f is defined and finite.

2. Show that ‘f is integrable’ and ‘integral of f is defined’ are two different
claims, the former implies the latter, and the converse is false.

Theorem 3.2.1. Suppose f, g are measurable whose integrals are defined
and ∫

f dµ+

∫
g dµ is defined . (3.2.1)

Assume f+g is defined, that is, there does not exist ω for which one of f(ω)
and g(ω) is ∞ and the other one is −∞. Then integral of f + g is defined
and ∫

(f + g) dµ =

∫
f dµ+

∫
g dµ .

Exercise 3.2.2. For all x, y ∈ R such that x+ y is defined, show that

x+ + y+ + (x+ y)− = (x+ y)+ + x− + y−, (3.2.2)

(x+ y)+ ≤ x+ + y+, (3.2.3)

and (x+ y)− ≤ x− + y− . (3.2.4)
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Proof of Theorem 3.2.1. It follows from (3.2.2) that

f+ + g+ + (f + g)− = (f + g)+ + f− + g− .

Theorem 3.1.6 implies∫
f+ dµ+

∫
g+ dµ+

∫
(f + g)− dµ =

∫
(f + g)+ dµ+

∫
f− dµ+

∫
g− dµ .

(3.2.5)
If both sides of the above are finite, that is, f , g and f+g are integrable,

then
∫
f− dµ < ∞ and

∫
g− dµ < ∞ can be brought to the left hand side

with a negative sign, and
∫

(f + g)− dµ can be brought to the right hand
side, again with a negative sign, from which, the claim would follow.

In case
∫
f dµ =∞, then (3.2.1) shows

∫
g dµ > −∞. Hence∫

f+ dµ =∞,
∫
f− dµ <∞ and

∫
g− dµ <∞ ;

(3.2.4) shows that ∫
(f + g)− dµ <∞ .

Hence f + g has a defined integral. In this case, (3.2.5) shows∫
(f + g)+ dµ =∞,

from which it follows that∫
(f + g) dµ =∞ =

∫
f dµ+

∫
g dµ .

The case
∫
g dµ =∞ can be proved similarly. The cases when either

∫
f dµ

or
∫
g dµ is −∞ can be proved by replacing f and g by −f and −g, respec-

tively.

Definition. If A ∈ A is such that µ(Ac) = 0, then anything which holds on
A is said to hold almost everywhere or a.e.

Theorem 3.2.2. The following hold for f, g whose integrals are defined.

1. If f ≤ g a.e., then ∫
f dµ ≤

∫
g dµ .

2. If f = g a.e., then ∫
f dµ =

∫
g dµ .

3. For α ∈ R, ∫
αf dµ = α

∫
f dµ .
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4. It holds that ∣∣∣∣∫ f dµ

∣∣∣∣ ≤ ∫ |f | dµ .
5. If f, g are integrable, then f + g is defined a.e. and is integrable, and∫

(f + g) dµ =

∫
f dµ+

∫
g dµ .

Proof. 1. If f ≤ g a.e., then f+ ≤ g+ a.e. Thus∫
f+ dP =

∫
[f+≤g+]

f+ dP

≤
∫
g+ dP .

A similar argument shows∫
f− dµ ≥

∫
g− dµ,

from which the claim follows.

2. Follows from 1.

3. Follows from the observation

(αf)+ = αf+ and (αf)− = αf− if α ≥ 0,

and
(αf)+ = −αf− and (αf)− = −αf+ if α < 0 .

4. The definition of integral implies∣∣∣∣∫ f dµ

∣∣∣∣ =

∣∣∣∣∫ f+ dµ−
∫
f− dµ

∣∣∣∣
≤
∫
f+ dµ+

∫
f− dµ

=

∫
|f | dµ,

the last line following from Theorem 3.1.6.

5. Exc 3.2.1 implies that∫
|f | dµ <∞ and

∫
|g| dµ <∞ .

Exc 3.1.6 shows f and g are finite a.e. Hence f + g is defined a.e.
The above along with the inequality |f + g| ≤ |f |+ |g| shows f + g is
integrable by Exc 3.2.1. The proof follows from Theorem 3.2.1.
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Remark 3.2.1. As is the case for f+g in 5. of the above theorem, it suffices
for a function to be defined a.e. On the set where it is not defined, the
function may be redefined as zero, for example, which doesn’t really matter
as long as that set has zero measure.

Theorem 3.2.3 (Fatou’s lemma). For measurable f1, f2, . . . ≥ 0,∫ (
lim inf
n→∞

fn

)
dµ ≤ lim inf

n→∞

∫
fn dµ .

Proof. Let
gn = inf

k≥n
fk, n = 1, 2, . . . ,

and
g∞ = lim inf

n→∞
fn .

Then 0 ≤ gn ↑ g∞. MCT implies∫
g∞ dµ = lim

n→∞

∫
gn dµ

= lim inf
n→∞

∫
gn dµ

≤ lim inf
n→∞

∫
fn dµ,

the last line following from the obvious observation that gn ≤ fn. This
completes the proof.

Theorem 3.2.4 (Dominated convergence theorem). If fn → f and |fn| ≤ g,
where fn, f, g are measurable and g is integrable, then fn and f are inte-
grable, and

lim
n→∞

∫
fn dµ =

∫
f dµ .

Proof. The assumptions imply fn + g ≥ 0. Further∫
(f + g) dµ =

∫
lim inf
n→∞

(fn + g) dµ

(Fatou’s lemma) ≤ lim inf
n→∞

∫
(fn + g) dµ

=

∫
g dµ+ lim inf

n→∞

∫
fn dµ .

Subtracting
∫
g dµ from both sides, which is finite, we get∫

f dµ ≤ lim inf
n→∞

∫
fn dµ . (3.2.6)
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A similar argument with Fatou’s lemma shows∫
(g − f) dµ ≤ lim inf

n→∞

∫
(g − fn)dµ =

∫
g dµ− lim sup

n→∞

∫
fn dµ,

which implies ∫
f dµ ≥ lim sup

n→∞

∫
fn dµ .

The proof follows by combining the above with (3.2.6).

3.3 Inequalities

As before, (Ω,A, µ) is a measure space, and all functions talked about are
measurable functions from Ω to R.

Theorem 3.3.1 (Hölder). For p, q > 1 such that 1
p + 1

q = 1,

∫
|fg| dµ ≤

(∫
|f |p dµ

)1/p(∫
|g|q dµ

)1/q

.

The proof uses the following lemma.

Lemma 3.3.1. For 0 < λ < 1, a, b ≥ 0 and t > 0,

aλb1−λ ≤ λtλ−1a+ (1− λ)tλb .

Proof. Assume without loss of generality that a, b > 0 for else the left hand
side vanishes. Define

f(x) = λxλ−1a+ (1− λ)xλb , x > 0 .

Differentiating with respect to x, we get

f ′(x) = λ(λ− 1)xλ−2a+ (1− λ)λxλ−1b

= λ(1− λ)xλ−2(bx− a),

where f ′ is the derivative of f . Thus f ′ ≥ 0 on [a/b,∞) and f ′ ≤ 0 on
(0, a/b]. Hence for any t > 0,

f(t) ≥ f(a/b) = λ(a/b)λ−1a+ (1− λ)(a/b)λb = aλb1−λ,

which completes the proof.

Proof of Theorem 3.3.1. Fix measurable functions f, g and p, q > 1 such
that

1

p
+

1

q
= 1 . (3.3.1)
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Assume without loss of generality that∫
|f |p dµ > 0 and

∫
|g|q dµ > 0,

because otherwise either f = 0 a.e. or g = 0 a.e. Next assume without loss
of generality that the above quantities are finite as well, because otherwise
the right hand side of the claimed inequality is ∞.

Use Lemma 3.3.1 with λ = 1
p , a = |f |p and b = |g|q to get for a fixed

t > 0

|f | |g| ≤ 1

p
t−1/q|f |p +

1

q
t1/p|g|q .

Thus, ∫
|fg| dµ ≤ 1

p
t−1/q

∫
|f |p dµ+

1

q
t1/p

∫
|g|q dµ .

The above holds for all t > 0. Putting

t =

(∫
|g|q dµ

)−1 ∫
|f |p dµ,

the right hand side becomes

1

p

(∫
|f |p dµ

)1−1/q (∫
|g|q dµ

)1/q

+
1

q

(∫
|f |p

)1/p(∫
|g|q dµ

)1−1/p

.

Since (3.3.1) implies the above is the same as the right hand side of the
claimed inequality, the proof follows.

Theorem 3.3.2 (Cauchy-Schwarz). For f, g measurable,∫
|fg| dµ ≤

(∫
f2 dµ

∫
g2 dµ

)1/2

.

Proof. Follows from Theorem 3.3.1 by putting p = q = 2.

Theorem 3.3.3 (Minkowski). For 1 ≤ p <∞,(∫
|f + g|p dµ

)1/p

≤
(∫
|f |p dµ

)1/p

+

(∫
|g|p dµ

)1/p

.

Proof. Without loss of generality, assume that the right hand side of the
claimed inequality is finite. Then∫

|f + g|p dµ ≤
∫

(|f |+ |g|)p dµ ≤ 2p
∫

(|f |p + |g|p) dµ <∞ .

Denote

c =

(∫
|f + g|p dµ

)1/p

<∞ .
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Assume without loss of generality that c > 0 for else the claimed inequality
is trivial. In addition, assume without loss of generality that p > 1 because
for p = 1 the claim follows trivially from

|f + g| ≤ |f |+ |g| .

Write

cp =

∫
|f + g|p dµ

=

∫
|f + g||f + g|p−1 dµ

≤
∫
|f ||f + g|p−1 dµ+

∫
|g||f + g|p−1 dµ

(Hölder inequality) ≤
(∫
|f |p dµ

)1/p(∫
|f + g|(p−1)q dµ

)1/q

+

(∫
|g|p dµ

)1/p(∫
|f + g|(p−1)q dµ

)1/q

= cp/q

[(∫
|f |p dµ

)1/p

+

(∫
|g|p dµ

)1/p
]
,

where q = (1− 1/p)−1. Therefore(∫
|f |p dµ

)1/p

+

(∫
|g|p dµ

)1/p

≥ cp−p/q = c,

which completes the proof.

Definition. For A ∈ A, define∫
A
f dµ =

∫
f1A dµ

whenever the right hand side makes sense.

Theorem 3.3.4 (Markov). For f ≥ 0 and a ∈ (0,∞),

µ ([f ≥ a]) ≤ 1

a

∫
f dµ .

Proof. By writing ∫
f dµ ≥

∫
[f≥a]

f dµ

≥
∫

[f≥a]
a dµ

= aµ ([f ≥ a]) ,

the proof follows.
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Definition. For −∞ ≤ a < b ≤ ∞, a function ϕ : (a, b)→ R is convex if

ϕ (λx+ (1− λ)y) ≤ λϕ(x) + (1− λ)ϕ(y) for all x, y ∈ (a, b) .

Exercise 3.3.1. If (a, b) ⊂ R and ϕ : (a, b)→ R is convex, show that

1. ϕ is continuous and hence Borel,

2. for all x ∈ (a, b),

ϕ′+(x) = lim
h↓0

ϕ(x+ h)− ϕ(x)

h

exists,

3. and for all x, x0 ∈ (a, b),

ϕ(x) ≥ ϕ(x0) + (x− x0)ϕ′+(x0) . (3.3.2)

Theorem 3.3.5 (Jensen). Suppose (Ω,A, P ) is a probability space, f : Ω→
(a, b) is measurable for some −∞ ≤ a < b ≤ ∞ and ϕ : (a, b)→ R is convex.
If f and ϕ ◦ f are integrable functions, then

a <

∫
f dP < b, (3.3.3)

and ∫
ϕ(f) dP ≥ ϕ

(∫
f dP

)
.

Proof. Since b > f , Exc 3.1.6 shows that

0 <

∫
(b− f) dP = b−

∫
f dP,

the equality following from P (Ω) = 1. As
∫
f dP is a finite quantity, it can

be taken to the left hand side, which shows∫
f dP < b .

A similar argument proves ∫
f dP > a,

(3.3.3) follows from which.
Letting x0 =

∫
f dP , (3.3.2) shows

ϕ(f) ≥ ϕ(x0) + (f − x0)ϕ′+(x0) .
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Thus ∫
ϕ(f) dP ≥

∫ (
ϕ(x0) + (f − x0)ϕ′+(x0)

)
dP

(since P (Ω) = 1) = ϕ(x0) + ϕ′+(x0)

(∫
f dP − x0

)
= ϕ(x0),

and hence the proof.

3.4 The Lp space

As usual, (Ω,A, µ) is a measure space. All functions talked about are mea-
surable functions from Ω to R, unless mentioned otherwise.

Definition. For 1 ≤ p <∞, define

Lp(Ω,A, µ) =

{
f : Ω→ R measurable :

∫
|f |p dµ <∞

}
,

and for all f ∈ Lp(Ω,A, µ), define

‖f‖p =

(∫
|f |p dµ

)1/p

.

For f, f1, f2, . . . ∈ Lp(Ω,A, µ), we say fn → f in Lp if

‖fn − f‖p → 0 as n→∞ .

The mention of A or µ in Lp(Ω,A, µ) will be suppressed whenever the
same is obvious from the context. For f, g ∈ Lp(Ω), f and g will be identified
with each other if f = g a.e. In other words, Lp(Ω) will refer to the set of
partitions induced by the equivalence relation ∼ which is defined as follows:
for f, g ∈ Lp(Ω),

f ∼ g ⇐⇒ f = g a.e.

Let us fix 1 ≤ p <∞ for this subsection.

Theorem 3.4.1. If

d(f, g) = ‖f − g‖p, f, g ∈ Lp(Ω),

then d is a metric on Lp(Ω), in which, two functions are identified if they
are equal a.e.

Proof. The only non-trivial property of d to be checked is the triangle in-
equality, which follows from Theorem 3.3.3.
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Definition. For measurable functions f1, f2, . . . , f∞ from Ω to R, say fn →
f∞ a.e. if

µ
({
ω ∈ Ω : lim

n→∞
fn(ω) = f∞(ω)

}c)
= 0 .

Exercise 3.4.1. If fn → f a.e. and |fn| ≤ g, where fn, f, g are measurable
and g is integrable, then show that

lim
n→∞

∫
fn dµ =

∫
f dµ .

Theorem 3.4.2 (Scheffé’s lemma). Suppose f, f1, f2, . . . are measurable
functions such that 0 ≤ fn → f a.e. Then fn → f in L1 if and only if

lim
n→∞

∫
fn dµ =

∫
f dµ <∞ .

Proof. For the ‘if’ part, write

‖fn − f‖1 =

∫
fn dµ+

∫
f dµ− 2

∫
(fn ∧ f) dµ . (3.4.1)

Exc 3.4.1 along with the fact 0 ≤ fn ∧ f ≤ f implies

lim
n→∞

∫
(fn ∧ f) dµ =

∫
f dµ .

This along with the assumed hypothesis implies that the right hand side of
(3.4.1) goes to zero as n→∞. Hence the ‘if’ part follows.

The ‘only if’ part follows trivially from∣∣∣∣∫ fn dµ−
∫
f dµ

∣∣∣∣ ≤ ‖fn − f‖1 .
This completes the proof.

Definition. For sets A1, A2, A3, . . ., define

lim sup
n

An =
∞⋂
n=1

∞⋃
k=n

Ak,

and

lim inf
n

An =

∞⋃
n=1

∞⋂
k=n

Ak .

Theorem 3.4.3 (Borel-Cantelli lemma). Suppose that
∑∞

n=1 µ(An) < ∞
for A1, A2, . . . ∈ A. Then

µ

(
lim sup

n
An

)
= 0 .
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Proof. Let B = lim supAn and

Bn =
∞⋃
k=n

Ak, n ≥ 1 .

Then Bn ↓ B. Since

µ(B1) = µ

( ∞⋃
k=1

Ak

)
≤
∞∑
k=1

µ(Ak) <∞,

it follows that µ(Bn) ↓ µ(B). Hence it suffices to show µ(Bn) ↓ 0.
Observing that for all n = 1, 2, . . . ,

µ(Bn) ≤
∞∑
k=n

µ(Ak),

and that the right hand side goes to zero as n→∞, the proof follows.

Theorem 3.4.4. For measurable f, f1, f2, . . . from Ω to R, fn → f a.e. if
and only if

µ

(
lim sup

n

[
|fn − f | > ε

])
= 0 for all ε > 0 . (3.4.2)

Proof. Define
g = lim sup

n→∞
|fn − f | .

Then [fn → f ] = [g = 0]. For all ε > 0,

[g > ε] ⊂ [|fn − f | > ε for infinitely many n] = lim sup
n

[
|fn − f | > ε

]
(3.4.3)

⊂ [g ≥ ε] . (3.4.4)

Thus if g = 0 a.e., then (3.4.4) implies

µ

(
lim sup

n

[
|fn − f | > ε

])
≤ µ([g ≥ ε]) = 0,

which proves the ‘only if’ part.
For the ‘if’ part, assume (3.4.2). Let

Ω0 =

∞⋂
k=1

(
lim sup

n

[
|fn − f | >

1

k

])c
.
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Then

µ (Ωc
0) = µ

( ∞⋃
k=1

(
lim sup

n

[
|fn − f | > 1/k

]))

≤
∞∑
k=1

µ

[(
lim sup

n

[
|fn − f | > 1/k

])]
= 0,

(3.4.2) implying the last line. Finally if ω ∈ Ω0, then for k ≥ 1,

ω ∈
(

lim sup
n

[
|fn − f | > 1/k

])c
⊂ [g ≤ 1/k],

(3.4.3) implying the set inclusion. Thus g(ω) = 0, which implies fn → f on
Ω0. This proves the ‘if’ part.

Theorem 3.4.5. If fn → f in Lp, then {fn} has a subsequence which
converges to f a.e.

Proof. The hypothesis implies the existence of 1 ≤ n1 < n2 < . . . such that

‖fnk − f‖p ≤ 4−k, k ≥ 1 .

Then

µ
([
|fnk − f | > 2−k

])
= µ

([
|fnk − f |

p > 2−kp
])

(3.4.5)

(Markov inequality) ≤ 2kp
∫
|fnk − f |

p dµ (3.4.6)

= 2kp‖fnk − f‖
p
p (3.4.7)

≤ 2−kp . (3.4.8)

Theorem 3.4.3 implies that

|fnk − f | ≤ 2−k for large enough k,

except on a set of measure zero. Hence fnk → f a.e. This completes the
proof.

Theorem 3.4.6. The metric space Lp(Ω) is complete.

Proof. Let {fn} be a Cauchy sequence in Lp(Ω), that is, for all ε > 0, there
exists N such that

‖fm − fn‖p ≤ ε, m, n ≥ N .

This allows us to choose 1 ≤ n1 < n2 < . . . such that

‖fi − fj‖p ≤ 4−k for all i, j ≥ nk . (3.4.9)

46



This by an appeal to Minkowski implies

sup
n≥1
‖fn‖p ≤

1

4
+ max

1≤i≤n1

‖fi‖p <∞ . (3.4.10)

Another immediate consequence of (3.4.9) is that∥∥fnk+1
− fnk

∥∥
p
≤ 4−k, k ≥ 1 .

Arguments similar to (3.4.5)–(3.4.8) imply that

µ
([
|fnk+1

− fnk | > 2−k
])
≤ 2−kp, k ≥ 1 .

Theorem 3.4.3 implies

∞∑
k=1

|fnk+1
− fnk | <∞ a.e.

Letting

Ω0 =

[ ∞∑
k=1

|fnk+1
− fnk | <∞

]
,

it follows that for all ω ∈ Ω0, {fnk(ω) : k ≥ 1} is a Cauchy sequence in R.
Since R is complete, limk→∞ fnk(ω) exists for all ω ∈ Ω0.

Let
f = lim sup

k→∞
fnk .

Since fnk → f a.e., ∫
|f |p dµ =

∫
lim inf
k→∞

|fnk |
p dµ

(Fatou’s lemma) ≤ lim inf
k→∞

∫
|fnk |

p dµ

<∞,

(3.4.10) implying the last line. Thus f ∈ Lp(Ω).
For a fixed k = 1, 2, 3, . . ., (3.4.9) implies

‖fnk − fnl‖p ≤ 4−k, l ≥ k .

Thus

‖fnk − f‖
p
p =

∫
|fnk − f |

p dµ

=

∫
lim inf
l→∞

|fnk − fnl |
p dµ

(Fatou’s lemma) ≤ lim inf
l→∞

∫
|fnk − fnl |

p dµ

≤ 4−kp .
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For n ≥ nk, ‖fn − fnk‖p ≤ 4−k by (3.4.9); Minkowski implies for such n,

‖fn − f‖p ≤ ‖fn − fnk‖p + ‖fnk − f‖p ≤ 21−2k .

This shows fn → f in Lp. In other words, every Cauchy sequence in Lp(Ω)
is convergent. This completes the proof.

Definition. For measurable f : Ω→ R, define

‖f‖∞ = inf{0 ≤ α ≤ ∞ : |f | ≤ α a.e.} .

As before, L∞(Ω) = {f : ‖f‖∞ < ∞} with the understanding that two
functions are considered the same if they are equal a.e. For f, f1, f2, . . . ∈
L∞(Ω), fn → f in L∞ if ‖fn − f‖∞ → 0.

Exercise 3.4.2. Show that |f | ≤ ‖f‖∞ a.e.

Exercise 3.4.3. Show that L∞(Ω) is a complete metric space.

Exercise 3.4.4. Show that Hölder’s inequality holds with p = 1 and q =∞,
that is,

‖fg‖1 ≤ ‖f‖1‖g‖∞ .

Exercise 3.4.5. If µ(Ω) <∞, show that

lim
p→∞

‖f‖p = ‖f‖∞ .

Exercise 3.4.6. Show the following for f1, . . . , f∞.

1. If fn → f∞ in L∞, then show that there exist measurable functions
g1, . . . , g∞ such that

lim
n→∞

sup
ω∈Ω
|gn(ω)− g∞(ω)| = 0,

and
gn = fn a.e. for n = 1, 2, . . . ,∞ .

Since fn and gn are considered identical elements of L∞(Ω), conver-
gence in L∞ essentially means uniform convergence.

2. If fn → f∞ a.e., then show that there exist measurable functions
g1, . . . , g∞ such that

lim
n→∞

gn(ω) = g∞(ω) for all ω ∈ Ω,

and
gn = fn a.e. for n = 1, 2, . . . ,∞ .

In other words, a.e. convergence essentially means pointwise conver-
gence.
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3. If fn → f∞ in L∞, show that fn → f∞ a.e.

Exercise 3.4.7. 1. For 1 ≤ p < q ≤ ∞, show that neither of Lp(R, λ)
and Lq(R, λ) is a subset of the other, where λ is the Lebesgue measure.

2. If µ(Ω) <∞, show that

Lp(Ω) ⊃ Lq(Ω) if 1 ≤ p ≤ q ≤ ∞ .

3. If µ(Ω) = 1, then show that

‖f‖p ≤ ‖f‖q if 1 ≤ p ≤ q ≤ ∞ .

This is known as Lyapunov’s inequality.

4. Let `p = Lp
(
N, 2N, µ

)
where µ is the counting measure, for 1 ≤ p ≤ ∞.

In other words,

`p =

{
(x1, x2, x3, . . .) ∈ RN :

∞∑
n=1

|xn|p <∞

}
for 1 ≤ p <∞

and

`∞ =

{
(x1, x2, x3, . . .) ∈ RN : sup

n≥1
|xn| <∞

}
.

Show that
`p ( `q if 1 ≤ p < q ≤ ∞ .

Exercise 3.4.8. Suppose 1 ≤ p ≤ q ≤ ∞ and f1, f2, . . . ∈ Lp(Ω)∩Lq(Ω). If

fn → g1 in Lp,

fn → g2 in Lq

and
fn → g3 a.e.,

show that g1 = g2 = g3 a.e.

3.5 Lebesgue-Stieltjes integration

Let µ be the Lebesgue measure on (R,B(R)). As in (2.2.1), denote by µ∗

the outer measure of µ where F therein is replaced by B(R), that is,

µ∗(E) = inf{µ(A) : E ⊂ A, A ∈ B(R)}, E ∈ 2R .

As in (2.2.4), let

L(R) =
{
A ∈ 2R : µ∗(E) = µ∗(E ∩A) + µ∗(E ∩Ac) for all E ∈ 2R

}
.

Lemma 2.2.5 shows that L(R) is a σ-field an µ∗ is a measure on (R,L(R)),
which agrees with µ on B(R) by Lemma 2.2.1.

The following is a minor observation.
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Theorem 3.5.1. If A ∈ B(R) is such that µ(A) = 0, then B ∈ L(R) for all
B ⊂ A.

Proof. Suppose µ(A) = 0 for some A ∈ B(R) and B ⊂ A. Since µ∗ is
monotone by definition,

µ∗(B) ≤ µ∗(A) = 0 .

Thus for any E ∈ 2R,

µ∗(E ∩B) + µ∗(E ∩Bc) ≤ µ∗(B) + µ∗(E ∩Bc) = µ∗(E ∩Bc) ≤ µ∗(E);

(2.2.5) shows that B ∈ L(R). This completes the proof.

Denote
λ(A) = µ∗(A), A ∈ L(R) .

Thus (R,L(R), λ) is a measure space.

Exercise 3.5.1. If A ∈ B(R) is such that λ(A) = 0 and B ⊂ A, show that
for any function g : R→ R, g1B is L(R)-measurable.

Soln.: If h = g1B, then for any E ⊂ R \ {0}, h−1E ⊂ B ⊂ A and hence by
Theorem 3.5.1, h−1E ∈ L(R). For E ⊂ R such that 0 ∈ E,

h−1E =
(
h−1(Ec)

)c ∈ L(R)

because h−1(Ec) ∈ L(R). This completes the solution.

Definition. For [a, b] ⊂ R, f : [a, b] → R is Lebesgue measurable if it is
measurable with respect to the σ-field L([a, b]), defined by

L([a, b]) = {A ∈ L(R) : A ⊂ [a, b]},

that is,
f−1B ∈ L([a, b]) for all B ∈ B(R) .

If in addition,
∫

[a,b] |f | dλ <∞, then f is Lebesgue integrable and
∫

[a,b] f dλ

is the Lebesgue integral of f on [a, b]. The notations∫ b

a
f(x) dx,

∫ b

a
f dλ etc.

are also used for denoting the Lebesgue integral. As usual, define∫
A
f(x) dx =

∫
f1A dλ, A ∈ B([a, b]) .

In particular, if A = [α, β] ⊂ [a, b], then there is no conflict of notation in
defining ∫ β

α
f dλ =

∫
A
f dλ .
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Let us fix [a, b] ⊂ R for this subsection. Henceforth, “integrable on [a, b]”
will mean Lebesgue integrable.

Exercise 3.5.2. Suppose f : [a, b]→ R is Lebesgue integrable. Define

g(x) =

∫ x

a
f(t) dt, a ≤ x ≤ b .

1. Show that g is a continuous function.

2. If f is continuous at x, show that g is differentiable at x and its deriva-
tive at x equals f(x).

Theorem 3.5.2. If f : [a, b]→ R is bounded and Riemann integrable, then
f is Lebesgue integrable on [a, b] and its Lebesgue integral equals its Riemann
integral.

Proof. Let [a, b] ⊂ R and f : [a, b]→ R be bounded and Riemann integrable.
Let R denote its Riemann integral. Then

lim
n→∞

(b−a)2−n
2n∑
i=1

inf{f(x) : a+2−n(i−1)(b−a) < x ≤ a+2−ni(b−a)} = R

(3.5.1)
and

lim
n→∞

(b−a)2−n
2n∑
i=1

sup{f(x) : a+2−n(i−1)(b−a) < x ≤ a+2−ni(b−a)} = R .

(3.5.2)
Defining

Pn =
{
{a}, (a, a+ 2−n(b− a)], . . . , (b− 2−n(b− a), b]

}
,

fLn =
∑
A∈Pn

1A inf
x∈A

f(x),

and fUn =
∑
A∈Pn

1A sup
x∈A

f(x),

(3.5.1) and (3.5.2) become

lim
n→∞

∫
[a,b]

fLn dλ = R = lim
n→∞

∫
[a,b]

fUn dλ .

This in view of the observation

fL1 ≤ fL2 ≤ . . . ≤ f ≤ . . . ≤ fU2 ≤ fU1 , (3.5.3)
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show that {gn}, defined by

g1 = fL1 , g2 = fU1 , g3 = fL2 , g4 = fU2 , . . . ,

is a Cauchy sequence in L1 ([a, b],B([a, b]), λ).
Theorem 3.4.6 shows there exists g ∈ L1([a, b],B([a, b]), λ) such that

gn → g in L1. Theorem 3.4.5 shows that each of {g2n−1}n≥1 and {g2n}n≥1

has a subsequence that converges to g in L1. In other words, there exist
1 ≤ m1 < m2 < . . . such that

fLmk → g a.e.

and 1 ≤ n1 < n2 < . . . such that

fUnk → g a.e.

Denoting A = [fLmk → g]∩[fUnk → g], (3.5.3) shows that f = g on A. Further,
A ∈ B([a, b]) and λ([a, b] \A) = 0. Thus

f = g1A + f1[a,b]\A;

Exc 3.5.1 shows f1[a,b]\A is L([a, b])-measurable. Thus so is f . Further,
f = g a.e. Hence gn → f in L1. This shows∫

[a,b]
f dλ = lim

n→∞

∫
[a,b]

gn dλ = R,

which completes the proof.

Definition. A function f : [a, b]→ R is upper semi-continuous at x ∈ [a, b]
if for all α > f(x), there exists ε > 0 such that

f(y) ≤ α for all y ∈ [x− ε, x+ ε] ∩ [a, b] .

On the other hand, f is lower semi-continuous at x if for all β < f(x), there
exists ε > 0 such that

f(y) ≥ β for all y ∈ [x− ε, x+ ε] ∩ [a, b] .

Exercise 3.5.3. 1. For f : [a, b]→ R and x ∈ [a, b], show that

(a) f is upper semi-continuous at x if and only if for all xn ∈ [a, b]
with xn → x,

lim sup
n→∞

f(xn) ≤ f(x),

(b) and f is lower semi-continuous at x if and only if for all xn ∈
[a, b] with xn → x,

lim inf
n→∞

f(xn) ≥ f(x) .
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2. For f : [a, b]→ R, show that f is upper semi-continuous if and only if
−f is lower semi-continuous.

3. If f, g are upper semi-continuous functions on [a, b], show that so if
f + g.

4. If K1, . . . ,Kn ⊂ R are compact sets and α1, . . . , αn ≥ 0, show that

n∑
i=1

αi1Ki∩[a,b]

is an upper semi-continuous function on [a, b].

5. If V1, V2, . . . ⊂ R are open sets and α1, α2, . . . ≥ 0, show that

∞∑
i=1

αi1Vi∩[a,b]

is a lower semi-continuous function on [a, b].

Theorem 3.5.3 (Vitali-Carathéodory). If f ∈ L1([a, b],B([a, b]), λ), then
for all ε > 0 there exist an upper semi-continuous u and a lower semi-
continuous v on [a, b] such that u, v are integrable, u ≤ f ≤ v and∫ b

a
(v − u) dλ < ε .

The proof uses the following exercise.

Exercise 3.5.4. For all A ∈ B(R) with λ(A) <∞ and ε > 0, there exist a
compact K and an open V with K ⊂ A ⊂ V and λ(V \K) < ε.

Proof of Theorem 3.5.3. Let us first prove this for the case f ≥ 0. Since f is
a Borel function, there exist simple Borel functions sn such that 0 ≤ sn <∞
and sn ↑ f . Denote s0 = 0 and let

tn = sn − sn−1, n = 1, 2, . . . ,

so that we get

f =

∞∑
n=1

tn .

Since each tn is a non-negative simple Borel function, there exist c1, c2, . . . >
0 and A1, A2, . . . ∈ B([a, b]) such that

f =
∞∑
i=1

ci1Ai . (3.5.4)
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MCT implies ∫ b

a
f dλ =

∞∑
i=1

ciλ(Ai) .

Since f is integrable, the series on the right hand side is finite. Fix ε > 0
and let n be such that

∞∑
i=n+1

ciλ(Ai) <
ε

2
.

Exc 3.5.4 shows there exist for i = 1, 2, . . ., a compact Ki and open Vi with
Ki ⊂ Ai ⊂ Vi and

λ(Vi \Ki) <
1

ci
2−i−1ε .

Letting

u =

n∑
i=1

ci1Ki and v =

∞∑
i=1

ci1Vi∩[a,b],

(3.5.4) shows u ≤ f ≤ v. Exc 3.5.3 shows u and v are respectively upper
and lower semi-continuous. Finally,∫ b

a
(v − u) dλ =

∫ b

a

(
n∑
i=1

ci1Vi∩[a,b]∩Kc
i

+
∞∑

i=n+1

ci1Vi∩[a,b]

)
dλ

≤
n∑
i=1

ciλ(Vi \Ki) +

∞∑
i=n+1

ciλ(Vi)

<
n∑
i=1

2−i−1ε+
∞∑

i=n+1

ciλ(Vi)

=
n∑
i=1

2−i−1ε+
∞∑

i=n+1

ciλ(Ai) +
∞∑

i=n+1

ciλ(Vi \Ai)

<

n∑
i=1

2−i−1ε+
ε

2
+

∞∑
i=n+1

2−i−1ε

= ε .

This completes the proof for the case f ≥ 0.
For an integrable f , not necessarily non-negative, use the above to get

0 ≤ u1 ≤ f+ ≤ v1 and 0 ≤ u2 ≤ f− ≤ v2, where u1, u2 are upper semi-
continuous, v1, v2 are lower semi-continuous and∫ b

a
(vi − ui) dλ <

ε

2
, i = 1, 2 .

Letting u = u1 − v2 and v = v1 − u2, the proof follows.
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Exercise 3.5.5. If f : [a, b]→ [0,∞] is a Borel function such that∫ b

a
f dλ =∞,

show that

sup

{∫ b

a
u dλ : 0 ≤ u ≤ f, u upper semi-continuous integrable on [a, b]

}
=∞ . (3.5.5)

Soln.: If f : [a, b] → [0,∞] is a Borel non-integrable function, then (3.5.4)
still holds for some c1, c2, . . . ∈ [0,∞). MCT implies

∞∑
i=1

ciλ(Ai) =∞ .

Thus for any α <∞, there exists n0 such that

n0∑
i=1

ciλ(Ai) > α .

As before, compact sets K1, . . . ,Kn0 can be chosen such that Ki ⊂ Ai for
i = 1, . . . , n0, which is possible because A1, . . . , An0 are bounded sets and
hence has finite Lebesgue measure, and

n0∑
i=1

ciλ(Ki) ≥ α .

Setting

u =

n0∑
i=1

ci1Ki ,

it follows that u ≥ 0 is upper semi-continuous and

α ≤
∫ b

a
u(x) dx =

n0∑
i=1

ciλ(Ki) <∞ .

Since α <∞ is arbitrary, (3.5.5) follows, which completes the solution.

Exercise 3.5.6. If F : [a, b]→ R is differentiable, that is, its right derivative
exists on [a, b), the left derivative exists on (a, b] and the two agree on (a, b),
then show that the derivative of F is a Borel function.

Unless mentioned otherwise, f ′(x) denotes the derivative of f at x if it
exists.

55



Theorem 3.5.4 (Fundamental theorem of calculus). Suppose f : [a, b]→ R
is differentiable and f ′ is integrable on [a, b], that is,∫ b

a
|f ′(x)| dx <∞ .

Then ∫ b

a
f ′(x) dx = f(b)− f(a) .

The following lemma is the main content of the proof.

Lemma 3.5.1. If f : [a, b] → R is differentiable and u : [a, b] → R is
integrable and upper semi-continuous on [a, b] with u < f ′, then∫ b

a
u(x) dx ≤ f(b)− f(a) .

Proof. Let u, f be as given in the hypothesis. For any x ∈ [a, b), fixed for a
moment, u(x) < f ′(x). Upper semi-continuity of u at x implies there exists

0 < δ
(1)
x < b− x such that

u(t) ≤ f ′(x) for all x ≤ t ≤ x+ δ(1)
x .

Fix ε > 0. The definition of derivative implies there exists 0 < δ
(2)
x < b−x

such that

f(t)− f(x)

t− x
≥ f ′(x)− ε for all x < t ≤ x+ δ(2)

x .

Define δx = δ
(1)
x ∧ δ(2)

x .
For all x ∈ [a, b], define

F (x) =

∫ x

a
u(t) dt− f(x) + f(a)− ε(x− a) .

For fixed x ∈ [a, b) and x ≤ y ≤ x+ δx,

F (y)− F (x) =

∫ y

x
u(t) dt− f(y) + f(x)− ε(y − x)

(choice of δ(1)
x ) ≤

∫ y

x
f ′(x) dt− f(y) + f(x)− ε(y − x)

= (y − x)f ′(x)− f(y) + f(x)− ε(y − x)

(choice of δ(2)
x ) ≤ (y − x)

(
f(y)− f(x)

y − x
+ ε

)
− f(y) + f(x)− ε(y − x)

= 0 .
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That is,
F (x) ≥ F (y) whenever x ≤ y ≤ x+ δx . (3.5.6)

Let α = a+ δa and fix α ≤ β < b. Since

[α, β] ⊂
⋃

x∈[a,b)

(x, x+ δx),

the Heine-Borel theorem implies that there exist a ≤ x1 < x2 < . . . < xn < b
such that

[α, β] ⊂
n⋃
i=1

(xi, xi + δxi) .

Thus β ∈ (xi1 , xi1 + δxi1 ) for some i1, which along with (3.5.6) shows that

F (β) ≤ F (xi1) .

Either i1 = 1 or there exists i2 < i1 such that

F (xi1) ≤ F (xi2) .

Proceeding inductively, it can be shown that

F (β) ≤ F (x1) ≤ F (a)

by choice of δa because x1 < α = x+ δa.
Letting β ↑ b and using continuity of F , which follows from Exc 3.5.2,

shows F (b) ≤ F (a) = 0. In other words,∫ b

a
u(t) dt ≤ f(b)− f(a) + ε(b− a) .

Since ε is arbitrary, the proof follows.

Proof of Theorem 3.5.4. Fix ε > 0. Since f ′ is an integrable Borel func-
tion on [a, b], Theorem 3.5.3 shows there exists an upper semi-continuous
integrable u on [a, b] such that u ≤ f ′ and∫ b

a
(f ′ − u) dλ < ε .

Since u− ε < f ′, Lemma 3.5.1 shows that

f(b)− f(a) ≥
∫ b

a
(u− ε) dλ

=

∫ b

a
u dλ− ε(b− a)

>

∫ b

a
f ′ dλ− ε(1 + b− a) .
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Since ε is arbitrary, it follows that

f(b)− f(a) ≥
∫ b

a
f ′ dλ .

Replacing f by−f , the reverse inequality follows, which completes the proof.

The following is another version of the fundamental theorem of calculus,
and is important for probability theory.

Theorem 3.5.5. If F : [a, b]→ R is non-decreasing and differentiable, then∫ b

a
F ′(x) dx = F (b)− F (a) .

Proof. Let F be as given. In view of Theorem 3.5.4, it suffices to show that∫ b

a
F ′(x) dx <∞ .

Exc 3.5.5 would imply the above once it is shown that

sup

{∫ b

a
u dλ : 0 ≤ u ≤ F ′, u upper semi-continuous integrable on [a, b]

}
(3.5.7)

<∞ .

For any upper semi-continuous integrable u with 0 ≤ u ≤ F ′, Lemma 3.5.1
applied to u− 1 shows that∫ b

a
(u− 1) dλ ≤ F (b)− F (a) .

Hence the quantity in (3.5.7) is at most F (b)−F (a)+b−a and hence finite,
from which the proof follows.

Definition. Let F : [a, b] → R be a non-decreasing right continuous func-
tion. Extend F to R by

F (x) =

{
F (a), if x < a,

F (b), if x > b,
(3.5.8)

and denote by µF the Riemann-Stieltjes measure of F as in (2.5.1). For any
Borel function f : [a, b] → R, the Stieltjes integral of f with respect to F is
defined by ∫

[a,b]
f(x)F (dx) =

∫
[a,b]

f dµF ,

whenever the right hand side is defined. The Stieltjes integral on the left
hand side is also denoted by

∫
[a,b] f dF ,

∫
[a,b] f(x) dF (x) etc.
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It should be noted that when F is the identity function, that is, F (z) = z
for all z ∈ R, µF is the Lebesgue measure. Hence the Lebesgue integral is a
special case of the Stieltjes integral (for Borel functions). Furthermore, the
use of the notation

∫
[a,b] f(x) dx for the Lebesgue integral is also justified by

taking F to be the identity function (and hence interpreting F (dx) as dx)
in the Stieltjes integral.

Recall that P = (x0, x1, . . . , xn) is a partition of [a, b] if a = x0 < x1 <
. . . < xn = b whose “mesh” is

min
1≤i≤n

(xi − xi−1) .

For such P and a function f : [a, b]→ R, the upper and lower Stieltjes sum,
denoted respectively by U(P, F, f) and L(P, F, f), is defined by

U(P, F, f) =

n∑
i=1

(F (xi)− F (xi−1)) sup
xi−1≤x≤xi

f(x),

and

L(P, F, f) =
n∑
i=1

(F (xi)− F (xi−1)) inf
xi−1≤x≤xi

f(x) .

When F is the identity function, the upper and lower Stieltjes sums become
the respective Riemann sums.

Theorem 3.5.6. Suppose F : [a, b]→ R is a non-decreasing right continu-
ous function, and Pn is a sequence of partitions of [a, b] whose mesh goes to
zero as n→∞. Then for any continuous f : [a, b]→ R,

lim
n→∞

U(Pn, F, f) =

∫
[a,b]

f(x)F (dx) = lim
n→∞

L(Pn, F, f) .

Proof. Fix n = 1, 2, . . . and denote Pn = (x0, . . . , xk). Define

fn(x) = f(a)1{a}(x) +
k∑
i=1

1(xi−1,xi](x) sup
xi−1≤z≤xi

f(z), a ≤ x ≤ b .

Denote by µF the Riemann-Stieltjes measure of F which is extended to the
whole of R by (3.5.8). It is easy to see that∫

[a,b]
fn dµF = U(Pn, F, f) .

Fix ε > 0. Since f is continuous on [a, b], it is uniformly continuous.
Hence there exists δ > 0 such that

|f(x)− f(y)| ≤ ε if |x− y| ≤ δ, x, y ∈ [a, b] .
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For n large enough such that mesh of Pn smaller than δ, it is immediate
that

|fn(x)− f(x)| ≤ ε, a ≤ x ≤ b .

Hence for such n,∣∣∣∣∣U(Pn, F, f)−
∫

[a,b]
f(x) dF (x)

∣∣∣∣∣ =

∣∣∣∣∣
∫

[a,b]
(fn − f) dµF

∣∣∣∣∣ ≤ ε (F (b)− F (a)) .

Since ε is arbitrary, it follows that

lim
n→∞

U(Pn, F, f) =

∫
[a,b]

f(x)F (dx) .

A similar argument works for L(Pn.F, f) and completes the proof.

Exercise 3.5.7. Suppose (Ω,A, µ) is a measure space and f : Ω → [0,∞]
is measurable. Define

ν(A) =

∫
A
f dµ, A ∈ A . (3.5.9)

1. Show that ν is a measure on (Ω,A).

2. Show that for any measurable function g : Ω→ R,∫
g dν =

∫
gf dµ, (3.5.10)

whenever either side is defined. This is known as the “change of mea-
sure” formula.

Definition. Suppose (Ω,A) is a measurable space on which µ and ν are
measures. If there exists f : Ω→ [0,∞] such that (3.5.9) holds, then f is a
density of ν with respect to µ, and we usually denote

f =
dν

dµ
.

In view of the above definition, (3.5.10) becomes∫
g dν =

∫
g
dν

dµ
dµ .

Exercise 3.5.8. Suppose (Ω,A) is a measurable space on which µ and ν
are measures. Assume ν is a σ-finite measure. Show that if f and g are
densities of ν with respect to µ, then f = g a.e.
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Exercise 3.5.9. If µ and ν are finite measures on
(
[a, b],B([a, b])

)
satisfying

µ
(
(α, β]

)
= ν

(
(α, β]

)
for all a ≤ α < β ≤ b,

then show that µ and ν are identical.

The following theorem justifies the substitution

dF (x) = F ′(x) dx

whenever F is differentiable.

Theorem 3.5.7. If F : [a, b]→ R is differentiable and non-decreasing, then
for a Borel function f : [a, b]→ R,∫

[a,b]
f(x) dF (x) =

∫ b

a
f(x)F ′(x) dx,

whenever either side is defined.

Proof. Let F be extended to the whole of R by (3.5.8) and µF be the
Riemann-Stieltjes measure of F . Let ν be the measure on

(
[a, b],B([a, b])

)
defined by

ν(A) =

∫
A
F ′(x) dx, A ∈ B([a, b]) .

Theorem 3.5.5 shows that for a ≤ α < β ≤ b,

ν ((α, β]) =

∫ β

α
F ′(x) dx = F (β)− F (α) = µF ((α, β]) .

Exc 3.5.9 shows µF = ν on [a, b].
For f : [a, b]→ R Borel, (3.5.10) shows∫

[a,b]
f dν =

∫ b

a
f(x)F ′(x) dx,

whenever either side makes sense. Since ν = µF , the left hand side is the
same as

∫
[a,b] f dF , from which the proof follows.

Exercise 3.5.10. Suppose (Ω1,A1, µ) is a measure space, (Ω2,A2) is a mea-
surable space and T : Ω1 → Ω2 is a measurable map. Then for a measurable
f : Ω2 → R, show that∫

Ω1

f (T (ω)) µ(dω) =

∫
Ω2

f(x)µ ◦ T−1(dx), (3.5.11)

whenever either side makes sense. This is the so-called change of variables
formula for push-forward measures.
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Theorem 3.5.8. Suppose F : [a, b] → [c, d] is strictly increasing and con-
tinuous. Then for a Borel f : [c, d]→ R,∫

[c,d]
f(y) dy =

∫
[a,b]

f ◦ F (x) dF (x) .

Proof. If µF is the Riemann-Stieltjes measure of F , (3.5.11) shows∫
[a,b]

f ◦ F (x) dF (x) =

∫
[c,d]

f dµF ◦ F−1, (3.5.12)

whenever either side is defined.
For c ≤ α < β ≤ d,

µF ◦ F−1 ((α, β]) = µF
(
F−1(α, β]

)
(F is a bijection) = µF

((
F−1(α), F−1(β)

])
= F

(
F−1(β)

)
− F

(
F−1(α)

)
= β − α
= λ ((α, β]) ,

where λ is the Lebesgue measure. Exc 3.5.9 shows µF ◦F−1 and λ agree on
[c, d]. Hence the right hand side of (3.5.12) equals

∫ d
c f(y) dy and hence the

proof follows.

The next theorem, which follows from Theorems 3.5.7 and 3.5.8, justifies
the following substitution:

y = F (x), dy = |F ′(x)| dx .

Theorem 3.5.9 (Change of variables formula for Lebesgue integration).
Suppose U ⊂ R and V ⊂ R are open sets and F : U → V is a differentiable
bijection. Then for f : V → R Borel,∫

V
f(y) dy =

∫
U
f ◦ F (x)|F ′(x)| dx (3.5.13)

whenever either side is defined.

Proof. Let us first consider the case where f ≥ 0, U = (a, b) and V = (c, d).
For any a < a′ < b′ < b and [c′, d′] = F ([a, b]), Theorems 3.5.7 and 3.5.8
show that∫

[c′,d′]
f(y) dy =

{∫
[a′,b′] f ◦ F (x)F ′(x) dx, F increasing,∫
[a′,b′] f ◦ F (x)(−F ′(x)) dx, F decreasing .

In both the cases, the right hand side equals∫
[a′,b′]

f ◦ F (x)|F ′(x)| dx .
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Letting a′ ↓ a and b′ ↑ b with the help of MCT implies∫ b

a
f ◦ F (x)|F ′(x)| dx =

∫ d

c
f(y) dy .

This proves (3.5.13) when U = (a, b) and V = (c, d). Since any open set
in R is the union of countably many disjoint open intervals, (3.5.13) follows
for open sets U and V when f ≥ 0. Finally for a general f measurable, the
standard argument of f = f+−f− proves it whenever either side of (3.5.13)
is defined, which completes the proof.

Remark 3.5.1. The formula (3.5.13) becomes wrong if the modulus sign on
F ′(x) on the right hand side is removed.

3.6 Expectation

In this subsection, (Ω,A, P ) is the probability space on which the random
variables talked about are defined, unless specified otherwise.

Definition. For a random variable X, its expectation E(X) is defined by

E(X) =

∫
Ω
X dP,

whenever the right hand side is defined. As usual, X is an integrable random
variable if ∫

Ω
|X| dP <∞ .

The word “ mean” is an often used synonym of “expectation”.

Theorem 3.6.1. For a random variable X ≥ 0,

E(X) =

∫ ∞
0

P (X > x) dx .

Proof. We first show this when X is finite and simple, that is, it takes values
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0 ≤ s1 < . . . < sn <∞. In this case,∫ ∞
0

P (X > x) dx =

∫ sn

0
P (X > x) dx

(put s0 = 0) =
n∑
i=1

∫ si

si−1

P (X > x) dx

=
n∑
i=1

(si − si−1)P (X > si−1)

=
n∑
i=1

(si − si−1)
n∑
j=i

P (X = sj)

=

n∑
j=1

P (X = sj)

j∑
i=1

(si − si−1)

=
n∑
j=1

sjP (X = sj)

= E(X)

the last line following from the definition of integral for a simple non-negative
function.

For X ≥ 0 which is not necessarily simple or finite, there exist simple
functions 0 ≤ Xn < ∞ with Xn ↑ X. Then for all x, [Xn > x] ↑ [X > x]
and hence

P (Xn > x) ↑ P (X > x), x ≥ 0 .

We have already shown

E(Xn) =

∫ ∞
0

P (Xn > x) dx .

Letting n→∞ with the help of MCT completes the proof.

Exercise 3.6.1. If X is a random variable whose expectation is defined,
show that

E(X) =

∫ ∞
0

P (X > x) dx−
∫ 0

−∞
P (X < x) dx .

Henceforth, all random variables X are assumed to be “proper”, that is,

X 6= ±∞ a.s.

Here and elsewhere, “a.s.” or “almost surely” simply means “with probabil-
ity 1”. In other words, almost everywhere and almost surely mean the same
thing, except that the latter is used for a probability space.
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Theorem 3.6.2. For a random variable X and a Borel function f : R→ R,

E (f(X)) =

∫
R
f(x)P (X ∈ dx) .

Proof. Follows from (3.5.11) and the tautology

P ◦X−1(A) = P (X ∈ A), A ∈ B(R),

a consequence of which is∫
R
f(x)P (X ∈ dx) =

∫
R
f(x)P ◦X−1(dx)

whenever either side is defined.

Definition. For a random variable X, a Borel function f : R→ [0,∞] is a
density of X if

P (X ∈ A) =

∫
A
f(x) dx for all A ∈ B(R), (3.6.1)

that is, if f(x) = P (X∈dx)
λ(dx) where λ is the Lebesgue measure.

Theorem 3.6.3. If a random variable X has a density f , then for any
measurable g : R→ R,

E (g(X)) =

∫
R
g(x)f(x) dx

whenever either side is defined.

Proof. Follows from (3.5.10) and Theorem 3.6.2.

Theorem 3.6.4. If the CDF F of a random variable X is differentiable,
then F ′ is a density of X.

Proof. Follows from Theorem 3.5.5.

Exercise 3.6.2. If X is a discrete random variable, that is there exists a
countable set C such that P (X ∈ C) = 1, then show that X is integrable if
and only if ∑

x∈C
|x|P (X = x) <∞,

and in that case
E(X) =

∑
x∈C

xP (X = x) .
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Definition. For a random variable X with E(X2) < ∞, its variance is
defined as

Var(X) = E
[(
X − E(X)

)2]
.

The convention is to declare Var(X) =∞ whenever E(X2) =∞.

Exercise 3.6.3. For a random variable X with finite variance, show that

Var(X) = E(X2)− µ2,

where µ = E(X).

Definition. For random variables X and Y such that X,Y,XY are inte-
grable, the covariance of X and Y is defined by

Cov(X,Y ) = E
[(
X − E(X)

)(
Y − E(Y )

)]
.

Exercise 3.6.4. Show that

|Cov(X,Y )| ≤
√

Var(X)Var(Y ) .

Hint. Use Theorem 3.3.2 (Cauchy-Schwarz inequality).

Exercise 3.6.5. Show the following.

1. If Cov(X,Y ) is defined, then

Cov(X,Y ) = E(XY )− E(X)E(Y ) .

2. If X has a finite variance, Cov(X,X) = Var(X).

3. If Cov(X,Y ) is defined, then

Cov(αX + γ, βY + δ) = αβCov(X,Y ) , α, β, δ, γ ∈ R .

4. If X1, . . . , Xn have finite variances, then

Var

(
n∑
i=1

Xi

)
=

n∑
i=1

Var(Xi) + 2
∑

1≤i<j≤n
Cov(Xi, Xj) .

4 Measures in higher dimensions

4.1 Riemann-Stieltjes measures on Rd

Definition. The Borel σ-field on Rd is defined by

B(Rd) = σ
(
{U ⊂ Rd : U is open}

)
.
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Let H be the collection of all half-open (left open, right closed) bounded
rectangles, that is,

H = {(a1, b1]× . . .× (ad, bd] : −∞ < ai < bi <∞ for i = 1, . . . , d} .

Exercise 4.1.1. Check that

σ(H) = B(Rd) .

For a function F : Rd → R and R = (a1, b1]× . . .× (ad, bd] ∈ H, define

∆RF =
∑

(x1,...,xd)∈{a1,b1}×...×{ad,bd}

(−1)#{i:xi=ai}F (x1, . . . , xd) . (4.1.1)

Definition. A measure µ on
(
Rd,B(Rd)

)
is Radon if µ(K) < ∞ for all

compact K ⊂ Rd.

Theorem 4.1.1. If F : Rd → R is a function which is continuous from
above and satisfies ∆RF ≥ 0 for all R ∈ H, then there exists a unique
Radon measure µ on (Rd,B(Rd)) such that

µ(R) = ∆RF , for all R ∈ H . (4.1.2)

Proof. Let F : Rd → R satisfy the assumptions, that is,

lim
y1↓x1,...,yd↓xd

F (y1, . . . , yd) = F (x1, . . . , xd) for all (x1, . . . , xd) ∈ Rd ,

(4.1.3)
and

∆RF ≥ 0 for all R ∈ H . (4.1.4)

Step 1. The function R 7→ ∆RF is a finitely additive set function on H,
that is, for disjoint R1, . . . , Rn ∈ H such that R = R1 ∪ . . . ∪Rn ∈ H,

∆RF =
n∑
i=1

∆RiF .

Proof of Step 1. For R = (a1, b1]× (ad, bd] ∈ H, and x = (x1, . . . , xd) ∈ Rd,
define

sgn(x,R) =

{
(−1)#{i:xi=ai} , x ∈ {a1, b1} × . . .× {ad, bd} ,
0 , otherwise .

That is, sgn(x,R) is zero unless x is a vertex of R.
Rewrite (4.1.1) as

∆RF =
∑

x=(x1,...,xd)∈{a1,b1}×...×{ad,bd}

sgn(x,R)F (x) .
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Suppose R = (a1, b1]× . . .× (ad, bd] ∈ H and for some n1, . . . , nd ∈ N,

ai = ai,0 < ai,1 < . . . < ai,ni = bi , i = 1, . . . , d .

Let

Rk1,...,kd =

d∏
i=1

(ai,ki−1, ai,ki ] , 1 ≤ k1 ≤ n1, . . . , 1 ≤ kd ≤ nd . (4.1.5)

We shall first show that

n1∑
k1=1

. . .

nd∑
kd=1

∆Rk1,...,kd
F = ∆RF . (4.1.6)

The LHS above equals

∑
x∈A

F (x)

n1∑
k1=1

. . .

nd∑
kd=1

sgn (x,Rk1,...,kd) , (4.1.7)

where A =
∏d
i=1{ai,0, ai,1, . . . , ai,ni}. Let A0 = {a1, b1} × . . .× {ad, bd} and

observe that for x ∈ A0, there exists unique k1, . . . , kd such that

sgn (x,Rk1,...,kd) 6= 0 ,

and for this k1, . . . , kd,

sgn (x,Rk1,...,kd) = sgn(x,R) .

Thus, the quantity in (4.1.7) equals

∑
x∈A0

sgn(x,R)F (x) +
∑

x∈A\A0

F (x)

n1∑
k1=1

. . .

nd∑
kd=1

sgn (x,Rk1,...,kd) .

Since the first term above is the same as ∆RF , (4.1.6) would follow once it
is shown that

n1∑
k1=1

. . .

nd∑
kd=1

sgn (x,Rk1,...,kd) = 0 , x ∈ A \A0 . (4.1.8)

Fix x = (x1, . . . , xd) ∈ A\A0. Then there exists i ∈ {1, . . . , d} such that

xi = ai,ui for some 1 ≤ ui ≤ ni − 1 .

Thus for 1 ≤ k1 ≤ n1, . . . , 1 ≤ kd ≤ nd, x is not a vertex of Rk1,...,kd by
(4.1.5), unless ki equals either ui or ui + 1, that is,

sgn (x,Rk1,...,kd) = 0 if ki /∈ {ui, ui + 1} .
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Further,

sgn
(
x,Rk1,...,ki−1,ui,ki+1,...,kd

)
= − sgn

(
x,Rk1,...,ki−1,ui+1,ki+1,...,kd

)
.

Thus (4.1.8) follows which proves (4.1.6).
To complete the proof of Step 1, let R1, . . . , Rn ∈ H be disjoint such

that R = R1 ∪ . . . ∪Rn ∈ H. Let R = (a1, b1]× . . .× (ad, bd] ∈ H and

ai = ai,0 < ai,1 < . . . < ai,ni = bi , i = 1, . . . , d ,

be such that vertices of R1, . . . , Rn belong to
∏d
i=1{ai,0, ai,1, . . . , ai,ni}. If

Rk1,...,kd is as in (4.1.5), then

either Rk1,...,kd ⊂ Ri or Rk1,...,kd ∩Ri = ∅ ,

for 1 ≤ k1 ≤ n1, . . . , 1 ≤ kd ≤ nd and i = 1, . . . , n. Use (4.1.6) to write

∆RF =
∑

1≤k1≤n1,...,1≤kd≤nd

∆Rk1,...,kd
F

=

n∑
i=1

∑
1≤k1≤n1,...,1≤kd≤nd:Rk1,...,kd

⊂Ri

∆Rk1,...,kd
F

=

n∑
i=1

∆RiF ,

(4.1.6) being used again in the last line. This completes the proof of Step
1.

Step 2. If R1, R2 ∈ H and R1 ⊂ R2, then ∆R1F ≤ ∆R2F .

Proof of Step 2. Follows from (4.1.4) and Step 1 by observing that R2\R1 =
S1 ∪ . . . ∪ Sn for some disjoint S1, . . . , Sn ∈ H.

Step 3. If R = (a1, b1]× . . .× (ad, bd] ∈ H and for ε > 0, Rε = (a1, b1 + ε]×
. . .× (ad, bd + ε], then

lim
ε↓0

∆RεF = ∆RF .

Proof of Step 3. Follows from (4.1.3).

Step 4. If R = (a1, b1]× . . .× (ad, bd] ∈ H,

lim
a′1↓a1,...,a′d↓ad

∆(a′1,b1]×...×(a′d,bd]F = ∆RF .

Proof of Step 4. Follows from (4.1.3).

69



For the next several steps, fix n = (n1, . . . , nd) ∈ Zd and let

Ωn = (n1 − 1, n1]× . . .× (nd − 1, nd] ,

and
Sn = {∅} ∪ {R ∈ H : R ⊂ Ωn} .

Step 5. The collection Sn is a semi-field on Ωn and µn : Sn → [0,∞) defined
by

µn(R) = ∆RF , ∅ 6= R ∈ Sn ,

and µn(∅) = 0 is a finitely additive set function.

Proof of Step 5. That Sn is a semi-field is immediate. Finite additivity of
µn follows from Step 1.

Step 6. Let Fn = {A1 ∪ . . . ∪ Ak : A1, . . . , Ak ∈ Sn are disjoint}. Then Fn
is a field on Ωn. Extend µn to Fn by

µn(A1 ∪ . . . ∪Ak) =
k∑
i=1

µn(Ai) , A1, . . . , Ak ∈ Sn are disjoint .

Then µn is well defined on Fn, that is, different representations yield the
same definition, is finitely additive on Fn, monotone on Fn, finitely sub-
additive on Fn and countably super-additive on Fn.

Proof of Step 6. Follows from Step 5 and Theorems 2.4.2 and 2.4.3.

Step 7. The set function µn is countably additive on Sn.

Proof of Step 7. Let R1, R2, . . . ∈ Sn be disjoint such that

R = R1 ∪R2 ∪ . . . ∈ Sn .

In Step 6, µn is shown to be countably super-additive, that is,

µn(R) ≥
∞∑
i=1

µn(Ri) .

Thus, countable additivity would follow once it is shown that

µn(R) ≤
∞∑
i=1

µn(Ri) . (4.1.9)

Let R = (a1, b1]× . . .× (ad, bd] and for i = 1, 2, . . .,

Ri = (ai,1, bi,1]× . . .× (ai,d, bi,d] .
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Fix δ > 0. Use Step 3 to get εi > 0 such that ∆R̃i
F ≤ ∆RiF + 2−iδ where

R̃i = (ai,1, bi,1 + εi]× . . .× (ai,d, bi,d + εi] .

Fix a′i ∈ (ai, bi) for i = 1, . . . , d. Since

[a′1, b1]× . . .× [a′d, bd] ⊂ R =

∞⋃
i=1

Ri ⊂
∞⋃
i=1

(ai,1, bi,1 +εi)× . . .× (ai,d, bi,d+εi) ,

the Heine-Borel theorem implies

[a′1, b1]× . . .× [a′d, bd] ⊂
k⋃
i=1

(ai,1, bi,1 + εi)× . . .× (ai,d, bi,d + εi)

for some finite k. Letting R′ = (a′1, b1]× . . .× (a′d, bd], it follows that

R′ ⊂ Ωn ∩
(
R̃1 ∪ . . . ∪ R̃k

)
.

Monotonicity and finite sub-additivity of µn shown in Step 6 implies

µn(R′) ≤
k∑
i=1

µn(R̃i ∩ Ωn)

=

k∑
i=1

∆R̃i∩Ωn
F

(Step 2) ≤
k∑
i=1

∆R̃i
F

(choice of εi) ≤
∞∑
i=1

(
∆RiF + 2−iδ

)
= δ +

∞∑
i=1

µn(Ri) .

Since δ is arbitrary, it follows that

µn(R′) ≤
∞∑
i=1

µn(Ri) .

Letting a′1 ↓ a1, . . . , a
′
d ↓ ad and using Step 4, (4.1.9) follows. This completes

the proof of Step 7.

Step 8. The set function µn can be extended to a measure on (Ωn, σ(Sn)).

Proof of Step 8. Follows from Step 7 above and Corollary 2.4.1 of the ex-
tension theorem of Carathéodory.
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Step 9. If

µ(A) =
∑
n∈Zd

µn(A ∩ Ωn) , A ∈ B(Rd) ,

then µ is a Radon measure on (Rd,B(Rd)) satisfying

µ(R) = ∆RF ,R ∈ H . (4.1.10)

Proof of Step 9. As µn is a measure on (Ωn, σ(Sn)) for each n ∈ Zd by Step
8 and (Ωn : n ∈ Zd) is a partition of Rd, µ defined above is a measure
on (Rd,B(Rd)). For R ∈ H, as R is bounded and non-empty, there exist
n1, . . . , nk ∈ Zd such that R∩Ωni 6= ∅ for i = 1, . . . , k and R ⊂ Ωn1∪. . .∪Ωnk .
Thus,

µ(R) =
k∑
i=1

µni(R ∩ Ωni)

(∅ 6= R ∩ Ωni ∈ Sni) =

k∑
i=1

∆R∩Ωni
F

(Step 1) = ∆RF ,

showing (4.1.10). To see that µ is Radon, for any compact set K ⊂ Rd,
there exists n ∈ N such that R = (−n, n]d ⊃ K. Thus

µ(K) ≤ µ(R) = ∆RF ,

by (4.1.10). This shows µ is a Radon measure and completes the proof of
Step 9.

Step 10. The measure µ is the only measure on (Rd,B(Rd)) satisfying
(4.1.10).

Proof of Step 10. Suppose µ′ is a measure on (Rd,B(Rd)) such that (4.1.10)
holds with µ replaced by µ′. Then µ and µ′ agree on H, and hence on

S =

{
Rd ∩

d∏
i=1

(ai, bi] : −∞ ≤ ai ≤ bi ≤ ∞

}
,

because for every set in S there exist sets in H increasing to the former.
Further, µ and µ′ are σ-finite on H and hence on S which is a semi-field
that generates B(Rd). Corollary 2.4.1 shows µ and µ′ agree on B(Rd), as
claimed in Step 10.

Steps 9 and 10 complete the proof of the fact.

Definition. For a function F : Rd → R satisfying the hypotheses of The-
orem 4.1.1, the unique measure µ on (Rd,B(Rd)) satisfying (4.1.2) is the
Riemann-Stieltjes measure of F .
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Remark 4.1.1. A function F satisfying (4.1.3) and (4.1.4) is not neces-
sarily monotonic. For example, F : R2 → R defined by

F (x, y) = xy ,

satisfies (4.1.3) and (4.1.4), though F is not monotonic because

F (0, 0) = 0 < F (1, 1) = F (−1,−1) = 1 .

That is, x1 ≤ x2 and y1 ≤ y2 imply neither F (x1, y1) ≤ F (x2, y2) nor
F (x1, y1) ≥ F (x2, y2).

Theorem 4.1.2. For F : Rd → [0, 1], there exists a probability measure P
on (Rd,B(Rd)) such that

P

(
d∏
i=1

(−∞, xi]

)
= F (x) for all x = (x1, . . . , xd) ∈ Rd, (4.1.11)

if and only if F is continuous from above, ∆RF ≥ 0 for all R ∈ H,

lim
x1→∞,...,xd→∞

F (x1, . . . , xd) = 1 (4.1.12)

and
lim

xi1→−∞,...,xik→−∞
F (x1, . . . , xd) = 0 (4.1.13)

for all ∅ 6= {i1, . . . , ik} ⊂ {1, . . . , d} and fixed xj ∈ R for all j ∈ {1, . . . , d} \
{i1, . . . , ik}.

Proof. For the ‘if’ part, suppose F is continuous from above, ∆RF ≥ 0 for
all R ∈ H and (4.1.12) and (4.1.13) hold. Theorem 4.1.1 shows there exists
a measure P on (Rd,B(Rd)) such that

P (R) = ∆RF, R ∈ H .

Fix x = (x1, . . . , xd) ∈ Rd and put Rn = (x1 − n, x1]× . . .× (xd − n, xd] for
n = 1, 2, . . . to get

P (Rn) = ∆RnF .

Letting n→∞, (4.1.13) shows the right hand side converges to F (x). Since
Rn ↑

∏d
i=1(−∞, xi], (4.1.11) holds. Putting x1 = . . . = xd = n in (4.1.11)

and letting n→∞, (4.1.12) shows

P (Rd) = 1 .

Hence P is a probability measure, that is, the ‘if’ part follows.
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Conversely, suppose a probability measure P satisfying (4.1.11) exists.
Observing that for R ∈ H,

P (R) =

∫
Rd

d∏
i=1

1(ai,bi](xi) dP (x1, . . . , xd)

=

∫
Rd

d∏
i=1

(
1(−∞,bi](xi)− 1(−∞,ai](xi)

)
dP (x1, . . . , xd)

= ∆RF,

it follows that ∆RF ≥ 0 for all R ∈ H. For x(n) = (x
(n)
1 , . . . , x

(n)
d ) ∈ Rd for

n = 1, . . . ,∞ such that

x
(n)
i ↓ x(∞)

i , n→∞, i = 1, . . . , d,

it holds that
d∏
i=1

(
−∞, x(n)

i

]
↓

d∏
i=1

(
−∞, x(∞)

i

]
.

Since P is a finite measure, it follows that

F (x(n)) ↓ F (x(∞)) .

This shows continuity from above of F . Finally, (4.1.12) and (4.1.13) follow
by similar arguments. Hence the proof follows.

Definition. For random variables X1, . . . , Xd defined on some probability
space (Ω,A, P ), their joint C.D.F. is defined by

F (x) = P (X1 ≤ x1, . . . , Xd ≤ xd) , x = (x1, . . . , xd) ∈ Rd .

Theorem 4.1.3. If F : Rd → [0, 1] is right continuous satisfying ∆RF ≥ 0
for all R ∈ H, (4.1.12) and (4.1.13), then there exist random variables
X1, . . . , Xd defined on some probability space whose joint C.D.F. is F .

Proof. Theorem 4.1.2 shows the existence of a probability measure P on Rd
satisfying (4.1.11). Let Ω = Rd, A = B(Rd) and define X1, . . . , Xd on Ω by

Xi(x) = xi, x = (x1, . . . , xd) ∈ Rd,

for i = 1, . . . , d. It is trivial to check that F is the joint C.D.F. of X1, . . . , Xd.

Exercise 4.1.2. Suppose F is the C.D.F. of X1, . . . , Xd. Prove or disprove
that for x = (x1, . . . , xd) ∈ Rd,

P (X1 = x1, . . . , Xd = xd) = 0

if and only if F is continuous at x.
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4.2 The Lebesgue measure on Rd

Definition. The Riemann-Stieltjes measure of F , which is defined on Rd
by

F (x1, . . . , xd) =
d∏
i=1

xi, (x1, . . . , xd) ∈ Rd,

is the Lebesgue measure on Rd and is usually denoted by λd or λ.

Throughout this subsection, λ denotes the Lebesgue measure on Rd,
where d is fixed once and for all, and hence the subscript d in λd is unnec-
essary. The following definition extends the definition of density given by
(3.6.1).

Definition. For an Rd-valued random variable X = (X1, . . . , Xd), a Borel
measurable function f : Rd → [0,∞] is a density of X or a joint density of
(X1, . . . , Xd) if

P (X ∈ A) =

∫
A
f(x)λ(dx) for all A ∈ B(Rd) . (4.2.1)

Exercise 4.2.1. Given an Rd-valued random variable X = (X1, . . . , Xd),
show that a Borel function f : Rd → [0,∞) is a density of X if

P (X1 ≤ x1, . . . , Xd ≤ xd) =

∫
(−∞,x1]×...×(−∞,xd]

f(y)λ(dy) .

We shall denote by R0 and R are the interior and closure of R, respec-
tively.

Exercise 4.2.2. For R =
∏d
i=1(ai, bi] ∈ H, show that

λ(R) = λ(R0) = λ(R) =

d∏
i=1

(bi − ai) .

Throughout this subsection and elsewhere, x ∈ Rd is to be interpreted
as a d× 1 matrix, that is, a column vector of length d. The following is the
main result of this subsection.

Theorem 4.2.1. Suppose f : Rd → Rd is defined by

f(x) = Ax+ b

where A is a d× d non-singular matrix and b ∈ Rd, then

λ (f(B)) = | det(A)|λ(B) for all B ∈ B(Rd) . (4.2.2)
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Proceeding towards the proof, we start with defining “vertices” of a
rectangle.

Definition. For R =
∏d
i=1(ai, bi] ∈ H, the set of its vertices v(R) is defined

by

v(R) =
d∏
i=1

{ai, bi} .

The proof of Theorem 4.2.1 relies on the following few lemmas, the first
of which is stated in more generality than is immediately needed, for a later
requirement.

Lemma 4.2.1. Suppose U ⊂ Rd is an open set. If µ1, µ2 are Radon mea-
sures on (Rd,B(Rd)) such that µ1(U c) = µ2(U c) = 0 and

µ1(R) ≤ µ2(R) for all R ∈ H for which R ⊂ U and v(R) ∈ Qd,

then µ1(B) ≤ µ2(B) for all B ∈ B(Rd).

Proof. We shall first show that the given assumption implies

µ1(R) ≤ µ2(R) for all R ∈ H with v(R) ∈ Qd . (4.2.3)

Fix R =
∏d
i=1(ai, bi] ∈ H with v(R) ∈ Qd. Let R1,1, . . . R1,2d be the

2d rectangles in H obtained by bisecting each side of R1, that is, for each
j = 1, . . . , 2d,

R1,j =
d∏
i=1

(αi, βi],

where for every i = 1, . . . , d, either αi = ai and βi = (ai+bi)/2 or βi = bi and
αi = (ai + bi)/2. For n ≥ 2, let Rn,1, . . . , Rn,2dn be the rectangles obtained
by bisecting the sides of Rn−1,1, . . . , Rn−1,2(n−1)d . Define

Bn =
⋃

1≤j≤2dn :Rn,j⊂U

Rn,j , n ≥ 1 .

The given hypothesis, along with the observation v(Rnj) ∈ Qd, implies

µ1(Bn) ≤ µ2(Bn), n ≥ 1 .

Since U is an open set and the diameter of Rn,j is 2−dn times the diameter
of R, it is immediate that

Bn ↑ R ∩ U .

Continuity of measures from below implies

µ1(R ∩ U) ≤ µ2(R ∩ U),
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which in conjunction with the assumption that µ1, µ2 are supported on U
shows (4.2.3).

Fix N ∈ N and define

S =

{
d∏
i=1

(ai, bi] : −N ≤ ai ≤ bi ≤ N and for all 1 ≤ i ≤ d, ai, bi ∈ Q

}
.

Thinking of S as a collection of subsets of ΩN := (−N,N ]d, it is immediate
that S is a semi-field on ΩN . Since the restrictions of µ1, µ2, which are
Radon measures, to ΩN is finite, with the help of standard measure theoretic
arguments using the monotone class theorem, (4.2.3) implies

µ1(B) ≤ µ2(B) for all B ∈ B(Rd), B ⊂ (−N,N ]d .

Finally, the observation

lim
N→∞

µi

(
B ∩ (−N,N ]d

)
= µi(B), i = 1, 2,

completes the proof.

An immediate corollary of the above lemma is the following.

Corollary 4.2.1. If µ1, µ2 are Radon measures on
(
Rd,B(Rd)

)
such that

µ1(R) = µ2(R) for all R ∈ H with v(R) ∈ Qd,

then µ1, µ2 agree on B(Rd).

Proceeding towards the proof of Theorem 4.2.1, the following lemma
shows that like in 1-dimension, the Lebesgue measure on Rd is translation
invariant.

Lemma 4.2.2. For B ∈ B(Rd) and x ∈ Rd,

λ(B + x) = λ(B),

where B + x = {y + x : y ∈ B}.

Proof. Follows from Exc 4.2.2 and Corollary 4.2.1.

The next lemma, taking us closer to the proof of Theorem 4.2.1, tells us
that it suffices to check (4.2.2) for one Borel set B with 0 < λ(B) <∞.

Lemma 4.2.3. If f and A are as in the statement of Theorem 4.2.1, then
there exists θ ∈ R such that

λ (f(B)) = θλ(B) for all B ∈ B(Rd) .
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Proof. Define

θ = λ
(
f
(

(0, 1]d
))

.

Setting
µ1(B) = λ(f(B)), B ∈ B(Rd),

which is a measure because f is a bijection, and

µ2(B) = θλ(B), B ∈ B(Rd),

the claim would follow from Corollary 4.2.1 once it is shown that

λ (f(R)) = θλ(R) for all R ∈ H with v(R) ∈ Qd . (4.2.4)

For any B ∈ B(Rd) and y ∈ Rd,

f(B + y) = {A(x+ y) + b : x ∈ B}
= {Ax : x ∈ B}+ (Ay + b)

= f(B) +Ay .

Lemma 4.2.2 shows
λ (f(B + y)) = λ (f(B)) . (4.2.5)

Since for n = 1, 2, . . .,(
0,

1

n

]d
+ x =

d∏
i=1

(
xi, xi +

1

n

]
, x = (x1, . . . , xd) ∈ Rd,

(4.2.5) implies

λ

(
f

((
0,

1

n

]d))
= λ

(
f

(
d∏
i=1

(
xi, xi +

1

n

]))
. (4.2.6)

Recalling that f is a bijection,

(0, 1]d =

n⋃
i1,...,id=1

d∏
j=1

(
ij
n
,
ij
n

+
1

n

]
,

and the sets on the right hand side above are disjoint, the definition of θ
implies

λ

(
f

((
0,

1

n

]d))
= n−dθ . (4.2.7)
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Additivity of measure implies that for m1, . . . ,md ∈ N,

λ

(
f

(
d∏
i=1

(
0,
mi

n

]))
=

m1∑
j1=1

. . .

md∑
jd=1

λ

(
f

(
d∏
i=1

(
mij − 1

n
,
mij

n

]))

(by (4.2.6) and (4.2.7)) =

m1∑
j1=1

. . .

md∑
jd=1

n−dθ

= n−dθm1 . . .md

= θ
d∏
i=1

mi

n
.

In other words,

λ

(
f

(
d∏
i=1

(0, ri]

))
= θλ

(
d∏
i=1

(0, ri]

)
, r1, . . . , rd ∈ Q ∩ (0,∞) .

Using (4.2.5) and Lemma 4.2.2 once again establishes (4.2.4), from which,
the proof follows.

Now we are in a position to prove Theorem 4.2.1. The following proof is
due to Swapnaneel Bhattacharyya.

Proof of Theorem 4.2.1. Let GL(d,R) be the collection of all d × d non-
singular matrices. Lemma 4.2.3 shows that for all A ∈ GL(d,R), there
exists φ(A) ∈ R such that for all b ∈ Rd,

λ ({Ax+ b : x ∈ B}) = φ(A)λ(B) for all A ∈ GL(d,R), B ∈ B(Rd) .
(4.2.8)

To complete the proof, all that needs to be shown is φ(A) = | det(A)| for all
A ∈ GL(d,R).

An immediate observation is that

φ(A1A2) = φ(A1)φ(A2), A1, A2 ∈ GL(d,R) . (4.2.9)

Thus the proof would follow once it can be shown that

φ(D) = det(D) for a positive definite diagonal matrix D, (4.2.10)

φ(P ) = 1 for an orthogonal matrix P, (4.2.11)

and that any A ∈ GL(d,R) can be written as

A = P1DP2 (4.2.12)

where P1, P2 are orthogonal matrices and D is a p.d. diagonal matrix.
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If D is a d× d diagonal matrix whose i-th diagonal entry is ci > 0, then
it is immediate that {

Dx : x ∈ (0, 1]d
}

=
d∏
i=1

(0, ci] .

Putting B = (0, 1]d in (4.2.8) thus shows

φ(D) = c1 . . . cd,

(4.2.10) follows from which. If P is a d× d orthogonal matrix, then

{Px : x ∈ Rd, ‖x‖ ≤ 1} = {x ∈ Rd : ‖x‖ ≤ 1},

‖ · ‖ being the usual L2-norm on Rd. Taking B to be the set on the right
hand side above, putting it in (4.2.8) and using the fact 0 < λ(B) < ∞,
(4.2.11) follows.

Finally for (4.2.12), the spectral theorem implies

AA′ = Q1WQ′1

for some orthogonal matrix Q1 and p.d. diagonal matrix W . Let D be the
diagonal matrix whose entries are the positive square root of the correspond-
ing entries of W . Define

C = Q1DQ
′
1

which is obviously non-singular, and

Q2 = C−1A . (4.2.13)

Since C is a symmetric matrix, it follows from the above that

Q2Q
′
2 = C−1AA′C−1

(follows from the definition of C) = Q1D
−1Q′1(AA′)Q1D

−1Q′1

(choice of Q1,W ) = Q1D
−1Q′1(Q1WQ′1)Q1D

−1Q′1(
Q′1Q1 = I

)
= Q1D

−1WD−1Q′1(
Q′1Q1 = I, W = D2

)
= I,

showing Q2 is an orthogonal matrix. Rewrite (4.2.13) as

A = CQ2

= Q1DQ
′
1Q2 .

Setting P1 = Q1 and P2 = Q′1Q2, and observing P1, P2 are orthogonal
matrices and D is diagonal and p.d., (4.2.12) follows.

80



Combine (4.2.9) and (4.2.12) to write

φ(A) = φ(P1)φ(D)φ(P1)

(by (4.2.10) and (4.2.11)) = det(D)

= |det(A)|,

the last line following from (4.2.12) and the facts det(UV ) = det(U) det(V )
and det(P ) = ±1 if P is orthogonal. Hence the proof follows.

Exercise 4.2.3. Show that λ(V + x) = 0 if V is a subspace of Rd with
dimension at most d− 1.

4.3 The Jacobian Theorem

For stating the result, a Jacobian matrix has to be first defined. Consider
an open set U ⊂ Rd and a function F : U → Rd. Denote by f1, . . . , fd the
coordinate functions of F , that is,

F (x) =
(
f1(x), . . . , fd(x)

)
, x ∈ Rd .

If the first partial derivatives of F exist, that is, ∂fi(x)/∂xj exists for all
x ∈ U and 1 ≤ i, j ≤ d, then its Jacobian matrix at x, denoted by J(x), is
a d× d matrix defined by

J(x) =

(
∂fi(x)

∂xj

)
1≤i,j≤d

, x ∈ U ,

that is, the (i, j)-th entry of J(x) is ∂fi(x)/∂xj . The statement of the
theorem is the following, of which, the one-dimensional change of variables
formula is a special case. As in 1-dimension, the integral of a Borel function
f : Rd → R with respect to λ is denoted by∫

f(x) dx,

whenever it is defined.

Theorem 4.3.1 (The Jacobian theorem). For open subsets U and V of Rd,
let T : U → V be a bijection which is continuously differentiable, that is,
the first partial derivatives of T exist and are continuous. Assume that its
Jacobian matrix J(x) is non-singular for all x ∈ U . Then for any measurable
function f : V → R,∫

U
f
(
T (x)

)
|det(J(x))| dx =

∫
V
f(y) dy ,

det(A) denoting the determinant of A for any square matrix A, whenever
the integral on either side is defined.

81



Putting d = 1 in the above theorem yields the change of variable formula
in one dimension, which is the following.

Corollary 4.3.1. Suppose that −∞ ≤ a < b ≤ ∞, −∞ ≤ c < d ≤ ∞
and T : (a, b)→ (c, d) is a C1 bijection whose derivative T ′ never vanishes.
Then ∫ b

a
f (T (x)) |T ′(x)| dx =

∫ d

c
f(y) dy . (4.3.1)

The above corollary simply justifies that in the substitution y = T (x),
we need to put dy = |T ′(x)| dx. The formula (4.3.1) becomes incorrect if
the modulus on T ′(x) is removed. Corollary 4.3.1 is slightly weaker than
Theorem 3.5.9 because the continuity of the derivative is not assumed in the
latter.

The following facts from multivariable analysis are needed for the proof.
The first one is the inverse function theorem.

Fact 4.3.1. Let U ⊂ Rd be an open set and T : U → Rd be continuously
differentiable. Denoting by J(x) the Jacobian matrix of T at x ∈ U , assume
that J(x0) is non-singular for some x0 ∈ U . Then, there exists an open
neighbourhood X of x0 such that T is one-one on X, the set T (X) is open,
T−1 is continuously differentiable on T (X) and the Jacobian matrix of T−1

at y is
(
J(T−1y)

)−1
for all y ∈ T (X).

The following is another fact from multivariable analysis which essen-
tially follows from the one-dimensional mean value theorem.

Fact 4.3.2. Suppose that U ⊂ Rd is open, R ⊂ U is a compact rectangle
and T : U → Rd is continuously differentiable such that

|Jij(y)− Jij(x)| ≤ α , x, y ∈ R , 1 ≤ i, j ≤ d ,

where Jij(z) is the (i, j)-th entry of the Jacobian matrix J(z) of T at z for
all z ∈ U and 1 ≤ i, j ≤ d. Then,

‖T (x)− T (y)− J(x)(x− y)‖ ≤ dα‖x− y‖ , x, y ∈ R ,

where ‖ · ‖ is the L∞ norm on Rd defined by

‖x‖ = max
1≤i≤d

|xi| , x = (x1, . . . , xd) ∈ Rd , (4.3.2)

x, y, T (x), T (y) are viewed as d× 1 vectors and hence J(x)(x− y) is also a
d× 1 vector.

Proof of Fact 4.3.2. Since ‖ · ‖ is the L∞ norm, it suffices to show that the
absolute value of each entry of the d × 1 vector T (x) − T (y) − J(x)(x − y)
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is at most dα‖x− y‖. In other words, it suffices to show that if f : U → R
is continuously differentiable, and

|fi(y)− fi(x)| ≤ α , x, y ∈ R, i = 1, . . . , d ,

where

fi(x) =
∂f(x)

∂xi
, x ∈ U, i = 1, . . . , d ,

then ∣∣∣∣∣f(x)− f(y)−
d∑
i=1

fi(x)(xi − yi)

∣∣∣∣∣ ≤ dα‖x− y‖ , x, y ∈ R .
Let f be a function satisfying the hypotheses. Let x0 = x, xd = y, and

for 1 ≤ i ≤ d− 1,
xi = (y1, . . . , yi, xi+1, . . . , xd) .

Since R is a rectangle, x1, . . . , xd−1 ∈ R. For a fixed i = 1, . . . , d, xi−1

and xi have all entries identical except the i-th one, which are xi and yi
respectively. The one-dimensional mean value theorem implies there exists
ξi between xi and yi such that

f
(
xi−1

)
− f

(
xi
)

= (xi − yi)fi(y1, . . . , yi−1, ξi, xi+1, . . . , xd) .

Since ξ̃i = (y1, . . . , yi−1, ξi, xi+1, . . . , xd) ∈ R because R is a rectangle, the
hypotheses on f imply∣∣∣fi(ξ̃i)− fi(x)

∣∣∣ ≤ α , i = 1, . . . , d .

Therefore, ∣∣∣∣∣f(x)− f(y)−
d∑
i=1

fi(x)(xi − yi)

∣∣∣∣∣
=

∣∣∣∣∣f (x0
)
− f

(
xd
)
−

d∑
i=1

fi(x)(xi − yi)

∣∣∣∣∣
=

∣∣∣∣∣
d∑
i=1

[
f
(
xi−1

)
− f

(
xi
)]
−

d∑
i=1

fi(x)(xi − yi)

∣∣∣∣∣
=

∣∣∣∣∣
d∑
i=1

(
fi(ξ̃i)− fi(x)

)
(xi − yi)

∣∣∣∣∣
≤

d∑
i=1

∣∣∣fi(ξ̃i)− fi(x)
∣∣∣ |xi − yi|

≤ dα max
1≤i≤d

|xi − yi|

= dα‖x− y‖ .

This completes the proof.
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Proof of Theorem 4.3.1

Without loss of generality, assume f to be non-negative and finite. The
proof of Theorem 4.3.1 will be executed by sequentially showing each step
below. Step 4. would complete the proof.
Step 1. For any R ∈ H with R ⊂ U and v(R) ∈ Qd,

λ
(
T (R)

)
≤
∫
R
|det(J(x))| dx . (4.3.3)

Step 2. For all A ∈ B(Rd),

λ
(
T (A ∩ U)

)
≤
∫
A∩U
|det(J(x))| dx . (4.3.4)

Step 3. For any non-negative measurable function f : V → R,∫
U
f
(
T (x)

)
|det(J(x))| dx ≥

∫
V
f(y) dy . (4.3.5)

Step 4. The inequality in (4.3.5) is an equality.
The proof of Step 1., which is the main step of the proof, is based on the

idea that locally T is like a linear transformation.

Proof of Step 1. Fix R ∈ H with R ⊂ U and v(R) ∈ Qd; R is a compact set
as R is bounded. Let ε > 0. Since det(J(·)) is a continuous function, it is
uniformly continuous on R. Choose δ1 > 0 such that∣∣det(J(x))− det(J(x′))

∣∣ ≤ ε for all x, x′ ∈ R, ‖x− x′‖ ≤ δ1 , (4.3.6)

where ‖ · ‖ denotes the L∞ norm as in (4.3.2) throughout.
Recall that the function A→ A−1, from the space of d× d non-singular

matrices to itself, is continuous. Since J(x) is non-singular for all x ∈ U ,
the map x 7→ J(x)−1 is continuous on U . Thus,

f : R× {z ∈ Rd : ‖z‖ = 1} → Rd ,

defined by

f(x, z) = J(x)−1z , (x, z) ∈ R× {z ∈ Rd : ‖z‖ = 1} ,

is a continuous function defined on a compact set; elements of Rd are viewed
as d× 1 vectors by convention. Therefore,

c = max
{
‖f(x, z)‖ : (x, z) ∈ R× {z ∈ Rd : ‖z‖ = 1}

}
<∞ .

In other words, ∥∥J(x)−1z
∥∥ ≤ c‖z‖ , x ∈ R, z ∈ Rd . (4.3.7)
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Denote by Jij(x) the (i, j)-th entry of J(x) for all x ∈ U and 1 ≤ i, j ≤ d.
Uniform continuity of Jij(·) on R ensures the existence of δ2 > 0 such that∣∣Jij(x)− Jij(x′)

∣∣ ≤ ε

cd
for all x, x′ ∈ R, ‖x− x′‖ ≤ δ2 . (4.3.8)

Let 0 < δ ≤ min{δ1, δ2} be such that δ−1(bi−ai) is an integer for every i.
Choosing such a δ is possible because bi− ai is rational; if pi, qi are positive
integers with bi − ai = pi/qi, letting

δ =
1

nq1 . . . qd
,

works for large n, for example.
Consider the square

[a1 + (i1 − 1)δ, a1 + i1δ]× . . .× [ad + (id − 1)δ, ad + idδ] ,

where i1, . . . , id are positive integers with ij ≤ δ−1(bj − aj) for j = 1, . . . , d.
Denote the collection of all such squares by {Q1, . . . , Qk}. In other words,
Q1, . . . , Qk are compact squares of side-length δ such that

R = Q1 ∪ . . . ∪Qk , (4.3.9)

and λ(Qi ∩Qj) = 0 for 1 ≤ i < j ≤ k by Exc 4.2.3. Let xi be the centre of
Qi (the centre of a square or a rectangle is well defined). Recalling that ‖ · ‖
is the L∞ norm, write

Qi = Bδ/2(xi) , i = 1, . . . , k , (4.3.10)

where for r ≥ 0 and z = (z1, . . . , zd) ∈ Rd,

Br(z) = {y ∈ Rd : ‖y−z‖ ≤ r} = [z1−r, z1+r]×. . .×[zd−r, zd+r] . (4.3.11)

The above is precisely the advantage of working with the L∞ norm.
For i = 1, . . . , k, define

φi(z) = J(xi)(z − xi) + T (xi) , z ∈ Rd .

Our first claim is that

T (Qi) ⊂ φi (Qεi ) , i = 1, . . . , k , (4.3.12)

where
Qεi = B(1+ε)δ/2(xi) , i = 1, . . . , k .

Proceeding towards proving (4.3.12), fix i ∈ {1, . . . , k}, and use Fact
4.3.2 along with (4.3.8) to claim that for all z ∈ Qi,

‖T (z)− T (xi)− J(xi)(z − xi)‖ ≤
ε

c
‖z − xi‖ .
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Since the left hand side above equals ‖T (z)− φi(z)‖, it follows that

‖T (z)− φi(z)‖ ≤
ε

c
‖z − xi‖ , z ∈ Qi . (4.3.13)

Therefore, for z ∈ Qi,∥∥φ−1
i ◦ T (z)− z

∥∥ =
∥∥φ−1

i ◦ T (z)− φ−1
i ◦ φi(z)

∥∥
=
∥∥J(xi)

−1 (T (z)− φi(z))
∥∥

≤ c ‖T (z)− φi(z)‖
≤ ε‖z − xi‖ ,

(4.3.7) and (4.3.13) implying the inequalities in the penultimate line and the
last line, respectively. Thus, for z ∈ Qi,∥∥φ−1

i ◦ T (z)− xi
∥∥ ≤ ∥∥φ−1

i ◦ T (z)− z
∥∥+ ‖z − xi‖ ≤ (1 + ε)‖z − xi‖ .

Recall (4.3.10) to argue that

φ−1
i ◦ T (z) ∈ Qεi , z ∈ Qi ,

which is equivalent to (4.3.12).
An immediate implication of (4.3.12) is that for fixed i = 1, . . . , k,

λ (T (Qi)) ≤ λ ({J(xi)z + T (xi)− J(xi)xi : z ∈ Qεi})
= |det(J(xi))|λ(Qεi ) ,

the second line following from Theorem 4.2.1. This is the crux of the proof in
that it shows how the modulus of the determinant of the Jacobian appears.
Further, (4.3.11) shows Qεi is a square of side-length (1 + ε)δ. Therefore,

λ(Qεi ) = (1 + ε)dδd = (1 + ε)dλ(Qi) ,

(4.3.10) implying the second equality. Put everything together to get

λ (T (Qi)) ≤ |det(J(xi))|(1 + ε)dλ(Qi) .

Thus,

λ (T (R)) ≤
k∑
i=1

λ(T (Qi))

≤ (1 + ε)d
k∑
i=1

| det(J(xi))|λ(Qi)

(by (4.3.6) and δ ≤ δ1) ≤ (1 + ε)d
k∑
i=1

(
ε+ min

z∈Qi
|det(J(z))|

)
λ(Qi)

(λ(Qi ∩Qj) = 0, i 6= j) ≤ (1 + ε)d
(
ελ(R) +

∫
Q1∪...∪Qk

|det(J(x))| dx
)

= (1 + ε)d
(
ελ(R) +

∫
R
| det(J(x))|dx

)
,
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the last line following from (4.3.9) and Exc 4.2.2. Since the above holds for
all ε > 0, letting ε ↓ 0 completes the proof of Step 1.

While Step 1. was mostly based on analysis and linear algebra, the proof
of Step 2. is standard in measure theory and follows from Lemma 4.2.1.

Proof of Step 2. Define measures µ and ν on Rd by

µ(A) = λ(T (A ∩ U)) , A ∈ B(Rd) ,

and

ν(B) =

∫
B∩U
|det(J(x))| dx ,B ∈ B(Rd) .

The claim (4.3.4) is equivalent to

µ(A) ≤ ν(A) , A ∈ B(Rd) . (4.3.14)

In view of Lemma 4.2.1, it suffices to show that the claim holds for any
R ∈ H with R ⊂ U and v(R) ∈ Qd, that is,

µ(R) ≤ ν(R) . (4.3.15)

This is precisely what has been shown in Step 1.

The proof of Step 3., which is also standard, is based on approximating
a non-negative measurable function by simple functions from below.

Proof of Step 3. First let f : V → R be a non-negative simple function, that
is,

f =
k∑
i=1

αi1Ai ,

for some α1, . . . , αk ∈ [0,∞] and A1, . . . , Ak ∈ B(Rd) with Ai ⊂ V for all i.
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Then, ∫
V
f(y) dy =

k∑
i=1

αiλ(Ai)

=
k∑
i=1

αiλ(T (T−1Ai))

≤
k∑
i=1

αi

∫
T−1Ai

|det(J(x))| dx

=

∫
U
|det(J(x))|

k∑
i=1

αi1T−1Ai(x) dx

=

∫
U
|det(J(x))|

k∑
i=1

αi1Ai(T (x)) dx

=

∫
U
|det(J(x))| f(T (x)) dx ,

the inequality in the third line following from Step 2. Thus,∫
V
f(y) dy ≤

∫
U
|det(J(x))| f(T (x)) dx . (4.3.16)

For a measurable function f : V → [0,∞), there exist non-negative
simple functions fn such that fn ↑ f . The desired inequality (4.3.16) holds
with f replaced by fn therein. Letting n → ∞ with the help of MCT, the
proof of Step 3. follows.

Step 4. is a consequence of the inverse function theorem.

Proof of Step 4. Fact 4.3.1 and the assumption that J(x) is non-singular for
all x ∈ U imply that T−1 : V → U is a continuously differentiable bijection
whose Jacobian matrix is J(T−1y)−1 for all y ∈ V . Using Step 3. with
U, V, T replaced by V,U, T−1 implies∫

U
g(x) dx ≤

∫
V
g ◦ T−1(y)

∣∣det
(
J(T−1y)−1

)∣∣ dy , (4.3.17)

for any measurable g : U → [0,∞).
Fix a measurable f : V → [0,∞). Define

g(x) = f ◦ T (x)| det(J(x))| , x ∈ U .

88



Apply (4.3.17) to this g to get∫
U
f ◦ T (x)|det(J(x))| dx ≤

∫
V
g ◦ T−1(y)

∣∣det
(
J(T−1y)−1

)∣∣ dy
=

∫
V
f(y)

∣∣det
(
J(T−1y)

)∣∣ ∣∣det
(
J(T−1y)−1

)∣∣ dy
=

∫
V
f(y) dy .

Compare this with (4.3.5) obtained in Step 3. to get∫
U
f ◦ T (x)|det(J(x))| dx =

∫
V
f(y) dy .

This completes the proof of Step 4. and that of Theorem 4.3.1 as well.

The following special case of Theorem 4.3.1 deserves special mention.

Corollary 4.3.2 (Transformation to polar coordinates). For a Borel mea-
surable f : R2 → R,∫

R2

f(x, y)λ(dx, dy) =

∫
(0,2π)×(0,∞)

f (r cos θ, r sin θ) r λ(dr, dθ), (4.3.18)

whenever the integral on either side makes sense.

Proof. Use Theorem 4.3.1 with U = (0, 2π)×(0,∞), V = R2\{(x, 0) : x ≥ 0}
and T : U → V defined by

T (θ, r) = (r cos θ, r sin θ) , (θ, r) ∈ U .

The Jacobian matrix of T is

J(θ, r) =

[
−r sin θ r cos θ

cos θ sin θ

]
, (θ, r) ∈ U ,

and hence
|det J(θ, r)| = r .

Since T is a continuously differentiable bijection from U to V whose Jacobian
matrix is always non-singular, (4.3.18) follows from Theorem 4.3.1 whenever
either side of it makes sense.

An important probabilistic consequence of Theorem 4.3.1 is the follow-
ing.
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Theorem 4.3.2. Suppose X = (X1, . . . , Xd) is a random vector with P (X ∈
U) = 1 for some open set U ⊂ Rd. Let ψ : U → V be a bijection for some
open set V ⊂ Rd. Let T : V → U be the inverse of ψ. Assume T is
continuously differentiable and its Jacobian matrix J(y) at y ∈ V , defined
by

J(y) =
∂T (y)

∂y
,

is non-singular for all y ∈ V . Then the joint density of Y = (Y1, . . . , Yd) =
ψ(X) is

g(y) =

{
f ◦ T (y)|det(J(y))| , y ∈ V ,
0 , y /∈ V .

Proof. Since (Y1, . . . , Yd) ∈ V a.s., for B ∈ B(Rd),

P
(
(Y1, . . . , Yd) ∈ B

)
= P

(
(Y1, . . . , Yd) ∈ B ∩ V

)
= P

(
(X1, . . . , Xd) ∈ T (B ∩ V )

)
=

∫
T (B∩V )

f(x) dx

=

∫
B∩V

f ◦ T (y)|det(J(y))| dy

=

∫
B
g(y) dy ,

the penultimate line following from Theorem 4.3.1. Hence the proof follows.

5 Product measures

5.1 Product of two measure spaces

Suppose (Ω1,A1, µ1) and (Ω2,A2, µ2) are finite measure spaces. Define

Ω1 × Ω2 = {(ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2} , (5.1.1)

that is, Ω1 × Ω2 is the usual Cartesian product of Ω1 and Ω2, and let

A1 ⊗A2 = σ ({A1 ×A2 : A1 ∈ A1, A2 ∈ A2}) . (5.1.2)

For all E ⊂ Ω1 × Ω2, define

Eω1 = {ω2 ∈ Ω2 : (ω1, ω2) ∈ E} , ω1 ∈ Ω1,

Eω2 = {ω1 ∈ Ω1 : (ω1, ω2) ∈ E} , ω2 ∈ Ω2 .

The following result is the first step towards constructing product measures.
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Theorem 5.1.1. For all fixed E ∈ A1 ⊗A2, the following holds:

1. Eω1 ∈ A2 for all ω1 ∈ Ω1,

2. ω1 7→ µ2(Eω1) is an A1-measurable function on Ω1 and

3. µ defined on A1 ⊗A2 by

µ(E) =

∫
Ω1

µ2(Eω1)µ1(dω1), E ∈ A1 ⊗A2,

is a measure on (Ω1 × Ω2,A1 ⊗A2).

Similarly, the following holds for all E ∈ A1 ⊗A2:

4. Eω2 ∈ A1 for all ω2 ∈ Ω2,

5. ω2 7→ µ1(Eω2) is an A2-measurable function on Ω2 and

6. µ′ defined on A1 ⊗A2 by

µ′(E) =

∫
Ω2

µ1(Eω2)µ2(dω2), E ∈ A1 ⊗A2,

is a measure on (Ω1 × Ω2,A1 ⊗A2).

Finally,
µ(E) = µ′(E) for all E ∈ A1 ⊗A2 . (5.1.3)

Proof. The proof follows by routine verifications, as sketched below. Let

G = {A ⊂ Ω1 × Ω2 : each of 1,2, 4 and 5 above holds for A} .

Define
S = {A1 ×A2 : A1 ∈ A1, A2 ∈ A2},

which is a semi-field because it is trivially closed under finite intersections
and for A1 ∈ A1 and A2 ∈ A2,

(A1 ×A2)c = (A1 ×Ac2) ∪ (Ac1 × Ω2) .

It is immediate that S ⊂ G because for A1 ×A2 ∈ S,

(A1 ×A2)ω1 =

{
A2, ω1 ∈ A1,

∅, else,

and hence
µ2 ((A1 ×A2)ω1) = µ2(A2)1A1(ω1) (5.1.4)

is an A1-measurable function of ω1, showing 1 and 2 hold; 4 and 5 hold
for A1 × A2 by similar arguments. Routine arguments show that the field
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generated by S is contained in G. Finally G can be shown to be a monotone
class with the help of DCT, using the fact that µ1, µ2 are finite measures,
by standard arguments. The monotone class theorem shows G ⊃ σ(S) =
A1 ⊗A2, that is, 1, 2, 4 and 5 hold for all E ∈ A1 ⊗A2.

Once the RHS of 3 is defined, due to 2, that µ is a measure is immediate.
Similarly, 6 also follows. For (5.1.3), observe that (5.1.4) implies for all
A1 ∈ A1, A2 ∈ A2,

µ(A1 ×A2) = µ1(A1)µ2(A2) .

Similarly,

µ′(A1 ×A2) = µ1(A1)µ2(A2), A1 ∈ A1, A2 ∈ A2 .

Thus µ and µ′ are finite measures which agree on the semi-field S. Hence
(5.1.3) follows.

The jump from finite to σ-finite is easy and is left as an exercise.

Theorem 5.1.2. The claims of Theorem 5.1.1 hold when µ1 and µ2 are
σ-finite measures.

Proof. Exercise.

Now we are in a position to define the product of two σ-finite measure
spaces.

Definition. Let (Ω1,A1, µ1) and (Ω2,A2, µ2) be σ-finite measure spaces.
Let Ω = Ω1×Ω2 and A = A1⊗A2 be as in (5.1.1) and (5.1.2), respectively.
The unique σ-finite measure µ on (Ω,A) satisfying

µ(A1 ×A2) = µ1(A1)µ2(A2) for all A1 ∈ A1, A2 ∈ A2

is the product measure of µ1 and µ2. The measure space (Ω,A, µ) is the
product of the measure spaces (Ω1,A1, µ1) and (Ω2,A2, µ2), which is written
as

(Ω1,A1, µ1)⊗ (Ω2,A2, µ2) = (Ω,A, µ) .

Usually we also write µ = µ1 ⊗ µ2.

5.2 Tonelli and Fubini

Throughout this subsection, (Ωi,Ai, µi) is a σ-finite measure space for i =
1, 2.

Theorem 5.2.1 (Tonelli). Suppose f : Ω1 × Ω2 → [0,∞] is A1 ⊗ A2-
measurable. Then

1. for all fixed ω1 ∈ Ω1, f(ω1, ·) is an A2-measurable function from Ω2 to
[0,∞],
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2. ω1 7→
∫

Ω2
f(ω1, ω2)µ2(dω2) is an A1-measurable function of ω1 on Ω1,

3. for all fixed ω2 ∈ Ω2, f(·, ω2) is an A1-measurable function from Ω1 to
[0,∞],

4. ω2 7→
∫

Ω1
f(ω1, ω2)µ1(dω1) is an A2-measurable function of ω2 on Ω2,

5. and∫
Ω1

∫
Ω2

f(ω1, ω2)µ2(dω2)µ1(dω1) =

∫
Ω1×Ω2

f d (µ1 ⊗ µ2)

=

∫
Ω2

∫
Ω1

f(ω1, ω2)µ1(dω1)µ2(dω2)

where ∫
Ω1

∫
Ω2

f(ω1, ω2)µ2(dω2)µ1(dω1)

means ∫
Ω1

(∫
Ω2

f(ω1, ω2)µ2(dω2)

)
µ1(dω1)

by convention.

Proof. For f = 1E where E ∈ A1 ⊗ A2, 1, 2, 4, 5 and (5.1.3) of Theorem
5.1.1, which hold for σ-finite measure spaces by Theorem 5.1.2, prove 1-
5 above. Routine arguments via simple functions and MCT complete the
proof.

Theorem 5.2.2 (Fubini). Suppose (Ω,A, µ) = (Ω1,A1, µ1) ⊗ (Ω2,A2, µ2)
and

f ∈ L1 (Ω,A, µ) .

Then the following holds.

1. For all ω1 ∈ Ω1, f(ω1, ·) is an A2-measurable function form Ω2 to R.

2. For (µ1) almost all ω1 ∈ Ω1,∫
Ω2

|f(ω1, ω2)|µ2(dω2) <∞ .

3. If g : Ω1 → R is defined by

g(ω1) =

{∫
Ω2
f(ω1, ω2)µ2(dω2), if

∫
Ω2
|f(ω1, ω2)|µ2(dω2) <∞,

0, else,

then g is measurable, µ1-integrable and∫
Ω1

g dµ1 =

∫
Ω
f dµ .
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4. For all ω2 ∈ Ω2, f(·, ω2) is an A1-measurable function form Ω1 to R.

5. For (µ2) almost all ω2 ∈ Ω2,∫
Ω1

|f(ω1, ω2)|mu1(dω1) <∞ .

6. If h : Ω2 → R is defined by

h(ω2) =

{∫
Ω1
f(ω1, ω2)µ1(dω1), if

∫
Ω1
|f(ω1, ω2)|µ1(dω1) <∞,

0, else,

then h is measurable, µ2-integrable and∫
Ω2

h dµ2 =

∫
Ω
f dµ .

Proof. Follows by applying Theorem 5.2.1 to f+ and f−.

The following corollary of Theorems 5.2.1 and 5.2.2 is often referred to
jointly as the Tonelli-Fubini theorem.

Corollary 5.2.1. For a measurable f : Ω1 × Ω2 → R, it holds that∫
Ω1

∫
Ω2

f(ω1, ω2)µ2(dω2)µ1(dω1) =

∫
Ω2

∫
Ω1

f(ω1, ω2)µ1(dω1)µ2(dω2),

whenever either f ≥ 0 or∫
Ω1×Ω2

|f | d(µ1 ⊗ µ2) <∞ .

5.3 Infinite Product of probability spaces

Applying mathematical induction to Theorem 5.1.1 and Corollary 5.2.1
yields the following.

Theorem 5.3.1. If (Ωi,Ai, µi) is a σ-finite measure space for i = 1, . . . , n,
then there exists a unique σ-finite measure µ on (Ω,A), where

Ω =

n∏
i=1

Ωi and A = σ ({A1 × . . .×An : A1 ∈ A1, . . . , An ∈ An}) , (5.3.1)

satisfying

µ(A1 × . . .×An) =
n∏
i=1

µi(Ai), A1 ∈ A1, . . . , An ∈ An . (5.3.2)
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Then for any permutation π of {1, . . . , n} and a A-measurable f : Ω→ R,∫
Ω
f dµ =

∫
Ωπ1

. . .

∫
Ωπn

f (ω1, . . . , ωn) µπn(dωπn) . . . µπ1(dωπ1), (5.3.3)

whenever either f ≥ 0 or f ∈ L1 (Ω,A, µ).

Definition. If (Ωi,Ai, µi) is a σ-finite measure space for i = 1, . . . , n, then
their product is (Ω,A, µ) where Ω and A are as in (5.3.1) and µ is as in
(5.3.2). We write

n⊗
i=1

(Ωi,Ai, µi) = (Ω,A, µ) .

Exercise 5.3.1. 1. Show that for n = 2, 3, . . .,

n⊗
i=1

(R,B(R), λ) = (Rn,B(Rn), λn)

where λ and λn are the Lebesgue measures on R and Rn, respectively.

2. Prove that ∫
R
e−x

2/2 dx =
√

2π .

Hint. Use 1 above with n = 2 and Corollary 4.3.2.

We now proceed to show that a countable product or probability spaces
exist. A moment’s thought makes it clear that such an infinite product
would not have been possible if the measure of the whole space were not 1.
This justifies why the measure of whole space is taken to be 1 in probability
theory. It is instructive to notice that the hypothesis that the underlying
measures are probability measures has been used several times in the proof
of the following theorem.

Theorem 5.3.2. If (Ωn,An, Pn) is a probability space for n = 1, 2, . . ., then
there exists a unique probability measure P on (

∏∞
n=1 Ωn,

⊗∞
n=1An) such

that for all n = 1, 2, . . .,

P

((
n∏
i=1

Ai

)
×

∞∏
i=n+1

Ωi

)
=

n∏
i=1

Pi(Ai) for all A1 ∈ A1, . . . , An ∈ An,

(5.3.4)
where

∞⊗
n=1

An = σ

({(
n∏
i=1

Ai

)
×

∞∏
i=n+1

Ωi : Ai ∈ Ai, i = 1, . . . , n, n ≥ 1

})
.

(5.3.5)
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Proof. For n = 1, 2, . . ., define

Fn =

{
A× Ωn+1 × Ωn+2 . . . : A ∈

n⊗
i=1

Ai

}
. (5.3.6)

It is easy to see that F1 ⊂ F2 ⊂ . . . and each Fn is a σ-field. Hence,

F∞ =

∞⋃
n=1

Fn

is a field. Further,

σ(F∞) =
∞⊗
n=1

An .

Let P (n) =
⊗n

i=1 Pi, that is, it is the unique measure on
⊗n

i=1Ai satis-
fying

P (n)(A1 × . . .×An) =
n∏
i=1

Pi(Ai), A1 ∈ A1, . . . , An ∈ An, (5.3.7)

which exists by Theorem 5.3.1. It is easy to see that for 1 ≤ n1 < n2,

P (n2)

(
A×

n2∏
i=n1+1

Ωi

)
= P (n1)(A) . (5.3.8)

Therefore, the following definition of P on F∞ is unambiguous:

P (A× Ωn+1 × Ωn+2 × . . .) = P (n)(A) for all A ∈ Fn, n ≥ 1. (5.3.9)

It is immediate that P is finitely additive on F∞ because so is each P (n).
In view of the Carathéodory extension theorem, it needs to be shown that
P is countably additive. As P is finitely additive, it suffices to prove that if
An ∈ F∞ are such that

An ↓ ∅, (5.3.10)

then
P (An) ↓ 0 .

Fix An ∈ F∞ satisfying (5.3.10). Finite additivity implies that P (An) ↓.
Thus the above can fail only if there exists ε > 0 such that

P (An) ≥ ε for all n . (5.3.11)

Assume (5.3.11) for the sake of contradiction.
In a way very similar to (5.3.6)-(5.3.9), define for all 1 ≤ k ≤ n,

Fk:n =

{
A× Ωn+1 × Ωn+2 × . . . : A ∈

n⊗
i=k

Ai

}
,
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which is a a σ-field on Ωk × Ωk+1 × . . .,

Fk:∞ =
∞⋃
n=k

Fk:n, which is a field on Ωk × Ωk+1 × . . . ,

and a finitely additive function P (k:∞) : Fk:∞ → [0, 1] satisfying

P (k:∞)

(
A×

∞∏
i=n+1

Ωi

)
=

(
n⊗
i=k

Pi

)
(A) for all A ∈

n⊗
i=k

Ai, n ≥ k .

(5.3.12)
Define for all E ∈ Fk:∞, n = k, k + 1, k + 2, . . . and ωk ∈ Ωk, . . . , ωn ∈ Ωn,

E(ωk,...,ωn) =

{
(ωn+1, ωn+2, . . .) ∈

∞∏
i=n+1

Ωi : (ωk, ωk+1, . . .) ∈ E

}
.

(5.3.13)
Fix n ≥ 1. Recall that An ∈ F∞ implies An ∈ Fkn for some kn, that is,

An = Ãn × Ωkn+1 × Ωkn+2 × . . . , for some Ãn ∈
kn⊗
i=1

Ai . (5.3.14)

Assuming without loss of generality that kn ≥ 2, (5.3.12) implies

P (2:∞)
(
A(ω1)
n

)
=

(
kn⊗
i=2

Pi

)(
{(ω2, . . . , ωkn) : (ω1, . . . , ωkn) ∈ Ãn}

)
.

(5.3.15)
It follows from (5.3.9) that

P (An) = P (kn)(Ãn)

=

∫
Ω1×...×Ωkn

1Ãn d

(
kn⊗
i=1

Pi

)

(by (5.3.3)) =

∫
Ω1

(∫
Ω2×...×Ωkn

1Ãn(ω1, . . . , ωkn)

kn⊗
i=2

Pi(dωi)

)
P1(dω1)

=

∫
Ω1

(
kn⊗
i=2

Pi

)
({(ω2, . . . , ωkn) : (ω1, . . . , ωkn) ∈ Ãn})P1(dω1)

=

∫
Ω1

P (2:∞)
(
A(ω1)
n

)
P1(dω1), (5.3.16)

(5.3.15) implying the last line. Setting

F (1)
n =

{
ω1 ∈ Ω1 : P (2:∞)(A(ω1)

n ) >
ε

2

}
, (5.3.17)

97



it thus follows from (5.3.11) and (5.3.16) that

ε ≤ P (An) =

∫
Ω1

P (2:∞)
(
A(ω1)
n

)
P1(dω1)

=

∫
F

(1)
n

P (2:∞)
(
A(ω1)
n

)
P1(dω1)

+

∫
Ω1\F (1)

n

P (2:∞)
(
A(ω1)
n

)
P1(dω1)

≤
∫
F

(1)
n

1P1(dω1) +

∫
Ω1\F (1)

n

ε

2
P1(dω1)

≤ P1

(
F (1)
n

)
+
ε

2
,

the inequality in the penultimate line following from the fact

P (2:∞)
(
A(ω1)
n

)
≤ 1 for all ω1 ∈ Ω1

and the definition of F
(1)
n , while the last line uses the fact P1 is a probability

measure.
Thus

P1

(
F (1)
n

)
≥ ε

2
, n ≥ 1 .

Since An ⊃ An+1 and P (2:∞) is finitely additive, (5.3.17) implies F
(1)
n ⊃

F
(1)
n+1. Denoting

F (1) =

∞⋂
n=1

F (1)
n ,

it is easy to see that F
(1)
n ↓ F (1) and hence

P1

(
F (1)

)
= lim

n→∞
P1

(
F (1)
n

)
≥ ε

2
,

because P1 is a probability measure. Thus F (1) 6= ∅. Fix ω1 ∈ F (1). In other
words, (5.3.17) implies that ω1 ∈ Ω1 satisfies

P (2:∞)
(
A(ω1)
n

)
>
ε

2
, n ≥ 1 .

An argument similar to (5.3.16), using the observation(
A(ω1)
n

)(ω2)
= A(ω1,ω2)

n , ω2 ∈ Ω2,

the above notations being as in (5.3.13), shows

P (2:∞)
(
A(ω1)
n

)
=

∫
Ω2

P (3:∞)
(
A(ω1,ω2)
n

)
P2(dω2) .

98



It can thus be shown that there exists ω2 ∈ Ω2 such that

P (3:∞)
(
A(ω1,ω2)
n

)
>
ε

4
, n ≥ 1 .

Proceeding inductively, ωk ∈ Ωk can be chosen such that

P (k+1:∞)
(
A(ω1,...,ωk)
n

)
> ε2−k, for all n, k ≥ 1 .

Define ω = (ω1, ω2, . . .). Recalling (5.3.14), it is immediate from the above
that

ε2−kn < P (kn+1:∞)
(
A

(ω1,...,ωkn )
n

)
,

a consequence of which is

(ω1, . . . , ωkn) ∈ Ãn,

and hence ω ∈ An. Since this is true for all n,

ω ∈
∞⋂
n=1

An,

which contradicts (5.3.10). Thus (5.3.11) is not possible, that is, P (An) ↓ 0.
In other words, P is countably additive on F∞. Theorem 2.2.1, which

is the Carathéodory extension theorem, shows that P can be extended to a
measure on the space (

∏∞
n=1 Ωn,

⊗∞
n=1An). Since

P

( ∞∏
n=1

Ωn

)
= 1

by definition and F∞ is a field, the extension is unique and yields a proba-
bility measure. This completes the proof.

Definition. If (Ωn,An, Pn) is a probability space for n = 1, 2, . . ., then
the unique probability measure P on (

∏∞
n=1 Ωn

⊗∞
n=1An) satisfying (5.3.4),

where
⊗∞

n=1An is as in (5.3.5), is called the product of P1, P2, . . . and we
write

P =

∞⊗
n=1

Pn .

6 Independence and its consequences

As usual, (Ω,A, P ) is the probability space underlying everything talked
about and all random variables are R-valued, unless specified otherwise.
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6.1 Independence

The concept of independence is defined for σ-fields as follows.

Definition. Suppose A1,A2, . . . ,An are sub-σ-fields of A, that is, Ai ⊂ A
and Ai is a σ-field for i = 1, . . . , n. We say A1, . . . ,An are independent if

P (A1 ∩ . . . ∩An) = P (A1) . . . P (An) for all A1 ∈ A1, . . . , An ∈ An .

A possibly infinite collection {Aα}α∈I of sub-σ-fields of A is independent if
Aα1 , . . . , Aαn are independent for all distinct α1, . . . , αn ∈ I.

The following exercise connects that the usually given definition of inde-
pendence of events with the above one.

Exercise 6.1.1. For A1, . . . , An ∈ A, show that σ({A1}), . . . , σ({An}) are
independent if and only if

P

 k⋂
j=1

Aij

 =
k∏
j=1

P (Aij ) for all 1 ≤ i1 < . . . < ik ≤ n, k = 2, . . . , n .

We next define independence of random variables.

Definition. Suppose for each α ∈ I, χα is a collection of random variables
defined on (Ω,A, P ). We say {χα}α∈I is an independent collection if the col-
lection of σ-fields {σ(χα)}α∈I are independent, where σ(χα) is the smallest
σ-field with respect to which each random variable in χα is measurable.

Recalling that for a random variable X,

σ(X) = {X−1B : B ∈ B(R)},

an interpretation of the above definition is that X1, . . . , Xn are said to be
independent if

P (X1 ∈ B1, . . . , Xn ∈ Bn) =

n∏
i=1

P (Xi ∈ Bi) for all B1, . . . , Bn ∈ B(R) .

(6.1.1)

Exercise 6.1.2. If {Aα}α∈I is a collection of independent σ-fields and Xα

is an Aα-measurable random variable for all α ∈ I, show that {Xα}α∈I is
an independent collection of random variables.

The following theorem connects independence with product measures,
and in particular, Theorem 5.3.2. It formalizes the concept of coupling
several (countably many) random experiments on one probability space on
which these become independent.
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Theorem 6.1.1. Suppose for n = 1, 2, . . ., (Ωn,An, Pn) is a probability
space on which a random variable Xn is defined. Let

(Ω,A, P ) =
∞⊗
n=1

(Ωn,An, Pn),

and

Ãn =

{(
n−1∏
i=1

Ωi

)
×A×

∞∏
i=n+1

Ωi : A ∈ An

}
, n ≥ 1 .

Then Ã1, Ã2, . . . are independent σ-fields in the probability space (Ω,A, P ).
Define for all n ≥ 1, X̃n : Ω→ R by

X̃n(ω) = Xn(ωn) for all ω = (ω1, ω2, . . .) ∈ Ω .

Then X̃n has the same distribution as Xn for all n, that is,

Pn ◦X−1
n (B) = P ◦ X̃−1

n (B) for all B ∈ B(R),

and X̃1, X̃2, . . . are independent.

Proof. The independence of Ã1, Ã2, . . . would follow once it is shown that
for all n = 2, 3, . . ., Ã1, . . . , Ãn are independent. For that, fix n and Ãi ∈ Ãi,
that is,

Ãi =

i−1∏
j=1

Ωj

×Ai × ∞∏
j=i+1

Ωj for some Ai ∈ Ai .

Then

P

(
n⋂
i=1

Ãi

)
= P

((
n∏
i=1

Ai

)
×

∞∏
i=n+1

Ωi

)
=

n∏
i=1

Pi(Ai) =

n∏
i=1

P (Ãi),

where the second and third equalities follow from the definition of product
measures. Thus Ã1, Ã2, . . . are independent. Since X̃n is Ãn-measurable for
all n = 1, 2, . . ., Exc 6.1.2 shows X̃1, X̃2, . . . are independent. Finally,

Pn ◦X−1
n = P ◦ X̃−1

n for all n = 1, 2, . . .

also follows trivially from the definition of product measure.

The following is an immediate consequence of the above theorem and
Theorem 2.6.4.

Corollary 6.1.1. Given functions F1, F2, . . . from R to [0, 1], which are
non-decreasing right continuous and have limits 0 and 1 at −∞ and ∞,
respectively, there exist independent random variables X1, X2, . . . defined on
some probability space whose CDFs are F1, F2, . . ., respectively.
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Definition. Random variables X1, X2, . . . defined on the same probability
space (Ω,A, P ) are independent and identically distributed or i.i.d. if they

are independent and Xi
d
= Xj for all i, j, that is,

P ◦X−1
i = P ◦X−1

j .

The following result is often very useful in proving independence.

Theorem 6.1.2. Suppose Si ⊂ A and Si is a semi-field for i = 1, . . . , n. If

P (A1 ∩ . . . ∩An) = P (A1) . . . P (An) for all A1 ∈ S1, . . . , An ∈ Sn,

then σ(S1), . . . , σ(Sn) are independent.

Proof. Fix A2 ∈ S2, . . . , An ∈ Sn and define for all A ∈ A

µ(A) = P (A ∩A2 ∩ . . . ∩An),

ν(A) = P (A)
n∏
i=2

P (Ai) .

Clearly µ and ν are finite measures on (Ω,A) and the hypothesis implies
they agree on the σ-field S1. Hence

µ(A) = ν(A) for all A ∈ σ(S1) .

In other words,

P (A1 ∩ . . . ∩An) =
n∏
i=1

P (Ai) for all A1 ∈ σ(S1), A2 ∈ S2, . . . , An ∈ Sn .

Proceeding inductively, it can be shown that for i = 1, . . . , n,

P

(
n⋂
i=1

Ai

)
=

n∏
i=1

P (Ai),

for all A1 ∈ σ(S1), . . . , Ai ∈ σ(Si), Ai+1 ∈ Si+1, . . . , An ∈ Sn. The proof
follows from the above when i = n.

Definition. For a collection {Aα}α∈I of σ-fields, define

∨
α∈I
Aα = σ

(⋃
α∈I
Aα

)
.

For independent random variables X1, . . . , Xn, Theorem 6.1.3 below sim-
ply means that (X1, . . . , Xm) is independent of (Xm+1, . . . , Xn).

102



Theorem 6.1.3. If A1, . . . ,An are independent σ-fields, then for all 1 ≤
m ≤ n− 1,

∨m
i=1Ai and

∨n
i=m+1Ai are independent.

Proof. Define

S1 = {A1 ∩ . . . ∩Am : A1 ∈ A1, . . . , Am ∈ Am} ,
S2 = {Am+1 ∩ . . . ∩An : Am+1 ∈ Am+1, . . . , An ∈ An} .

Then S1 is a semi-field because it is closed under finite intersections and for
A1 ∈ A1, . . . , Am ∈ Am,

(A1 ∩ . . . ∩Am)c = Ac1 ∪ (A1 ∩Ac2) ∪ . . . ∪ (A1 ∩ . . . ∩An−1 ∩Acn) ,

and similarly so is S2. Further

A1 ∪ . . . ∪ Am ⊂ S1 ⊂
m∨
i=1

Ai,

implying

σ(S1) =

m∨
i=1

Ai,

and similarly

σ(S2) =
n∨

i=m+1

Ai .

Thus in view of Theorem 6.1.2, the proof would follow once it is shown that

P (A ∩B) = P (A)P (B) for all A ∈ S1, B ∈ S2 .

The above however follows directly from the given hypothesis, which com-
pletes the proof.

The rest of this subsection focuses on independence of random variables.

Theorem 6.1.4. If X and Y are independent non-negative random vari-
ables, then

E(XY ) = E(X)E(Y ) .

If X and Y are independent integrable random variables, then XY is inte-
grable and

E(XY ) = E(X)E(Y ) .

Proof. The independence of X and Y implies that

P
(
(X,Y ) ∈ ·

)
= P (X ∈ ·)⊗ P (Y ∈ ·)
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as measures on (R2,B(R2)) (recall that B(R) ⊗ B(R) = B(R2) from Exc
5.3.1). Since X and Y are non-negative,

E(XY ) =

∫
[0,∞)×[0,∞)

xy P
(
(X,Y ) ∈ (dx, dy)

)
=

∫
[0,∞)×[0,∞)

xy P (X ∈ dx)⊗ P (Y ∈ dy)

=

∫
[0,∞)

y

∫
[0,∞)

xP (X ∈ dx)P (Y ∈ dy)

= E(X)E(Y ),

the penultimate line being implied by Theorem 5.2.1, which is Tonelli’s
theorem.

If X and Y are independent integrable random variables, then |X| and
|Y | are independent as they are measurable with respect to σ(X) and σ(Y ),
respectively. By the already proven result for non-negative random variables,
we get

E (|XY |) = E(|X|)E(|Y |) <∞ .

Thus XY is integrable. Splitting X = X+ − X− and likewise for Y , and
using that X± is independent of Y ±, the final claim follows.

The following result gives an easy way of checking independence of ran-
dom variables.

Theorem 6.1.5. Random variables X1, . . . , Xn are independent if and only
if

P (X1 ≤ x1, . . . , Xn ≤ xn) =
n∏
i=1

P (Xi ≤ xi) for all x1, . . . , xn ∈ R . (6.1.2)

Proof. The ‘only if’ part follows trivially from (6.1.1), which is essentially
the definition of independence, by taking Bi = (−∞, xi] for i = 1, . . . , n.

Conversely, assume (6.1.2). Define

Si =
{
X−1
i ((a, b] ∩ R) : −∞ ≤ a ≤ b ≤ ∞

}
, i = 1, . . . , n .

Since σ(Si) = {X−1
i B : B ∈ B(R)} = σ(Xi) and Si is a semi-field for

i = 1, . . . , n, Theorem 6.1.2 would complete the proof once it is shown that

P (ai < Xi ≤ bi, i = 1, . . . , n) =

n∏
i=1

P (ai < Xi ≤ bi), (6.1.3)

whenever −∞ ≤ ai ≤ bi ≤ ∞ for i = 1, . . . , n.
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Fix ai, bi as above and write

P (ai < Xi ≤ bi, i = 1, . . . , n)

= E
(
1 (ai < Xi ≤ bi, i = 1, . . . , n)

)
= E

(
n∏
i=1

1(ai < Xi ≤ bi)

)

= E

(
n∏
i=1

(
1(Xi ≤ bi)− 1(Xi ≤ ai)

))

= E

 ∑
(x1,...,xn)∈{a1,b1}×...×{an,bn}

(−1)#{i:xi=ai}
n∏
j=1

1(Xi ≤ xi)


= E

 ∑
(x1,...,xn)∈{a1,b1}×...×{an,bn}

(−1)#{i:xi=ai}1(X1 ≤ x1, . . . , Xn ≤ xn)


=

∑
(x1,...,xn)∈{a1,b1}×...×{an,bn}

(−1)#{i:xi=ai}P (X1 ≤ x1, . . . , Xn ≤ xn)

=
∑

(x1,...,xn)∈{a1,b1}×...×{an,bn}

(−1)#{i:xi=ai}
n∏
i=1

P (Xi ≤ xi)

=
n∏
i=1

(
P (Xi ≤ bi)− P (Xi ≤ ai)

)
=

n∏
i=1

P (ai < Xi ≤ bi),

(6.1.2) being used for the equality in the penultimate line. Thus (6.1.3)
follows, which proves the ‘if’ part and hence completes the proof.

Exercise 6.1.3. Suppose X1, . . . , Xn are independent random variables.

1. Show that

P (X1 = x1, . . . , Xn = xn) =
n∏
i=1

P (Xi = xi), x1, . . . , xn ∈ R .

2. Assuming that f1, . . . , fn are the respective densities, as defined in
(3.6.1), of X1, . . . , Xn, show that the joint density f of (X1, . . . , Xn),
as in (4.2.1), is

f(x) =

n∏
i=1

fi(xi), x = (x1, . . . , xn) ∈ Rn .

Exercise 6.1.4. 1. If X1, . . . , Xn are random variables, such that there
exist countable sets C1, . . . , Cn satisfying

P (Xi ∈ Ci) = 1, i = 1, . . . , n,
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show that X1, . . . , Xn are independent if and only if

P

(
n⋂
i=1

[Xi = xi]

)
=

n∏
i=1

P (Xi = xi) for all x1 ∈ C1, . . . , xn ∈ Cn .

2. Suppose (X1, . . . , Xn) has a joint density f , which can be written as

f(x) = c

n∏
i=1

gi(xi), x = (x1, . . . , xn) ∈ Rn,

for some c ∈ R and one-dimensional densities g1, . . . , gn, that is, gi
is a non-negative Borel function on R satisfying

∫
R gi(x) dx = 1 for

i = 1, . . . , n. Show that c = 1 and X1, . . . , Xn are independent with
respective densities g1, . . . , gn.

Example 6.1.1. Let X ∼ Gamma(α) and Y ∼ Gamma(β) independently
of each other, that is, each of them has density r defined by

r(x) =
1

Γ(α)
e−xx−α−11(x > 0),

where

Γ(z) =

∫ ∞
0

e−xx−z−1 dx, z > 0 .

We want to find the distribution of W = X/(X + Y ).
Theorem 4.3.2 is the only tool at our disposal, which is valid for one-one

functions from an open subset of R2 to R2. Therefore, we define an auxiliary
random variable Z = X + Y . Thus, (W,Z) = ψ(X,Y ) where ψ : U → V is
a bijection defined by

ψ(x, y) =

(
x

x+ y
, x+ y

)
, (x, y) ∈ U ,

and U = (0,∞)2 and V = (0, 1)× (0,∞) are open sets. The inverse of ψ is
T : V → U defined by

T (w, z) = (wz, z − wz) , (w, z) ∈ V .

The Jacobian matrix of T is

J(w, z) =

[
z w
−z 1− w

]
,

showing | det J(w, z)| = z for (w, z) ∈ V . The joint density of (X,Y ) is

f(x, y) =
1

Γ(α)Γ(β)
e−x−yxα−1yβ−1 , (x, y) ∈ U .
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Theorem 4.3.2 shows that the joint density g of (W,Z) at (w, z) ∈ V is

g(w, z) = f ◦ T (w, z)| det J(w, z)|

=
1

Γ(α)Γ(β)
e−z(wz)α−1(z − wz)β−1z

=
1

Γ(α)Γ(β)
wα−1(1− w)β−1e−zzα+β−1 ,

and g(w, z) = 0 for (w, z) /∈ V . In other words,

g(w, z) = c h1(w)h2(z) , (w, z) ∈ R2 ,

where

h1(w) =
1

B(α, β)
wα−1(1− w)β−11(0 < w < 1) , w ∈ R ,

h2(z) =
1

Γ(α+ β)
e−zzα+β−11(z > 0) , z ∈ R ,

and

c =
B(α, β)Γ(α+ β)

Γ(α)Γ(β)
.

Since h1 and h2 are densities of Beta(α, β) and Gamma(α+β), respectively,
it follows that c = 1 and W and Z are independent with respective densi-
ties h1 and h2. In particular, this means X/(X + Y ) follows Beta(α, β).
Furthermore, c = 1 proves that

B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
, α, β > 0 .

6.2 Kolmogorov’s zero-one law

Theorem 6.2.1 (Kolmogorov’s zero-one law). If A1,A2, . . . are independent
σ-fields, then the tail σ-field

T =
∞⋂
n=1

∞∨
m=n

Am

is trivial, that is, for all A ∈ T , P (A) is either 0 or 1.

Proof. The first step in the proof is the following.
Step 1. For all n ≥ 1, T is independent of

∨n
i=1Ai.

Proof of Step 1. Fix n ≥ 1. For any m > n, Theorem 6.1.3 implies
∨n
i=1Ai

is independent of
∨m
i=n+1Ai. Since the above holds for all m > n, it follows

that

P (A ∩B) = P (A)P (B) for all A ∈
n∨
i=1

Ai, B ∈
∞⋃

m=n+1

m∨
i=n+1

Ai .
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Since
⋃∞
m=n+1

∨m
i=n+1Ai is a field (and

∨n
i=1Ai is a σ-field), Theorem 6.1.2

implies that
n∨
i=1

Ai and σ

( ∞⋃
m=n+1

m∨
i=n+1

Ai

)
are independent. Since σ

(⋃∞
m=n+1

∨m
i=n+1Ai

)
=
∨∞
i=n+1Ai ⊃ T , Step 1

follows.

Step 2. The tail σ-field T is independent of
∨∞
i=1Ai.

Proof of Step 2. A consequence of Step 1 is that

P (A ∩B) = P (A)P (B) for all A ∈
∞⋃
n=1

n∨
i=1

Ai, B ∈ T .

Since
⋃∞
n=1

∨n
i=1Ai is a field, the σ-field generated by which is

∨∞
i=1Ai, Step

2 follows by using Theorem 6.1.2 once again.

Since
∨∞
i=1Ai ⊃ T , Step 2 implies that T is independent of itself. In

other words,

P (A) = P (A ∩A) = P (A)2 for all A ∈ T .

Thus P (A) equals either 0 or 1 for all A ∈ T , as claimed in the statement.
This completes the proof.

6.3 The strong law of large numbers

Definition. Random variables Xn converge almost surely (or a.s.) to X if
Xn → X a.e., that is,

P
({
ω ∈ Ω : lim

n→∞
Xn(ω) = X(ω)

})
= 1 .

The following is a trivial consequence of Kolmogorov’s zero-one law.

Exercise 6.3.1. Suppose X1, X2, . . . are independent random variable such
that as n→∞,

n−1
n∑
i=1

Xi → X a.s.

Show that X is a degenerate random variable.

The following theorem, known as the strong law of large numbers or
SLLN, shows that if X1, X2, . . . are i.i.d. with finite mean µ, then the above
holds with X = µ.
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Theorem 6.3.1 (SLLN). For i.i.d. random variables X1, X2, . . . with finite
mean µ,

1

n

n∑
i=1

Xi → µ a.s.,

as n→∞.

For proving the SLLN, the following inequality will be used.

Theorem 6.3.2 (Kolmogorov maximal inequality). Let X1, . . . , Xn be in-
dependent random variables with finite variance. Then, for any α > 0,

P

(
max

1≤k≤n
|Sk − E(Sk)| ≥ α

)
≤ α−2Var(Sn) ,

where

Sk =

k∑
i=1

Xi, 1 ≤ k ≤ n .

The following inequality obtained by putting n = 1 above is known
as Chebyshev’s inequality in probability theory. This follows directly from
Markov’s inequality (Theorem 3.3.4) as well.

Corollary 6.3.1 (Chebyshev’s inequality). If X has mean µ and finite
variance σ2, then

P (|X − µ| ≥ α) ≤ α−2σ2 , α > 0 .

Proof of Theorem 6.3.2. WLOG, assume that X1, . . . , Xn are zero mean.
We start with the observation that[

max
1≤k≤n

|Sk| ≥ α
]

=
n⋃
k=1

Ak ,

where

Ak = [|Sk| ≥ α > |Sj | for all 1 ≤ j ≤ k − 1] , k = 1, . . . , n .

Since A1, . . . , An are disjoint, it follows that

Var(Sn) = E(S2
n)

=

n∑
k=1

E
(
S2
n1Ak

)
=

n∑
k=1

[
E
(
(Sn − Sk)21Ak

)
+ E

(
S2
k1Ak

)
+ 2E ((Sn − Sk)Sk1Ak)

]
≥

n∑
k=1

[
E
(
S2
k1Ak

)
+ 2E ((Sn − Sk)Sk1Ak)

]
.
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Since Sn − Sk and Sk1Ak are independent and the former has zero mean, it
follows that

E ((Sn − Sk)Sk1Ak) = 0 ,

and hence

Var(Sn) ≥
n∑
k=1

E
(
S2
k1Ak

)
≥

n∑
k=1

E
(
α21Ak

)
= α2P

(
max

1≤k≤n
|Sk| ≥ α

)
.

This completes the proof.

Exercise 6.3.2. Prove the following.

1. If X and Y are independent and integrable random variables, then
Cov(X,Y ) exists and equals zero.

2. If X1, . . . , Xn are independent random variables each having a finite
variance, then

Var(X1 + . . .+Xn) = Var(X1) + . . .+ Var(Xn) .

Proof of Theorem 6.3.1. WLOG, assume that E(X1) = 0. For n ≥ 1, define

Sn :=
n∑
i=1

Xi ,

X ′n := Xn1(|Xn| ≤ n) ,

and

S′n :=

n∑
k=1

X ′k .

Notice that

∞∑
n=1

P
(
Xn 6= X ′n

)
=

∞∑
n=1

P (|X1| > n)

≤
∞∑
n=1

∫ n

n−1
P (|X1| > s)ds (6.3.1)

=

∫ ∞
0

P (|X1| > s)ds

= E(|X1|)
< ∞ ,
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(6.3.1) following from the observation that P (|X1| > n) ≤ P (|X1| > s) for
s ≤ n. From the Borel-Cantelli lemma (Theorem 3.4.3), it follows that

lim sup
n→∞

∣∣Sn − S′n∣∣ <∞
almost surely, and hence

n−1Sn − n−1S′n → 0

almost surely. So it suffices to show that

n−1S′n → 0 a.s. (6.3.2)

Notice that by DCT,

E(X ′n) = E [X11(|X1| ≤ n)]→ E(X1) = 0 ,

and hence,
lim
n→∞

n−1E(S′n) = 0 .

Therefore, (6.3.2) will follow if we can show that

n−1
[
S′n − E(S′n)

]
→ 0 a.s.

For r ≥ 1, set
Zr := max

2r−1≤k<2r
|S′k − E(S′k)| .

Since

1

k
|S′k − E(S′k)| ≤ 2−(r−1)Zr for all 2r−1 ≤ k ≤ 2r ,

it suffices to show that
2−rZr → 0 a.s.

The above would follow from Theorems 3.4.3 and 3.4.4 if it can be shown
that

∞∑
r=1

P [|Zr| > 2rε] <∞ .
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for any ε > 0. Kolmogorov’s inequality implies that

∞∑
r=1

P [|Zr| > 2rε] ≤
∞∑
r=1

P

(
max

1≤k≤2r

∣∣S′k − E(S′k)
∣∣ > 2rε

)

≤
∞∑
r=1

ε−24−rVar(S′2r)

(Exc 6.3.2) = ε−2
∞∑
r=1

4−r
2r∑
j=1

Var(X ′j)

= ε−2
∞∑
j=1

Var(X ′j)

∞∑
r=dlog2 je

4−r

≤ K
∞∑
j=1

j−2Var(X ′j) ,

the last line following from the calculation that

∞∑
r=dlog2 je

4−r =
4

3
4−dlog2 je

≤ 4

3
4− log2 j

=
4

3
j−2 .

Thus, in order to complete the proof, all that needs to be shown is that

∞∑
j=1

j−2Var(X ′j) <∞ .

To that end, observe that

∞∑
j=1

j−2Var(X ′j) ≤
∞∑
j=1

j−2E(X ′j
2
)

=

∞∑
j=1

j−2E(X2
11(|X1| ≤ j))

=

∞∑
k=1

E(X2
11(k − 1 < |X1| ≤ k))

∞∑
j=k

j−2

≤
∞∑
k=1

E(X2
11(k − 1 < |X1| ≤ k))2/k (6.3.3)

≤ 2

∞∑
k=1

E(|X1|1(k − 1 < |X1| ≤ k))

= 2E|X1| <∞ ,
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(6.3.3) following from the fact that for k ≥ 2,

∞∑
j=k

j−2 ≤
∞∑
j=k

∫ j

j−1
x−2 dx =

1

k − 1
≤ 2

k
,

and
∞∑
j=1

j−2 ≤ 1 +

∫ ∞
1

x−2 dx = 2 ,

which together imply
∞∑
j=k

j−2 ≤ 2

k
, k ∈ N .

Hence, the proof follows.

6.4 The second Borel-Cantelli lemma

Definition. Events A1, A2, . . . are independent if σ({A1}), σ({A2}), . . . are
independent σ-fields.

The following theorem is a converse of Theorem 3.4.3, the first Borel-
Cantelli lemma, when the events are independent.

Theorem 6.4.1 (Second Borel-Cantelli lemma). If A1, A2, . . . are indepen-
dent events such that

∞∑
n=1

P (An) =∞ ,

then
P (An occurs for infinitely many n) = 1 .

Proof. Since

E = [An occurs for infinitely many n] ∈
∞⋂
n=1

∞∨
k=n

{Ak, Ack, ∅,Ω} ,

Kolmogorov’s zero-one law (Theorem 6.2.1) shows P (E) is either 0 or 1.
Thus it suffices to show

P (E) > 0 . (6.4.1)
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Recall that for any n ≥ 1,

P

(
n⋃
i=1

Ai

)
= 1− P

(
n⋂
i=1

Aci

)

= 1−
n∏
i=1

(1− P (Ai))

(
1− x ≤ e−x for all x ∈ R

)
≥ 1−

n∏
i=1

e−P (Ai)

= 1− exp

(
−

n∑
i=1

P (Ai)

)
→ 1 ,

as n→∞ because
∑∞

i=1 P (Ai) =∞.
Let α1, α2, . . . ∈ (0, 1) be such that

∞∏
i=1

αi > 0 .

For example, αi = e−1/i2 for i = 1, 2, . . . satisfies the above. The above
calculations show there exists n1 such that

P

(
n1⋃
i=1

Ai

)
≥ α1 .

Since
∑∞

i=n1+1 P (Ai) =∞, a similar calculation shows there exists n2 > n1

such that

P

(
n2⋃

i=n1+1

Ai

)
≥ α2 .

Proceeding inductively, get integers 0 = n0 < n1 < n2 < . . . such that

P

 nk⋃
i=nk−1+1

Ai

 ≥ αk , k ∈ N .

Clearly,

E ⊃
∞⋂
k=1

nk⋃
i=nk−1+1

Ai .
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Therefore,

P (E) ≥ P

 ∞⋂
k=1

nk⋃
i=nk−1+1

Ai


=
∞∏
k=1

P

 nk⋃
i=nk−1+1

Ai


≥
∞∏
k=1

αk > 0 .

Thus (6.4.1) holds, from which the proof follows.

An immediate consequence of the second Borel-Cantelli lemma is the
following, which should be compared with Theorem 3.4.4.

Exercise 6.4.1. If X1, X2, X3, . . . are independent random variables, then
show that

Xn → X a.s. ⇐⇒
∞∑
n=1

P (|Xn −X| > ε) <∞ for all ε > 0 .

Show that if the above holds, then X is a degenerate random variable.

Exercise 6.4.2. Suppose X1, X2, . . . are random variables such that

∞∑
n=1

E(X2
n) <∞ .

If Y1, Y2, . . . are such that σ(Xn : n ≥ 1), σ(Y1), σ(Y2), . . . are independent
and Yn takes values 1 and −1, each with probability 1/2 for n = 1, 2, . . .,
show that

n∑
i=1

XiYi → Z , as n→∞ ,

in L2, for some Z ∈ L2(Ω).

Soln.: Let

Zn =
n∑
i=1

XiYi , n ≥ 1 .

Theorem 3.4.6 implies L2(Ω) is a complete metric space, it suffices to show
that {Zn : n ≥ 1} is a Cauchy sequence in L2(Ω). For 1 ≤ m < n,

E
[
(Zn − Zm)2

]
= E

( n∑
i=m+1

XiYi

)2


(
Y 2
i = 1

)
=

n∑
i=m+1

E(X2
i ) + 2

∑
m+1≤i<j≤n

E (XiXjYiYj) .
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For m+ 1 ≤ i < j ≤ n, independence of σ(X1, X2, . . .), σ(Yi), σ(Yj) shows

E (XiXjYiYj) = E(XiXj)E(Yi)E(Yj) = 0 .

Thus,

E
[
(Zn − Zm)2

]
=

n∑
i=m+1

E(X2
i ) .

Given ε > 0, choosing N such that

∞∑
i=N+1

E(X2
i ) ≤ ε ,

which is possible from the given hypothesis, it holds that for N ≤ m < n,

E
[
(Zn − Zm)2

]
=

n∑
i=m+1

E(X2
i ) ≤

∞∑
i=N+1

E(X2
i ) ≤ ε ,

showing {Zn : n ≥ 1} is a Cauchy sequence in L2(Ω).

7 Modes of convergence

Convergence in Lp and a.s. convergence have been defined in Subsections
3.4 and 6.3, respectively. In this section, a few more modes of convergence
will be studied. The first one of them is convergence in probability, which
is weaker than both convergence in Lp and a.s. convergence. As usual,
(Ω,A, P ) is the probability space underlying all random variables which are
real-valued, unless mentioned otherwise.

7.1 Convergence in probability

Definition. For random variables X,X1, X2, . . ., we say Xn converges in

probability to X and write Xn
P−→ X if

lim
n→∞

P (|Xn −X| > ε) = 0 for all ε > 0 .

Theorem 7.1.1. For random variables X,X1, X2, . . ., Xn
P−→ X if either

Xn → X in Lp for some 1 ≤ p ≤ ∞ or Xn → X a.s.

Proof. Markov’s inequality implies that convergence in Lp implies conver-
gence in probability, while DCT shows that a.s. convergence implies conver-
gence in probability.

Exercise 7.1.1. If Xn
P−→ X and Xn

P−→ X ′, then show that X = X ′, a.s.
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Example 7.1.1. Let Ω = (0, 1], A = B((0, 1]) and P be the restriction of
Lebesgue measure to (0, 1]. Define for all ω ∈ Ω,

X1(ω) = 1

(
0 < ω ≤ 1

2

)
,

X2(ω) = 1

(
1

2
< ω ≤ 1

)
,

X3(ω) = 1

(
0 < ω ≤ 1

4

)
,

X4(ω) = 1

(
1

4
< ω ≤ 1

2

)
,

X5(ω) = 1

(
1

2
< ω ≤ 3

4

)
,

X6(ω) = 1

(
3

4
< ω ≤ 1

)
,

...

and so on. Then, Xn
P−→ 0 but

P
(

lim
n→∞

Xn = 0
)

= 0 .

The above example shows that convergence in probability is a strictly
weaker notion of convergence than almost sure convergence.

Exercise 7.1.2. If Xn → Y in Lp for some 1 ≤ p < ∞ and Xn → Z a.s.,
show that

Y = Z a.s.

Exercise 7.1.3. 1. In Example 7.1.1, show that for all p ∈ [1,∞), Xn →
0 in Lp.

2. Show that for p ∈ [1,∞), convergence in Lp neither implies nor is
implied by a.s. convergence.

Theorem 7.1.2. If Xn
P−→ X, then Xn has a subsequence Xnk such that

Xnk → X a.s. ,

as k →∞.

Proof. Since Xn
P−→ X, there exists n1 such that

P (|Xn1 −X| > 1) ≤ 1

2
.
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There exists N2 such that

P

(
|Xn −X| >

1

2

)
≤ 2−2 for all n ≥ N2 .

Define n2 = N2 ∨ (n1 + 1). Proceeding similarly, we get positive integers
n1 < n2 < n3 < . . . such that

P

(
|Xnk −X| >

1

k

)
≤ 2−k for all k .

Hence,
∞∑
k=1

P

(
|Xnk −X| >

1

k

)
<∞ .

The Borel-Cantelli Lemma implies that

P

(
|Xnk −X| >

1

k
for infinitely many k

)
= 0 .

Thus,
Xnk → X a.s. ,

as k →∞. This completes the proof.

Theorem 7.1.3. If Xn
P−→ X and |Xn| ≤ Y for some Y with E(Y ) < ∞,

then prove that
lim
n→∞

E(Xn) = E(X) .

Proof. Exercise.

Exercise 7.1.4. Prove or disprove the following claim. If Xn and X are
random variables such that any subsequence {Xnk : k ≥ 1} of Xn has a
further subsequence {Xnkl

: l ≥ 1} such that

Xnkl
→ X a.s. ,

then Xn → X a.s.

Exercise 7.1.5. Show that the following are equivalent for random variables
Xn and X.

1. As n→∞, Xn
P−→ X.

2. Every subsequence {Xnk : k ≥ 1} of {Xn : n ≥ 1} has a further
subsequence {Xnkl

: l ≥ 1} such that as l→∞,

Xnkl
→ X a.s.

3. Every subsequence {Xnk : k ≥ 1} of {Xn : n ≥ 1} has a further
subsequence {Xnkl

: l ≥ 1} such that as l→∞,

Xnkl

P−→ X .
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7.2 Weak convergence

Definition. For probability measures µ, µ1µ2, . . . on
(
Rd,B(Rd)

)
, µn con-

verges weakly to µ, written as µn ⇒ µ, if

lim
n→∞

∫
Rd
f dµn =

∫
Rd
f dµ for all bounded continuous function f : Rd → R .

For Rd-valued random variables X,X1, X2, . . ., Xn converges weakly, in law
or in distribution to X, written as Xn ⇒ X, if

P ◦X−1
n ⇒ P ◦X−1, n→∞ .

Theorem 7.2.1. If µ, µ′, µ1, µ2, . . . are probability measures on
(
Rd,B(Rd)

)
such that µn ⇒ µ and µn ⇒ µ′, then

µ = µ′ .

The proof uses the following exercise which is a simple application of the
good set principle.

Exercise 7.2.1. Show that for any probability measure P on
(
Rd,B(Rd)

)
,

P (A) = inf{P (U) : U open,U ⊃ A} = sup{P (F ) : F closed,F ⊂ A} .

Proof of Theorem 7.2.1. In view of Exc 7.2.1, it suffices to show that

µ(F ) = µ′(F ) for all closed F ⊂ Rd . (7.2.1)

Fix a closed F ⊂ Rd.
Let ‖ · ‖ be the Euclidean norm on Rd. Define

d(x, F ) = inf {‖x− y‖ : y ∈ F} , x ∈ Rd . (7.2.2)

We shall first show that d(·, F ) is a continuous function with respect to the
norm ‖ · ‖. For x, x′ ∈ Rd and y ∈ F , the triangle inequality implies

‖x− y‖ ≤ ‖x− x′‖+ ‖x′ − y‖ .

Taking inf over y ∈ F shows

d(x, F ) ≤ ‖x− x′‖+ d(x′, F ) .

Interchanging the roles of x and x′, in conjunction with the above, implies∣∣d(x, F )− d(x′, F )
∣∣ ≤ ‖x− x′‖, x, x′ ∈ Rd . (7.2.3)

Thus d(·, F ) is a continuous function. Fix ε > 0 and define

fε(x) = 1 ∧
(
ε−1d(x, F )

)
, x ∈ Rd . (7.2.4)

119



Since d(·, F ) is continuous, so is fε. Since fε is bounded as well, the
hypothesis implies ∫

fε dµ =

∫
fε dµ

′ . (7.2.5)

Since
1F cε ≤ fε ≤ 1F c , (7.2.6)

where Fε = {x ∈ Rd : d(x, F ) ≤ ε}, (7.2.5) implies

µ (F cε ) ≤ µ′ (F c) ,

that is,
µ(Fε) ≥ µ′(F ) .

Since F is closed,

F = {x : d(x, F ) = 0} =

∞⋂
k=1

F1/k,

showing that
µ(F1/k) ↓ µ(F ), k →∞ . (7.2.7)

Thus µ(F ) ≥ µ′(F ). Interchanging the roles of µ and µ′ implies the reverse
inequality, from which, (7.2.1) follows and completes the proof.

The following is a trivial exercise, the solution of which follows from the
definition.

Exercise 7.2.2. Show that for Rd-valued random variables X,X1, X2, . . .,
Xn ⇒ X if and only if

lim
n→∞

E (f(Xn)) = E (f(X))

for all bounded continuous f : Rd → R.

Theorem 7.2.2 (Continuous mapping theorem). If X,X1, X2, . . . are Rd1-
valued random variables and f : Rd1 → Rd2 is a continuous function, then

f(Xn)⇒ f(X) in Rd2 .

Proof. Follows from the definition of weak convergence.

Theorem 7.2.3 (Portmanteau theorem on Rd). The following are equiva-
lent for probability measures µ, µ1µ2, . . . on

(
Rd,B(Rd)

)
.

1. As n→∞, µn ⇒ µ.

2. For all bounded uniformly continuous functions f : Rd → R,

lim
n→∞

∫
Rd
f dµn =

∫
Rd
f dµ .
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3. For all closed set F ⊂ Rd,

lim sup
n→∞

µn(F ) ≤ µ(F ) .

4. For all open set U ⊂ Rd,

lim inf
n→∞

µn(U) ≥ µ(U) .

Proof. We shall show that 1⇒2⇒3⇒4⇒1.

Proof of 1 ⇒2. Follows tautologically from the definition of weak conver-
gence.

Proof of 2 ⇒3. Assume that 2 holds. Fix a closed set F ⊂ Rd and ε > 0.
Let d(·, F ) and fε(·) be as in (7.2.2) and (7.2.4), respectively. It follows
from (7.2.3) that d(·, F ) is uniformly continuous, and hence so if fε. A
restatement of (7.2.6) is that

1F ≤ 1− fε ≤ 1Fε ,

where Fε is as defined there. Thus,

lim sup
n→∞

µn(F ) ≤ lim sup
n→∞

∫
(1− fε) dµn

(by hypothesis of 2) =

∫
(1− fε) dµ

≤ µ(Fε) .

Since F is a closed set, (7.2.7) holds, which shows 3.

Proof of 3 ⇒4. Follows trivially from the fact that the complement of an
open set is closed.

Proof of 4 ⇒1. Assume 4. Let f : Rd → R be bounded and continuous.
Thus there exist a ∈ R and b > 0 such that 0 < b(f − a) < 1. Since
µ, µ1, µ2, . . . are probability measures, for the sake of showing

lim
n→∞

∫
f dµn =

∫
f dµ, (7.2.8)

it can be assumed without loss of generality that 0 < f < 1.
Fix 0 < ε < 1. Since {x ∈ R : µ

(
f−1{x}

)
> 0} is a countable set, there

exist ε/2 < a1 < ε such that µ
(
f−1{a1}

)
= 0. Proceeding inductively,

0 = a0 < a1 < . . . < ak = 1 can be chosen such that

max
1≤i≤k

(ai − ai−1) ≤ ε and µ
(
f−1{a0, . . . , ak}

)
= 0 .
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Thus, letting

g =
k∑
i=1

aif
−1(ai−1, ai],

ensures g − ε ≤ f ≤ g. Hence

lim inf
n→∞

∫
f dµn ≥ lim inf

n→∞

∫
(g − ε) dµn

= −ε+ lim inf
n→∞

k∑
i=1

aiµn
(
f−1(ai−1, ai]

)
(ai ≥ 0) ≥ −ε+ lim inf

n→∞

k∑
i=1

aiµn
(
f−1(ai−1, ai)

)
(ai ≥ 0) ≥ −ε+

k∑
i=1

ai lim inf
n→∞

µn
(
f−1(ai−1, ai)

)
≥ −ε+

k∑
i=1

aiµ
(
f−1(ai−1, ai)

)
,

the last line following from the hypothesis of 4 and that f−1(ai−1, ai) is an
open set, which is a consequence of continuity of f . The choices of a0, . . . , ak
imply that

k∑
i=1

aiµ
(
f−1(ai−1, ai)

)
=

k∑
i=1

aiµ
(
f−1(ai−1, ai]

)
=

∫
g dµ ≥

∫
f dµ,

thus showing

lim inf
n→∞

∫
f dµn ≥

∫
f dµ− ε .

Since ε is arbitrary, the desired lower bound on lim inf is obtained. Replacing
f by −f yields the reverse inequality, which establishes 1.

This completes the proof.

Exercise 7.2.3. Suppose that X1, . . . , X∞ are Rd-valued random variables
and Xn = (Xn1, . . . , Xnd) for n = 1, . . . ,∞.

1. If

Xni
P−→ X∞i, n→∞, i = 1, . . . , d,

show that Xn ⇒ X∞.

2. Show that the converse holds when X∞ is a degenerate random vari-
able, that is, there exists x ∈ Rd such that X∞ = x a.s.
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8 Characteristic function and other transforms

The concept of Fourier transform in analysis is essentially called character-
istic function in probability theory.

8.1 Fourier transform

For studying Fourier transforms, the theory of integration for functions tak-
ing values in C, the complex plane, has to be developed. This follows the
predictable path of defining it for the real and imaginary parts separately.
The real and imaginary parts of a complex number will be denoted by < and
=, respectively. That is, for z = a+ ib ∈ C, where i =

√
−1 and a, b ∈ R,

<(z) = a and =(z) = b .

Definition. Given a measure space (Ω,A, µ), a function f : Ω → C is
integrable if both <(f) and =(f) belong to L1(Ω,A, µ), and in that case, the
integral of f with respect to µ is defined by∫

Ω
f dµ =

∫
Ω
<(f) dµ+ i

∫
Ω
=(f) dµ .

Exercise 8.1.1. Given a measure space (Ω,A, µ) and a function f : Ω→ C,
show that f is integrable if and only if <(f) and =(f) are Borel functions
from Ω to R and ∫

|f | dµ <∞ .

The following result is essentially the version of Theorem 3.2.2 for C-
valued functions.

Theorem 8.1.1. For a measure space (Ω,A, µ), the following hold for in-
tegrable functions f, g : Ω→ C:

1. if f = g a.e., then ∫
f dµ =

∫
g dµ,

2. for α ∈ C, ∫
αf dµ = α

∫
f dµ,

3. f + g is integrable and∫
(f + g) dµ =

∫
f dµ+

∫
g dµ,

4. and ∣∣∣∣∫ f dµ

∣∣∣∣ ≤ ∫ |f | dµ .
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Proof. The proof of 1, 2 and 3 is exactly the same as that of 2, 3 and 5 of
Theorem 3.2.2, respectively. For the proof of 4, define

α =

∫
f dµ .

If α = 0, then 4 is automatic as the left hand side of the claimed inequality
is zero in that case. Assuming α ∈ C \ {0} without loss of generality, 2
implies ∫

α−1f dµ = α−1

∫
f dµ

= 1;

the equality in the second line follows from the definition of α. Thus

1 =

∫
<(α−1f) dµ ≤

∫
|α−1f | dµ = |α|−1

∫
|f | dµ,

from which the proof of 4 follows by multiplying throughout by |α|.

The following versions of Fubini and DCT can easily be proven and hence
their proofs are left as exercises.

Theorem 8.1.2 (Fubini for complex-valued functions). Suppose (Ωi,Ai, µi)
is a σ-finite measure space for i = 1, 2. Then for an integrable function
f : Ω1 × Ω→ C, it holds that∫

Ω1

∫
Ω2

f(ω1, ω2)µ2(dω2)µ1(dω1) =

∫
Ω2

∫
Ω1

f(ω1, ω2)µ1(dω1)µ2(dω2) .

Proof. Exercise.

The above theorem can be generalized to any finite product, which is
also left as an exercise.

Theorem 8.1.3 (DCT for complex-valued functions). If f1, . . . , f∞, g are
integrable functions from a measure space (Ω,A, µ) to C such that fn → f∞
as n→∞ and |fn| ≤ |g| for all n, then

lim
n→∞

∫
fn dµ =

∫
f∞ dµ .

Proof. Exercise.

Fourier transforms can now be defined.
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Definition. Let L1(Rd → C) be the collection of functions from Rd to C
which are integrable with respect to the Lebesgue measure on Rd. For f ∈
L1(Rd → C), its Fourier transform f̂ is a function from Rd to C defined by

f̂(ξ) =

∫
Rd
f(x)ei〈ξ,x〉 dx, ξ ∈ Rd,

where i =
√
−1 and 〈·, ·〉 is the usual inner product on Rd.

Example 8.1.1. Suppose f is the Gaussian density on R, that is,

f(x) = (2π)−1/2e−x
2/2, x ∈ R .

Though we wish to calculate the Fourier transform of f , we start with ob-
serving that for ξ ∈ R,∫

R
eξxf(x) dx = (2π)−1/2

∫
R
eξx−x

2/2 dx(
ξx− x2

2
=
ξ2

2
− (x− ξ)2

2

)
= (2π)−1/2eξ

2/2

∫
R
e−(x−ξ)2/2 dx

= eξ
2/2 .

For those with knowledge of complex analysis, h : C→ C defined by

h(z) =

∫
R
ezxf(x) dx, z ∈ C,

which is defined because
∫
R e

ξxf(x) dx < ∞ for all ξ > 0, is an entire
function. Since

h(z) = ez
2/2 for all z ∈ R,

and the right hand side is also an entire function of z ∈ C, the result from
complex analysis, that any two entire functions which agree on the real line
agree on C, implies

h(z) = ez
2/2 for all z ∈ C .

Putting z = iξ for ξ ∈ R, it follows that

f̂(ξ) = e−ξ
2/2, ξ ∈ R .

Those who are not familiar with complex analysis may derive the above via
the following exercise.

Exercise 8.1.2. If f : R→ [0,∞) is a Borel function such that∫
R
etxf(x) dx <∞ and

∫
R
e−txf(x) dx <∞ for some t > 0,

125



then show that ∫
R
|x|nf(x) dx <∞ for all n = 0, 1, 2, . . .

and

f̂(ξ) =
∞∑
n=0

1

n!
(iξ)n

∫
R
xnf(x) dx, −t ≤ ξ ≤ t .

Hint. Show that
∫
R e
|tx|f(x) dx <∞ and use DCT.

The following is an easy application of Fubini and the above example.

Exercise 8.1.3. Suppose for a fixed σ > 0, f : Rd → R is defined by

f(x) = (2π)−d/2σ−de−‖x‖
2/2σ2

, x ∈ Rd,

‖ · ‖ being the usual (Euclidean) L2 norm on Rd:

‖x‖ =

√√√√ d∑
i=1

x2
i , x = (x1, . . . , xd) ∈ Rd .

Show that
f̂(ξ) = e−σ

2‖ξ‖2/2, ξ ∈ Rd .

Theorem 8.1.4. For f ∈ L1(Rd → C), its Fourier transform f̂ is an
uniformly continuous function from Rd to C and satisfies

sup
ξ∈Rd
|f̂(ξ)| ≤

∫
Rd
|f(x)| dx .

Proof. For ξ ∈ Rd, ∣∣∣f̂(ξ)
∣∣∣ =

∣∣∣∣∫
Rd
f(x)ei〈ξ,x〉 dx

∣∣∣∣
≤
∫
Rd

∣∣∣f(x)ei〈ξ,x〉
∣∣∣ dx

=

∫
Rd
|f(x)| dx,

and for ξ, ξ′ ∈ Rd, a similar calculation shows∣∣∣f̂(ξ)− f̂(ξ′)
∣∣∣ ≤ ∫

Rd
|f(x)|

∣∣∣ei〈ξ−ξ′,x〉 − 1
∣∣∣ dx .

It follows from DCT that

lim
u→0

∫
Rd
|f(x)|

∣∣∣ei〈u,x〉 − 1
∣∣∣ dx = 0,

thus showing f̂ is uniformly continuous.
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Theorem 8.1.5 (Fourier inversion theorem). If f ∈ L1(Rd → C) is such
that f̂ ∈ L1(Rd → C), then

f(x) =
1

(2π)d

∫
Rd
f̂(ξ)e−i〈ξ,x〉 dξ for a.e. x ∈ Rd . (8.1.1)

Before proceeding to the proof, let us record an implication of (8.1.1).

Corollary 8.1.1. If f satisfies the hypothesis of Theorem 8.1.5 and is con-
tinuous, then

f(x) =
1

(2π)d

∫
Rd
f̂(ξ)e−i〈ξ,x〉 dξ for all x ∈ Rd .

Remark 8.1.1. In the harmonic analysis literature, the Fourier transform
of f ∈ L1(Rd → C) is often defined as

f̃(ξ) =

∫
Rd
f(x)e2πi〈ξ,x〉 dx, ξ ∈ Rd .

With the above definition, for an f satisfying the hypothesis of Theorem
8.1.5, (8.1.1) takes the form

f(−x) =
(̃
f̃
)

(x) for a.e. x ∈ Rd . (8.1.2)

Indeed, (8.1.1) can be rewritten as that for a.e. x ∈ Rd,

f(x) = (2π)−d
∫
Rd

(∫
Rd
f(y)ei〈ξ,y−x〉 dy

)
dξ(

putting ξ = 2πθ, dξ = (2π)dθ
)

=

∫
Rd

(∫
Rd
f(y)ei〈2πθ,y−x〉 dy

)
dθ

=

∫
Rd

(∫
Rd
f(y)e2πi〈θ,y−x〉 dy

)
dθ

=

∫
Rd
f̃(θ)e2πi〈θ,−x〉 dθ

=
(̃
f̃
)

(−x),

which is equivalent to (8.1.2).

The proof of Theorem 8.1.5 uses the following lemma which is important
in analysis for several other reasons.

Lemma 8.1.1. If L1(Rd → C) is equipped with the usual L1 metric, then

Cc(Rd,C) =
{
f : Rd → C : f is continuous and compactly supported

}
is dense in L1(Rd → C).
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Proof. Let g : Rd → [0,∞) be integrable and ε > 0. An argument similar
to that leading to (3.5.4) shows that

g =
∞∑
n=1

cn1An (8.1.3)

for some c1, c2, . . . ∈ (0,∞) and A1, A2, . . . ∈ B(Rd). Integrability of g with
respect to λ, the Lebesgue measure on Rd, and that cn > 0 imply

λ(An) <∞ for all n ≥ 1 .

Exercise 3.5.4, which is valid on Rd as well, shows that for all n, there
exists Kn compact and Un open with Kn ⊂ An ⊂ Un and

λ(Un \Kn) <
1

cn
ε2−n−1 .

Since Un is open, U cn is a closed set which is disjoint from Kn. Thus

δn = inf{‖x− y‖ : x ∈ Kn, y ∈ U cn} > 0 .

Let N be such that

∞∑
n=N+1

cnλ(An) <
ε

2
,

which exists because of (8.1.3) and the assumption that g is integrable.
Clearly,

1Kn(x) ≤ 1− (1 ∧ δ−1
n d(x,Kn)) ≤ 1Un(x), n = 1, . . . , N .

Define

f(x) =
N∑
n=1

cn
(
1− (1 ∧ δ−1

n d(x,Kn))
)
, x ∈ Rd .

Then f is a compactly supported continuous function with

‖f − g‖1 ≤
∞∑

n=N+1

cnλ(An) +
N∑
n=1

cnλ(Un \Kn)

<
ε

2
+
∞∑
n=1

ε2−n−1

= ε .

For g ∈ L1(Rd → C), applying the same argument to the positive and
negative parts of each of <(g) and =(g), the proof follows.
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Proof of Theorem 8.1.5. Let f be as given, that is, f, f̂ ∈ L1(Rd → C). For
fixed ε > 0 and x ∈ Rd, write∫

Rd
f̂(ξ)e−i〈ξ,x〉e−ε

2‖ξ‖2/2 dξ =

∫
Rd

(∫
Rd
f(y)ei〈ξ,y〉 dy

)
e−i〈ξ,x〉e−ε

2‖ξ‖2/2 dξ

=

∫
Rd
f(y)

(∫
Rd
ei〈ξ,y−x〉e−ε

2‖ξ‖2/2 dξ

)
dy

(8.1.4)

the second line following from Fubini and the observation(∫
Rd
e−ε

2‖ξ‖2/2 dξ

) ∫
Rd
|f(y)| dy <∞ .

Putting σ = ε−1, Exc 8.1.3 shows that∫
Rd
ei〈ξ,y−x〉e−ε

2‖ξ‖2/2 dξ = (2π)d/2ε−de−‖y−x‖
2/2ε2 .

Thus (8.1.4) shows∫
Rd
f̂(ξ)e−i〈ξ,x〉e−ε

2‖ξ‖2/2 dξ = (2π)d/2ε−d
∫
Rd
f(y)e−‖y−x‖

2/2ε2 dy(
substitute z = ε−1(y − x)

)
= (2π)d/2

∫
Rd
f(x+ εz)e−‖z‖

2/2 dz .

Rewrite the above as∫
Rd
f(x+ εz)(2π)−d/2e−‖z‖

2/2 dz = (2π)−d
∫
Rd
f̂(ξ)e−i〈ξ,x〉e−ε

2‖ξ‖2/2 dξ .

(8.1.5)
DCT and integrability of f̂ imply

lim
ε↓0

∫
Rd
f̂(ξ)e−i〈ξ,x〉e−ε

2‖ξ‖2/2 dξ =

∫
Rd
f̂(ξ)e−i〈ξ,x〉 dξ, for all x ∈ Rd .

Thus the claim would follow once it is shown that there exist integers 1 ≤
k1 < k2 < . . . such that

lim
n→∞

∫
Rd
f(x+ z/kn)(2π)−d/2e−‖z‖

2/2 dz = f(x) for a.e. x ∈ Rd .

The above would follow from Theorem 3.4.5 and the observation∫
Rd
e−‖z‖

2/2 dz = (2π)d/2

if it can be shown that

lim
k→∞

∫
Rd

∫
Rd
|f(x+ z/k)− f(x)| e−‖z‖2/2 dz dx = 0 . (8.1.6)
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Proceeding towards (8.1.6), using Tonelli write∫
Rd

∫
Rd
|f(x+ z/k)− f(x)| e−‖z‖2/2 dz dx

=

∫
Rd
e−‖z‖

2/2

∫
Rd
|f(x+ z/k)− f(x)| dx dz

=

∫
Rd
e−‖z‖

2/2g(z/k) dz,

where

g(y) =

∫
Rd
|f(x+ y)− f(x)| dx, y ∈ Rd .

Since 0 ≤ g ≤ 2‖f‖1, DCT would imply (8.1.6) once it is shown that

lim
y→0

g(y) = 0 . (8.1.7)

Fix δ > 0 and use Lemma 8.1.1 to get h ∈ Cc(Rd,C) satisfying

‖f − h‖1 ≤
δ

3
.

Since h is a continuous function supported on a compact set, say K ⊂ Rd,
it is uniformly continuous. Thus there exists η > 0 such that

|h(y)− h(z)| ≤ 1

6λ(K)
δ whenever ‖y − z‖ ≤ η, y, z ∈ Rd .

For y ∈ Rd with ‖y‖ ≤ η,

g(y) ≤ 2‖f − h‖1 +

∫
Rd
|h(x+ y)− h(x)| dx

≤ 2

3
δ +

∫
Rd
|h(x+ y)− h(x)| dx

=
2

3
δ +

∫
K∪(K−y)

|h(x+ y)− h(x)| dx

(Choice of η) ≤ 2

3
δ +

δ

6λ(K)
λ(K ∪ (K − y))

≤ 2

3
δ +

δ

6λ(K)
2λ(K)

= δ .

This establishes (8.1.7), from which the proof follows.

Remark 8.1.2. Equation (8.1.5) is often called an “approximate identity”.
Indeed, (8.1.1) essentially follows by letting ε ↓ 0 in (8.1.5).
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8.2 Characteristic function

Definition. For a probability measure µ on
(
Rd,B(Rd)

)
, its characteristic

function φµ is defined by

φµ(ξ) =

∫
Rd
ei〈ξ,x〉 dx, ξ ∈ Rd .

For an Rd-valued random variable X defined on a probability space (Ω,A, P ),
its characteristic function is defined as the characteristic function of the
measure P ◦X−1 on Rd.

Henceforth, B(Rd) is the σ-field associated with Rd. The following is a
trivial exercise.

Exercise 8.2.1. If µ is a probability measure on Rd which has a density f
with respect to Lebesgue measure, then show that

φµ = f̂ ,

where φµ is the characteristic function of µ and f̂ is the Fourier transform
of f .

The proof of the following theorem is very similar to that of Theorem
8.1.4, and is hence left as an exercise.

Theorem 8.2.1. If φ is the characteristic function of a probability measure
on Rd, then φ is uniformly continuous and satisfies

sup
t∈R
|φ(t)| ≤ 1 = φ(0) .

Proof. Exercise.

Definition. For probability measures µ1, µ2 on Rd, the convolution of µ1

and µ2 is the probability measure µ1 ∗ µ2 defined by

µ1 ∗ µ2(A) =

∫
Rd
µ1(A− x)µ2(dx), A ∈ B(Rd),

where A− x = {a− x : a ∈ A}.

The following result provides an useful interpretation of convolution,
namely it is the push-forward of the product measure under sum.

Lemma 8.2.1. Suppose µ1 and µ2 are probability measures on Rd. Define
T : Rd × Rd → Rd by T (x, y) = x+ y. Then

µ1 ∗ µ2 = (µ1 ⊗ µ2) ◦ T−1 ,

that is, µ1 ∗ µ2 is the push-forward measure of the product measure µ1 ⊗ µ2

on
(
R2d,B(R2d)

)
under T .
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Proof. For B ∈ B(Rd),

(µ1 ⊗ µ2) (T−1B) =

∫
Rd

∫
Rd

1(x+ y ∈ B)µ1(dx)µ2(dy)

=

∫
Rd

(∫
Rd

1(x ∈ B − y)µ1(dx)

)
µ2(dy)

=

∫
Rd
µ1(B − y)µ2(dy)

= µ1 ∗ µ2(B) ,

and hence the proof.

An immediate corollary of Lemma 8.2.1 is the following.

Corollary 8.2.1. The convolution operator is commutative, that is,
µ1 ∗ µ2 = µ2 ∗ µ1 for all probability measures µ1, µ2 on Rd.

Exercise 8.2.2. If X1 and X2 are independent Rd-valued random variables
defined on (Ω,A, P ) such that P ◦X−1

i = µi for i = 1, 2, show that

P ◦ (X1 +X2)−1 = µ1 ∗ µ2 .

The following result connects characteristic functions with convolutions.

Lemma 8.2.2. For probability measures µ1 and µ2 on Rd,

φµ1∗µ2(ξ) = φµ1(ξ)φµ2(ξ) for all ξ ∈ Rd,

where φµ1 , φµ2 , φµ1∗µ2 are the characteristic functions of µ1, µ2, µ1 ∗ µ2, re-
spectively.

Proof. For ξ ∈ Rd,

φµ1∗µ2(ξ) =

∫
Rd
ei〈ξ,x〉 µ1 ∗ µ2(dx)

(Lemma 8.2.1) =

∫
Rd×Rd

ei〈ξ,y+z〉µ1(dy)⊗ µ2(dz)

(Fubini) = φµ1(ξ)φµ2(ξ) .

as claimed.

Exercise 8.2.3. If µ1 and µ2 are probability measures on Rd, show that
µ1 ∗ µ2 has a density with respect to Lebesgue if so does either µ1 or µ2.

The next result is essentially a consequence of Theorem 8.1.5.
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Theorem 8.2.2. If the characteristic function φµ of a probability measure
µ on Rd is integrable, that is,∫

Rd
|φµ(ξ)| dξ <∞ , (8.2.1)

then

µ(B) =

∫
B
f(x) dx for all B ∈ B(Rd),

where

f(x) =
1

(2π)d

∫
Rd
e−i〈ξ,x〉φµ(ξ) dξ, x ∈ Rd . (8.2.2)

Proof. Let X be an RD-valued random variable, defined on some probability
space (Ω,A, P ), having distribution µ, that is, P ◦X−1 = µ. What has to
be shown is that f , defined by (8.2.2), is the density of X.

Suppose Z = (Z1, . . . , Zd) is a random variable defined on the same
probability space (for which Ω may have to be expanded), independent of
X, such that Z1, . . . , Zd are independent from standard normal, that is, they
have density

φ(z) = (2π)−1/2e−z
2/2, z ∈ R .

Define
Yε = X + εZ, ε > 0 .

Exc 8.2.3 shows that for al ε > 0, Yε has a density, say fε. Lemma 8.2.2
shows that for fixed ε > 0,

f̂ε(ξ) = φ̂µ(ξ)e−ε
2‖ξ‖2/2, ξ ∈ Rd .

Theorem 8.1.5 shows that for a.e. x,

fε(x) = (2π)−d
∫
Rd
φ̂µ(ξ)e−i〈ξ,x〉−ε

2‖ξ‖2/2 dξ (8.2.3)

→ (2π)−d
∫
Rd
φ̂µ(ξ)e−i〈ξ,x〉 dξ

as ε ↓ 0 by DCT. That is,

lim
n→∞

f1/n = f a.e. (8.2.4)

Hence f ≥ 0 a.e. Faotou’s lemma implies∫
Rd

f(x) dx ≤ lim inf
n→∞

f1/n(x) dx = 1 .

Thus f is non-negative and integrable.
Rewrite (8.2.2) as

φ̂µ(x) = (2π)−df(−x), x ∈ Rd,
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and use Corollary 8.1.1 and Theorem 8.2.1 along with integrability of f to
argue that for all ξ ∈ Rd,

φµ(ξ) = (2π)−d
∫
Rd
φ̂µ(x)e−i〈ξ,x〉 dx =

∫
Rd
f(−x)e−i〈ξ,x〉 dx .

Putting ξ = 0 and using Theorem 8.2.1 again, it follows that

1 =

∫
Rd
f(−x) dx =

∫
Rd
f(x) dx .

This, in conjunction with (8.2.4) and Theorem 3.4.2, which is Scheffé’s
lemma, implies

f1/n → f in L1, n→∞ . (8.2.5)

Recall from the definition of Yε that as ε ↓ 0, Yε → X. Exc 7.2.3 implies
Yε ⇒ X, as ε ↓ 0. However, (8.2.5) means

Y1/n ⇒ V, (8.2.6)

where V is a random variable with density f . Theorem 7.2.1 shows V
d
= X,

that is, f is the density of X, which was required to be shown. Hence the
proof follows.

The next result connects characteristic functions with weak convergence.

Theorem 8.2.3 (Lévy’s continuity theorem). Suppose µ1, µ2, . . . , µ∞ are
probability measures on Rd with respective characteristic functions φ1, φ2 . . .
. . . , φ∞. Then µn ⇒ µ∞ if and only if

lim
n→∞

φn(ξ) = φ∞(ξ) for all ξ ∈ Rd . (8.2.7)

Proof. The “only if” part follows trivially from the definition of weak conver-
gence. For the “if” part, assume (8.2.7). Suppose X1, . . . , X∞ are random
variables with respective distributions µ1, . . . , µ∞. By an appeal to Theorem
7.2.3, it suffices to show that for all bounded uniformly continuous function
f : Rd → R,

lim
n→∞

E (f(Xn)) = E (f(X∞)) . (8.2.8)

Let Y = (Y (1), . . . , Y (d)) be independent of (X1, . . . , X∞) where Y (1), . . .
. . . , Y (d) are i.i.d. real-valued random variables with density

h(y) = (1− |y|) 1(|y| ≤ 1) .

It can be checked that

ĥ(t) =

{
2t−2(1− cos t), t 6= 0,

1, t = 0 .
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Define
Ynε = Xn + εY, ε > 0, n = 1, 2, . . . ,∞ .

Thus the characteristic function φYnε of Ynε is

φYnε(ξ) = φn(ξ)

d∏
j=1

ĥ(εξj), ξ = (ξ1, . . . , ξd) ∈ Rd .

Integrability of ĥ on R and (8.2.7) imply by DCT that for all fixed ε > 0,

φYnε → φY∞ε in L1, n→∞ .

Proceeding with the help of Theorem 8.1.5 and Scheffé’s lemma, as in (8.2.3)-
(8.2.6), it can be argued from the above that

Ynε ⇒ Y∞ε, n→∞, ε > 0 . (8.2.9)

To prove (8.2.8), fix a bounded uniformly continuous f : Rd → R and
δ > 0. Choose ε > 0 such that

|f(x)− f(y)| ≤ δ whenever ‖x− y‖∞ ≤ ε, x, y ∈ Rd,

where ‖ · ‖∞ is the L∞ norm on Rd as in (4.3.2). Since ‖Y ‖∞ ≤ 1, it is
immediate that

‖Ynε −Xn‖∞ ≤ ε, n = 1, . . . ,∞ .

Thus |f(Xn) − f(Ynε)| ≤ δ for all n = 1, . . . ,∞. This in conjunction with
(8.2.9) establishes

lim sup
n→∞

|E(f(Xn))− E(f(X∞))| ≤ 2δ .

Since δ is arbitrary, (8.2.8) follows, which completes the proof.

The following is a consequence of the above result and Theorem 7.2.1.

Corollary 8.2.2. The characteristic function of a probability measure is
unique, that is, if µ1 and µ2 are probability measures on Rd with respective
characteristic functions φ1 and φ2, then

µ1 = µ2 ⇐⇒ φ1(ξ) = φ2(ξ) for all ξ ∈ Rd .

The following result is usually the most used one for proving weak con-
vergence in Rd.

Theorem 8.2.4 (Cramér-Wold device). For Rd valued random variables
X,X1, X2, . . .,

Xn ⇒ X

if and only if
〈ξ,Xn〉 ⇒ 〈ξ,X〉 for all ξ ∈ Rd .
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Proof. The “only if” part follows from Theorem 7.2.2 and the fact that
x 7→ 〈ξ, x〉 is a continuous map from Rd to R for all ξ ∈ Rd. The “if” part
follows from Theorem 8.2.3.

Corollary 8.2.3. For Rd-valued random variables X and Y ,

X
d
= Y if and only if 〈ξ,X〉 d= 〈ξ, Y 〉 for all ξ ∈ Rd .

8.3 Moments generating function

Definition. For a probability measure µ on Rd, its moments generating
function (MGF) is a function ψ : Rd → (0,∞] defined by

ψ(ξ) =

∫
Rd
e〈ξ,x〉µ(dx), ξ ∈ Rd .

For an Rd-valued random variable X, its moments generating function is
the MGF of P ◦X−1.

Theorem 8.3.1. Suppose X and Y are Rd-valued random variables with
respective MGFs ψX and ψY . If there exists ε > 0 such that

ψX(λ) = ψY (λ) <∞ whenever λ ∈ Rd, ‖λ‖ ≤ ε, (8.3.1)

where ‖ · ‖ is any norm on Rd, then X
d
= Y .

Proof. Let us first prove this for the case d = 1. That is, assume X and Y
are real-valued random variables with

E
(
eθX

)
= E

(
eθY
)
<∞ for all − ε ≤ θ ≤ ε . (8.3.2)

It has to be shown that X
d
= Y .

For those familiar with complex analysis, the functions

fX(z) = E
(
ezX

)
and fY (z) = E

(
ezY
)

for all z ∈ C, |<(z)| < ε

are holomorphic functions on the strip {z ∈ C : −ε < <(z) < ε}; (8.3.2)
simply means fX and fY agree on (−ε, ε). Recall the complex analysis result
that if two holomorphic functions g and h on a connected open subset U of
C agree on some set which has a limit point in U , then g = h on U . The
said result implies

fX(z) = fY (z) for all z ∈ C, |<(z)| < ε .

Putting z = iξ, where i =
√
−1, for ξ ∈ R, shows that the characteristic

functions of X and Y are the same. Corollary 8.2.2 with d = 1 implies

X
d
= Y .
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For a proof without using complex analysis, let φX and φY be the char-
acteristic functions of X and Y , respectively. An implication of (8.3.2) is

E
(
eε|X|

)
≤ E

(
eεX + e−εX

)
<∞ .

Hence

∞ > E
(
eε|X|

)
= E

( ∞∑
n=0

1

n!
εn|X|n

)
=
∞∑
n=0

1

n!
εnE (|X|n) . (8.3.3)

Therefore, all moments of X are finite and

∞∑
n=0

1

n!
|E(Xn)| εn <∞ .

Using Fubini, it can thus be shown that

φX(t) =

∞∑
n=0

1

n!
E(Xn)(it)n, 0 ≤ t ≤ ε . (8.3.4)

A similar argument works for Y and (8.3.2) shows

E(Xn) = E(Y n), n ≥ 1 .

The above combined with (8.3.4) and its equivalent for Y implies

φY (t) = φX(t), 0 ≤ t ≤ ε . (8.3.5)

For −ε ≤ t ≤ ε, (8.3.3) implies

∞∑
n=0

1

n!
|it|n

∣∣E (XneiεX
)∣∣ ≤ ∞∑

n=0

1

n!
εnE (|X|n) <∞ .

Apply Fubini to get

φX(ε+ t) = E

(
eiεX

∞∑
n=0

1

n!
(itX)n

)
=
∞∑
n=0

1

n!
(it)n E

(
eiεXXn

)
, −ε ≤ t ≤ ε .

(8.3.6)
A similar argument works for Y which agrees with the above power series
for −ε ≤ t ≤ 0 by (8.3.5). Thus

E
(
eiεXXn

)
= E

(
eiεY Y n

)
, n ≥ 1 .

For 0 < t ≤ ε, (8.3.6), its equivalent for Y and the above show that

φX(ε+ t) = φY (ε+ t) .
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In other words,
φX(s) = φY (s), ε < s ≤ 2ε .

Like (8.3.5) implies the above, proceeding inductively it can be shown that
for all n ≥ 1,

φX(t) = φY (t), (n− 1)ε < t ≤ nε .

Since this holds for all n ≥ 1, φX and φY agree on [0,∞). A similar argu-
ment works for the negative half-line, and shows φX is identical to φY , a

consequence of which is X
d
= Y . This proves the claim for d = 1.

For a general d, assume (8.3.1). Corollary 8.2.3 shows that if suffices to
prove

〈ξ,X〉 d= 〈ξ, Y 〉, ξ ∈ Rd . (8.3.7)

Fix ξ ∈ Rd. As the above trivially holds for ξ = 0, assume without loss
of generality that ‖ξ‖ > 0. Letting δ = ε/‖ξ‖, (8.3.1) with λ = θξ, for
−δ ≤ θ ≤ δ shows

ψX(θξ) = ψY (θξ) <∞,

which is the same as

E
(
eθ〈ξ,X〉

)
= E

(
eθ〈ξ,Y 〉

)
<∞, −δ ≤ θ ≤ δ .

By the claim for d = 1, which has already been proven, (8.3.7) follows and
so does the proof.

9 The central limit theorems

In order to state the central limit theorems in higher dimensions, the multi-
variate normal distribution has to be first studied. This is done in the first
subsection.

9.1 Multivariate normal distribution

Exercise 9.1.1. Let X1, . . . , Xn be i.i.d. from standard normal, and

X =

X1
...
Xn

 .
Fix µ ∈ Rn and let Σ be a n × n real symmetric positive definite (p.d.)
matrix, that is, ΣT = Σ and xTΣx > 0 for all x ∈ Rn \ {0}. Let Σ1/2 be the
p.d. square root of Σ, that is, Σ1/2 is the unique p.d. matrix whose square is
Σ. Define

Y = µ+ Σ1/2X . (9.1.1)
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Show that the density of Y = (Y1, . . . , Yn) is

g(y) =
1

(2π)n/2 det(Σ1/2)
exp

(
−1

2
(y − µ)TΣ−1(y − µ)

)
, y ∈ Rn .

Soln.: Follows from Theorem 4.3.2.
The density obtained in the above exercise is the density of the so-called

multivariate normal distribution which is formally defined below. The next
several results are devoted to understanding the properties of this distribu-
tion. Observing that det(Σ1/2) =

√
det(Σ), the following definition makes

perfect sense.

Definition. If X = (X1, . . . , Xn) has density

f(x) =
1

(2π)n/2
√

det(Σ)
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
, x ∈ Rn , (9.1.2)

for some µ ∈ Rn and n × n p.d. matrix Σ, then X follows n-dimensional
multivariate normal distribution with parameters µ and Σ, which is written
as

X ∼ Nn(µ,Σ) .

The interpretation of µ and Σ in the distribution Nn(µ,Σ) will be clear
after a couple of results. The following theorem is essentially the converse
of Exc 9.1.1.

Theorem 9.1.1. If X ∼ Nn(µ,Σ) and (Y1, . . . , Yn) = Y = Σ−1/2(X − µ),
then Y1, . . . , Yn are i.i.d. from standard normal.

Proof. The density of X is

f(x) =
1

(2π)n/2
√

det(Σ)
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
, x ∈ Rn

Writing
Y = Σ−1/2X − Σ−1/2µ ,

Theorem 4.3.2 implies that the density of Y is

g(y) =
1

det(Σ−1/2)
f
(

Σ1/2
(
y + Σ−1/2µ

))
=

1

det(Σ−1/2)
f
(

Σ1/2y + µ
)

= (2π)−n/2 exp

(
− 1

2

(
Σ1/2y

)T
Σ−1

(
Σ1/2y

))
= (2π)−n/2 exp

(
−1

2
yT y

)
,
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the last line follows from the fact that Σ1/2 is symmetric and

Σ1/2Σ−1Σ1/2 = I .

Exercise 6.1.4 shows that Y1, . . . , Yn are i.i.d. from standard normal, which
completes the proof.

The next theorem shows that if X ∼ Nn(µ,Σ), then µ and Σ are the
“mean vector” and the “covariance matrix” of X, respectively.

Theorem 9.1.2. If X ∼ Nn(µ,Σ) where

µ = (µ1, . . . , µn) and Σ = ((σij))1≤i,j≤n ,

then

E(Xi) = µi , i = 1, . . . , n ,

Cov(Xi, Xj) = σij , 1 ≤ i, j ≤ n .

In particular, Var(Xi) = σii for i = 1, . . . , n.

Proof. Let (Y1, . . . , Yn) = Y = Σ−1/2(X − µ); Y1, . . . , Yn are i.i.d. from
standard normal by Theorem 9.1.1. Rewrite the above as

X = µ+ Σ1/2Y ,

or

Xi = µi +
n∑
j=1

θijYj , i = 1, . . . , n ,

where Σ1/2 = ((θij))1≤i,j≤n. Since Y1, . . . , Yn are zero mean random vari-
ables, it immediately follows E(Xi) = µi for i = 1, . . . , n. Exercise 3.6.5
shows that for fixed 1 ≤ i, j ≤ n,

Cov(Xi, Xj) = Cov

(
n∑
k=1

θikYk,
n∑
l=1

θjlYl

)

=

n∑
k=1

n∑
l=1

θikθjlCov (Yk, Yl)

=

n∑
k=1

θikθjk ,

the last line following from the fact that Y1, . . . , Yn are independent and each
has variance one. Recalling that θik is the (i, k)-th entry of Σ1/2 which is a
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symmetric matrix, write

n∑
k=1

θikθjk =
n∑
k=1

θikθkj

= (i, j)-th entry of Σ1/2Σ1/2

= (i, j)-th entry of Σ

= σij .

It thus follows that

Cov(Xi, Xj) = σij , 1 ≤ i, j ≤ n .

Taking i = j implies Var(Xi) = σii and completes the proof.

Example 9.1.1. Let Z1, . . . , Zd be i.i.d. from standard normal and Z = (Z1,
. . . , Zd). Fix a d×d symmetric non-negative definite (n.n.d.) matrix Σ and
µ ∈ Rd and define

X = µ+ Σ1/2Z , (9.1.3)

where elements of Rd are to be interpreted as column vectors by convention.
Let us calculate the characteristic function of X. Fix λ ∈ Rd and write

λTX = λTµ+ θTZ ,

where
θ = Σ1/2λ .

Recall that θTZ follows N(0, ‖θ‖2), where ‖ · ‖ is the L2-norm, if ‖θ‖ > 0;
θTZ is degenerate at zero otherwise. Assuming for a moment that t = ‖θ‖ >
0,

E
(
eiθ

TZ
)

= E

(
exp

(
it
θTZ

‖θ‖

))
(

because
θTZ

‖θ‖
∼ N(0, 1)

)
= e−t

2/2

= e−‖θ‖
2/2

= exp

(
−1

2
θT θ

)
= exp

(
−1

2
λTΣλ

)
.

If ‖θ‖ = 0, that is, θ is the zero vector, then also

E
(
eiθ

TZ
)

= exp

(
−1

2
λTΣλ

)
,

141



because both sides equal 1 in this case. Thus,

E
(
eiλ

TX
)

= eiλ
TµE

(
eiθ

TZ
)

= exp

(
iλTµ− 1

2
λTΣλ

)
.

In other words, the characteristic function φX of X is

φX(λ) = exp

(
iλTµ− 1

2
λTΣλ

)
, λ ∈ Rd .

Definition. An Rd-valued random variable X follows Nd(µ,Σ) for µ ∈ Rd
and a d× d symmetric n.n.d. matrix Σ, if the characteristic function of X
is

φX(λ) = exp

(
iλTµ− 1

2
λTΣλ

)
, λ ∈ Rd .

The above definition is consistent with (9.1.2) in the following sense. If Σ
is p.d. and X ∼ Nd(µ,Σ) according to the above definition, then the density
of X is f as in (9.1.2). Indeed, (9.1.3) should be compared with (9.1.1) to
see this immediately.

Remark 9.1.1. The distribution Nd(µ,Σ) is called a “singular normal dis-
tribution” if Σ is n.n.d. but not p.d. It should be noted that a singular normal
distribution in one dimension is a degenerate distribution.

Exercise 9.1.2. Show that a Nd(µ,Σ) distribution has a density if and only
if Σ is p.d.

Theorem 9.1.3. For an Rd-valued random variable X, µ ∈ Rd and a d× d
n.n.d. matrix Σ,

X ∼ Nd (µ,Σ) ⇐⇒ 〈λ,X〉 ∼ N
(
λTµ, λTΣλ

)
for all λ ∈ Rd .

Proof. For the “⇒ part”, assume X ∼ Nd(µ,Σ) and fix λ ∈ Rd. Then for
t ∈ R,

E
(
eit〈λ,X〉

)
= E

(
ei〈tλ,X〉

)
= exp

(
i(tλ)Tµ− 1

2
(tλ)TΣ(tλ)

)
= eitθ−σ

2t2/2 ,

where θ = λTµ and σ2 = λTΣλ. As the above is true for all t ∈ R,
〈λ,X〉 ∼ N(θ, σ2). This proves the “⇒ part”.

For the reverse implication, assume that

〈λ,X〉 ∼ N
(
λTµ, λTΣλ

)
for all λ ∈ Rd .
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Let Y ∼ Nd(µ,Σ). The already proven “⇒ part” shows that

〈λ, Y 〉 ∼ N
(
λTµ, λTΣλ

)
for all λ ∈ Rd .

Thus 〈λ,X〉 d= 〈λ, Y 〉 for all λ ∈ Rd. The Cramér-Wold device shows

X
d
= Y ,

from which the “⇐ part” follows. This completes the proof.

Exercise 9.1.3. If X is a Rd-valued random vector such that for all λ ∈ Rd,
λTX follows one-dimensional normal, show that X ∼ Nd(µ,Σ), where µ and
Σ are the mean vector and the variance-covariance matrix of X, respectively.

Exercise 9.1.4. If Xi ∼ Nd(µi,Σi) for i = 1, . . . , n and X1, . . . , Xn are
independent, show that

N∑
i=1

Xi ∼ Nd

(
n∑
i=1

µi ,

n∑
i=1

Σi

)
.

The above property of the normal distribution is of utmost importance
and will be crucially used in the proof of the Lindeberg central limit theorem
in the next subsection.

9.2 The central limit theorems in R

The following result, due to Lindeberg, is arguably the most general central
limit theorem (CLT) on R for independent summands.

Theorem 9.2.1 (Lindeberg’s CLT on R). Suppose that for n ∈ N, Xn1, . . .
. . . , Xnn are independent R-valued random variables satisfying the following:

E(Xni) = 0 , i = 1, . . . , n, n = 1, 2, . . . ,

lim
n→∞

n∑
i=1

E
(
X2
ni

)
= σ2 <∞ ,

and

lim
n→∞

n∑
i=1

E
(
X2
ni1(|Xni| > ε)

)
= 0 , for every ε > 0 . (9.2.1)

Then, as n→∞,
n∑
i=1

Xni ⇒ Z ,

where Z ∼ N(0, σ2).

The proof uses the following exercises.
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Exercise 9.2.1. If Xn ∼ N(0, σ2
n) and 0 ≤ σn → σ < ∞, show that

Xn ⇒ X where X ∼ N(0, σ2).

Hint. If Z ∼ N(0, 1), then Xn
d
= σnZ → σZ.

Exercise 9.2.2. Suppose X,X1, X2, . . . are random variables such that for
all thrice differentiable bounded f : R → R whose first three derivatives are
bounded, it holds that

lim
n→∞

E (f(Xn)) = E (f(X)) .

Show that Xn ⇒ X.
Hint. Let

f(x) =


1, x ≤ 0 ,

(1− x4)4, 0 < x < 1 ,

0, x ≥ 1 .

Observe that for w < y,

1(−∞,w](x) ≤ f
(
x− w
y − w

)
≤ 1(−∞,y](x) for all x ∈ R .

Proof of Theorem 9.2.1. Using Exc 9.2.2, it suffices to show that

lim
n→∞

E (f(Sn)) = E (f(Z)) , (9.2.2)

for all thrice differentiable f : R→ R such that f and its first three deriva-
tives are bounded, where

Sn =

n∑
i=1

Xni , n ≥ 1.

Fix such f .
Let (Z1, Z2, . . .) be a collection of i.i.d. standard normal random variables

which is independent of the triangular array {Xni : 1 ≤ i ≤ n, n ≥ 1}. Set

σni =
√

E(X2
ni) , 1 ≤ i ≤ n , n = 1, 2, . . . ,

and

σn =

√√√√ n∑
i=1

σ2
ni , n ≥ 1 .

Since
n∑
i=1

σniZi ∼ N(0, σ2
n) , n = 1, 2, . . . , (9.2.3)
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and σ2
n → σ2, Exc 9.2.1 shows

lim
n→∞

E

(
f

(
n∑
i=1

σniZi

))
= E (f(Z)) .

Thus, (9.2.2) would follow once it is shown that

lim
n→∞

E

(
f(Sn)− f

(
n∑
i=1

σniZi

))
= 0 . (9.2.4)

Fix n ∈ {1, 2, . . .} and write

f(Sn)− f

(
n∑
i=1

σniZi

)
=

n∑
i=1

(f(Yi−1)− f(Yi)) ,

where

Yi =
n∑

j=i+1

Xnj +
i∑

j=1

σnjZj , i = 0, 1, . . . , n ,

with the usual interpretation of the sum as zero if the lower limit exceeds
the upper limit. Thus,∣∣∣∣∣E

(
f(Sn)− f

(
n∑
i=1

σniZi

))∣∣∣∣∣ ≤
n∑
i=1

|E(f(Yi−1)− f(Yi))| . (9.2.5)

Fix i ∈ {1, . . . , n} and write

Yi = W + σniZi ,

and
Yi−1 = W +Xni ,

where

W =
n∑

j=i+1

Xnj +
i−1∑
j=1

σnjZj .

It is immediate that W,Xni, Zi are independent. Taylor’s theorem implies

f(Yi−1) = f(W ) +Xnif
′(W ) +

1

2
X2
nif
′′(ξ1) (9.2.6)

= f(W ) +Xnif
′(W ) +

1

2
X2
nif
′′(W ) +

1

6
X3
nif
′′′(ξ2) , (9.2.7)

for some ξ1 and ξ2 between W and Yi−1, where f ′, f ′′, f ′′′ are the first three
derivatives of f , respectively. Let

K = sup
x∈R

(
|f(x)| ∨ |f ′(x)| ∨ |f ′′(x)| ∨ |f ′′′(x)|

)
,
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which is finite by assumption. A consequence of (9.2.6) is that∣∣∣∣f(Yi−1)−
(
f(W ) +Xnif

′(W ) +
1

2
X2
nif
′′(W )

)∣∣∣∣
=

1

2
X2
ni

∣∣f ′′(ξ1)− f ′′(W )
∣∣

≤ 1

2
X2
ni

(
|f ′′(ξ1)|+ |f ′′(W )|

)
≤ KX2

ni .

Similarly, (9.2.7) shows∣∣∣∣f(Yi−1)−
(
f(W ) +Xnif

′(W ) +
1

2
X2
nif
′′(W )

)∣∣∣∣ ≤ 1

6
K|Xni|3 ≤ K|Xni|3 .

Thus,∣∣∣∣f(Yi−1)−
(
f(W ) +Xnif

′(W ) +
1

2
X2
nif
′′(W )

)∣∣∣∣ ≤ K(X2
ni ∧ |Xni|3) .

Therefore,

KE
(
X2
ni ∧ |Xni|3

)
≥ E

∣∣∣∣f(Yi−1)−
(
f(W ) +Xnif

′(W ) +
1

2
X2
nif
′′(W )

)∣∣∣∣
≥
∣∣∣∣E(f(Yi−1))− E

(
f(W ) +Xnif

′(W ) +
1

2
X2
nif
′′(W )

)∣∣∣∣
=

∣∣∣∣E(f(Yi−1))− E(f(W ))− 1

2
σ2
niE(f ′′(W ))

∣∣∣∣ ,
the last line following from the independence of W and Xni and that the
mean and variance of Xni are zero and σ2

ni, respectively. A similar calcula-
tion shows∣∣∣∣E(f(Yi))− E(f(W ))− 1

2
σ2
niE(f ′′(W ))

∣∣∣∣ ≤ KE
(
|σniZi|3

)
= Cσ3

ni ,

where C = KE(|Z1|3). Combine the two inequalities obtained to get

|E (f(Yi−1)− f(Yi))| ≤ KE
(
X2
ni ∧ |Xni|3

)
+ Cσ3

ni .

Summing the above inequality over i = 1, . . . , n and using (9.2.5), we
get ∣∣∣∣∣E

(
f(Sn)− f

(
n∑
i=1

σniZi

))∣∣∣∣∣ ≤ C
n∑
i=1

σ3
ni +K

n∑
i=1

E
(
X2
ni ∧ |Xni|3

)
.
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Thus, (9.2.4) would follow, which would complete the proof, once the fol-
lowing are shown:

lim
n→∞

n∑
i=1

σ3
ni = 0 , (9.2.8)

and lim
n→∞

n∑
i=1

E
(
X2
ni ∧ |Xni|3

)
= 0 . (9.2.9)

For (9.2.8), write

n∑
i=1

σ3
ni ≤ σ2

n max
1≤i≤n

σni

= σ2
n

√
max

1≤i≤n
σ2
ni .

Since σ2
n → σ2 <∞, (9.2.8) would follow if it can be shown that

lim
n→∞

max
1≤i≤n

σ2
ni = 0 .

Fix ε > 0 and write

σ2
ni = E(X2

ni1(|Xni| ≤ ε)) + E(X2
ni1(|Xni| > ε)) ≤ ε2 + E(X2

ni1(|Xni| > ε)) .

Hence

max
1≤i≤n

σ2
ni ≤ ε2 + max

1≤i≤n
E(X2

ni1(|Xni| > ε))

≤ ε2 +

n∑
i=1

E(X2
ni1(|Xni| > ε)) .

Invoke (9.2.1) to argue

lim sup
n→∞

max
1≤i≤n

σ2
ni ≤ ε2 .

Since ε is arbitrary,
lim
n→∞

max
1≤i≤n

σ2
ni = 0 ,

which shows (9.2.8).
Finally, for (9.2.9), fix ε > 0 and write

n∑
i=1

E
(
X2
ni ∧ |Xni|3

)
≤

n∑
i=1

E
(
|Xni|31(|Xni| ≤ ε

)
+

n∑
i=1

E
(
X2
ni1(|Xni| > ε)

)
≤ ε

n∑
i=1

E(X2
ni) +

n∑
i=1

E
(
X2
ni1(|Xni| > ε)

)
= εσ2

n +

n∑
i=1

E
(
X2
ni1(|Xni| > ε)

)
.
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Let n→∞ and use (9.2.1) to get

lim sup
n→∞

n∑
i=1

E
(
X2
ni ∧ |Xni|3

)
≤ εσ2 .

Since ε is arbitrary, (9.2.9) follows. This in conjunction with (9.2.8) shows
(9.2.4), which completes the proof.

Remark 9.2.1. The above proof is transparent in that it displays the prop-
erty of normal that has been used. Indeed, (9.2.3) does use the fact that the
sum of independent normal random variables also follows normal.

The assumption (9.2.1) is called Lindeberg’s condition. The family
{Xni : 1 ≤ i ≤ n, n = 1, 2, . . .} is called a triangular array, which is why,
Theorem 9.2.1 is also known as CLT for triangular arrays. The following
special case of Theorem 9.2.1 is known as the central limit theorem for i.i.d.
random variables with finite variance.

Theorem 9.2.2. Suppose X1, X2, . . . are i.i.d. zero-mean random variables
with finite variance σ2. Then

n−1/2
n∑
i=1

Xi ⇒ Z, n→∞,

where Z follows N(0, σ2).

Proof. Define

Xni =
1√
n
Xi , 1 ≤ i ≤ n, n ≥ 1 .

Then
n∑
i=1

E(X2
ni) = σ2 for all n = 1, 2, . . .

and DCT implies that for ε > 0,

n∑
i=1

E
(
X2
ni1(|Xni| > ε)

)
= E

(
X2

11(|X1| >
√
nε)
)
→ 0, n→∞ .

Theorem 9.2.1 completes the proof.

The following corollary of Theorem 9.2.1 gives an easy way of checking
the Lindeberg condition, which is based on the inequality

E
(
|X|2+δ

)
≥ εδE

(
X21(|X| > ε)

)
, δ, ε > 0 .
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Corollary 9.2.1 (Lyapunov CLT). Suppose that for n ∈ N, Xn1, . . . , Xnn

are independent R-valued random variables satisfying the following:

E(Xni) = 0 , i = 1, . . . , n, n = 1, 2, . . . ,

lim
n→∞

n∑
i=1

E
(
X2
ni

)
= σ2 <∞ ,

and for some δ > 0,

lim
n→∞

n∑
i=1

E
(
|Xni|2+δ

)
= 0 .

Then, as n→∞,
n∑
i=1

Xni ⇒ Z ,

where Z ∼ N(0, σ2).

9.3 The central limit theorems in Rd

The following is the generalization of Theorem 9.2.1 to Rd.

Theorem 9.3.1 (Lindeberg CLT on Rd). Suppose for all fixed n = 1, 2, . . .,
Xn1, . . . , Xnn are independent Rd-valued random variables with zero mean
and covariance matrices Σn1, . . . ,Σnn, respectively. Assume that

lim
n→∞

n∑
i=1

Σni = Σ

for some d × d matrix Σ, where the above limit is taken entry by entry.
Assume furthermore that for all ε > 0,

lim
n→∞

n∑
i=1

E
(
‖Xni‖21(‖Xni‖ > ε)

)
= 0,

where ‖ · ‖ is the Euclidean L2-norm. Then Σ is n.n.d. and

kn∑
i=1

Xni ⇒ Z, n→∞,

where Z ∼ Nd(0,Σ).

Proof. Since Σ is the entrywise limit of n.n.d. matrices, it is n.n.d. Thus
there exists an Rd-valued Z which follows Nd(0,Σ). Theorem 8.2.4, which
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is the Cramér-Wold device, would complete the proof once it is shown that
for all ξ ∈ Rd, 〈

ξ,
n∑
i=1

Xni

〉
⇒ 〈ξ, Z〉, n→∞ . (9.3.1)

Fix ξ ∈ Rd \ {0}, which is interpreted as a column vector, and write〈
ξ,

n∑
i=1

Xni

〉
=

n∑
i=1

Yni where Yni = 〈ξ,Xni〉, 1 ≤ i ≤ n, n ∈ N .

It is immediate that Yn1, . . . , Ynn are independent,

E(Yni) = 0 and Var(Yni) = ξ′Σniξ, i = 1, . . . , n, n ≥ 1 .

Thus
n∑
i=1

Var(Yni)→ ξ′Σξ .

Finally, for ε > 0, the Cauchy-Schwarz inequality in Rd implies for ε > 0,

E
(
Y 2
ni1(|Yni| > ε)

)
≤ ‖ξ‖2E

(
‖Xni‖21

(
‖Xni‖ > ‖ξ‖−1ε

))
,

showing that the triangular array {Yni : i = 1, . . . , n, n = 1, 2, . . .} satisfies
Lindeberg’s condition. Theorem 9.2.1 shows

n∑
i=1

Yni ⇒ Y,

where Y ∼ N(0, ξ′Σξ). Theorem 9.1.3 shows Y
d
= 〈ξ, Z〉 and hence the

above is the same as (9.3.1), from which the proof follows.

The following is the generalization of Theorem 9.2.2 and follows from
Theorem 9.3.1 in the same way as the former does from Theorem 9.2.1.

Corollary 9.3.1. If X1, X2, . . . are i.i.d. Rd-valued random variables with
mean zero and covariance matrix Σ, where entries of Σ are all finite,

n−1/2
n∑
i=1

Xi ⇒ Z,

where Z ∼ Nd(0,Σ).
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10 Conditional expectation

10.1 Conditional expectation as an L2 projection

Suppose (Ω,A, P ) is a probability space and X ∈ L2(Ω) and F ⊂ A is a
σ-field. The goal of this subsection is to show that X has a “projection” on
L2(Ω,F , P ) and the same will be defined as the “conditional expectation of
X given F”.

Theorem 10.1.1. There exists Z ∈ L2(Ω,F , P ) such that

‖X − Z‖2 = inf{‖X − Y ‖2 : Y ∈ L2(Ω,F , P )} <∞ .

Proof. Let
v = inf{‖X − Y ‖2 : Y ∈ L2(Ω,F , P )} .

Taking Y = 0 in the right hand side, it is immediate that v ≤ ‖X‖2 < ∞.
There exist Z1, Z2, . . . ∈ L2(Ω,F , P ) such that

‖Zn −X‖2 → v .

We shall show that {Zn} is a Cauchy sequence in L2(Ω).
Fix ε > 0. Fix N such that

‖Zn −X‖2 ≤
√
v2 +

ε2

4
, n ≥ N .

For fixed m,n ≥ N , denote U = Zm −X and V = Zn −X and write

‖Zm − Zn‖22 = E
(
(U − V )2

)
= 2E(U2 + V 2)− E

[
(U + V )2

]
= 2E(U2 + V 2)− 4E

[(
Zm + Zn

2
−X

)2
]

(
as

Zm + Zn
2

∈ L2(Ω,F , P )

)
≤ 2E(U2 + V 2)− 4v2

= 2
(
‖Zm −X‖22 + ‖Zn −X‖22 − 2v2

)
(choice of N) ≤ 2

(
v2 +

ε2

4
+ v2 +

ε2

4
− 2v2

)
= ε2 .

In other words, ‖Zm − Zn‖2 ≤ ε for all m,n ≥ N , that is, {Zn} is Cauchy
in L2(Ω,F , P ).

Theorem 3.4.6 implies {Zn} is a convergent sequence, that is, there exists
Z ∈ L2(Ω,F , P ) such that ‖Zn − Z‖2 → 0. Therefore

‖Z −X‖2 = lim
n→∞

‖Zn −X‖2 = v,

thus completing the proof.
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Definition. The conditional expectation of X given F , denoted by E(X|F),
is Z ∈ L2(Ω,F , P ) satisfying

‖X − Z‖2 = inf{‖X − Y ‖2 : Y ∈ L2(Ω,F , P )} . (10.1.1)

The following result can be thought of as the Pythagoras theorem in
L2(Ω,A, P ).

Theorem 10.1.2. For all Y ∈ L2 (Ω,F , P ),

E [(X − E(X|F))Y ] = 0 .

The above holds, in particular, with Y replaced by Z = E(X|F) and hence

‖X‖22 = ‖X − Z‖22 + ‖Z‖22 .

Proof. Let Z = E(X|F) and Y ∈ L2(Ω,F , P ). Define

f(α) = ‖X − (Z + αY )‖22, α ∈ R .

The definition of Z implies

f(α) ≥ f(0) .

Rewriting

f(α) = E
[
((X − Z)− αY )2

]
= E

[
(X − Z)2

]
−2αE [(X − Z)Y ]+α2E(Y 2),

elementary calculus shows that

0 =
df(α)

dα

∣∣∣∣∣
α=0

= −2E [(X − Z)Y ] .

This proves the first claim. The second claim follows by putting Y = Z and
the last one follows trivially from that.

Theorem 10.1.3. For all Z ∈ L2(Ω,F , P ), Z = E(X|F) if and only if∫
A
X dP =

∫
A
Z dP for all A ∈ F .

Proof. The “only if” part follows from Theorem 10.1.2 by putting Y = 1A
for any A ∈ F . Conversely, suppose that∫

A
X dP =

∫
A
Z dP for all A ∈ F .

Let Z ′ = E(X|F). The already proven “only if” part shows that for A ∈ F ,∫
A
Z ′ dP =

∫
A
X dP =

∫
A
Z dP .

In other words, Z − Z ′ is an F-measurable integrable (L2(Ω) ⊂ L1(Ω))
random variable satisfying∫

A
(Z − Z ′) dP = 0 for all A ∈ F .

Thus Z = Z ′ a.s. Hence Z = E(X|F), proving the “if” part.
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10.2 Conditional expectation for L1 functions

Theorem 10.1.3 will help us define conditional expectation for L1 functions,
that is, integrable random variables. As before (Ω,A, P ) is a probability
space and F ⊂ A is a σ-field. Now X ∈ L1(Ω,A, P ).

Theorem 10.2.1. There exists Z ∈ L1(Ω,F , P ) such that∫
A
Z dP =

∫
A
X dP for all A ∈ F .

Proof. First assume X ≥ 0. Define Xn = X ∧ n and

Zn = E(Xn|F), n ≥ 1 .

Theorem 10.1.3 shows for all A ∈ F ,∫
A
Zn dP =

∫
A
Xn dP ≤

∫
A
Xn+1 dP =

∫
A
Zn+1 dP .

Thus Zn+1 − Zn is F-measurable and∫
A

(Zn+1 − Zn) dP ≥ 0 for all A ∈ F .

Hence Zn ≤ Zn+1 a.s. A similar argument shows Zn ≥ 0 a.s.
Letting Z = supn Zn, it thus follows that 0 ≤ Zn ↑ Z a.s. MCT shows

that for all A ∈ F ,∫
A
Z dP = lim

n→∞

∫
A
Zn dP = lim

n→∞

∫
A
Xn dP =

∫
A
X dP,

showing the desired equality. For an integrable X which is not necessarily
non-negative, splitting X = X+ −X−, the proof follows.

Definition. For X ∈ L1(Ω,F , P ), its conditional expectation is defined as
E(X|F) = Z if Z ∈ L1(Ω,F , P ) and satisfies∫

A
Z dP =

∫
A
X dP for all A ∈ F ,

which exists by Theorem 10.2.1. This definition is consistent with (10.1.1)
for square-integrable X by Theorem 10.1.3.

Exercise 10.2.1. Show that for integrable X1, X2,

E(X1 +X2|F) = E(X1|F) + E(X2|F) .

Theorem 10.2.2. If X,XY are integrable and Y is F-measurable, then

E (XY |F) = Y E(X|F) .
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Proof. Assume X ≥ 0 and let Z = E(XF). If Y = 1F for some F ∈ F ,
then for any A ∈ F , ∫

A
XY dP =

∫
A∩F

X dP

(definition of Z, A ∩ F ∈ F) =

∫
A∩F

Z dP

=

∫
A
Y Z dP .

Routine arguments via simple functions and MCT show that∫
A
XY dP =

∫
A
Y Z dP

for all F-measurable Y ≥ 0. Taking A = Ω and using the fact that XY is
integrable, it follows that so is Y Z. In other words,

E(XY |F) = Y Z = Y E(X|F) .

For integrable X and any F-measurable Y such that XY is integrable,
write X = X+ −X− and likewise for Y . Since

0 ≤ X±Y ± ≤ |XY |,

from what we showed it follows that for i, j ∈ {+,−},

E
(
XiY j |F

)
= Y jE

(
Xi|F

)
.

This completes the proof.

Exercise 10.2.2. If X is integrable and F is independent of σ(X), show
that

E(X|F) = E(X) .

Theorem 10.2.3 (Tower property). If X is integrable and F ⊂ G ⊂ A are
σ-fields, then

E
(
E(X|G)

∣∣F) = E(X|F) .

Proof. Let Y = E(X|F) and Z = E(X|G). For A ∈ F , the definition of Y
implies ∫

A
Y dP =

∫
A
X dP

(A ∈ F ⊂ G and definition of Z) =

∫
A
Z dP .

Since this holds for all A ∈ F and Y is F-measurable, we get

E(Z|F) = Y,

which is the claimed equality.
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Taking F = {∅,Ω} in the above theorem, we get the following result.

Corollary 10.2.1. If X is integrable and G ⊂ A is a σ-field, then

E
(
E(X|G)

)
= E(X) .

10.3 Martingales

As before, (Ω,A, P ) is a probability space.

Definition. If F1 ⊂ F2 ⊂ . . . ⊂ A are σ-fields and X1, X2, . . . ∈ L1(Ω) are
such that

E(Xn+1|Fn) = Xn for all n = 1, 2, . . . ,

then (Xn,Fn)n≥1 is a martingale. The collection {Fn}n≥1 is a filtration.

Exercise 10.3.1. If (Xn,Fn)n≥1 is a martingale, show that

E (Xn|Fm) = Xm for all 1 ≤ m < n, (10.3.1)

and
E(Xn) = E(X1) for all n ≥ 1 . (10.3.2)

Example 10.3.1. Suppose (Xn : n = 0, 1, 2, . . .) is a simple symmetric ran-
dom walk (SSRW) on Z starting from the origin and Fn = σ(X0, . . . , Xn).
Show that (Xn,Fn)n≥0 and (X2

n − n,Fn) are martingales.

Definition. An N-valued random variable τ is a stopping time with respect
to a filtration {Fn}n≥1 if [τ = n] ∈ Fn for all n ≥ 1.

The following result essentially shows that (10.3.2) holds if n is replaced
by a bounded stopping time.

Theorem 10.3.1 (Optional stopping theorem). If (Xn,Fn)n≥1 is a martin-
gale and τ is a bounded stopping time with respect to the filtration {Fn}n≥1,
then

E(Xτ ) = E(X1) .

Proof. Since τ is bounded, suppose τ ≤ n and write

E(Xτ ) = E

(
Xτ

n∑
i=1

1(τ = i)

)

=

n∑
i=1

E
(
Xi1[τ=i]

)
([τ = i] ∈ Fi, (10.3.1) implies E(Xn|Fi) = Xi) =

n∑
i=1

E
(
Xn1[τ=i]

)
= E(Xn)

= E(X1),

(10.3.2) implying the last line. This completes the proof.
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The above result has interesting applications in gambler’s ruin probabil-
ity.

Example 10.3.2. Suppose (Xn : n = 0, 1, 2, . . .) is an SSRW on Z and
Fn = σ(X0, . . . , Xn). Let α, β ∈ N and

τ = inf{n ≥ 1 : Xn equals either of − α, β} . (10.3.3)

In other words, [Xτ = −α] is the event that a gambler, who enters a casino
(where on each bet, the gambler either wins a rupee or loses a rupee, each
with probability 1/2, independently of all previous bets) with α rupees and
wishes to continue until they win β rupees, is ruined before achieving the
target. We wish to calculate the ruin probability, which is P (Xτ = −α).

For a fixed n ≥ 1, τ ∧ n is a stopping time with respect to {Fn}n≥1

because
[τ ∧ n = i] = [τ = i] ∈ Fi for i = 1, . . . , n− 1,

and
[τ ∧ n = n] = [τ ≥ n] = [τ ≤ n− 1]c ∈ Fn−1 ⊂ Fn .

The optional stopping theorem implies

E(Xτ∧n) = 0 .

It is easy to see that τ <∞ a.s. Indeed,

P (τ <∞) ≥ P

 ∞⋃
n=0

(n+1)(α+β)⋂
i=n(α+β)+1

[Xi −Xi−1 = 1]


= 1− P

 ∞⋂
n=0

 (n+1)(α+β)⋂
i=n(α+β)+1

[Xi −Xi−1 = 1]

c
= 1−

∞∏
n=0

(
1− 2−α−β

)
= 1 .

Thus τ ∧ n = τ for large n a.s. Hence

Xτ∧n → Xτ a.s.

Since |Xτ∧n| ≤ α ∨ β, DCT implies

E(Xτ ) = lim
n→∞

E(Xτ∧n) = 0 .

Recalling that Xτ equals either −α or β, it thus follows that

P (Xτ = −α) =
β

α+ β
. (10.3.4)
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Exercise 10.3.2. For τ as in (10.3.3), show that

E(τ) = αβ .

Hint. Use (10.3.4) and the fact that (X2
n − n,Fn)n≥1 is a martingale.

The following is another interesting consequence of the optional stopping
theorem.

Theorem 10.3.2 (Wald’s identity). If Z1, Z2, . . . are i.i.d. random variables
with a finite mean µ, Fn = σ(Z1, . . . , Zn) and τ is an {Fn}n≥1-stopping time
with a finite mean, then

E

(
τ∑
i=1

Zi

)
= µE(τ) .

Proof. Let us first show the identity when Z1 ≥ 0. Setting

Xn =
n∑
i=1

Zi − nµ, n = 1, 2, . . . ,

it is obvious that (Xn,Fn) is a martingale. The optional stopping theorem
shows that

E(Xτ∧n) = E(X1) = 0, n ≥ 1 .

That is,

E

(
τ∧n∑
i=1

Zi

)
= µE(τ ∧ n) .

Letting n→∞ and using MCT, the desired identity follows when Z1 ≥ 0.
For i.i.d. Z1, Z2, . . . which are not necessarily non-negative, Z+

1 , Z
+
2 , . . .

are i.i.d. The proved identity for non-negative random variables shows

E

(
τ∑
i=1

Z+
i

)
= E

(
Z+

1

)
E(τ),

and likewise for the negative parts. Combining the two completes the proof.

Exercise 10.3.3. If Z1, Z2, . . . are independent non-negative random vari-
ables each having a finite mean µ, Fn = σ(Z1, . . . , Zn) and τ is an {Fn}n≥1-
stopping time with a finite mean, show that

E

(
τ∑
i=1

Zi

)
= µE(τ) .
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