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1 An impossibility
We start with showing (by giving an example) that a “measure” cannot be

defined for all subsets, which is done in the following subsection.

1.1 The Vitali construction
For any set X, its power set is denoted throughout by 2%X.

Theorem 1.1.1. There does not exist a function X : 2191 — [0,1] such that
A([0,1)) =1 and X is

1. countably additive, that is, for disjoint Ai, A, As,... C [0,1),
A (U An> = AAn),
n=1 n=1

2. and translation invariant, that is, if A C [0,1) and x € R are such
that
A+z:={a+z:a€ A} C0,1),

then A(A+x) = A(A).

The proof uses the axiom of choice, which says that for any collection
S of non-empty sets, there exists a function

f:8—=1JA4

AeS

such that f(A) € A for all A € S.



Proof of Theorem [1.1.1] Assume for the sake of contradiction such \ exists.
For z,y € [0,1), say z ~ y if x —y € Q. Then ~ is an equivalence relation.
Let S be the collection of equivalence classes under ~, that is,

S c 200\ {0},

JAa=1o,1), (1.1.1)

AeS
for A,B € S, either A= B or ANB = (), and

forall z,y €S,z ~y < z,y € Aforsome A€ S. (1.1.2)

The axiom of choice implies there exists a function f : & — [0,1) such
that
f(A)e Aforall A€ S.

Define
V=7(S). (1.1.3)

Since this construction is due to Vitali, V will be later referred to as the
“Vitali set”. The definition of V' ensures that

#(VNA)=1forallAeS. (1.1.4)

For x,y € [0,1), define

x+ vy, ite+y<l,
rThy = .
r+y—1, ifz+y>1.

Trivially, z @y € [0,1) for all z,y € [0,1). Hence for x € [0, 1),
Vor={vdz:veV}C|0,1).
Our first claim is that
AVeazx)=AV),ze]0,1). (1.1.5)
To see the above, write
Veoz=((Vn[0,1-z)+z)Uu((VN[l-z,1)+z-1),
and observe that

(VN[0,1—2))+xCz,1),
(Vnl—z,1))+x—-1C0,z).



Countable additivity of A implies

AMVaz)=A((VN[0,1-z)+z)+A((VN[1l-=21)+z—1)
=A(VN[0,1-2))+A((VN[l-21)))

A
A(-‘/)7

the second line being implied by translation invariance of A and the last line
again following from countable additivity; (1.1.5]) thus follows.
We shall next show that

U vern=I01). (1.1.6)

reQn[o,1)

Fix z € [0,1). It follows from (l.1.1)) that there exists A € S such that
x € A. A consequence of (1.1.4]) is that ANV is a singleton set, say

ANV = {v}.

Thus z and v are in the same equivalence class which is A, and hence (|1.1.2))
implies  ~ v. In other words, x — v € Q. Define

T —, if o <ux,
r =
zr—v+1, ifv>x.

It is easy to check that r € QN [0,1) and z = v & r. Since v € V, we get
z €V @r. Thus

U ver>siol).

reQn[o,1)

The reverse inclusion being trivial, (1.1.6]) follows.
We shall next prove that the left hand side of ([1.1.6]) is a disjoint union,
that is,

(Vaer)n(Vaes) =0 for distinct r,s € QN [0,1). (1.1.7)

Fix distinct 7, s € QN [0, 1) and if possible, let z € (V & r)N(V & s). Thus
there exist y,z € V such that

Yy®r=xrx=z2@s.

Since y @ r equals either y +r or y +r — 1 and likewise for z @ s, one of the
following three must hold:

y+r=z+s, (1.1.8)
y+r=z+s—1, (1.1.9)
or,y+r—1=z+s. (1.1.10)



In all the above cases, y — z € Q, that is, y ~ z. By , there exists
A € S such that y,z € A. Hence y,z € ANV, implies y = z.
Since 7,5 € [0,1), neither (1.1.9) nor (1.1.10) can hold because |r — s| < 1.
Therefore, holds, which shows r = s and thus leads to a contradiction.

This proves (1.1.7]).
Countable additivity of A in conjunction with ((1.1.6) and (1.1.7) shows

Ao,D))= > AVer

reQn[o,1)

= > AW,

reQn[o,1)

(1.1.5) implying the second line. Obviously,

5 A(V):{o, if A(V) =0,

el 0o, if A(V) > 0.

This contradicts A([0,1)) = 1 and thus completes the proof. O

2 Measure

2.1 Definition of measure and its properties

Theorem [[.1.1l tells us that the domain of a “measure” on a set X has to be
much smaller than 2X. This calls for the following definition.

Definition. Given a non-empty set Q, A C 2% is a o-field on Q if Q € A,
A € A implies A° € A, and Ay, As, ... € A implies | ;2 Ap € A. If Ais a
o-field on 2, then (Q, A) is a measurable space.

Now we are in a position to define measure. Before that let us fix the
convention for adding and subtracting co. Define

T+ 00 =00+ =00 for all z € (—0o0, x]

and
r—00=—00+z=—o0 for all x € [—00,0).

Neither 0o — oo nor —oo+ o0 is defined. For a,, € R = [~o0, 00], say a,, — o0
if for all M € R, there exists N such that

anp > M for alln > N .
Similarly, a, — —oc if for all M € R, there exists N such that

an, < M for allmn > N .



In view of the above definition, it is easy to check that for aj, as, ... € [0, o],
there exists s € [0, oo] such that

n
g a; — S, N — 00.
i=1

For such a, and s, we define

9]
E a, = S.
n=1

Definition. Given a measurable space (2, A), a function p: A — [0, 00] is
a measure if () =0 and p is countably additive, that is,

wAjUAsU...) = Zu(An) for all disjoint Ay, As, As,... € A.
n=1

The tuple (2, A, i) is a measure space. We say i is a

e probability measure if u(Q) = 1 and in this case (2, A, u) is a proba-
bility space (a probability measure is usually denoted by P ),

e finite measure if u(Q2) < co and in this case (2, A, p) is a finite mea-
sure space,

e o-finite measure if there exist A1, As,... € A such that
(o @]
Q= UA" and p1(Ay) < oo, n > 1,
n=1
and in this case (2, A, p) is a o-finite measure space.

Exercise 2.1.1. Suppose (2, A, i) is a measure space. If A C B and A, B €
A, show that (A) < u(B).

Exercise 2.1.2. Suppose (2, A, p) is a o-finite measure space. Show that
there exist disjoint Ay, Ao, ... € A such that
oo
Q= UA” and p(Ap,) <oo,n>1.
n=1
Let us give a few examples of measure spaces.

Example 2.1.1. Let Q be an uncountable set. Define

A={AC A: Either A or A° is countable.} .



Clearly, A is a o-field, usually called the countable-cocountable o-field. A
set is called cocountable if its complement is countable. Fix 0 < a < oo and
let
o, if A is countable,
n(A) = {

0, if A is cocountable.

Then p is a measure on (2, A). Furthermore, p is not o-finite if a = oco.
Example 2.1.2. Suppose Q D C # (). Define
H(A) = #(AN ), A€ 27,

Then 1 is a measure on (Q,2%?), called the “counting measure” on C. If C
is countable, then u is o-finite.

The following property of a measure is known as “continuity”.
Theorem 2.1.1. Suppose (2, A, 1) is a measure space. For Ay, Ag, ... € A,

o (continuity from below) A, T A implies u(A,) T u(4),

e (continuity from above) A, | A and pu(Ay) < oo imply pn(Ay) 4 n(A).

Proof. Assume first that 4, T A. That u(A;) < p(Az < ... follows from
monotonicity of u. Denoting Ay = (, it is immediate that

A= A\ A,
n=1

and that the sets on the right hand side are disjoint. Thus,

w(A) = Z i (An \ An-1)

n

= nli_{gOZM (Ai\ Ai1)
=1
= lim ,U,(An),

n—oo

the last line following from the observation that

Ap = J(A;i\ Aiz1).

-

=1

Thus pu(A,) T u(A), that is, continuity from below follows.

Now suppose that 4, | A and p(A;) < oco. Once again, u(A;) >
w(Az) > ... follows from monotonicity. Clearly, A 1 A° and hence
(A1\ A,) T (A1 \ A). Continuity of p from below implies that

(AL \ Ap) T (A \ A).



Since (A1) < oo, the above is the same as

(A1) — p(An) T (A1) — p(A).
Thus u(Ay) 4 u(A). This completes the proof. O

Exercise 2.1.3. If Q =N and p is the counting measure on N, show that
{n,m+1,...3 10

and
w{n,n+1,...}) A0, n—o0.

Definition. For Q # () and G C 2%, the o-field generated by G, denoted by
0(G), is defined as

o(G) = ﬂ A.

A:GCAC29, A is a o-field
In other words, o(G) is the intersection of all o-fields on 2 containing G.

Exercise 2.1.4. If Q and G are as above, show that o(G) is the smallest
o-field containing G, that is,

1. G Ca(9),
2. 0(G) is a o-field,
3. and if A is any o-field on Q with A D G, then o(G) C A.

Definition. The o-field on R generated by the collection of all open subsets
of R is called the Borel o-field on R and is denoted by B(R). Elements of
B(R) are called Borel sets.

Exercise 2.1.5. Show that A C R is a Borel set if A is
1. an open set
2. a closed set
3. a countable set

4. or an interval, that is, A is one of (a,b), (a,b], [a,b) or [a,b] for some
—o<a<b<oo.



2.2 The Carathéodory extension theorem

For constructing useful measures, the usual method is to first define a
“countably additive set function” on a “field”, and then use an extension
theorem to extend it to the generated o-field. This is done with the help of
the Carathéodory extension theorem, stated and proved below. This result
is therefore of fundamental importance in measure theory.

Definition. For Q # 0, F C 2% is a field if 0 € F, A € F implies A° € F
and A, B € F implies AUB € F.

Exercise 2.2.1. Show that F is a field on Q if and only if Q € F, A,B € F
implies AN B € F and F is closed under complements.

Exercise 2.2.2. If F is a field, show that for Ai,..., A, € F,
AiU...UA, e Fand Ai1N...NA, e F.

Definition. Given a field F on Q # 0, a function p : F — [0,00] is a
countably additive set function if u(0) = 0 and

2 (LJ<An> ::jz:ﬂ(An)
n=1 n=1
whenever Ay, As, ... € F are disjoint and Ay UAs U ... € F.

Theorem 2.2.1 (Carathéodory extension theorem). If F is a field on Q # ()
and i 1s a countably additive set function on F, then there exists a measure
p* on (Q,0(F)) such that

W (A) = u(A) forall A e F.

Let © be a countably additive set function on F. We start with defining
u* as the “outer measure” of p as follows:

,u*(E):inf{Zu(An):EC | 4, and Al,AQ,...e]-"}JEGZQ.
n=1

n=1
(2.2.1)
Lemma 2.2.1. For all A€ F, u*(A) = p(A).
Proof. Fix A € F. Letting A1 = A and Ay = A3 = ... = (), it is immediate
that -
pH(A) <D p(An) = p(A).
n=1
For the reverse inequality, suppose that
AC U A, for some Ay, As,... € F. (2.2.2)

n=1



Define By = AN Ay, BQZAQAQHAi, BgZAﬂAgﬂ(AlLJAQ)C and in

general
n—1

B,=AnNnA,nN (U Ai> forallm>1.
i=1

Since F is a field, By, Ba,... € F. Further, (2.2.2) shows
BiuByU...=A.

Obviously, Bi, Bo, ... are disjoint. Countable additivity of u implies that

pA) = u(By) <D n(An),
n=1 n=1

the inequality following from the trivial fact that any countably additive
set function is necessarily monotone. Since this holds for any Aq, As, ...

satisfying (2.2.2)), we get
H(A) < 1(4).

This along with the already proven reverse inequality completes the proof.
O

Lemma 2.2.2. For all A1, As, ... € 29,

(U = 3w,
n=1 n=1
In other words, p* is countably subadditive.

Proof. Let Ay, A, ... €22, The claim would follow if it can be shown that

for all € > 0,
s (U An> Se+ > pt(An). (2.2.3)
n=1 n=1

Fix € > 0. By definition of p*, there exists A1, Apa,... € F such that

Ap C A UAnpU. .. and Y p(An) < p*(Ap) + 27

=1
Thus - o =
U4 cJUAw
n=1 n=11:=1
Hence
o [e.e] o o0 o
w* (U An> < Z ZN(AM) < Z (N*(An) + 2_n5) =&+ ZN*(AH) :
n=1 n=1 i=1 n=1 n=1
This shows from which the proof follows. O



Lemma 2.2.3. Define
A={Ac2%: "(E) = p*(ENA) + p*(EN A°) for all E € 27}, (2.2.4)
Then AD F.
Proof. Lemma shows that
p*(E) < p*(ENA) + p*(E N A°) for all B, A € 22,
Hence becomes
A={Aec2%: y*(E) > p (ENA) + p*(ENA°) for all E € 29}. (2.2.5)

Let Ac F and E € 22 Fix e > 0 and let Ay, Ay, ... € F be such that

ECUA and pu*(E +E>Z,u

n=1

The definition of y* implies

and

WE

PHENAY) <SS p(An N A%).

S
Il
—

Combining the two yields

pH(ENA) + p* (BN A°) <ZMA N A) +ZNA N A°)

n=1 n=1

(countable additivity of u) = Z w(Ay)

Since ¢ is arbitrary, it follows that
W (BN A) + 5" (BN A°) < it ().

As this holds for all E € 2%, (2 shows A € A and hence completes the
proof. O

Lemma 2.2.4. The collection A, as in (2.2.4)), is a field and

w (Eﬂ (U An>> = Z,u*(EﬂAn) for disjoint Ay, Aa,... € A, E € 29,
n=1

n=1

10



Proof. The definition (2.2.4)) shows 2 € A and that A is closed under com-
plements. Suppose A, B € A and E € 2. Define

F=En(AUB).
Since A € A,
p(F)=p (FNA) +p" (FNAY) =p (FNA) +u (ENBNAY.
Since B € Aand FN A € 29,
w (FNA) = p*((FNA)NB)+p* (FNA)NB®) = " (ENANB)+u* (ENANBC),
which implies

p(EN(AUB))=p"(ENANB)+ p (ENANB®) + p*(ENBNAS).
(2.2.6)

Once again, A € A implies

i (E) = (BN A) + i (B0 A°)
(asBe A)=p* (ENANB)+u (ENANBY) 4+ u*(ENA°NB)
+ u*(E N A°N B°)
(by ([2-2.6)) u*Em (AUB)) + pu*(EN A°N B°)
W (EN(AUB))+p* (EN(AUB)°) .

Since this holds for all £, AU B € A, showing that A is a field.
Fix E € 2% and disjoint A;, Ag,... € A. Let

F=EnN(AjUAsU...).
Then

P (F) = p"(F N A+ p(F N AT)
=p (ENA)+p (EN(A2UA3U...)) .

Proceeding inductively, it can be shown that for alln =1,2,...,

pF)=> p(ENA)+p (BN (A U..) =) pi(ENA).
i=1 i=1

Since this is true for all n, we get
o
pHEN(AIUAU..)) =Y p*(ENA).
i=1
Lemma, yields the reverse inequality and thus completes the proof. [

11



Lemma 2.2.5. The collection A is a o-field and p* is a measure on (€2, A).

Proof. Since A has already been shown to be a field in Lemma to
show A is a o-field it suffices to prove it is closed under disjoint countable
union. Let Ay, Ao, ... € A be disjoint. Let

A=A 1UAU...and F,, =A1U...UA,,n>1.
Since F,, € A by Lemma [2.2.4] for any E € 2%,

W (E) = p* (B0 Fy) + i (E 0 FE)

(by Lemma 22.4) = > p*(ENA;) + p*(E N FY)

=1

>t (ENA) + pt (BN A°),
=1

the last line following from the observation that F); C A¢ and the fact that
u* is monotone, that is,

p*(A) < (B if Ac B Q,

which follows from the very definition of p*. Let n — oo to get
w*(E) > Zu*(E NA)+p (ENAS) = (ENA)+ u*(ENAS,
i=1

the second equality following once again from Lemma [2.2.4l Thus A € A
by (2.2.5). Hence A is a o-field. Taking F = Q in Lemma shows p* is

a measure. This completes the proof. O
Proof of Theorem [2.2.1 Lemmas [2.2.1], [2.2.3] and 2.2.5] complete the proof.
O

2.3 Uniqueness of the extension

After Theorem the most pertinent question which arises subsequently
is whether the extension is unique. The following theorem answers this.

Theorem 2.3.1 (Uniqueness). If u and v are finite measures on (2, o(F)),
where F is a field, and

w(A) =v(A) for all A € F,
then p,v agree on o(F).

The proof uses the following definition and the “monotone class theorem”
which will be proved a moment later.

12



Definition. For Q # (), M C 2 is a monotone class if
A, e M and A, T A imply A e M,

and
A, € M and A, | A imply A e M.

Theorem 2.3.2 (Monotone class theorem). If F is a field, F C M and M
s a monotone class, then

o(F)c M.

Although ‘MCT’ is an abbreviation for the above theorem, the same is
being saved for the monotone convergence theorem to be stated and proved
later.

Proof of Theorem [2.3.1. Define
G={Aco(F): plA)=v(4)}.

The hypothesis implies 7 C G. Finiteness of () and v(£2) in conjunction
with Theorem implies that

w(Ay) = u(A) and v(A,) — v(A)

if either A, T+ Aor A, ] A. Thus A € G if A,, € G and either A, T A
or A, | A. In other words, G is a monotone class. Theorem [2.3.2| shows
G D o(F), from which the proof follows. O

Remark 2.3.1. The technique employed in the proof of Theorem 18
a variant of the so-called “good set principle” and is ubiquitous in measure
theory, which is the following. For showing that a property holds for every
set in a o-field generated by a collection H, we first define a set to be “good”
if it has the said property and then show the following.

o The collection of all good sets, say G, is a o-field
e and that H C G.

The above would ensure from the definition of a o-field generated by H that
o(H)Cg

which is tautologically the same as that the desired property holds for every
set in o(H). The tools needed for showing G to be a o-field vary with context.
In the proof of Theorem|(2.5.1], for example, the monotone class theorem was
used to essentially show that G is a o-field. In other situations, G is shown
to be a o-field from first principles.

13



The following stronger version of Theorem can be proven along
similar lines, whose proof is left as an exercise.

Theorem 2.3.3. Suppose (2, A) is a measurable space on which, p1, pa are
measures. Assume F C A is a field. If p1,pe are o-finite on F, that is,
there exist A1, As, ... € F such that

UAn:Q and p;(Ayp) < oo foralli=1,2,n=1,2,...,
n=1

and
w1 (A) = ua(A) for all A € F,

then
p1(A) = po(A) for all A € o(F).

Proof of Theorem [2.3.3, Let My be the intersection of all monotone classes
containing F, that is, the smallest monotone class containing F. Clearly, it
suffices to show that

o (.7: ) Cc M.

To achieve that end, we shall show that My is a o-field, which will be done
via the following steps.
Step 1. If A € My, then A° € M.

Proof of Step 1. Define
g::{AEMO:ACGMo}.

Notice that F C G because F is a field. Next observe that if Ay, As,... € G
and A, T A, then A € M because Mj is closed under monotone unions.
Further, A5 € Mg and A, | A°. As My is closed under monotone intersec-
tion, A€ € My. Therefore, A € G, showing that G is closed under monotone
union. Similarly, it can be shown that G is closed under monotone intersec-
tion. Thus, G is a monotone class containing F. Hence, G D My, thereby
proving Step 1. O

Step 2. If A€ F and B € My, then AU B € M,.
Proof. Define

H:={BeMy:AUB e M for all A e F}.

By virtue of being a field, 7 C H. Routine verification will ensure that H
is a monotone class, and hence contains M. This proves Step 2. ]

Step 3. If A, B € My, then AU B € My.

14



Proof. Define
Z:={BeMy: AUB € M, for all A € My}.

By Step 2, it follows that F C Z. Once again, similar ideas will ensure that
7 is a monotone class, and thus prove Step 3. O

Steps 1 and 3, along with the fact that M is a monotone class establishes
that it is a o-field, and thus completes the proof of the monotone class
theorem. ]

The statement of Theorem should not be misinterpreted as the
following: if u,v are o-finite measures on (Q,0(F)), where F is a field,
which agree on F, then they agree on o(F). As shown by the following
example, the claim just made is false.

Example 2.3.1. Define measures p and v on (R, B(R)) by

n(A) = #(ANQ),
v(A) =2#(ANQ),

for all A € B(R). Let
f:{Rm((al,bl]u...u(an,bn]): —c0<a <b <...<ap < b, <oo,

n=0,1,2,...}.

Then F is a field and o(F) = B(R). Further, p and v agree on F, are
o-finite on B(R), and do not agree on B(R).

2.4 Extension from semi-field to field

In practice, it is usually easier to define a set function on a “semi-field” and
then extend it to the generated field.

Definition. For Q # 0, S € 22 is a semi-field on Q if Q € S,
A, B €S implies ANB € S,

and for all A € S,
A=A U...UA,,

for some disjoint Ay,..., A, € S.
Example 2.4.1. Let
S={(a,bjNR: -0 <a<b<o}.

Then S is a semi-field on R. It can be checked that o(S) = B(R).

15



Theorem 2.4.1. If S is a semi-field on Q) # 0, then
F={A1U...UA,: A1,..., A, €8 are disjoint, n=0,1,2,...}
1s the smallest field containing S.

Proof. Trivially, any field containing S contains F. Thus, all that has to be
shown is F is a field. Since S C F, ) € F is automatic.
Suppose A, B € F. Then

A=AU...UA,,and B=B1U...UB,
where Ay, ..., A, € S are disjoint and so are By, ..., B,. Thus
m n
ANB= U U(Asz])
i=1j=1

where {(4;NBj):i=1,...,m, j=1,...,n} is a collection of disjoint sets.
Since S is a semi-field,

AiNBjeS,i=1,....m,j=1,...,n.

Hence AN B € F. That is, F is closed under finite intersections.
To show that F is closed under complements, let A € F. Then

A=A4U...UA,

for some disjoint Ay,..., A, € S. Since A; e Sfori=1,...,n,

k;
Alc = U Bij for some diSjOth B, ... 7Bik¢ €S.

j=1

Thus
k1 kn
Ac=A5n..nAs =] ... J By, n...nBy,) . (2.4.1)
Ji=1 Jn=1

Clearly,

Bljlﬂ...manneS, (jl,...,jn)E{l,...,kl}X...X{l,...,kn},
and
(Bh‘lﬂ...ﬂBm‘n)ﬂ(Bljlﬁ...ﬂBn]‘n):@if(il,...,in)#(jl,...,jn).

Hence (2.4.1) shows A° € F. Exercise shows that F is a field, and
hence the proof follows. O

16



Definition. Suppose S is a semi-field on Q # 0. A function p: S — [0, 00]
is a finitely additive set function if u(0) =0 and

p(AiU.. UA,) = p(Ar) + ...+ p(4y)

whenever Ay,..., A, € § are disjoint such that A1 U...UA, € S. If in
addition,

(AT UA UL ) =) p(Ay)
n=1

whenever Ay, Ao, ... €S are disjoint such that Ay U AU ... €S, then i is
a countably additive set function.

Theorem 2.4.2. Suppose Q # 0, S is a semi-field on Q and p is a finitely
additive set function on S. Let F be the field generated by S. Define u :
F — [0,00] by

k
w(A) = ZM(Ai)7 if A= A1U.. . UAy for disjoint Aq,..., A € S. (2.4.2)
i=1

Then p is well defined on F, that is, different representations of A lead to
the same definition of u(A), definition of p remains unchanged on S and p
is finitely additive on F. If in addition, p is countably additive on S, then
so it is on F.

Proof. Assume p is finitely additive on S. The first step is to show that the
right hand side of (2.4.2)) remains invariant under the choice of Ay, ..., Ag.
In other words, if for some A € F,

AiU...UA, =A=BiU...UB,,

where Ay, ..., A, are disjoint sets in S and so are By,..., By, then
m n
D o nlA) = u(By). (2.4.3)
i=1 j=1
For a fixedi=1,...,m,

n
Ai:AiﬂA:Aiﬂ(BIU...UBn) = U(AZHBJ)
j=1
Since By, ..., B, are disjoint, so are A; N By,...,A; N B,. Finite additivity

of p shows

u(Ai) =Y u(Ain By),
j=1
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and hence o o
> wA) =D u(AinB))
i=1 i=1 j=1

A similar argument shows that

n m

> u(Bj)=>> uAinB));
j=1

j=1i=1

follows by comparing the above two equalities. In other words, u
is well defined by . A trivial consequence is that keeps p
unchanged on S.

Finite additivity of u on F would follow if it shown that

(AU B) = u(A) + u(B) for disjoint A, B € F.
Fix A, B € F disjoint. Then
A=AU...UA,,and B=B{U...UB,
for disjoint Ay,...,Am,B1,..., B, € S. It follows from that

uw(AU B) Z,u +Z,u A) + p(B),

establishing p is finitely additive on F.
For the final claim, suppose p is countably additive on S. Suppose that
Ay, Ag, ... € F and

[o¢]
UAn:Aooe]-'.

n=1

Then for n =1,2,...,00, there exist disjoint By, ..., By, € S such that
An:Bnlu...UBnkn,
where ki, ks, ..., koo € N. Thus

koo

w(As) = > 1 (Boci) (2.4.4)

i=1
Fori=1,... kx,
Booi = Booz ono

oo kn
= Bsoi N U Uan

n=1j=1
oo kp
= U U BxinBu)
n=1j=1

18



Since Boo; N Bp; € S for alln = 1,2,... and j = 1,...,ky, and the right
hand side above is a disjoint union, countable additivity of u on S shows
that

oo kn

n=1j=1
Invoking (2.4.4)), it follows that

koo o0 kn

(As) =D D " (Booi N Byy)

i=1 n=1 j=1

0 koo kn

=YY Y B By

n=11=1 j=1
o0
n=1

where the last line again uses (2.4.2) along with the observation that

koo kn

An = Aoo N An = U U(BOOZ man)v
i=1j=1

and that the union on the extreme right hand side is disjoint. This shows u
is countably additive on F and hence completes the proof. O

The following is a trivial consequence of Theorems and

Corollary 2.4.1. If Q # 0, S is a semi-field on Q and p : S — [0,00] is
countably additive, then p can be extended to a measure on (Q,J(S)).

Theorem 2.4.3. If Q # (), F is a field on Q, and p is a finitely additive
set function on F, then p is

(a) monotone, that is, p(A) < u(B) for A,B € F with A C B,

(b) finitely subadditive, that is,

ILL(A1UUAH)§/L(A1)—|—+M(An), A,..., A, € F,

(¢) and countably superadditive, that is,

p(A) > u(An) if Ay, Ag,... € F disjoint, A= | J A, € F.
n=1

n=1
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Proof. The first two claims are trivial. For (c), use (a) to argue for a finite
N

)

N
WA) > (AU UAN) =Y pu(Ayn).
n=1

Letting N — oo, (c) follows, which completes the proof. O

Regarding the question of uniqueness, the following is a trivial conse-

quence of Theorems and

Theorem 2.4.4. Suppose (2, A) is a measurable space on which, pi, pa are
measures. Assume S C A is a semi-field. If pi, e are o-finite on S, that
18, there exist A1, As,... € S such that

UAn:Q and pi(Ap) < oo foralli=1,2,n=1,2,...,
n=1

and
u1(A) = pa(A) for all A€ S,
then
p1(A) = po(A) for all A € o(S).
Proof. Exercise. O

2.5 Riemann-Stieltjes measure on R

Let us adopt the following convention. For any function F : R — R,

F(o0) = lim F(z) if it exists,

T—00

and
F(—o00) = lim F(z) if it exists.
T—r—00
Definition. Given a function F : R — R, a measure u on (R, B(R)) is the
Riemann-Stieltjes measure corresponding to F' if

1((a,b]) = F(b) — F(a) for all —oc <a<b<oo. (2.5.1)

Due to its importance, the following result is often referred to as the
fundamental theorem in probability.

Theorem 2.5.1. For any non-decreasing right continuous function F' : R —
R, a unique Riemann-Stieltjes measure p corresponding to F exists. If in
addition, F(oo) =1 and F(—o0) =0, then p is a probability measure.
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Proof. Let S be as in Example Define p : S — [0, o0] by

(4) = F(b)— F(a), A= (a,b]NR for some —oo<a<b< oo,
)= 0, otherwise, that is, if A =0;

F(b) — F(a) is defined whenever a < b because then neither F'(b) nor —F'(a)
equals —oo (the sum of two quantities in [—o0, 0o] is undefined if and only
if one of them is co and the other one —o0).

The first step is to show that p is finitely additive on S. Let A4,..., A, €
S be disjoint such that

A=A1U...UA,€S.
Without loss of generality, assume these are non-empty, that is,
A; = (a;, b;] NR for some — oo < a; < b; < o0.

Since A;NA; =0 for all 1 < i < j < n, either b; < a; or b; < a;. By a
relabelling, it can be assumed without loss of generality that

a<bh<a<...<b,_1<a,<b,.

Since A € S, it is necessary that A = (a1,b,] "R and hence by = ao,. ..,
bn—1 = a,. Thus

D_n(A) =3 (F(b) = Fla))

i=1
(because by = ag,...,bp—1 = a,) = F(b,) — F(a1)
p(A),

showing p is finitely additive on S.

Let F be the field generated by §. Extend p to F by . Theorem
shows y is finitely additive on F. Theorem [2.4.3]tells us 4 is monotone,
finitely subadditive and countably superadditive on F.

Our next task is to show p is countably additive on S. Let Ay, Ag,... € S
be disjoint such that

GAn:AES.
n=1

Countable superadditivity of g on F implies

n(A) = Z 1(An) -
n=1
Once it is shown that
p(A) <e+ > p(Ay) for all e > 0, (2.5.2)
n=1
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countable additivity of u on & would follow.
Fix ¢ > 0. Suppose A,, = (an,b,] N R for some a,, < b,. Let &, > 0 be
such that
F(by, +0pn) <27+ F(by), n > 1,

which exists if b, < oo by right continuity of F', and trivially holds for any
Op > 01if b, = o0
Suppose A = (a,b] C R for some a < b. The proof of will be
given separately for the cases b < co and b = co. First assume b < co. Let
"€ (a,b]. In this case, —0o < a < a’ < b < co. Since

[a/,0] € (a,b] = | ((an,bn] NR) C | (@n,bn + 6n), (2.5.3)
n=1 n=1

the Heine-Borel theorem implies

N
[o/,0] € | (an, bn + 6n)
n=1
for some finite N. Thus
N N
(a’',b] C Uan,b + 0n) CU((an,bn+5n]ﬂR).
n=1 n=1

Monotonicity of p on F implies

N
p((a0]) < p | | ((an,bn + 6] ﬂR))

(finite subadditiviety on F) < 1((an, by + 6,] NR)

That is,

Since

h/]in F(d) = F(a), (2.5.4)



which follows from right continuity of F' is a > —oo and the definition if
a = —o0, (2.5.2) follows for the case b < co.

To prove (2.5.2) in the case b = oo, fix a < o/ <V < b = co. The
arguments from (2.5.3) to (2.5.4) with b replaced by ', using the Heine-
Borel theorem, imply

F() ~ Fla) <=+ 3 u(An).
n=1

Letting b’ 1 oo, follows for the case b = occ.

As argued before, shows p is countably additive on S. Invoking
Corollary p can be extended to a measure on (R,o(S)). Clearly,
o(S) = B(R), and hence p is a Riemann-Stieltjes measure corresponding to
F. Tt is trivial that u(R) =1 if F(c0) =1 and F(—o0) = 0.

For uniqueness, suppose u1 and us are Riemann-Stieltjes measure cor-
responding to F'. Then

1 ((a,b]) = p2((a,b]) for all —oo <a<b<oo.
Continuity from below implies
u1(A) = po(A) forall A€ S.
Further,

R= U(n,n+1] and p;((n,n+1]) < oo foralln € Z, i =1,2.

nez
Theorem implies p; and pg agree on o(S) which is B(R). Thus unique-
ness follows, which completes the proof. O

Theorem 2.5.2. Given a function F : R — R, a Riemann-Stieltjes mea-
sure corresponding to F' exists if and only if F' is non-decreasing and right
continuous.

Proof. The “if” part is precisely the claim of Theorem [2.5.1] For the con-
verse part, assume a Riemann-Stieltjes measure u corresponding to F' exists.
Then for —oco < a < b < o0,

F(b) ~ F(a) = p((a.b]) >0,

showing that F' is non-decreasing. For right continuity, assume that x,, | o
for real numbers x1,...,%s. Then

(;U(Xh xn] \l/ @ .

Since f1((2oo, 21]) = F(21) — F(2oo) < 00, continuity from above implies

N((xmvxn]) 10.
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In other words,
lim F(x,) = F(2) -

n—o0

As this holds for any z,, | T, F is right continuous at z,. Hence the “only
if” part follows, which completes the proof. ]

Definition. The Riemann-Stieltjes measure corresponding to the identity
function F, that is,
F(z) =z for all z € R,

1s the Lebesgue measure on R.

Exercise 2.5.1. 1. Show that the Lebesque measure A on R is translation
invariant, that is,

AMA+z)=X(A) forallz € R, A € B(R),
where A+x={a+x:a€ A}.

2. Hence or otherwise, prove that the Vitali set V', as in (1.1.3)), is not a
Borel set.

Definition. A measure p on (R, B(R)) is a Radon measure if u(K) < oo
for every compact set K C R.

Exercise 2.5.2. Suppose p is a measure on (R,B(R)). Show that there
exists a non-decreasing right continuous F : R — R such that p is the
Riemann-Stieltjes measure corresponding to F if and only if u is a Radon
measure.

2.6 Measurable functions

Definition. Suppose (Q1,.A1) and (Q2, A2) are measurable spaces. A func-
tion f: Q1 — Qo is measurable with respect to Ay /As if

f7HA) € A; for all A € Ay,

where f~Y(A) = {w € Qy : f(w) € A}. Whenever either Ay or As is obvious
from the context, it will be suppressed in the mention of measurability.

Theorem 2.6.1. Suppose Q1 # () and (Qa,.Az) is a measurable space. Then
{fTA: Ae A}

is a o-field.
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Proof. Let
A1:{f71A:A€A2} .

Clearly, Q1 = f1Qy € A;. It is easy to check that for any collection
(Aq : a € I) of subsets of Qg,

! (U Aa> = J 4. (2.6.1)
acl ael

Hence if By, Bo, ... € A;, that is, B, = f'A,, for some A,, € Ay, then
BiUByU...=f 1 (AjUAU...) € A because A; UAyU... € Ay.

Finally,
(f71A) = f1(A°) for all A C Qy, (2.6.2)

which shows A; is closed under complements. Thus A; is a o-field, which
completes the proof. ]

Theorem 2.6.2. Suppose (21,.A1) and (Q2, A2) are measurable spaces and
£ — Qo is a function. If G C Agy is such that o(G) = A and

fYAe A forall Ac g,

then f is measurable.

Proof. Let
F={ACQ:f'Ac A}.

The hypothesis implies G C F. Clearly Q)2 € F because A; is a o-field and

hence f~1Qy = Q1 € A;. Next (2.6.1)) and (2.6.2) show F is a o-field. Thus
F D 0(G) = As. Hence the proof follows. O

Theorem 2.6.3. Suppose (21, A1, 1) is a measure space, (2,.A2) is a mea-
surable space and T : 1y — Qo is a measurable function. Define

v(A)=p(T714), A€ A,. (2.6.3)
Then v is a measure on (Qa, As).

Proof. Follows from (2.6.1)). O

The following definition is motivated by the above theorem.

Definition. Under the hypotheses of Theorem v defined by (2.6.3)) is
the push-forward measure of p under T', and is denoted by

v=poT t.
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Definition. If (2, A, P) is a probability space, a function X : Q@ — R is a
random variable if X is A/B(R)-measurable. For a random variable X de-

fined on the probability space (2, A, P), its cumulative distribution function
(CDF) F is a function from R to [0,1] defined by

F(z) =P (X (—o00,2]), z € R.
The following is an immediate consequence of Theorem [2.5.2

Theorem 2.6.4. Given a function F' : R — R, there exists a random
variable X defined on some probability space (2, A, P) such that F is its CDF
if and only if F is right continuous, non-decreasing and satisfies F(oc0) = 1
and F(—o0) = 0.

Proof. For the “if” part, assume F' has the given properties. Let P be the
Riemann-Stieltjes measure on (R, B(R)) corresponding to F', that is,

P((a,b]) = F(b) — F(a), —00o < a < b < 00}

P is a probability measure because F(co) = 1 and F(—o0) = 0. Keeping b
fixed and letting a — —oo shows

P((—00,b]) = F(b), be R.

Letting X be the identity function from R to R, the above immediately
shows that F' is the CDF of X which is a random variable defined on the
probability space (R, B(R), P).

Conversely, suppose that F' is the CDF of a random variable X defined
on some probability space (£2,.4, P). Let p be the push-forward of P under
X, that is, u is the measure on (R, B(R)) defined by p = Po X! Tt is
easy to check that p is the Riemann-Stieltjes measure corresponding to F'.
Hence F' is non-decreasing and right continuous by Theorem Since

F(n)=P (X_l(—oo,n]) ,ne€Z,

X (—o00,n] 1 2 and X~ (—o0,—n] | 0, it follows that F(co) = 1 and
F(—o00) = 0. This proves the “only if” part follows, which completes the
proof. O

Exercise 2.6.1. Show that
B(R) =0 ({(—00,z) : x € R}) =0 ({(—00,z] : x € R}) .

Theorem 2.6.5. Suppose (2, A) is a measurable space and f, g are A/B(R)-
measurable functions from Q to R. Then f + g is A/B(R)-measurable.

26



Proof. In view of Exercise it suffices to show that
(f + 9)_1(—oo,m) c Aforall z e R.

Fix z € R. We claim that

(f +9) " (=o0,2) = | (f 7 (=00,7) N (97 (—o00,2 = 1)) .
reQ

That the right hand side is a subset of the left hand side is obvious. For the
reverse inclusion, fix w in the left hand side, that is,

flw)+gw) <.
Then f(w) < x — g(w). Thus there exists r € Q such that
flw)<r<z-—gw).

Hence w € (f~*(—o0,7)) N (¢~ (—o00,z —r)). This shows the claimed set
theoretic equality and hence the proof follows. ]

Exercise 2.6.2. If (2, A) is a measurable space and f : Q — R is measur-
able, show that for any o € R, af is measurable.

Definition. A function f : R — R is a Borel function if it is B(R)/B(R)-
measurable.

Theorem 2.6.6. 1. A continuous function is a Borel function.
2. A monotone function is a Borel function.

Proof. 1. If f:R — R is continuous, then f~'U is an open set for every
open set U C R. Since

B(R) =0 ({U CR:U is open}),
f is Borel.

2. Suppose f: R — R is non-decreasing. Fix z € R and let

= sup (f_l(—oo, z]) .

It is immediate that f~!(—oo, z] is either (—o0o.a) or (—0c0,a]. In both
cases,

f_l(—oo,:v] € B(R).

Since this holds for all x, f is Borel. A similar argument holds for a
non-increasing function.

O]
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Theorem 2.6.7. Suppose (£2;,.A;) is a measurable space for i = 1,2,3. If
f:Q1 — Q9 and g : Qo — Q3 are measurable, then go f : Q1 — Qg is
measurable.

Proof. Follows from the definition. O

Theorem 2.6.8. Suppose (2, A) is a measurable space and f,g are mea-
surable functions from  to R. Then fg is measurable.

fo— (TH9) _ (=Y
g 2 2 )
Theorem [2.6.5 shows (f + ¢)/2 and (f — g)/2 are measurable. The function

x +— 22 is Borel by Theorem Theorem m shows ((f + g)/2)2 is
measurable. The proof follows by applying Theorem [2.6.5| once more. O

Proof. Write

Theorem 2.6.9. If f,g are measurable functions from some measurable
space (2, A) to R, then fV g and f A g are measurable.

Proof. Exercise. O

3 Integration

3.1 Integration of non-negative functions

Henceforth, (€2, 4, 1), where p(£2) > 0, will be the underlying measure space.
Unless mentioned otherwise, functions talked about are A-measurable. The
theory of integration is first developed for all non-negative measurable func-
tions on ) which possibly take the value infinity. To that end, define

R = [—00, o9]

and -

B(R) = o (B(R) U {{—oc},{o0}}) .
That is, B(R) is the smallest o-field on R which contains the singleton sets
{—o00} and {0}, in addition to every Borel subset of R.

Exercise 3.1.1. Show that
B[R) = o ({[~o0,x) : x € R}) .
Definition. A measurable function s :  — R is a simple function if range

of s is a finite set, that is,

#5(2) < 00.
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First we shall define integral of simple functions, for which, the conven-
tions of multiplication of two numbers which are possibly infinite have to be
set. Define

—o00, if —oo<x<0,

r-00=00 =40, if x =0,
00, if 0 < x < oo,
and
0, if —co<x<0,
x-(—00)=(—0) -x=1<¢0, if 2 =0,

—00, if0<x<oc.
It is worth emphasizing that £oo - 0 has been defined to be 0.

Definition. If s : Q — [0,00] is a simple function whose range is {a, . ..
...y Qn}, where aq, ..., oy are distinct by convention, the integral of s with
respect to pu, denoted by [ sdpu, is defined by

/sdu = Zaiu (s H{ai}) - (3.1.1)

Theorem 3.1.1. Ifs =" Bila,, where Ay,..., A, € A are disjoint and
/81)' . ';Bn S [0,00], then

/sdu = Bin(Ai).
=1

Proof. Zero times anything, including oo, is zero. Hence it can be assumed
without loss of generality that A; # () for i = 1,...,n. For w € A;, which
exists as A; # 0,

s(w) = Bi,

because A, ..., A, are disjoint. Thus f1,...,8, € s(2). Further, for all
a € 5(Q), either « = 0 or aw = f; for some . In the latter case,

s Ha} = U A;,

8=«

and hence for o € s(2) \ {0},

p(s~Ha}) = ‘Z (A . (3.1.2)

8=«
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The definition implies

/sd,u: Z ap (s7H{a})

aes(N)

— Y au(sHa))

acs(Q)\{0}

by BI2) = > o Y uld)

acs(Q\{0} :Bi=a

= > D BilA)

aes(@Q\{0} i-fi=a

= > Bl A)
1:8;7#0

= Bin(Ai).
=1

This completes the proof. O

Theorem 3.1.2. If s,t are simple functions with 0 < s <t, then

/sdu < /td,u.
Proof. Let

{s’l{a} Nt B} :acs(Q), Bc tQ)} ={A1,..., A},
Fori=1,...,n,if A; # 0, fix w € A; and denote
a; = s(w), fi = t(w),
and let oy = 3; = 0if A; = 0. Thus «; < S3; for all 4, Aq,..., A, are disjoint

sets in A and
n n
S = ZO@].AZ., t= ZﬁllAz .
i=1 i=1

Theorem |3.1.1| implies

/Sdﬂ = Z%‘M(Az’)
i=1

<Y Bip(A)
i=1

z/tdm

which completes the proof. ]

30



Definition. For a measurable function f: Q — [0,00], define

/fd,u:sup{/sd,u: 0<s<f, sis a,simplefunction} .

Theorem [3.1.2] ensures that for a simple function ¢ > 0, the above defi-
nition is consistent with (3.1.1), that is,

Z g (t_l{a}) = sup {/ sdu: 0<s<t,sisasimple function} )
a€ct(Q)

The following theorem is a trivial consequence of the definition given
above.

Theorem 3.1.3. For measurable f,g with 0 < f < g,

[ran< [gdu.

Proof. Exercise. O
Theorem 3.1.4. Suppose f1, fa, ... are measurable functions from Q — R.
Then

g =inf f,, and h = sup f,
n n
are measurable.

Proof. Follows trivially from the observation that

lg <a]=Jlfn<al
n=1
and Exc [3.1.7] and likewise for h. O
Exercise 3.1.2. For measurable functions fi, fo, ... from Q to R, show the

following are measurable:
. f1+ fo, if it is defined,
- fife,

~

2

3. liminf, .o fn,

4. limsup,,_,o fn,

5. limy, oo frn, if it exists.

The next theorem is of utmost importance in measure theory. As men-
tioned earlier, ‘MCT’ will refer to the following result and not the monotone
class theorem (Theorem [2.3.2)).
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Theorem 3.1.5 (Monotone convergence theorem (MCT)). If f,, > 0 and

fu 1, then
[ tudnt [ san.

f being measurable by Theorem[3.1.7.

The following exercise will be used for proving the above theorem.

Exercise 3.1.3. If a1,...,000, 01, .-, 00 are such that 0 < a, T s and
0 < Bn T Poo, then
anBn T Coofoo -

Proof of Theorem (MCT). Theorem implies that
[haus [nans<.. < [ rau.

/fduz li_>m /fn dp, which exists.

To complete the proof, it suffices to show that for all

a</fdu,

/fn dp > a. (3.1.3)

Fix a as above. The definition of integral implies there exists a simple
function s such that 0 < s < f and f sdu > «. Write

k
s=Y Bily,
i=1

where Ay, ..., A, € A are disjoint and 1, ..., 8t > 0. Since

a</sdu

k
(Theorem = Z Bi(A;)
i=1

Hence

there exists n for which

k
= lim (A,
Y1815k Bk Zz; %H( Z)

Exc [3.1.3] implying the last line, there exist 0 < v < B1,...,0 < 1 < Bk
such that

k
> vin(Ai) > a. (3.1.4)
=1
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Let

Api={we A;: frolw)>v},n=12..., andi=1,...

If w e A;, then
Jim fo(w) = f(w) = s(w) = i > i

Hence

Ayt Aii=1.... k.

Continuity from below implies

w(Ani) T p(Ai), n = co.
Exc B.1.3 shows

k k
Jim 3 (i) = D in(As) >
i=1 =1

(3.1.4) implying the inequality.
Thus there exists n for which

k
a <Y yip(An)
=1

k
(Theorem-3.1.1 :/<Z%‘1Am> du .
i=1

The definition of A,; implies

k
Z’}’ilAm’ < fna

=1

which in conjunction with the above shows

ag/fndu.

This show (3.1.3) from which the proof follows.
The following is an immediate consequence of the MCT.

Theorem 3.1.6. For f,g > 0 measurable and o € [0, 00],

/(f+9)duz/fdu+/gdu,
/ozfd,u:oe/fdu.
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Exercise 3.1.4. For f: Q — [0, 00] measurable, define

n2"—1

Sp = nl[fzn] -+ Z 2ini1[2—nigf<27n(i+1)]7 n > 1.
1=0

Show that 0 < s, 1T f.

Proof of Theorem[3.1.6. For the first claim, let us first prove it for the case
when f, g are simple. If

f= ZazlA and g = ZﬁleJ,

7j=1
where Ajp,..., A, € A are disjoint, A1 U...U A, = Q and likewise for

Bl, e ,Bn, then
m n
f+g=>_> (ai+B)lans, -
i=1 j=1

Theorem [B3.1.1] shows

n

L/f+gdu ﬁé}:a,+@ (A;N Bj) /}du+/gdu

=1 j=1

For general measurable f, g, Exc[3.1.4land MCT prove the claim. The second
claim follows in a similar way. O

Corollary 3.1.1. If
F=Y aily,
i=1

for Ay, Ag, ... € A which are not necessarily disjoint and a1, as, ... € [0,00],

then -
[ Fan=>"aunta;
1=1

Exercise 3.1.5. Suppose f : Q — [0,00] is measurable with respect to a
o-field Ay C A. Show that

/ fdu=/ fdp.
(2,A0) (Q,A)

Exercise 3.1.6. Suppose f > 0 is measurable.

1. If u([f > 0]) > 0, show that

/f@>0.

2. If p([f = o0]) > 0, show that

[ dn=co.
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3.2 Integration of measurable functions

For all z € R,
T =zVvO0and 2~ = (—x) V0.

Definition. For a measurable f : Q — R, the integral of f with respect to
w, denoted by [ fdu, is defined by

[tau= [ sran- [ 1 an

whenever either [ fTdup or [ f~dp is finite. If both [ f*dp and [ f~dp
are finite, f is integrable.

The following notations will also be used to denote the integral of f with
respect to p:

[ rau [ s@)inte). [ s ntas) ete

Exercise 3.2.1. 1. Show that the following are equivalent for a measur-
able f:

(a) f is integrable,

(b) [1fldp < oo,
(c) the integral of f is defined and finite.

2. Show that ‘f is integrable’ and ‘“integral of f is defined’ are two different
claims, the former implies the latter, and the converse is false.

Theorem 3.2.1. Suppose f,g are measurable whose integrals are defined
and

/fd,u + /gdu is defined. (3.2.1)

Assume f+ g is defined, that is, there does not exist w for which one of f(w)
and g(w) is oo and the other one is —oo. Then integral of f + g is defined

" /(f+g)du=/fdu+/gdu-

Exercise 3.2.2. For all x,y € R such that x + y is defined, show that

Tyt @ty =@ty 2 4y, (3.2.2)
(z+y)" <2t +yt, (3.2.3)
and (x +y)” <z~ +y . (3.2.4)
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Proof of Theorem [3.2.1. Tt follows from (3.2.2)) that
frrg +(f+9 =+9"+f +g .
Theorem |3.1.6| implies
/f*du+/g+du+/(f+g)_d/£ = /(f+g)+du+/f‘dﬂ+/g‘ dp.
(3.2.5)
If both sides of the above are finite, that is, f, g and f+ ¢ are integrable,
then [ f~du < oo and [ ¢~ dp < oo can be brought to the left hand side

with a negative sign, and [(f + g)~ dp can be brought to the right hand
side, again with a negative sign, from which, the claim would follow.

In case [ fdu = oo, then (3.2.1) shows [ gdu > —oo. Hence
/f+du:oo, /f_du<oo and /g_du<oo;
(3.2.4) shows that

/(f+g)du < oo.
Hence f + g has a defined integral. In this case, (3.2.5) shows

[ 49t dn=c.

from which it follows that

/(f‘i‘g)d,u:OO:/fdu—i-/gdu.

The case [ gdp = oo can be proved similarly. The cases when either [ fdu
or [gdu is —oo can be proved by replacing f and g by —f and —g, respec-
tively. O

Definition. If A € A is such that u(A°) = 0, then anything which holds on
A is said to hold almost everywhere or a.e.

Theorem 3.2.2. The following hold for f,g whose integrals are defined.
1. If f < g a.e., then

2. If f =g a.e., then

3. For a € R,



4. It holds that

‘/fdu‘é/lfldu-

5. If f, g are integrable, then f + g is defined a.e. and is integrable, and

/(f+g)du=/fdu+/gdu-

Proof. 1. If f < g a.e., then fT < g™ a.e. Thus

/ frdp = / frdp
[f+<g*]

< / gt dP.
A similar argument shows
/f‘duz /g‘du,
from which the claim follows.
2. Follows from 1.
3. Follows from the observation
(af)* = aft and (af)” = af” ifa >0,

and
(af)t = —af” and (af)” = —aftifa <0.

4. The definition of integral implies

[ranl =|[r7an= [ 1 au
< [fraus [ 1
= / |fldp,

the last line following from Theorem [3.1.6

5. Exc implies that

/\f|d,u<ooand /|g]du<oo.

Exc [3.1.6 shows f and ¢ are finite a.e. Hence f + ¢ is defined a.e.
The above along with the inequality |f + g| < |f]| + |g| shows f + g is
integrable by Exc The proof follows from Theorem [3.2.1

O
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Remark 3.2.1. As is the case for f+g in 5. of the above theorem, it suffices
for a function to be defined a.e. On the set where it is not defined, the
function may be redefined as zero, for example, which doesn’t really matter
as long as that set has zero measure.

Theorem 3.2.3 (Fatou’s lemma). For measurable fi, fa,... >0,

[ (mint ) ao < i | 1o
Proof. Let
9n :éggfkn n=12...,

and

Joo = liminf f, .
n—oo

Then 0 < gy 1T goo. MCT implies

/goo dp = nlggo/gn dp
= tymint [ gnd

Sliminf/fn du,
n—o0

the last line following from the obvious observation that g, < f,. This
completes the proof. ]

Theorem 3.2.4 (Dominated convergence theorem). If f,, — f and |fn| < g,
where fp, f,g9 are measurable and g is integrable, then f, and f are inte-

grable, and
nlggo/fnduz/fdw

Proof. The assumptions imply f, + g > 0. Further

[t +gyau= [tmint(f+ g) au

(Fatou’s lemma) < lim inf/(fn +g)du
n—oo

:/gdu%-hnni}gf/fndp.

Subtracting [ gdu from both sides, which is finite, we get

/fd,u < lin_l)inf/fn dp . (3.2.6)
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A similar argument with Fatou’s lemma shows

/(g—f)duSliln;iogf/(g—fn)du=/gdu—limsup/fndu,

n—o0
which implies

/fd,uZlimsup/fnd,u.

n—oo

The proof follows by combining the above with (3.2.6]). O

3.3 Inequalities

As before, (2,.A, 1) is a measure space, and all functions talked about are
measurable functions from € to R

Theorem 3.3.1 (Hoélder). For p,q > 1 such that L l_q

fssas (fira)” (f ,ng)”q.

The proof uses the following lemma.
Lemma 3.3.1. For0 < A <1,a,b>0andt >0,
a I < Mo+ (1= \)ttD.

Proof. Assume without loss of generality that a,b > 0 for else the left hand
side vanishes. Define

f(x) = e*ta+ (1= N)a?b,z > 0.
Differentiating with respect to z, we get

flz) = MA=12*2a4+ 1 -1
= MN1- )\)$>\_2(b$ —a),

where f’ is the derivative of f. Thus f* > 0 on [a/b,00) and " < 0 on
(0,a/b]. Hence for any t > 0,

F(t) = fa/b) = Ma/b)a+ (1 - N(a/b)*b = b,
which completes the proof. O

Proof of Theorem |3.3.1. Fix measurable functions f,g and p,q > 1 such
that

-+ —-=1. (3.3.1)



Assume without loss of generality that

/prdu>0and /Iglqdﬂ>0,

because otherwise either f = 0 a.e. or g = 0 a.e. Next assume without loss
of generality that the above quantities are finite as well, because otherwise
the right hand side of the claimed inequality is oc.
Use Lemma with A = %, a = |f|P and b = |g|? to get for a fixed
t>0 . .
Fllgl < e P+t lgl”

Thus,
1 1
[1saldn< et [ipdus o [ignap.
The above holds for all ¢ > 0. Putting

=(/ Iglqdu>_1 [ 151,

the right hand side becomes

;(/!f\pdu)ll/q (/ \g\qdu)l/q+2 (/!f\”)l/p (/ ’quu>11/p.

Since ([3.3.1) implies the above is the same as the right hand side of the
claimed inequality, the proof follows. O

Theorem 3.3.2 (Cauchy-Schwarz). For f,g measurable,

/\fg\du< (/fzdu/fdu>l/2-

Proof. Follows from Theorem by putting p = g = 2. O

Theorem 3.3.3 (Minkowski). For 1 < p < oo,

(Jirvara)” < ([irran)"+ (fura)”

Proof. Without loss of generality, assume that the right hand side of the
claimed inequality is finite. Then

/\f gl dp < /<f| Ll dp < 2p/<|f|p T 1gPP) dpi < oo.

1/p
c:</]f+g|pd,u> < 00.
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Assume without loss of generality that ¢ > 0 for else the claimed inequality
is trivial. In addition, assume without loss of generality that p > 1 because
for p = 1 the claim follows trivially from

lf +al <|fl+1gl].
Write

= /|f+g|”du
= /\f+9|!f+g\p1dﬂ
< [1als+ gl dut [lgls +oP i

1/p 1/q
(Holder inequality) < (/ |fIP dH) </ |f +g|(P*1)q d,u>

+ </ gpdu>1/:</f+9(p1)q1¢jﬂ>1/q
o [(fura) " (fora)]

where ¢ = (1 — 1/p)~!. Therefore

1/p 1/p
(f1eran) "+ ([igwan) "z,

which completes the proof. O
Definition. For A € A, define

/Afdu=/f1,4du

whenever the right hand side makes sense.

Theorem 3.3.4 (Markov). For f >0 and a € (0, 00),

p(ir za) < [ fdn.

[ tau= /Mfdu

=ap([f >ad]),

the proof follows. O

Proof. By writing
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Definition. For —co < a < b < 00, a function ¢ : (a,b) — R is convex if
@ Az + (1= ANy) < Ap(z) + (1= A)ep(y) for all z,y € (a,b).
Exercise 3.3.1. If (a,b) C R and ¢ : (a,b) — R is convex, show that

1. ¢ is continuous and hence Borel,

2. for all x € (a,b),

exists,
3. and for all x,xo € (a,b),
p(x) = p(0) + (z — 20) ¢y (20) - (3.3.2)
Theorem 3.3.5 (Jensen). Suppose (2, A, P) is a probability space, f : ) —

(@, b) is measurable for some —oo < a < b < oo and ¢ : (a,b) — R is convez.
If f and p o f are integrable functions, then

a< /fdP <b, (3.3.3)

Jenar=( [ rar).

Proof. Since b > f, Exc shows that

and

O</(b—f)dP:b—/fdP,

the equality following from P(Q2) = 1. As [ fdP is a finite quantity, it can
be taken to the left hand side, which shows

/fdP<b.

/fdP>a,

A similar argument proves

(3.3.3) follows from which.
Letting zo = [ fdP, (3.3.2) shows

p(f) = e(ao) + (f = z0)¢ (o) -
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Thus
[et0rip = [ (plan) + (7 - au)é! (w) aP
(since P(Q) = 1) = ¢(z0) + ¢, (z0) (/ fdP — :U0>

= ¢(20),

and hence the proof. O

3.4 The LP space

As usual, (2, A, 1) is a measure space. All functions talked about are mea-
surable functions from €2 to R, unless mentioned otherwise.

Definition. For 1 < p < oo, define
LP(Q A p) = {f : Q — R measurable : /|f|pd,u < oo},

and for all f € LP(Q, A, 1), define

1/p
1l = (/ Iflpdu> .

Forf7f1>f2a"' ELP(Q7‘A7/"L)7 we say fn_>f in LP Zf
| fn—fllp =0 asn—oco.

The mention of A or u in LP(2, A, u) will be suppressed whenever the
same is obvious from the context. For f,g € LP(Q2), f and g will be identified
with each other if f = g a.e. In other words, LP(Q2) will refer to the set of
partitions induced by the equivalence relation ~ which is defined as follows:
for f,g € LP(Q),

f~g < f=ga.e.

Let us fix 1 < p < oo for this subsection.

Theorem 3.4.1. If

d(fag) = ”f _ng’ fag S LP(Q)’

then d is a metric on LP(S2), in which, two functions are identified if they
are equal a.e.

Proof. The only non-trivial property of d to be checked is the triangle in-
equality, which follows from Theorem [3.3.3] O
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Definition. For measurable functions fi, fa, ..., fso from Q to R, say fn —

feo a.e. if .
,u ({w eQ: nh_{rgofn(w) = foo(w)} > =0.

Exercise 3.4.1. If f, — [ a.e. and |f,| < g, where f,, f,g are measurable
and g is integrable, then show that

nlggo/fndu_/fdu.

Theorem 3.4.2 (Scheffé’s lemma). Suppose f, fi1, fa, ... are measurable
functions such that 0 < f, — f a.e. Then f, — f in L' if and only if

nh_}nolo/fndp:/fdu<oo.

Proof. For the ‘if’ part, write

Ifn = £l Z/fndu+/fdu—2/(anf)du. (3.4.1)

Exc along with the fact 0 < f,, A f < f implies

Jm [(unsydu= [ fau.

This along with the assumed hypothesis implies that the right hand side of
(3.4.1) goes to zero as n — oco. Hence the ‘if” part follows.
The ‘only if’ part follows trivially from

‘/nw—/wﬁgmﬁﬁy

This completes the proof. O
Definition. For sets A1, As, As, ..., define
o0 o0
limsup A4,, = ﬂ U Ag,
n n=1k=n

and o =
lim inf A, = U ﬂ Ay .

n=1k=n
Theorem 3.4.3 (Borel-Cantelli lemma). Suppose that Y .7, u(An) < oo
for Ay, As,... € A. Then
W <lim sup An) =0.
n

44



Proof. Let B =limsup A,, and

00

k=n
Then B, | B. Since
u@ﬂzu(Lﬁ%)é}ZMmﬂ<w,
k=1 k=1
it follows that u(By,) | u(B). Hence it suffices to show u(By,) | 0.
Observing that for all n =1,2, ...,

w(Bn) <D p(A),
k=n

and that the right hand side goes to zero as n — oo, the proof follows. [

Theorem 3.4.4. For measurable f, f1, fo,... from Q to R, f, — f a.e. if
and only if

u(limsup [ fn— 1 >6]> =0 foralle > 0. (3.4.2)

Proof. Define
g =limsup|f, — f].
n—oo

Then [f, — f] =[g = 0]. For all € > 0,
lg9 > €] C [|fn — f| > ¢ for infinitely many n] = limsup [|f, — f| > €]

(3.4.3)
clg>e. (3.4.4)

Thus if g = 0 a.e., then (3.4.4)) implies
u(hwwﬂh—ﬂ>4)§u@26D=Q

which proves the ‘only if” part.
For the ‘if” part, assume (3.4.2). Let

[e.e]

§%=ﬂ<mﬁwﬂn—ﬂ>;>.

k=1
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Then

= (U (imsu 15 - ﬂ>1MD>

k=1 "

u <hmsup |fn — f1 > 1/’4)}

Mg/i\

IN

1

Il
=

9

(3.4.2)) implying the last line. Finally if w € Qq, then for k > 1,
c
€ <1imsup [|fn —f] > 1/k]> C g < 1/K],

(3.4.3) implying the set inclusion. Thus g(w) = 0, which implies f,, — f on
Qo. This proves the ‘if’ part. O

Theorem 3.4.5. If f, — f in LP, then {f,} has a subsequence which
converges to f a.e.

Proof. The hypothesis implies the existence of 1 < nj < ng < ... such that
| fow — fllp <47F E>1.
Then

i ([ = 11> 27 ]) = ([l = S0 >27%])  (345)

(Markov inequality) < 2*P / | fr, — fIP dpe (3.4.6)
=2\ fu, — £} (3:4.7)
< 27k, (3.4.8)

Theorem [3.4.3| implies that
| fax — f] < 27F for large enough F,

except on a set of measure zero. Hence f,, — f a.e. This completes the
proof. O

Theorem 3.4.6. The metric space LP(2) is complete.

Proof. Let {f,} be a Cauchy sequence in LP(Q2), that is, for all € > 0, there
exists N such that
| fin = fullp <&, mn>N.

This allows us to choose 1 < n; < ng < ... such that

I fi — fill, <47 for all 4,5 > ny, . (3.4.9)
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This by an appeal to Minkowski implies

1
<= - . 3.4.10
sup | fullp < 7 T max | fillp < o0 ( )

Another immediate consequence of (3.4.9) is that
||fnk+1 - fnka < 4_k, k >1.
Arguments similar to (3.4.5)—(3.4.8)) imply that

Theorem |3.4.3| implies

o0
Z|fnk+1 — fn,] < 00 ae.
k=1

Letting
Qo =

o0
Z|fnk+1 - fTLk| < OO] 9
k=1

it follows that for all w € Qq, {fn,(w) : & > 1} is a Cauchy sequence in R.
Since R is complete, limy_,o fn, (w) exists for all w € Q.
Let

f =limsup fy, .

k—o0

Since f,, — f a.e.,

[1swdn= [ tmint 15, d

k—o0

(Fatou’s lemma) < liggiorgf/ | fre P dp
< 00,

(3.4.10) implying the last line. Thus f € LP(Q2).
For a fixed k =1,2,3,..., (3.4.9) implies

Hf”k - fanp § 4_k, l Z k.
Thus

I = £ = [ 1o = 11
= /lilrggf’fnk — ful” dp
(Fatou’s lemma) < lilrgciélf/ | fon — o P du

< 47kp
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For n > ny, ||fu — fallp < 47F by ([3-4.9); Minkowski implies for such n,

1 = Fllp < o = Foillp + e = Fllp < 2172

This shows f,, — f in LP. In other words, every Cauchy sequence in LP({2)
is convergent. This completes the proof. O

Definition. For measurable f : Q — R, define
[flloo =inf{f0 < @ <oo:|f] < ael.

As before, L*(Q) = {f : |[fllco < oo} with the understanding that two
functions are considered the same if they are equal a.e. For f, fi, fo,... €

L), fr— fin L= if || fr — fllec — 0.
Exercise 3.4.2. Show that |f| < || f|lec a-e.
Exercise 3.4.3. Show that L () is a complete metric space.

Exercise 3.4.4. Show that Hélder’s inequality holds with p =1 and ¢ = oo,
that is,

gl < 1A lllglloo -
Exercise 3.4.5. If u(Q2) < oo, show that

Timn |1l = [1flle

Exercise 3.4.6. Show the following for fi,..., foo-

1. If f, = foo tn L°°, then show that there exist measurable functions
g1, - -5 Joo Such that

lim sup |gn(w) — goo(w)| =0,

n—oo weN

and
gn = fn a.e. form=1,2,...,00.
Since fn, and g, are considered identical elements of L>(§2), conver-

gence in L™ essentially means uniform convergence.

2. If fn = fx a.e., then show that there exist measurable functions
g1, - -+, Joo Such that

lim g, (w) = goo(w) for allw € Q,

n—oo

and
gn = fn a.e. forn=1,2,...,00.

In other words, a.e. convergence essentially means pointwise conver-
gence.
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3. If fr, = foo in L™, show that f,, — foo a.c.

Exercise 3.4.7. 1. For 1 < p < q < 00, show that neither of LP(R, \)
and LY(R, \) is a subset of the other, where X is the Lebesgue measure.

2. If n(2) < oo, show that
P DOLIQ)ifl<p<g< 0.

3. If n(2) = 1, then show that

1fllp <Nfllg f1<p<q<oo.

This is known as Lyapunov’s inequality.

4. Let P = LP (N, N, ,u) where p is the counting measure, for 1 < p < oo.
In other words,

o0
= {($1,$2,1‘3a---) ERN:Z]xn|p<oo} for1<p<oo

n=1
and

> = {(xl,a:Q,xg,...) e RN : sup |z, | < oo} .
n>1

Show that
Pl ifl<p<qg<o.

Exercise 3.4.8. Suppose 1 < p < q<oo and fi, fa,... € LP(Q)NLYQ). If
fn — g1 imn Lpa
fn = g2 in L9

and
fn— g3 a.e.,

show that g1 = g2 = g3 a.e.

3.5 Lebesgue-Stieltjes integration

Let p be the Lebesgue measure on (R, B(R)). As in (2.2.1), denote by pu*
the outer measure of y where F therein is replaced by B(R), that is,

p*(E) = inf{u(A): EC A, A€ B(R)}, E € 2%.
Asin , let
L(R) = {A e 2R N (E) = (ENA) + pu*(ENA°) for all E € QR} .

Lemma shows that £(R) is a o-field an p* is a measure on (R, L(R)),
which agrees with p on B(R) by Lemma [2.2.1]
The following is a minor observation.
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Theorem 3.5.1. If A € B(R) is such that u(A) =0, then B € L(R) for all
BcCA.

Proof. Suppose pu(A) = 0 for some A € B(R) and B C A. Since p* is
monotone by definition,

W (B) < 1 (4) = 0.
Thus for any E € 2R,
W (B0 B) + i (B0 BY) < i (B) + p*(E 1 B) = u*(E N B°) < i (E);
shows that B € £(R). This completes the proof. O

Denote

A(A) = 4 (A), A € L(R).
Thus (R, £(R), A) is a measure space.

Exercise 3.5.1. If A € B(R) is such that A\(A) =0 and B C A, show that
for any function g : R — R, glp is L(R)-measurable.

Soln.: If h = glp, then for any E C R\ {0}, h"'E C B C A and hence by
Theorem h~'E € L(R). For E C R such that 0 € E,

h'E = (h"Y(E9)) € L(R)
because h~1(E°) € L(R). This completes the solution.

Definition. For [a,b] C R, f : [a,b] — R is Lebesgue measurable if it is
measurable with respect to the o-field L([a,b]), defined by

L([a,b]) ={A e LR): AC [a,b]},

that is,
f~'B e £([a,b)) for all B € B(R).

If in addition, f[a b |f|dX\ < oo, then f is Lebesgue integrable and f[a B fdA
is the Lebesgue integral of f on [a,b]. The notations

/:f(z) da, /abfd)\ etc.

are also used for denoting the Lebesgue integral. As usual, define

/f(x)dx:/flAd/\,AeB([a,b]).
A

In particular, if A = [o, 8] C [a,b], then there is no conflict of notation in

defining
/jfd)\ = /Afd)\.
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Let us fix [a, b] C R for this subsection. Henceforth, “integrable on [a, b]”
will mean Lebesgue integrable.

Exercise 3.5.2. Suppose f : [a,b] — R is Lebesgue integrable. Define

—/xf(t)dt,agxgb.

1. Show that g is a continuous function.

2. If f is continuous at x, show that g is differentiable at x and its deriva-
tive at x equals f(x).

Theorem 3.5.2. If f : [a,b] — R is bounded and Riemann integrable, then
f is Lebesgue integrable on [a,b] and its Lebesgue integral equals its Riemann
integral.

Proof. Let [a,b] C R and f : [a,b] — R be bounded and Riemann integrable.
Let R denote its Riemann integral. Then

ogn
lim (b—a)2™" Zinf{f(x) ca+27"(i—1)(b—a) <z <a+27"i(b—a)} =R

n—00 4
=1

(3.5.1)
and

n—o0

lim (b—a)2™" Zsup{f(x) ca+27"(i—1)(b—a) < x < a+27"i(b—a)} = R.

(3.5.2)
Defining
P, = {{a}, (a,a+2""(b—a)l,...,(b—2""(b—a), b]} ,
=2 1A;2£f
AeP,
and fU Z 14sup f(x
Aep, €A
(B5-1) and (35.2) become
lim fEdx =R = lim fYdx.
n—oo [a,b] n— o0 [ b}
This in view of the observation
fl<m<..<f<..<f <7, (3.5.3)



show that {g,}, defined by

L L
a=fFe=a=1Hau=1,...,

is a Cauchy sequence in L! ([a, b], B([a, b]), \).

Theorem [3.4.6] shows there exists g € L'([a,b], B([a,b]),\) such that
gn — g in L'. Theorem M shows that each of {g2n—1}n>1 and {gon }n>1
has a subsequence that converges to ¢ in L'. In other words, there exist
1 <mj; < mg < ...such that

L
S, — g ae.
and 1 <nj <ng < ...such that
U
Jn, — 9 ae.

Denoting A = [f,{;k — g]ﬂ[]"g]c — g], (3.5.3)) shows that f = g on A. Further,
A € B([a,b]) and A([a,b] \ A) = 0. Thus

J=91a+ [l
Exc shows f1i,p\4 18 L£([a,b])-measurable. Thus so is f. Further,
f =g a.e. Hence g, — f in L'. This shows

/ fd\ = lim gnd\ = R,
[a,]

n—oo [(Z,b]
which completes the proof. ]

Definition. A function f : [a,b] — R is upper semi-continuous at = € [a, b]
if for all « > f(x), there exists € > 0 such that

fly) <a forally €z —e,x+elNJa,b].

On the other hand, f is lower semi-continuous at x if for all < f(x), there
exists € > 0 such that

fly) > B forally € [x—e,x+¢]N]a,b].
Exercise 3.5.3. 1. For f :[a,b] — R and x € [a,b], show that

(a) f is upper semi-continuous at x if and only if for all x,, € |[a,b]
with x, — =,
limsup f(z,) < f(2),

n—oo

(b) and f is lower semi-continuous at z if and only if for all x, €
[a,b] with ©, — x,

liminf f(z,) > f(z).

n—oo
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2. For f : [a,b] — R, show that f is upper semi-continuous if and only if
—f is lower semi-continuous.

3. If f,g are upper semi-continuous functions on [a,b], show that so if
f+yg.

4. If Ky,..., K, CR are compact sets and aq,...,an > 0, show that

n
Z @il g;n[a,b)
i=1

is an upper semi-continuous function on [a,b).

5. If Vi, Vo, ... C R are open sets and ay,ao,... > 0, show that

[ee]
> ailynjay
=1

is a lower semi-continuous function on |a,b].

Theorem 3.5.3 (Vitali-Carathéodory). If f € L'([a,b], B(|a,b]),\), then
for all € > 0 there exist an upper semi-continuous u and a lower semi-
continuous v on [a,b] such that u,v are integrable, u < f < v and

/ab(v—u)d/\<€.

The proof uses the following exercise.

Exercise 3.5.4. For all A € B(R) with A(A) < co and € > 0, there exist a
compact K and an open V with K CACV and A\(V\ K) < e.

Proof of Theorem[3.5.3. Let us first prove this for the case f > 0. Since f is
a Borel function, there exist simple Borel functions s,, such that 0 < s,, < oo
and s, T f. Denote sp = 0 and let

tn = 8n — Sp—1,n =1,2,...,
so that we get

f:Ztn.
n=1

Since each t, is a non-negative simple Borel function, there exist ¢1, ¢, ... >
0 and Ay, As, ... € B([a,b]) such that

f=) cila,. (3.5.4)
=1
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MCT implies
b [o¢]
/1fdA::§:qAQLy
a i=1

Since f is integrable, the series on the right hand side is finite. Fix € > 0
and let n be such that

o0

Z CZ/\(AZ) <

i=n+1

Exc shows there exist for i = 1,2, ..., a compact K; and open V; with
K, CA; CV; and

| ™

1 .
AV K;) < =27 e,

(]

Letting
n o
U= ZCilKi and v = Zcilwﬂ[mb],
i=1 i=1

(13.5.4]) shows u < f < wv. Exc shows u and v are respectively upper

and lower semi-continuous. Finally,

b b (D >
/ (v —u)d\ :/ (Z cily,nfapnke + Z CilVﬂ[uJﬂ) dA
a a i=1

1=n-+1
n o0
chiA(W\Ki)+ Z ciA(Vi)
=1 i=n+1
<22_i_15+ Z ciA(Vi)
i=1 i=n+1
=327 e+ Y aMA) + Y Vi \ Ay
i=1 i=n+1 1=n+1
NI e
i=1 2 i=n+1

=c.
This completes the proof for the case f > 0.
For an integrable f, not necessarily non-negative, use the above to get

0<u < ft<w and 0 < uy < f~ < w9, where uj,us are upper semi-
continuous, v1, v are lower semi-continuous and

b 9
/(vi—ui)d)\<2,i:1,2.
a

Letting v = u; — v and v = v; — ug, the proof follows. O
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Exercise 3.5.5. If f : [a,b] — [0,00] is a Borel function such that

b
/ fd\ = oo,

show that

b
sup {/ udXh: 0 <wu< f, u upper semi-continuous integrable on [a, b]}
a
= 0. (3.5.5)

Soln.: If f : [a,b] — [0,00] is a Borel non-integrable function, then (3.5.4)
still holds for some ¢y, cg, ... € [0,00). MCT implies

=1

Thus for any «a < oo, there exists ng such that
ng
Z CZ)\(AZ) > .
i=1

As before, compact sets Kj,..., Ky, can be chosen such that K; C A; for
it = 1,...,np, which is possible because Aj,..., A,, are bounded sets and
hence has finite Lebesgue measure, and

no
Z C,)\(Kz) > .
=1

Setting

no
u = E Ci]-Kia
=1

it follows that u > 0 is upper semi-continuous and
b 70
a < / u(z)dx = Zci)\(Ki) < 00.
a i=1

Since a < oo is arbitrary, (3.5.5)) follows, which completes the solution.

Exercise 3.5.6. If F : [a,b] — R is differentiable, that is, its right derivative
exists on [a,b), the left derivative exists on (a,b] and the two agree on (a,b),
then show that the derivative of F' is a Borel function.

Unless mentioned otherwise, f’(z) denotes the derivative of f at x if it
exists.
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Theorem 3.5.4 (Fundamental theorem of calculus). Suppose f : [a,b] — R
is differentiable and [ is integrable on [a,b], that is,

b
/ |f(z)]dx < .

Then b
| F@ e =10 - fa).
a
The following lemma is the main content of the proof.

Lemma 3.5.1. If f : [a,b] — R is differentiable and u : [a,b] — R is
integrable and upper semi-continuous on [a,b] with u < f', then

b
/ u(@)dz < F(b) — f(a).

Proof. Let u, f be as given in the hypothesis. For any z € [a,b), fixed for a
moment, u(z) < f’(x). Upper semi-continuity of u at  implies there exists

0< 59(51) < b — x such that
u(t) < f'(x) forall 2 <t <z + 0.

Fix e > 0. The definition of derivative implies there exists 0 < 69(62) <b—=x
such that

f(t) — f(z)

. > fl(x)—eforallz <t <z+0?.
-z

Define 6, = o4 A 6(2.
For all x € [a, b], define

F(o)= [ u(t)dt — f(@) + fa) ~<(a — a).
For fixed = € [a,b) and z <y < z + d,,
F(o) = F@) = [ ule)dt = 1) + (@) — ey )

(choice of §(M) < /y fl(x)dt — f(y) + f(z) —ely — x)
(y—

o) f'(z) = fly) + f(z) —e(y — x)
fly) = flz)
Yy—x

(choice of 5?) < (y — z) ( n ) F) + f(2) ey — )

=0.
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That is,
F(z) > F(y) whenever z <y <z +J,. (3.5.6)

Let « = a+ d, and fix a < 8 < b. Since

[, B] C U (x,x+ 6z),

z€[a,b)

the Heine-Borel theorem implies that there exista < z1 <z < ... <z, <b
such that

n
U Ti, Ti + Og;)
Thus 8 € (@i, i, + 0z, ) for some_zl, which along with shows that
F(B) < Fxi,).-
Either 71 = 1 or there exists i9 < 47 such that
F(xi) < F(xy,) .
Proceeding inductively, it can be shown that
F(B) < F(z1) < F(a)

by choice of §, because 1 < o = x + d,.
Letting 6 1 b and using continuity of F', which follows from Exc [3.5.2
shows F'(b) < F(a) = 0. In other words,

b
/ w(t)dt < F(b) — f(a) +e(b—a).
Since ¢ is arbitrary, the proof follows. O

Proof of Theorem[3.5.4 Fix ¢ > 0. Since f’ is an integrable Borel func-
tion on [a,b], Theorem [3.5.3] shows there exists an upper semi-continuous
integrable u on [a, b] such that v < f" and

b
/(f’—u)dk<e.

Since u — ¢ < f’, Lemma shows that

b
) — f(a) > / (u — £) dA

:/:ud)\—e(b—a)

>/bf’d)\—6(1+b—a).
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Since ¢ is arbitrary, it follows that

b
f(b) — fa) > / fldx.

a

Replacing f by — f, the reverse inequality follows, which completes the proof.
O

The following is another version of the fundamental theorem of calculus,
and is important for probability theory.

Theorem 3.5.5. If F': [a,b] — R is non-decreasing and differentiable, then

b
/ F'(w)dz = F(b) — F(a).

Proof. Let F be as given. In view of Theorem [3.5.4] it suffices to show that

b
/ F'(z)dz < 0.

Exc|3.5.5| would imply the above once it is shown that

b
sup { / ud): 0 <u < F', u upper semi-continuous integrable on [a, b]}
(3.5.7)

< 00.

For any upper semi-continuous integrable u with 0 < u < F’, Lemma m
applied to u — 1 shows that

/b(u —1)dA\< F(b) — F(a).

Hence the quantity in (3.5.7)) is at most F'(b) — F'(a) + b — a and hence finite,
from which the proof follows. O

Definition. Let F' : [a,b] — R be a non-decreasing right continuous func-
tion. Fxtend F to R by

(3.5.8)

Flz) = F(a), ifz<a,
F(b), ifx>0,

and denote by pur the Riemann-Stieltjes measure of F as in (2.5.1). For any
Borel function f : [a,b] — R, the Stieltjes integral of f with respect to F is
defined by

(@) F(d) = / Fdur,
[a,b] [a,b]

whenever the right hand side is defined. The Stieltjes integral on the left
hand side is also denoted by f[a n f A, f[a B f(x)dF(x) etc.
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It should be noted that when F is the identity function, that is, F'(z) = z
for all z € R, up is the Lebesgue measure. Hence the Lebesgue integral is a
special case of the Stieltjes integral (for Borel functions). Furthermore, the
use of the notation f[a,b] f(z) dx for the Lebesgue integral is also justified by
taking F' to be the identity function (and hence interpreting F'(dz) as dz)
in the Stieltjes integral.

Recall that P = (zg,z1,...,Ty) is a partition of [a,b] if a = xo < 1 <
... <z, = b whose “mesh” is

1r§nz‘1£n (x; —xi—1) -

For such P and a function f : [a,b] — R, the upper and lower Stieltjes sum,
denoted respectively by U(P, F, f) and L(P, F, f), is defined by

3

UP,F,f)=>Y (Flz;)— F(xii1)) sup  fla),

i=1 xi-lS-’ESCEi

and
n

L(P,F, f) =) (F(z;) = F(z;-1)) inf  f(x).

‘ zi—1<x<z;
=1

When F' is the identity function, the upper and lower Stieltjes sums become
the respective Riemann sums.

Theorem 3.5.6. Suppose F : [a,b] — R is a non-decreasing right continu-
ous function, and P, is a sequence of partitions of [a,b] whose mesh goes to
zero as n — oo. Then for any continuous f : [a,b] — R,

lim U(P,, F, f) = f(x)F(dz) = nlgrgo L(P,,F,f).

n—o0 [a,b}

Proof. Fix n =1,2,... and denote P, = (xg, ..., x). Define
k
fa(@) = f@1@ () + Y Ly a)(®) sup  f(z),a<z<b.

i=1 mi—lSZSfEi

Denote by pr the Riemann-Stieltjes measure of F' which is extended to the
whole of R by (3.5.8)). It is easy to see that

[ }fndﬂF:U(Pvaf)'
a,b

Fix € > 0. Since f is continuous on [a,b], it is uniformly continuous.
Hence there exists § > 0 such that

1f(z) = fy) <eif |z —y| <0, z,y €[a,b].
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For n large enough such that mesh of P, smaller than ¢, it is immediate
that
fal@) — f@)| < a<a<b.

Hence for such n,

U(Pn, F, f) - - f(x)dF (x)

<e(F(b) — F(a)) .

/ (Fo— 1) dur
[a,b]

Since € is arbitrary, it follows that

lim U(P,, F, f) = f(z)F(dz) .
n—oo [a,b]
A similar argument works for L(P,.F, f) and completes the proof. O

Exercise 3.5.7. Suppose (Q, A, 1) is a measure space and f : Q — [0, 0]
1s measurable. Define

v(A) = /Afdu, Aec A. (3.5.9)

1. Show that v is a measure on (2, A).

2. Show that for any measurable function g : Q — R,

/gdu = /gfd,u, (3.5.10)

whenever either side is defined. This is known as the “change of mea-
sure” formula.

Definition. Suppose (2, A) is a measurable space on which u and v are
measures. If there ezists f : Q — [0, 00] such that (3.5.9)) holds, then f is a
density of v with respect to u, and we usually denote

_dv

=

In view of the above definition, (3.5.10) becomes

/gduz/gdljd,u.
dp

Exercise 3.5.8. Suppose (2, A) is a measurable space on which p and v
are measures. Assume v is a o-finite measure. Show that if f and g are
densities of v with respect to u, then f =g a.e.

S
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Exercise 3.5.9. If i and v are finite measures on ([a,b], B([a,b])) satisfying

u((a,ﬁ]) = V((a,ﬁ]) foralla<a< B <b,

then show that p and v are identical.
The following theorem justifies the substitution
dF(z) = F'(z) dz
whenever F' is differentiable.
Theorem 3.5.7. If I : [a,b] — R is differentiable and non-decreasing, then

for a Borel function f : |a,b] — R,

b
@i = / f(@)F'(x) d,

whenever either side is defined.

Proof. Let F be extended to the whole of R by (3.5.8) and pp be the
Riemann-Stieltjes measure of F. Let v be the measure on ([a,b], B([a,b]))
defined by

v(A) = /AF/(Q:) dz, A € B([a,b]).

Theorem [3.5.5 shows that for a < a < 8 <b,

B
v (0, B]) = / F(2)de = F(8) — F(a) = up (o 8]) -

Exc [3.5.9 shows pip = v on [a, b).
For f : [a,b] — R Borel, (3.5.10) shows

/[a,b] fdv = /abf(:v)F’(x) dr,

whenever either side makes sense. Since v = g, the left hand side is the
same as f[a b] fdF, from which the proof follows. O

Exercise 3.5.10. Suppose (21, A1, 1) is a measure space, (22, Ag) is a mea-
surable space and T' : 11 — Qg is a measurable map. Then for a measurable
f: Q9 = R, show that

F(T(w)) pldw) = | f(x) poT ! (dx), (3.5.11)
92 Q2

whenever either side makes sense. This is the so-called change of variables
formula for push-forward measures.
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Theorem 3.5.8. Suppose F' : [a,b] — [c,d] is strictly increasing and con-
tinuous. Then for a Borel f : [c,d] — R,

fly)dy = foF(x)dF(x).
[c,d] [a,b]
Proof. If ur is the Riemann-Stieltjes measure of F', (3.5.11]) shows

foF(zx)dF(z) = / fdupoF~1 (3.5.12)

[a,b] [c,d]

whenever either side is defined.
Forc < a< g <d,
r o F7 (0, B) = pur (F~(ax, )
(F is a bijection) = up ((F_l(a),F_l(ﬁ)])
=F (F7(8)) = F (F~(a))
= /8 —
=A ((av /BD )
where ) is the Lebesgue measure. Exc shows pup o ! and \ agree on

[c, d]. Hence the right hand side of (3.5.12)) equals fcd f(y) dy and hence the
proof follows. O

The next theorem, which follows from Theorems and justifies
the following substitution:

y=Fx), dy=|F(2)|ds.

Theorem 3.5.9 (Change of variables formula for Lebesgue integration).
Suppose U CR and V C R are open sets and F : U — V 1is a differentiable
bijection. Then for f :V — R Borel,

| fwyay= [ foF@IF@]ds (3.5.13)
1% U

whenever either side is defined.

Proof. Let us first consider the case where f > 0, U = (a,b) and V = (¢, d).
For any a < a’ < ¥ < b and [¢,d'] = F([a,b]), Theorems [3.5.7] and |3.5.8|
show that

Jiw o1 f o Fz)F'(x) d, F increasing,
/ fly)dy = {1 : ,
[¢,d] f[a',b’] foF(x)(—F'(z))dz, F decreasing.

In both the cases, the right hand side equals

/ fo F(2)|F(z)|dz.
']
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Letting @’ | a and b’ 1 b with the help of MCT implies

b d
/ f o F(a)|F(z)|dz = / f(w)dy.

This proves when U = (a,b) and V = (c¢,d). Since any open set
in R is the union of countably many disjoint open intervals, follows
for open sets U and V when f > 0. Finally for a general f measurable, the
standard argument of f = fT — f~ proves it whenever either side of
is defined, which completes the proof. O

Remark 3.5.1. The formula (3.5.13|) becomes wrong if the modulus sign on
F'(x) on the right hand side is removed.

3.6 Expectation

In this subsection, (2,4, P) is the probability space on which the random
variables talked about are defined, unless specified otherwise.

Definition. For a random variable X, its expectation E(X) is defined by

E(X) = /Q X dP,

whenever the right hand side is defined. As usual, X is an integrable random
variable if

/]X]dP<oo.
Q

The word “mean” is an often used synonym of “expectation”.

Theorem 3.6.1. For a random variable X > 0,
o0
E(X) :/ P(X >z)dx.
0

Proof. We first show this when X is finite and simple, that is, it takes values

63



0<51<...< 8, <o0. In this case,

/ P(X>x)dac—/nP(X>x)dx
0 0
(pu‘55020):z:/2 P(X > z)dx
i=1 " %i-1

= (Si - Sifl)P(X > 52;1)

=> (si—sii1) Y P(X =s)
i=1 j=i

= PO =) Y (s i)
j=1 i=1

= Z SjP(X = Sj)
j=1

= E(X)

the last line following from the definition of integral for a simple non-negative
function.

For X > 0 which is not necessarily simple or finite, there exist simple
functions 0 < X,, < co with X, 1 X. Then for all z, [X,, > z| 1 [X > z]
and hence

P(X,>z)TP(X >z),z>0.

We have already shown
o0
E(X,) = / P(X, >x)dx.
0

Letting n — oo with the help of MCT completes the proof. O

Exercise 3.6.1. If X is a random wvariable whose expectation is defined,
show that

E(X):/OOOP(X>x)d:c—/O P(X < 2)dz.

Henceforth, all random variables X are assumed to be “proper”, that is,

X # t+oo as.

)

Here and elsewhere, “a.s.” or “almost surely” simply means “with probabil-
ity 1”7. In other words, almost everywhere and almost surely mean the same
thing, except that the latter is used for a probability space.
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Theorem 3.6.2. For a random variable X and a Borel function f : R — R,
B((X) = [ S@P(X € da).
Proof. Follows from and the tautology
PoX1(A)=P(X € A), Ac B(R),
a consequence of which is
/R F@)P(X € dz) = /R F@)P o X~ (dx)

whenever either side is defined. OJ

Definition. For a random variable X, a Borel function f : R — [0,00] is a
density of X if

P(X e A)= / f(z)dx for all A € B(R), (3.6.1)
A

that is, if f(x) = P(/\)((C%x) where X is the Lebesque measure.

Theorem 3.6.3. If a random variable X has a density f, then for any
measurable g : R — R,

B(o(X) = [ g(0)f(@)da
whenever either side is defined.

Proof. Follows from (3.5.10)) and Theorem m O

Theorem 3.6.4. If the CDF F of a random variable X is differentiable,
then F' is a density of X.

Proof. Follows from Theorem [3.5.5 O

Exercise 3.6.2. If X is a discrete random variable, that is there exists a
countable set C' such that P(X € C) =1, then show that X is integrable if
and only if

Z |z| P(X =) < o0,

zeC

and in that case

BE(X)=) 2P(X =uz).

zeC
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Definition. For a random variable X with E(X?) < oo, its variance is
defined as

Var(X) = E [(X - E(X))2] .
The convention is to declare Var(X) = oo whenever E(X?) = co.

Exercise 3.6.3. For a random variable X with finite variance, show that
Var(X) = E(X?) — 4,
where p = E(X).

Definition. For random wvariables X and Y such that X,Y, XY are inte-
grable, the covariance of X and Y is defined by

Cov(X,Y) = E[(X —E(X))(Y —E(V))] .
Exercise 3.6.4. Show that
|Cov(X,Y)| < v/Var(X)Var(Y).

Hint. Use Theorem (Cauchy-Schwarz inequality).
Exercise 3.6.5. Show the following.

1. If Cov(X,Y) is defined, then

Cov(X,Y) =E(XY)-EX)E(®Y).
2. If X has a finite variance, Cov(X, X) = Var(X).
3. If Cov(X,Y) is defined, then

Cov(aX +7,BY +6) = afCov(X,Y),a,B3,6,7 € R.

4. If X1,..., X, have finite variances, then

Var <i1 XZ-> = iVar(Xi) +2 Z Cov(X;, Xj).

1<i<j<n

4 Measures in higher dimensions

4.1 Riemann-Stieltjes measures on R?

Definition. The Borel o-field on R? is defined by
B(RY) =& ({U CRY:U is open}) .
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Let H be the collection of all half-open (left open, right closed) bounded
rectangles, that is,

H={(a1,b1] x ... X (ag,bq] : —00 < a; <b; <oofori=1,...,d}.
Exercise 4.1.1. Check that
o(H) = B(R?).
For a function F : R? — R and R = (a1,b1] X ... X (ag,bg] € H, define

ARF = > (—n)#lEm=ad pigy o rg) . (4.1.1)

(x1,-zq)€{ar,b1}x...x{aq,ba}

Definition. A4 measure p on (R%, B(R?)) is Radon if u(K) < oo for all
compact K C R,

Theorem 4.1.1. If F : RY — R is a function which is continuous from
above and satisfies ARF > 0 for all R € H, then there exists a unique
Radon measure p on (RY, B(R?)) such that

u(R) = AgF, forallReH. (4.1.2)
Proof. Let F : R® — R satisfy the assumptions, that is,

lim F(yi,...,ya) = F(x1,...,zq) for all (x1,...,24) € R?,
Y1do1,YadTa
(4.1.3)

and
ArF >0forall Re H. (4.1.4)

Step 1. The function R — ARrF is a finitely additive set function on H,
that is, for disjoint Ry,..., R, € H such that R= Ry U...UR, € H,

ARF = zn: ApF.
=1

Proof of Step 1. For R = (a1,b1] % (ag,bq) € H, and = = (z1,...,24) € R
define

—1)#Ezi=ail b} x ... b
Sgn($7 R) _ ( ) b X e {a/17 1} X X {a/d7 d}7
0, otherwise .
That is, sgn(z, R) is zero unless z is a vertex of R.
Rewrite (4.1.1)) as
ARF = Z sgn(z, R)F(x).

r=(z1,...,z4)€{a1,b1} X...x{aq,ba}
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Suppose R = (a1,b1] X ... X (aq,bq] € H and for some nq,...,ng € N,

a; = a0 < ;1 < ...<Qjn,; :bi,izl,...,d.
Let
d
Ry, kg = H (@i -1, Qi) 1 < ki1 <ny,...,1 <kg<ng. (4.1.5)
i=1
We shall first show that
ni ng
> ) A, F=AgF. (4.1.6)
ki=1  kg=1

The LHS above equals

ni ng
SF@) Y .Y sen(z, Reyk) (4.1.7)
T€EA k1=1 kqg=1

where A = Hle{aivo,aiyl, c. ,ai’m}. Let AO = {al, bl} X ... X {ad, bd} and
observe that for z € Ay, there exists unique k1, ..., kg such that

sgn (z, R, k,) 70,
and for this k1,..., kg,
sgn (z, Ry, ... k,) = sgn(z, R) .
Thus, the quantity in (4.1.7)) equals
ni ng
Z sgn(z, R)F(x) + Z F(x) Z Z sgn (z, Ry, ky) -
T€A xEA\AO k1=1 kd:1

Since the first term above is the same as AgrF, (4.1.6) would follow once it
is shown that

ni ng
> ) sen(w, Re,k,) =0,z € A\ Ag. (4.1.8)
k1=1 kg=1

Fix . = (z1,...,24) € A\ Ag. Then there exists i € {1,...,d} such that
x; = Q;y, for some 1 <wu; <n; —1.

Thus for 1 < ky < nq,...,1 < kg < ng, x is not a vertex of Ry,  x, by
(4.1.5), unless k; equals either u; or u; + 1, that is,

sgn (z, Ry, k) = 0if k; & {ui,u; +1}.
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Further,

sgn (.TJ, Rkl,...,ki,1,ui,ki+1,...,kd) = —sgn ($, Rk)1,...,k’i,17ui-‘r1,k‘i+1,...,kd) .

Thus (4.1.8) follows which proves (4.1.6)).

To complete the proof of Step 1, let Ri,..., R, € H be disjoint such
that R=R;U...UR, € H. Let R = (a1,b1] x ... x (aq,bq] € H and

ai:ai’g<ai,1<...<ai’m:bi,i:1,...,d,

be such that vertices of Ry,..., R, belong to H‘Ll{ai,o,ai’l, ey Qip, b If

Rpy,.. kg 15 as in 4.1.5), then
either Ry, k, C R;or Ry, k, N R = 0,

for 1 <k <nq,...,1<kg<ngandi=1,...,n. Use (4.1.6) to write

ARF = > Ag,, o F

1<k1<ng,...,1<kg<nq

= Z Z ARkl ,,,,, de

i=1 1<ki1<n1,...,1<kqg<ng: Rp,;
n
S
i=1
(4.1.6) being used again in the last line. This completes the proof of Step
1. O
Step 2. If Ri,Rs € H and Ry C Ry, then ARlF < AR2F.

Proof of Step 2. Follows from (4.1.4) and Step 1 by observing that Ry\ R =
S1U...US, for some disjoint S1,...,S5, € H. O

Step 3. If R = (a1,b1] X ... % (agq,bq] € H and for € > 0, R. = (a1,b; +¢] X
. X (aq,bq + €], then
lim Ap.F = ApF .

Proof of Step 3. Follows from (4.1.3)). O
Step 4. If R = (a1,b1] x ... X (aq,bq] € H,

lim YA, / F = ARrF.
a’lial,...,a/d\l,ad (al,bl]X...X(ad,bd] R

Proof of Step 4. Follows from (4.1.3)). O
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For the next several steps, fix n = (ny,...,ng) € Z% and let
Qp=m1—1,m]x...x(ng—1,n4],

and
Sp,={0}U{ReH:RCQ,}.

Step 5. The collection S, is a semi-field on €2, and p, : S, — [0, 00) defined
by
un(R) = AgrF,0 £ R€ S,,

and g, (0) = 0 is a finitely additive set function.

Proof of Step 5. That S,, is a semi-field is immediate. Finite additivity of
tr, follows from Step 1. U

Step 6. Let F,, = {A1U...UA;: Ay,..., Ay € S, are disjoint}. Then F,
is a field on €,,. Extend u, to F, by

k
pn(ALU. . UAR) = pn(Ai), Ar,. .., Ay, € S, are disjoint .
i=1

Then ., is well defined on F,, that is, different representations yield the
same definition, is finitely additive on JF,,, monotone on JF,, finitely sub-
additive on F,, and countably super-additive on F,.

Proof of Step 6. Follows from Step 5 and Theorems and O
Step 7. The set function u, is countably additive on S,,.

Proof of Step 7. Let Ry, Ra,... € S, be disjoint such that
R=RiURyU...€S8,.

In Step 6, u, is shown to be countably super-additive, that is,
0o
fin(R) > Zﬂn(Ri) .
i=1
Thus, countable additivity would follow once it is shown that
oo
pn(R) < Zﬂn(Ri) : (4.1.9)
i=1

Let R = (a1,b1] X ... x (aq,bq] and for i =1,2,...,

RZ‘ = (aiyl, bi71] X ... X (aLd, bi,d] .
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Fix § > 0. Use Step 3 to get ¢; > 0 such that ARiF < Ag,F + 275 where
Rz‘ = (ai71, bi71 + 8,‘] X ... X (a@d, bi,d + 81‘] .
Fix a € (a;,b;) for i = 1,...,d. Since

[a’l,bl] X ... X [ail,bd] CR= U R, C U(ai71,bi,1 +€i) X...X (ai,d,bi,d—i-ai) ,
i=1 i=1

the Heine-Borel theorem implies

k

[all, bl] X ... X [a&, bd] C U(aivl’ bi,l + Ei) X ... X (ai’d, b@d + Ei)
i=1

for some finite k. Letting R’ = (a},b1] X ... x (al, b, it follows that
R/CQnﬁ (RlU...URk> .

Monotonicity and finite sub-additivity of u, shown in Step 6 implies

k
Nn(R/) < Z Nn(Rz N Q)

k
(Step2) <Y AR F

(choice of ;) < Z (ARZ.F + 2"5)

Zﬂn(Ri) .

=1

I
>
+

Since ¢ is arbitrary, it follows that
pn(R') < ZMH(RZ') .
i=1

Letting @ | a1, ..., a}; | aq and using Step 4, (4.1.9) follows. This completes
the proof of Step 7. O

Step 8. The set function p, can be extended to a measure on (£,,0(Sy)).

Proof of Step 8. Follows from Step 7 above and Corollary of the ex-
tension theorem of Carathéodory. O
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Step 9. If
w(A) = 3 (AN ), A € BRY,

nezd
then y is a Radon measure on (R, B(R?)) satisfying
W(R) = ApF ,ReH. (4.1.10)

Proof of Step 9. As py, is a measure on (Qy,,0(S,)) for each n € Z¢ by Step
8 and (Q, : n € Z9) is a partition of R? p defined above is a measure
on (R4 B(R%)). For R € H, as R is bounded and non-empty, there exist
ni,...,n; € Z%such that RNQy,, #0fori=1,...,kand R C Q,,U...U8Q,, .
Thus,

k
W(R) = Z fin; (R 0 Q)
=1

k
(@ ?é RN Qm € Snz) = ZAROQMF
1=1

(Step 1) = ARF,

showing (4.1.10). To see that u is Radon, for any compact set K C R<,
there exists n € N such that R = (—n,n]? > K. Thus

n(K) < p(R) = ArF',

by (4.1.10). This shows p is a Radon measure and completes the proof of
Step 9. O

Step 10. The measure u is the only measure on (R? B(R%)) satisfying

[@1.10).

Proof of Step 10. Suppose 4’ is a measure on (R?, B(RY)) such that (4.1.10)
holds with p replaced by p/. Then p and p’ agree on H, and hence on

d
S = {Rdﬂn(ai,bi] oo <a; <b; < OO} R
i=1

because for every set in S there exist sets in H increasing to the former.
Further, p and p’ are o-finite on H and hence on S which is a semi-field

that generates B(R?). Corollary shows p and g/ agree on B(RY), as
claimed in Step 10. O

Steps 9 and 10 complete the proof of the fact. O

Definition. For a function F : R — R satisfying the hypotheses of The-
orem the unique measure p on (RY, B(RY)) satisfying [@.1.2)) is the

Riemann-Stieltjes measure of F'.
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Remark 4.1.1. A function F satisfying (4.1.3) and (4.1.4) is not neces-
sarily monotonic. For example, F : R? — R defined by

F(z,y) = zy,
satisfies (4.1.3)) and (4.1.4), though F' is not monotonic because
F(0,0)=0< F(1,1) = F(~1,-1) = 1.

That is, x1 < xo and y1 < yo imply neither F(x1,y1) < F(x2,y2) nor

F(x1,11) > F(x2,12).

Theorem 4.1.2. For F : R — [0,1], there exists a probability measure P
on (R% B(RY)) such that

d
P <H(—oo, xz]> = F(z) for all z = (x1,...,x4) € RY, (4.1.11)

i=1
if and only if F is continuous from above, AgrF > 0 for all R € H,

lim F(zy,...,xq) =1 (4.1.12)

T1—00,...,Lg—>00

and
lim F(zy,...,2q) =0 (4.1.13)

ri1—>—oo,,..,:cik—>—oo
for all 0  {ir,... i} C{1,...,d} and fized z; € R for all j € {1,...,d} \
{1, ik}

Proof. For the ‘if’ part, suppose F' is continuous from above, AgrF > 0 for

all R € H and (4.1.12) and (4.1.13) hold. Theorem shows there exists
a measure P on (R? B(R?)) such that

P(R)=ArF, REH.

Fix x = (x1,...,24) € R® and put R, = (z1 —n,21] X ... x (x4 — n, x4] for
n=12,...to get
P(R,) = Ag, F.
Letting n — oo, (4.1.13]) shows the right hand side converges to F'(x). Since
R, 1[I, (—00, z;], @.1.11)) holds. Putting 21 = ... = x4 = n in ({E1.11)
and letting n — oo, (4.1.12]) shows
P(RY =1.

Hence P is a probability measure, that is, the ‘if’ part follows.
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Conversely, suppose a probability measure P satisfying (4.1.11]) exists.
Observing that for R € H,

d
P(R) = /R I 2 pg(@i) dP(as, . .. 2q)

i
d
= [ I 0@ = 1 sag(@) dPar... o
i=1
= ARFa

it follows that AgF > 0 for all R € #. For 2™ = (2", ... 2("V) € RY for
n=1,...,00 such that
xgn)¢x<oo),n—>oo,i: 1,...,d,

)

it holds that .
_ (n) _ ()|
(ot 4 T (oot

Since P is a finite measure, it follows that

i=1

F(z™) | F(2(*)).
This shows continuity from above of F'. Finally, (4.1.12]) and (4.1.13)) follow

by similar arguments. Hence the proof follows. O

Definition. For random wvariables X1,..., Xq defined on some probability
space (0, A, P), their joint C.D.F. is defined by

F(a;):P(Xlgxl,...,Xded),x:(ml,...,xd)GRd.

Theorem 4.1.3. If F : R — [0,1] is right continuous satisfying AgF > 0
for oll R € H, (4.1.12) and (4.1.13)), then there exist random wvariables

X1,...,Xg defined on some probability space whose joint C.D.F. is F.

Proof. Theorem shows the existence of a probability measure P on R?
satisfying (4.1.11)). Let Q = R? A = B(R?) and define Xi,..., X4 on Q by

Xi(x) =z, x = (21,...,2q) € R,

fori=1,...,d. It is trivial to check that F' is the joint C.D.F. of X1,..., Xy.
O

Exercise 4.1.2. Suppose F is the C.D.F. of X1,...,X4. Prove or disprove
that for x = (x1,...,14) € RY,

P(Xlzafl,...,Xd:$d):0

if and only if F is continuous at x.
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4.2 The Lebesgue measure on R

Definition. The Riemann-Stieltjes measure of F, which is defined on R?
by

d
F(Il,...,l‘d) :H$i, (xl,...,xd) ERd,
=1

is the Lebesgue measure on R? and is usually denoted by \g or .

Throughout this subsection, A denotes the Lebesgue measure on R<,
where d is fixed once and for all, and hence the subscript d in Ag is unnec-
essary. The following definition extends the definition of density given by
(13.6.1]).

Definition. For an R%-valued random variable X = (X1,...,X4), a Borel
measurable function f : R? — [0,00] is a density of X or a joint density of
(X17 o 7Xd) Zf

P(X € A) = / f(x) X(dzx) for all A € B(RY). (4.2.1)
A

Exercise 4.2.1. Given an R%-valued random variable X = (X1,...,Xq),
show that a Borel function f: R? — [0,00) is a density of X if

P(Xlgml,...,ngmd)—/( Fly) Mdy).

00,1]X... X (—00,z4]

We shall denote by R? and R are the interior and closure of R, respec-
tively.

Exercise 4.2.2. For R = H?zl(ai, bi] € H, show that
AR) = MR%) = AR) = [[(bi — ai).-

Throughout this subsection and elsewhere, x € R? is to be interpreted
as a d X 1 matrix, that is, a column vector of length d. The following is the
main result of this subsection.

Theorem 4.2.1. Suppose f : R — R? is defined by
flx) = Az +b
where A is a d x d non-singular matriz and b € R, then

A (f(B)) = | det(A)|\(B) for all B € B(R?). (4.2.2)
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Proceeding towards the proof, we start with defining “vertices” of a
rectangle.

Definition. For R = [[_,(ai,b;] € H, the set of its vertices v(R) is defined
by

d
v(R) = [ [{ai,bi}.
i=1
The proof of Theorem [.2.1] relies on the following few lemmas, the first

of which is stated in more generality than is immediately needed, for a later
requirement.

Lemma 4.2.1. Suppose U C R is an open set. If ui, us are Radon mea-
sures on (RY, B(RY)) such that ju1(U€) = puo(U¢) = 0 and

p1(R) < pa(R) for all R € H for which R € U and v(R) € Q%
then py(B) < pz(B) for all B € B(RY).

Proof. We shall first show that the given assumption implies
p1(R) < pa(R) for all R € H with v(R) € Q?. (4.2.3)

Fix R = [[7(ai,b;] € H with v(R) € QL Let Ryj,... Ry be the
2¢ rectangles in H obtained by bisecting each side of Ry, that is, for each

j=1,...,2¢
d

Ry = H(ai,ﬂi],

i=1
where for every i = 1,...,d, either a; = a; and 3; = (a;+b;)/2 or B; = b; and
a; = (a; +b;)/2. Forn > 2, let Ry 1, ..., R,, 9an be the rectangles obtained
by bisecting the sides of Ry—11,..., R, 9(n-1)a. Define

B, = U Ryj,n>1.
1<j<2dn . R, ;CU

The given hypothesis, along with the observation v(R,;) € Q%, implies

p1(Bp) < pa(Bp), n > 1.

Since U is an open set and the diameter of R,, ; is 27" times the diameter
of R, it is immediate that

B, tTRNU.

Continuity of measures from below implies

p(RNU) < pe(RNU),
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which in conjunction with the assumption that ui, us are supported on U

shows (4.2.3)).
Fix N € N and define

d
S = {H(ai,bi]:—NSaiSbiSNand for all 1 <14 <d, ai,bie(@} _
i=1

Thinking of S as a collection of subsets of Qy := (=N, N]¢, it is immediate
that S is a semi-field on Q2p. Since the restrictions of pui, pe, which are
Radon measures, to 2, is finite, with the help of standard measure theoretic
arguments using the monotone class theorem, implies

p1(B) < pa(B) for all B € B(RY), B c (~N, N]¢.
Finally, the observation
. ‘ B AN _
A}E)noom (Bﬂ( N, N] ) wi(B),i=1,2,

completes the proof. O
An immediate corollary of the above lemma is the following.

Corollary 4.2.1. If yu1, po are Radon measures on (RY, B(R?)) such that
u1(R) = p2(R) for all R € H with v(R) € Q%

then py, po agree on B(R?).

Proceeding towards the proof of Theorem the following lemma
shows that like in 1-dimension, the Lebesgue measure on R¢ is translation
invariant.

Lemma 4.2.2. For B € B(R?) and z € R?,
A(B +2) = A(B),
where B+ ={y+x:y € B}.

Proof. Follows from Exc and Corollary O

The next lemma, taking us closer to the proof of Theorem tells us
that it suffices to check (4.2.2) for one Borel set B with 0 < A(B) < oo.

Lemma 4.2.3. If f and A are as in the statement of Theorem then
there exists 0 € R such that

A (f(B)) = OX(B) for all B € B(R?).
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Proof. Define

Q:A(f ((o, 1]d)) .

u(B) = A(f(B)), B € B[R"),

Setting

which is a measure because f is a bijection, and
p2(B) = OA(B), B € B(RY),
the claim would follow from Corollary once it is shown that
A(f(R)) = OA(R) for all R € H with v(R) € Q?.
For any B € B(R%) and y € R?,

f(B+y) ={A(x+y)+b:x € B}
={Az:z € B} + (Ay + b)
= f(B) + Ay.

Lemma [4.2.2] shows
Af(B+y) =A(f(B)) .

Since forn =1,2, ...,
114 d 1
(O’n] +:L‘=1_[1 (xi,mi—i—n} cx = (x1,...,1q4) € RY,
1=
(E-2.5) implies

() (i)

Recalling that f is a bijection,

o= O fi(ase)

i1,eig=1 j=1

(4.2.4)

(4.2.5)

(4.2.6)

and the sets on the right hand side above are disjoint, the definition of

implies

)
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Additivity of measure implies that for mq,...,mg € N,

(r(Ies)) = £ S (e (T ()

a=1 jg=1

(by [@2.6) and [@#2.7)) = i id: n~

a=1 jg=1

= n*d9m1 ..My
d
o
- n
=1

In other words,

d d
A (f (H(O,M)) =) (H(O,rd) 71, ma € QN (0,00).

i=1 =1

Using (4.2.5) and Lemma once again establishes (4.2.4]), from which,

the proof follows. ]

Now we are in a position to prove Theorem The following proof is
due to Swapnaneel Bhattacharyya.

Proof of Theorem [{.2.1. Let GL(d,R) be the collection of all d x d non-
singular matrices. Lemma shows that for all A € GL(d,R), there
exists ¢(A) € R such that for all b € R?,

AN({Az +b:z e B}) = ¢(A)NB) for all A € GL(d,R), B € B(R?).

(4.2.8)
To complete the proof, all that needs to be shown is ¢(A) = |det(A)| for all
A e GL(d,R).
An immediate observation is that
gf)(AlAg) = ¢(A1)¢(A2), Al,AQ € GL(d, R) . (4.2.9)

Thus the proof would follow once it can be shown that

¢(D) = det(D) for a positive definite diagonal matrix D, (4.2.10)
¢(P) =1 for an orthogonal matrix P, (4.2.11)

and that any A € GL(d,R) can be written as
A= P,DPy (4.2.12)

where Py, P> are orthogonal matrices and D is a p.d. diagonal matrix.
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If D is a d x d diagonal matrix whose i-th diagonal entry is ¢; > 0, then
it is immediate that

{Da: Lz € (0, 1]d} - f[(o,ci] .
=1
Putting B = (0,1)¢ in thus shows
¢(D)=cy...cq,
follows from which. If P is a d x d orthogonal matrix, then
{Pz:zeR’ |lz)| <1} ={z e R?: || < 1},

| - || being the usual L?norm on RY. Taking B to be the set on the right
hand side above, putting it in (4.2.8) and using the fact 0 < A(B) < oo,

(4.2.11]) follows.
Finally for (4.2.12)), the spectral theorem implies

AA =W Q;

for some orthogonal matrix ;1 and p.d. diagonal matrix W. Let D be the
diagonal matrix whose entries are the positive square root of the correspond-
ing entries of W. Define

C =@Q1DQ}

which is obviously non-singular, and
Qy=C"'A. (4.2.13)
Since C' is a symmetric matrix, it follows from the above that
Q20 =CtAaACc
(follows from the definition of C') = Q;D~'Q}(AA")Q:D~1Q}
(choice of @1, W) = Q1D 'QL(@QWQ1)@Q1 D' Q)
(QQi1=1) = D7'WD™'Q}
(i@ =1, W =D? =1,

showing ()2 is an orthogonal matrix. Rewrite (4.2.13) as

A=CQs
=Q1DQ1Q:.

Setting P, = @1 and P» = Q}Q2, and observing P;, P» are orthogonal
matrices and D is diagonal and p.d., (4.2.12)) follows.
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Combine (4.2.9) and (4.2.12]) to write

O(A) = ¢(P1)p(D)d(P)
(by and (4.2.11))) = det(D)
= [ det(A)],

the last line following from (4.2.12)) and the facts det(UV) = det(U) det(V')
and det(P) = £1 if P is orthogonal. Hence the proof follows. O

Exercise 4.2.3. Show that A\(V + 2) = 0 if V is a subspace of RY with
dimension at most d — 1.

4.3 The Jacobian Theorem

For stating the result, a Jacobian matrix has to be first defined. Consider
an open set U C R? and a function F : U — R?. Denote by f1,..., fq the
coordinate functions of F, that is,

F(z) = (fi(z),..., fa(2)), e R%.

If the first partial derivatives of F' exist, that is, 0f;(x)/0x; exists for all
x € U and 1 <i,j5 <d, then its Jacobian matrix at z, denoted by J(x), is
a d X d matrix defined by

J(z) = < oz; >1§i,j§d ,axelU,

that is, the (i,7)-th entry of J(x) is 0fi(x)/0x;. The statement of the
theorem is the following, of which, the one-dimensional change of variables
formula is a special case. As in 1-dimension, the integral of a Borel function
f: R4 = R with respect to X is denoted by

[ ta)as.

Theorem 4.3.1 (The Jacobian theorem). For open subsets U and V of RY,
let T : U — V be a bijection which is continuously differentiable, that is,
the first partial derivatives of T exist and are continuous. Assume that its

Jacobian matriz J(x) is non-singular for allx € U. Then for any measurable
function f:V — R,

whenever it is defined.

/ £(T(2)) det(J ()] dz = / f(w)dy,
U \%4

det(A) denoting the determinant of A for any square matriz A, whenever
the integral on either side is defined.
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Putting d = 1 in the above theorem yields the change of variable formula
in one dimension, which is the following.

Corollary 4.3.1. Suppose that —oco < a < b < 00, —0 < c < d < o0

and T : (a,b) — (c,d) is a C! bijection whose derivative T' never vanishes.
Then

b d
/ f (T(@)) [T'(2)| dz = / f(w)dy. (43.1)

The above corollary simply justifies that in the substitution y = T'(z),
we need to put dy = |T'(z)| dz. The formula becomes incorrect if
the modulus on T(z) is removed. Corollary is slightly weaker than
Theorem because the continuity of the derivative is not assumed in the
latter.

The following facts from multivariable analysis are needed for the proof.
The first one is the inverse function theorem.

Fact 4.3.1. Let U C R¢ be an open set and T : U — R? be continuously
differentiable. Denoting by J(z) the Jacobian matriz of T at x € U, assume
that J(xo) is non-singular for some xo € U. Then, there exists an open
neighbourhood X of xog such that T is one-one on X, the set T(X) is open,
T is continuously differentiable on T(X) and the Jacobian matriz of T~}
at y is (J(T_ly))_1 forally e T(X).

The following is another fact from multivariable analysis which essen-
tially follows from the one-dimensional mean value theorem.

Fact 4.3.2. Suppose that U C R? is open, R C U is a compact rectangle
and T : U — R? is continuously differentiable such that

|Jij(y) — Jij(z)| < a,z,y e R,1<4,j <d,

where J;;(2) is the (i, j)-th entry of the Jacobian matriz J(z) of T at z for
allze U and 1 <i,5 <d. Then,

1T(x) = T(y) = J(z)(z —y)| < de|z —yll,z,y € R,

where || - || is the L™ norm on RY defined by
= |,z = (z1,... R? 4.3.2
HxH 112?§d‘x2| ) L (-7517 7xd) € ) ( 3 )

z,y,T(x),T(y) are viewed as d x 1 vectors and hence J(z)(x —y) is also a
d x 1 wvector.

Proof of Fact[{.3.3 Since || - || is the L norm, it suffices to show that the
absolute value of each entry of the d x 1 vector T'(x) — T'(y) — J(x)(x — y)
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is at most dal|z — y||. In other words, it suffices to show that if f: U — R
is continuously differentiable, and

1fiy) — fi(zx)| <o,z,y e R, i=1,....d,

where
fi(:c)—ag;)erZ—l ,d,
then .
f@) = fy) = fi(x) (@i — )| < dollw -yl , 2,y € R.
i=1

Let f be a function satisfying the hypotheses. Let z° = z, ¢ = y, and
for1<i<d-1,
= (Yly oy Yis Tigly - XTg) -
Since R is a rectangle, z',...,2% ' € R. For a fixed i = 1,...,d, 2* !
and 2z’ have all entries identical except the i-th one, which are z; and v;
respectively. The one-dimensional mean value theorem implies there exists
& between x; and y; such that

f (xz‘—l) —f (xz) — (IL’Z — yi)fi(yl,--~ayi—1v§iaxi+17""xd)'

Since éz = (Y1, Yi-1,&,Tit1,...,24) € R because R is a rectangle, the
hypotheses on f imply

fi&) — filz ))<oz i=1,...,d.

Therefore,

=1
d
= |16 =1 (o) = X s — )
: o
=D [T = F ()] =D fil@) (@i —w)
i=1 i=1
d
= 1> (&) - @) @i~ w)
=1
d
<3 |£E) — Fi@)| i — i
=1
< da o loi — i
= daljz —yl|.
This completes the proof. ]
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Proof of Theorem [4.3.1]

Without loss of generality, assume f to be non-negative and finite. The
proof of Theorem will be executed by sequentially showing each step
below. Step 4. would complete the proof.

Step 1. For any R € H with R C U and v(R) € Q7,

MT(R)) < /R\det(J(x))\ dz . (4.3.3)
Step 2. For all A € B(R?),

MT(AND)) < /AmU |det(J(x))| dz . (4.3.4)

Step 3. For any non-negative measurable function f: V — R,
/U F(T(@)) [det(J ()] do > /V f(y)dy. (4.3.5)

Step 4. The inequality in (4.3.5)) is an equality.
The proof of Step 1., which is the main step of the proof, is based on the
idea that locally T is like a linear transformation.

Proof of Step 1. Fix R € H with R C U and v(R) € Q% R is a compact set
as R is bounded. Let ¢ > 0. Since det(J(-)) is a continuous function, it is
uniformly continuous on R. Choose d; > 0 such that

|det(J(z)) — det(J(z'))| <& for all w,a’ € R, |z — 2| <61,  (4.3.6)

where || - || denotes the L* norm as in throughout.

Recall that the function A — A~!, from the space of d x d non-singular
matrices to itself, is continuous. Since J(x) is non-singular for all x € U,
the map x ~ J(x)~! is continuous on U. Thus,

f:Rx{zeR:|z| =1} = R,
defined by
fx,2)=J(@) 2, (z,2) e Rx {z e RY: ||z| = 1},

is a continuous function defined on a compact set; elements of R? are viewed
as d x 1 vectors by convention. Therefore,

c:maX{Hf(ﬂs,z)H c(z2)eRx{zeR:|z| = 1}} < 00.

In other words,
|J(z) 2| < cllz] .z €R, z € R?. (4.3.7)
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Denote by J;j(x) the (i, j)-th entry of J(x) for all z € U and 1 < i,j < d.
Uniform continuity of J;;(-) on R ensures the existence of §2 > 0 such that

| Jij(z) — Jij ()| < c% for all z,2' € R, ||z — 2'|| < &2 (4.3.8)

Let 0 < 6 < min{dy, d2} be such that 61 (b; —a;) is an integer for every i.
Choosing such a § is possible because b; — a; is rational; if p;, ¢; are positive
integers with b; — a; = p;/q¢;, letting

1

0= ———
ngi...qd

)

works for large n, for example.
Consider the square

[al + (il — 1)(5, a1 + 7,15] X ... X [ad + (id — 1)(5, aq + Zd5] s

where iy, ...,i4 are positive integers with i; < 671(b; — a;) for j =1,...,d.
Denote the collection of all such squares by {Q1,...,Qx}. In other words,
Q1,...,Qk are compact squares of side-length ¢ such that

R=QiU...UQy, (4.3.9)

and A(Q;NQj) =0for 1 <i<j<kbyExc Let x; be the centre of
Q; (the centre of a square or a rectangle is well defined). Recalling that || - ||
is the L* norm, write

Qi:B§/2($i),i:1,...,k’, (4310)
where for 7 > 0 and z = (21,...,2q) € R?,
By (2) ={y eR¥: |ly—z|| <7} = [21—7, z14+7] X . . X [24—T, 2g+7] . (4.3.11)

The above is precisely the advantage of working with the L° norm.
Fori=1,...,k, define

bi(2) = J(z;)(z — i) + T(x) , z € RY.
Our first claim is that

where
Qf = B(1+€)5/2(J}i) ,i = 1, ceey k.

Proceeding towards proving (4.3.12)), fix ¢ € {1,...,k}, and use Fact
along with (4.3.8) to claim that for all z € Q;,

IT(2) = T(x:) = J(2:)(z — w3) || < %HZ — i
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Since the left hand side above equals ||T'(z) — ¢i(2)]||, it follows that
I7G) = i) < =z = aill .2 € Q. (4.3.13)
Therefore, for z € Q;,
l67" 0 T(2) — 2| = [|67" 0 T(2) — 67" 0 tu(2)|
= [T (@) "N (T (2) = 6i(2))]|
< clIT(z) = ¢i(2)

<elz -,

(4.3.7) and (4.3.13)) implying the inequalities in the penultimate line and the

last line, respectively. Thus, for z € Q;,
|67t 0 T(2) = wil| < |67 0 T(2) — z|| + |2 — ill < (1 +¢)l|z — =i -
Recall (4.3.10) to argue that
o7 oT(2) € Q5.2 € Qi

which is equivalent to (4.3.12)).
An immediate implication of (4.3.12]) is that for fixed i = 1,...,k,

AMT(Qi) < AT (wi)z + T(wi) — J(wi)wi : 2 € Q7 })
= [ det(J (z:))|A(Q5)

the second line following from Theorem This is the crux of the proof in
that it shows how the modulus of the determinant of the Jacobian appears.
Further, (4.3.11)) shows Q5 is a square of side-length (1 + €)d. Therefore,

M@P) = (1 +e)%0% = (1+)'ANQ))
(4.3.10)) implying the second equality. Put everything together to get
A(T(Qi)) < | det(J ()] (1 + &) "N(Qi) -
Thus,

k
gz/\T

(1+¢) Z|det ()| MQ4)

k
(by (#3.6) and § < 61) < (1 +¢)? Z <€—i— min | det(J(z ))|> Qi)

€
=1 2€Qi

ANQiNQy) =0,i#j) < (1+e) </\(R)+/QU o Idet(J(x))!dx>

—(1+e) ( / | det(J \da:)
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the last line following from (4.3.9)) and Exc Since the above holds for
all € > 0, letting ¢ | 0 completes the proof of Step 1. O

While Step 1. was mostly based on analysis and linear algebra, the proof
of Step 2. is standard in measure theory and follows from Lemma [£.2.1]

Proof of Step 2. Define measures p and v on R? by
p(A) = NT(ANU)), A e BRY,

and
WBﬁiLWMmUQMdLBGBwﬂ.

The claim (4.3.4)) is equivalent to
w(A) <v(A),A e BRY). (4.3.14)

In view of Lemma [4.2.1] it suffices to show that the claim holds for any
R € H with R C U and v(R) € Q%, that is,

w(R) <v(R). (4.3.15)
This is precisely what has been shown in Step 1. ]

The proof of Step 3., which is also standard, is based on approximating
a non-negative measurable function by simple functions from below.

Proof of Step 3. First let f : V — R be a non-negative simple function, that
is,

k
f = ZailAi )
=1

for some oy, ...,a, € [0,00] and Ay,..., A, € B(RY) with A; C V for all 4.
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Then,

k
s;%[%mmmmm
k
— [ et 3 aitoia o) de
U i=1

k
_ /U [det(J(@)] 3 aila, (T()) da
=1

- /U |det(J ()] £(T(x)) dz

the inequality in the third line following from Step 2. Thus,

/ f(y) dy < / |det(J(2))| £(T(z)) da (4.3.16)
Vv U

For a measurable function f : V' — [0,00), there exist non-negative
simple functions f,, such that f, 1 f. The desired inequality holds
with f replaced by f, therein. Letting n — oo with the help of MCT, the
proof of Step 3. follows. ]

Step 4. is a consequence of the inverse function theorem.

Proof of Step 4. Fact and the assumption that J(z) is non-singular for
all z € U imply that T=': V — U is a continuously differentiable bijection
whose Jacobian matrix is J(T~!y)~! for all y € V. Using Step 3. with
U,V, T replaced by V,U, T~ implies

/ g(z)dr < / goT () |det (J(T_ly)_l)‘ dy , (4.3.17)
U v

for any measurable g : U — [0, 00).
Fix a measurable f : V — [0,00). Define

g(x) = foT(x)|det(J(x))|,z € U.
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Apply to this g to get
/ foT(x)|det(J(2))|dx < / go T (y)|det (J(T™'y)™")| dy
U 1%
= /Vf(y) }det (J(Tfly))’ |det (J(Tfly)fl)‘ dy
~ [ 1wy
v
Compare this with obtained in Step 3. to get
[ Fer@laet@lde= | sy
U 14

This completes the proof of Step 4. and that of Theorem as well. [
The following special case of Theorem deserves special mention.

Corollary 4.3.2 (Transformation to polar coordinates). For a Borel mea-
surable f : R? = R,

/ flz,y) AM(dx,dy) = / f(rcosf,rsin®)r\(dr, df), (4.3.18)
R? (0,271) % (0,00)

whenever the integral on either side makes sense.

Proof. Use Theoremd.3.1|with U = (0,27)x(0,00), V = R?\{(z,0) : z > 0}
and T : U — V defined by

T(6,r) = (rcosf,rsinf),(0,r) € U.

The Jacobian matrix of T is

—rsinf rcos6
J(0,r) = [ cos sine] (B €U,
and hence
|det J(O,r)| =r.

Since T is a continuously differentiable bijection from U to V whose Jacobian
matrix is always non-singular, (4.3.18]) follows from Theorem whenever
either side of it makes sense. O

An important probabilistic consequence of Theorem is the follow-
ing.
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Theorem 4.3.2. Suppose X = (X1,...,Xq) is a random vector with P(X €
U) = 1 for some open set U C R%. Let ¢ : U — V be a bijection for some
open set V.C R Let T : V. — U be the inverse of 1. Assume T is
continuously differentiable and its Jacobian matriz J(y) at y € V, defined
by

_ 0T (y)

J(y) = 9y

is non-singular for all y € V. Then the joint density of Y = (Y1,...,Yy) =
P(X) is

_ JfoT(y)ldet(J(y)|, yeV,
g(y)—{O’ iV

Proof. Since (Y1,...,Yy) € V as., for B € B(RY),

P((Y1,...,Yg) € B) = P((Y1,...,Yy) e BNV)
= P((X1,...,Xq) €T(BNYV))

= / f(z)dx
T(BNV)

= foT(y)ldet(J(y))| dy
BNV

=/Bg(y)dy,

the penultimate line following from Theorem Hence the proof follows.

O
5 Product measures
5.1 Product of two measure spaces
Suppose (1, A1, 1) and (2, A2, u2) are finite measure spaces. Define
Q1 x Qo = {(w1,w2) : w1 € D1, ws € Qa}, (5.1.1)
that is, 21 x € is the usual Cartesian product of 21 and €22, and let
A1 @ As =0 ({41 x Ay : Ay € Ay, As € As}) . (5.1.2)

For all £ C Q1 x 9, define

Ewl = {w2 €y (Wl,LUQ) c E}, w1 € Ql,
E“? ={w; € Q1 : (wi,w2) € E}, wo € Qy.

The following result is the first step towards constructing product measures.
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Theorem 5.1.1. For all fired E € Ay ® As, the following holds:
1. E,, € Ay for all wy € Qy,
2. w1+ p2(FEy,) is an Aj-measurable function on Q1 and

3. w defined on Ay @ As by
WE) = [ ol By (o), E € Ay Ao,
Q1

is a measure on (1 X Qa, A1 @ Ag).
Similarly, the following holds for all E € A1 ® As:
4. BE¥?2 € Ay for all wo € Qo,
5. wy — p1(E“?) is an Ag-measurable function on Qo and

6. 1 defined on A1 ® Ay by

W (E) = /Q 11 (B pialden), E € Ay @ Ay,
2

is a measure on (21 X Qa, A1 @ Asg).

Finally,
w(E) =i/ (E) for all E € A1 ® As. (5.1.3)

Proof. The proof follows by routine verifications, as sketched below. Let
G={AC O xQy: each of 1,2, 4 and 5 above holds for A}.

Define
S = {Al X AQ : Al c ./41,142 S AQ}a

which is a semi-field because it is trivially closed under finite intersections
and for A1 € A1 and Ay € Ao,

(A1 X Ag)c = (Al X Ag) U (Ai X QQ) .
It is immediate that S C G because for 41 x As € S,

A27 w1 € A17

(Al X A2)w1 = {

0, else,

and hence
p2 (A1 x Az)w,) = p2(A2)1a, (w1) (5.1.4)

is an Aj-measurable function of wy, showing 1 and 2 hold; 4 and 5 hold
for A} x As by similar arguments. Routine arguments show that the field
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generated by S is contained in G. Finally G can be shown to be a monotone
class with the help of DCT, using the fact that ui, us are finite measures,
by standard arguments. The monotone class theorem shows G D o(S) =
A1 ® Ao, that is, 1, 2, 4 and 5 hold for all £ € A; ® As.

Once the RHS of 3 is defined, due to 2, that y is a measure is immediate.

Similarly, 6 also follows. For (b.1.3]), observe that (5.1.4)) implies for all
A€ Ay, Az € Ay,

p(Ar x Ag) = pi (A1) pa(Az2) .

Similarly,
ul(Al X Ag) = ul(Al)ug(AQ), A1 S ./41,142 € AQ .

Thus p and p’ are finite measures which agree on the semi-field S. Hence

(5.1.3)) follows. -

The jump from finite to o-finite is easy and is left as an exercise.

Theorem 5.1.2. The claims of Theorem hold when w1 and pg are
o-finite measures.

Proof. Exercise. O

Now we are in a position to define the product of two o-finite measure
spaces.

Definition. Let (1, A1, p1) and (Qa, Az, 1u2) be o-finite measure spaces.
Let Q = Q1 x Qg and A = A; ® Ay be as in (5.1.1) and (5.1.2), respectively.

The unique o-finite measure p on (2, A) satisfying
(A x Ag) = p1(Ar)p2(Asz) for all Ay € Ay, Ay € Ay

is the product measure of u1 and pz. The measure space (2, A, ) is the
product of the measure spaces (21,41, 1) and (Qa, Aa, p2), which is written
as

(1, A1, 1) ® (Q2, A2, p2) = (2, A, 1) -
Usually we also write = p1 ® po.

5.2 Tonelli and Fubini

Throughout this subsection, (€;,.4;, i;) is a o-finite measure space for i =
1,2.

Theorem 5.2.1 (Tonelli). Suppose f : Q1 x Q2 — [0,00] is A1 @ Az-
measurable. Then

1. for all fivzed wy € 4, f(wi,-) is an Az-measurable function from Qs to
[0, oc],
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2. w1 — fQ2 f (w1, wo)pa(dws) is an Aj-measurable function of wy on 4,

3. for all fixred wy € Qo, f(-,w2) is an Aj-measurable function from £ to
[0, oc],

4. wo > le f(wr,w2)p1(dwy) is an Az-measurable function of wy on Qa,

5. and
/ f (w1, wa) pa(dwa) p1 (dwr) = / fd(p @ p2)
Ql QQ QIXQQ
[ ] feni) padn) et
Qo J
where
| forwn) paldn) ()
Q1 JQo
means

/91 ( Qs f(wl’m)w(dw?)) w1 (dwn)

by convention.

Proof. For f = 1p where F € A1 ® As, 1, 2, 4, 5 and of Theorem
5.1.1) which hold for o-finite measure spaces by Theorem [5.1.2] prove 1-
5 above. Routine arguments via simple functions and MCT complete the
proof. O

Theorem 5.2.2 (Fubini). Suppose (2, A, p) = (1, A1, 1) ® (Qa, Az, p2)
and

f E Ll (Q,A,M) *
Then the following holds.

1. For all wy € 1, f(wi,-) is an Az-measurable function form Qg to R.

2. For (p1) almost all wy € Oy,

o | f (w1, w2)| po(dwz) < co.

3. If g : Q1 — R is defined by

{f92 fwrws) pa(dws), if fo, |f (w1, w2)] p2(dws) < oo,
O?

glwr) =
else,

then g is measurable, pi-integrable and

/ gd/u:/fdu-
951 Q
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4. For all wy € Qo, f(-,w2) is an Aj-measurable function form Qy to R.

5. For (u2) almost all we € Q,
/ | f (w1, w2)| muy (dwy) < oo.
Q

6. If h: Qs — R is defined by

S, flwr,we) pa(dwr), if fo | f (w1, we)| pa(dwr) < oo,
hlez) = 0 1 else 1

then h is measurable, uo-integrable and

/ hduzz/fdu.
Qo Q

Proof. Follows by applying Theorem to f* and f. O

The following corollary of Theorems and is often referred to
jointly as the Tonelli-Fubini theorem.

Corollary 5.2.1. For a measurable f : Q1 x Q9 — R, it holds that
| o patdam mtdon) = [ [ florwn) ndon) pa(dn),
Q1 /9 Qo J

whenever either f >0 or

/ Fld(u ® po) < 0.
QlXQQ

5.3 Infinite Product of probability spaces

Applying mathematical induction to Theorem and Corollary
yields the following.

Theorem 5.3.1. If (4, A;, i;) is a o-finite measure space fori=1,...,n,
then there exists a unique o-finite measure p on (2, A), where

Q=J[U and A=0c({A1x...x An: A1 € Ar,..., A € An}), (5.3.1)
i=1
satisfying

p(Arxox Ay) = [T mi(Ai), Ar € Ar,. Ay € An. (5.3.2)
=1
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Then for any permutation 7 of {1,...,n} and a A-measurable f: Q — R,

/Qfd,u: /QW1 /Q fwiy.ooywn) fir, (dwr,) - g, (dwr,),  (5.3.3)

™n

whenever either f >0 or f € L' (Q, A, ).

Definition. If (2, A;, ;) is a o-finite measure space fori =1,...,n, then
their product is (2, A, 1) where Q and A are as in (5.3.1) and p is as in
(5.3.2)). We write

n

®(Qi7¢4uﬂz‘) =(Q,A p).

i=1
Exercise 5.3.1. 1. Show that forn = 2,3, ...,

n

® (R> B(R)a >‘) = (Rna B(Rn)7 An)

i=1
where X\ and A\, are the Lebesgue measures on R and R™, respectively.

2. Prove that

/e_xz/de =2r.
R
Hint. Use 1 above with n =2 and Corollary[{.3.3

We now proceed to show that a countable product or probability spaces
exist. A moment’s thought makes it clear that such an infinite product
would not have been possible if the measure of the whole space were not 1.
This justifies why the measure of whole space is taken to be 1 in probability
theory. It is instructive to notice that the hypothesis that the underlying
measures are probability measures has been used several times in the proof
of the following theorem.

Theorem 5.3.2. If (Qy,, An, P,) is a probability space forn =1,2,..., then
there exists a unique probability measure P on (I],2; Qn, Qo y Arn) such
that for allm =1,2,...,

P ((ﬁA2> X ﬁ Q,) = ﬁPZ(AZ) for all Are Aq,..., A, e A,,
=1 i=1

i=n+1

(5.3.4)
where
®An20<{<HAz> X H Qi:AiEAi,izl,...,n,n>1}> .
n=1 i=1 i=n+1
(5.3.5)
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Proof. For n =1,2,..., define

fn:{AXQn+1XQn+2...2AE®Ai}. (536)
=1

It is easy to see that F; C F2 C ... and each F,, is a o-field. Hence,
o0
Foo=|J Fn
n=1

is a field. Further,
7(Foo) = () An.
n=1

Let P(™ = @ | P;, that is, it is the unique measure on @, A; satis-
fying
n
P™M (A x ... x Ap) = [ Pi(Ai), A1 € Ay, Ay € An, (5.3.7)

i=1

which exists by Theorem It is easy to see that for 1 < n; < no,

p2) <A X ﬁ Q) = P (4). (5.3.8)

1=n1+1
Therefore, the following definition of P on F is unambiguous:

PAX Qi1 X Qo x...)=P™M(A) forall Ae Fp,n>1.  (5.3.9)

It is immediate that P is finitely additive on Fa because so is each P,

In view of the Carathéodory extension theorem, it needs to be shown that

P is countably additive. As P is finitely additive, it suffices to prove that if
A, € F are such that

Ap 10, (5.3.10)

then
P(4,) 40.

Fix A, € F satisfying (5.3.10). Finite additivity implies that P(A;) |.
Thus the above can fail only if there exists € > 0 such that

P(A,) > ¢ forall n. (5.3.11)

Assume ((5.3.11)) for the sake of contradiction.
In a way very similar to (5.3.6))-(5.3.9), define for all 1 < k < n,

fk:n:{AXQn+1XQn+2X...ZAE@AZ'},
i=k
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which is a a o-field on Qf x Qgyq X ...,

oo
Fiioo = | J Fin, which is a field on Q4 x Qprq x ...,

n==k

and a finitely additive function P*:>°) : F. . — [0,1] satisfying

pkio0) <A % ﬁ Q> = <®P> (A) for all A e éAi, n>k.
i=k

i=n+1 i=k
(5.3.12)
Define for all E € Fr.oo, n =k, k+1,k+2,... and wg € Qp,...,wn € Oy,

EWkn) — {(wn+1,wn+2, ...) € H Qi+ (W, Wgs1,-..) € E} )

i=n+1
(5.3.13)
Fix n > 1. Recall that A,, € F implies A,, € Fj, for some k,, that is,
~ ~ kn
Ap = Ap X Qg1 X Qg 42 X ..., for some A, € ®Ai. (5.3.14)
i=1

Assuming without loss of generality that &, > 2, (5.3.12]) implies

kn
Ppl2io) (A;wn) _ (@3) ({(wg,...,wkn); (Wi,. . w,) € An}) .
=2
(5.3.15)
It follows from ([5.3.9) that

P(An) = P(kn)(-’zln)

kn
(by (53-3)) :/Q (/Q . 1An(wla---,wkn)®Pi(dwi)> Py (dwr)
1 2 X... X kn =2
kn
:/ ( Pl) ({(w27" . 7wkn) : (wlv"' 7wk’n) € An}) Pl(dwl)
2\ j=2
:/ p2:oo) (A,gw1>) Pi(dwr), (5.3.16)
Q1

(5.3.15)) implying the last line. Setting

FY = {wr € @y: PE(AWD) > 21, (5.3.17)
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it thus follows from (5.3.11)) and (5.3.16) that

e < P(A,) :/

951
_ (2:00) (glen)
/F . P (An ) Py (dwr)

(2:00) (w1)

g/ 1P1(dw1)+/ £ Py(dwy)
fois

Q\FLY 2

p(2:00) ( Agbwﬂ) Py (dwr)

<P (Fr(Ll)> + %,

the inequality in the penultimate line following from the fact

p2:o0) (Aﬁ;“l)) <1forallw €O

and the definition of Egl), while the last line uses the fact P; is a probability
measure.
Thus
P, (F<1>) > % n>1.

n

Since A, O Apy1 and P2 ig finitely additive, (5.3.17) implies F,gl) D
Fﬁr)l Denoting

) — ﬂ FWM.
n=1

it is easy to see that Fél) d F® and hence

P, (F(l)) — lim P, (Fy)) > %

n—o0

because Pj is a probability measure. Thus F(!) £ (. Fix w; € FM. In other

words, ([5.3.17) implies that w; € Q1 satisfies
pl2:0) (A<w1)> > S >,
2 ) -_

n

An argument similar to (5.3.16), using the observation
(A%wl))("‘a) _ A’Elwl,wz)’ ws € o,

the above notations being as in (5.3.13), shows

e (A = /Q PO (A1) Py(dwy)

2
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It can thus be shown that there exists wy € 29 such that
. €
p(3:00) <A£Zw1,w2)) > " n>1.
Proceeding inductively, wy € € can be chosen such that
plht1:00) (A;WI~-M>) > &2 forallnk>1.

Define w = (w1,w2,...). Recalling (5.3.14)), it is immediate from the above
that
527]'671 < P(knJrl:oo) (Aglwlrn,wkn))

a consequence of which is

(Wl, s awk’n) € Ana

and hence w € A,,. Since this is true for all n,

o
w € ﬂ Ay,
n=1

which contradicts (5.3.10). Thus (5.3.11]) is not possible, that is, P(4,,) | 0.

In other words, P is countably additive on Fo,. Theorem [2.2.1] which
is the Carathéodory extension theorem, shows that P can be extended to a
measure on the space ([[72; Qn, @, | Ay). Since

p(ﬁgn)zl

by definition and F, is a field, the extension is unique and yields a proba-
bility measure. This completes the proof. O

Definition. If (Q,,A,, P,) is a probability space for n = 1,2,..., then

the unique probability measure P on (I]77 Qn Q| An) satisfying (5.3.4),
where @, | Ay, is as in (5.3.5)), is called the product of Py, Ps,... and we

write
(o)
P=@)P..
n=1

6 Independence and its consequences

As usual, (92,4, P) is the probability space underlying everything talked
about and all random variables are R-valued, unless specified otherwise.
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6.1 Independence

The concept of independence is defined for o-fields as follows.

Definition. Suppose A1, As, ..., A, are sub-o-fields of A, that is, A; C A
and A; is a o-field fori=1,...,n. We say Ay,..., A, are independent if

P(AiN...NA,) =P(Ay)...P(A,) forall Ay € Ay,..., A, € A, .

A possibly infinite collection {Aq}aecr of sub-o-fields of A is independent if
Aays- -5 Aa, are independent for all distinct oy, ... ,op € 1.

The following exercise connects that the usually given definition of inde-
pendence of events with the above one.

Exercise 6.1.1. For Ai,..., A, € A, show that c({A1}),...,0({An}) are
independent if and only if

k k
Pl A, | =]]PAy) foralll <iy <...<ip<n, k=2,...,n.
j=1 j=1

We next define independence of random variables.

Definition. Suppose for each o € I, x4 is a collection of random variables
defined on (Q, A, P). We say {xa}acr s an independent collection if the col-
lection of o-fields {o(xa)}acr are independent, where o(xq) is the smallest
o-field with respect to which each random variable in x. is measurable.

Recalling that for a random variable X,
o(X)={X"'B: BeBR)},

an interpretation of the above definition is that X,..., X, are said to be
independent if

P(X)€By,...., X, € By) = [[ P(X; € B)) for all By, ..., B, € B(R).
i=1
(6.1.1)

Exercise 6.1.2. If {A,}acr is a collection of independent o-fields and X,
is an Aq-measurable random variable for all o € I, show that {X4}aer is
an independent collection of random variables.

The following theorem connects independence with product measures,
and in particular, Theorem It formalizes the concept of coupling
several (countably many) random experiments on one probability space on
which these become independent.
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Theorem 6.1.1. Suppose for n = 1,2,..., (Qn, An, P,) is a probability
space on which a random variable X,, is defined. Let

oo

(QwAv P) = ®(Qn7~Am Pn)a

n=1

and

n—1 00
fln—{<HQi)xA>< HQi:AGAn},nZL
=1

i=n-+1

Then Ay, As, ... are independent o-fields in the probability space (Q,A,P).
Define for alln > 1, X, : Q — R by

X (w) = Xy (wy) for all w = (w1, wa,...) € Q.
Then X,, has the same distribution as X, for all n, that is,

P,o X, Y(B)=Po X, B) for all B € B(R),
and X1, Xo, ... are independent.

Proof. The independence of~/~ll,/~12, ... would follow once it is shown that
forallmn =2,3,..., Ay,..., A, are independent. For that, fix n and A; € A;,
that is,

i—1 e’}
Ai: HQ]' x A; X H Qj for some A; € A; .
j=1

j=i+1
Then
P (ﬁ fh) =P ((ﬁz%) X ﬁ Qz) = ﬁPi(Ai) = ﬁP(Az‘),
i=1 i=1 i=n+1 i=1 i=1

where the second and third equalities follow from the definition of product
measures. Thus Aq, Ag,... are in@epqndent. Since X, is A,-measurable for
alln=1,2,..., Exc shows X7, Xo,... are independent. Finally,

PooX;'=PoX 'foralln=12,...
also follows trivially from the definition of product measure. O

The following is an immediate consequence of the above theorem and
Theorem

Corollary 6.1.1. Given functions Fy,Fa,... from R to [0,1], which are
non-decreasing right continuous and have limits 0 and 1 at —oo and oo,
respectively, there exist independent random variables X1, Xo, ... defined on
some probability space whose CDFs are Fy, Fy, ..., respectively.
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Definition. Random wvariables X1, Xs,... defined on the same probability
space (2, A, P) are independent and identically distributed or i.i.d. if they

are independent and X; 4 X for alli,j, that is,
PoX;'=PoX;'.

The following result is often very useful in proving independence.
Theorem 6.1.2. Suppose S; C A and S; is a semi-field fori=1,...,n. If
P(AiNn...NA,)=P(A1)...P(A,) for all Ay € S1,..., Ay € Sp,

then 0(S1),...,0(S,) are independent.
Proof. Fix Ay € Sy,..., A, € S, and define for all A € A

p(A)=P(ANAyn...0A),

v(A) =P(A) [ P(4).
=2

Clearly p and v are finite measures on (€2,.4) and the hypothesis implies
they agree on the o-field S;. Hence

w(A) =v(A) for all A € o(S1).

In other words,

n

P(A1N...NAy) =[] P(4) for all Ay € 0(S1), A2 €Ss,..., A €S,
=1

Proceeding inductively, it can be shown that for ¢ =1,...,n,

P (ﬂ Ai> =[P,
i=1 i=1
for all 41 € o(S1),...,4; € 0(Si), Ait1 € Sit1,..., A, € Sp. The proof
follows from the above when ¢ = n. O
Definition. For a collection { Ay }acr of o-fields, define

\/Aa:a<UAa>.

acl ael

For independent random variables X1, ..., X,,, Theorem below sim-
ply means that (X1,..., X,,) is independent of (X,,41,...,X,).
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Theorem 6.1.3. If Aq,..., A, are independent o-fields, then for all 1 <
m<n—1,\2 A and \/;_,, ., Ai are independent.

Proof. Define

Slz{Alﬂ...ﬂAm: A1€.A1,...,Am€./4m},
SQZ{Am+1m...ﬂAnZ Am+1€Am+1,...,An€An} .

Then S; is a semi-field because it is closed under finite intersections and for
A G.Al,...,Am G.Am,

(A1N...NAL =ATUAINAHU...U(A1N...NA,1NAS),
and similarly so is Ss. Further
AU UA, C S C\/ A,
i=1

implying

and similarly

o(S) =\ A.

i=m-+1
Thus in view of Theorem the proof would follow once it is shown that

P(ANB) = P(A)P(B) forall A€ S;,B€S,.

The above however follows directly from the given hypothesis, which com-
pletes the proof. O

The rest of this subsection focuses on independence of random variables.

Theorem 6.1.4. If X and Y are independent non-negative random vari-
ables, then

E(XY) =E(X)E(Y).

If X and Y are independent integrable random variables, then XY is inte-
grable and
E(XY)=EX)E®Y).

Proof. The independence of X and Y implies that

P((X,Y)e)=P(X e )®PY €-)
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as measures on (R? B(R?)) (recall that B(R) ® B(R) = B(R?) from Exc
5.3.1). Since X and Y are non-negative,

E(XY) = / 2y P((X,Y) € (dz,dy))
[0,00) X [0,00)

= / zy P(X e dx) ® P(Y € dy)
[0,00)

[0,00)
—/ y/ x P(X € dx) P(Y € dy)
[0,00) [0,00)
= E(X)E(Y),

the penultimate line being implied by Theorem [5.2.1] which is Tonelli’s
theorem.

If X and Y are independent integrable random variables, then |X| and
|Y'| are independent as they are measurable with respect to o(X) and o(Y),
respectively. By the already proven result for non-negative random variables,
we get

E([XY]) = E(|X)E(]Y]) < oo.
Thus XY is integrable. Splitting X = X+ — X~ and likewise for Y, and
using that X+ is independent of Y+, the final claim follows. O

The following result gives an easy way of checking independence of ran-
dom variables.

Theorem 6.1.5. Random variables X1, ..., X, are independent if and only
if

n

PXi<z,..., Xy, <z = HP(Xi < ;) for all xy,...,z, € R. (6.1.2)
=1

Proof. The ‘only if’ part follows trivially from (6.1.1)), which is essentially
the definition of independence, by taking B; = (—oo, ;] fori =1,...,n.
Conversely, assume ((6.1.2]). Define

Si:{Xi_l((a,b]ﬂR)t —oogagbgoo},izl,...,n.

Since ¢(S;) = {X;'B : B € BR)} = o(X;) and S; is a semi-field for

i=1,...,n, Theorem [6.1.2] would complete the proof once it is shown that
n
P(ai<Xi§bi,i:1,...,n):HP(ai<Xi§bi), (613)
i=1
whenever —oco < a; < b; < oo fori=1,...,n.
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Fix a;, b; as above and write

P(ai<Xi§bi,i:1,...,n)
=E(1(a; < X; <b;,i=1,...,n))

($1,...,$n)6{017b1}x---X{anvbn} Jj=1

Z (_1)#{i:zi:ai}1(X1 <1y, X, <)

(11,...,zn)€{a1,b1}><...X{an,bn}

=E ( Z (—1)HEmi=ait ﬁ 1(X; < z;)

= Z (_1)#{i:xi:ai}P (Xl <zy,...,X, < xn)
(z1,e;zn)€{a1,b1} X...x{an,bn}

= Z (_1)#{i¢$i=ai} ﬁP(Xz <)

(z1,eyzn)€{a1,b1} X...x{an,bn} =1
n n
= H (P()(z < bz) — P(Xl < az)) = HP(CLZ < Xi < bi),
i=1 i=1
(6.1.2) being used for the equality in the penultimate line. Thus (6.1.3))
follows, which proves the ‘if” part and hence completes the proof. O
Exercise 6.1.3. Suppose X1,..., X, are independent random variables.
1. Show that
n
P(X1=21,...,Xn =) :HP(XZ- =), T1,..., 2 € R.
i=1
2. Assuming that fi,..., fn are the respective densities, as defined in

(13.6.1), of X1,...,Xn, show that the joint density f of (X1,...,Xn),
as in @2), is

n
f@) =[] fi(zs), @ = (x1,...,20) €R".
i=1
Exercise 6.1.4. 1. If Xq,..., X, are random wvariables, such that there
exist countable sets C,...,Cy satisfying

P(XiECi):l,izl,...,n,
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show that X1, ..., X, are independent if and only if

P ((][Xz :xz]> :HP(XZ- =u;) for allz, € Cy,...,x, € Cyy.

i=1 =1

2. Suppose (X1,...,Xy) has a joint density f, which can be written as

n

f(z) = Cng‘(%’), x=(z1,...,2y) € R",

i=1

for some ¢ € R and one-dimensional densities gi,...,gn, that is, g;
is a non-negative Borel function on R satisfying f]R gi(x)dx = 1 for
1 =1,...,n. Show that ¢ = 1 and X1,...,X, are independent with
respective densities gi,...,Gn-

Example 6.1.1. Let X ~ Gamma(a) and Y ~ Gamma(B) independently
of each other, that is, each of them has density r defined by

r(x) =

-z, —a—1
F(a)e x 1(x > 0),

where

oo
I(z) = / ez e, 2> 0.
0

We want to find the distribution of W = X/(X +Y).

Theorem[].3.9 is the only tool at our disposal, which is valid for one-one
functions from an open subset of R? to R?. Therefore, we define an auxiliary
random variable Z = X +Y . Thus, (W, Z) = (X,Y) where ¢ : U =V is
a bijection defined by

w(xay) = (x_x’_ywx—i_y) ,(.%',y) ev,

and U = (0,00)% and V = (0,1) x (0,00) are open sets. The inverse of 1 is
T:V = U defined by

T(w,z) = (wz,z —wz), (w,z) € V.

The Jacobian matriz of T is

O A

-z l—-w
showing | det J(w, z)| = z for (w,z) € V. The joint density of (X,Y") is

—m—yxa—l £—1

f(z,y) =

e

Yy’ (z,y) €U

INCYINE)
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Theorem shows that the joint density g of (W, Z) at (w,z) € V is
9w, 2) = f o T(w, 2)| det J (w, )]

= Le_z w2)* Nz —wz2)P 1z
FarE W)

— 1 wa—l —w ,B—le—zzoc-i—ﬂ—l
T 7Y ’

and g(w, z) =0 for (w,z) ¢ V. In other words,
g(w,z) = chi(w)ha(z), (w,2) € R?,

where
1
h = =11 —w)P11(0 1 R
1(w) B(a,ﬁ)w ( w) O<w<l),weR,
1
— —z oz-i—ﬁ—ll R
ha(2) 7F(a+6)e z (z>0),z€eR,
and

B(a, f)I'(a + B)

L@)I'B)
Since hy and hy are densities of Beta(a, ) and Gamma(a+ ), respectively,
it follows that ¢ = 1 and W and Z are independent with respective densi-
ties hy and hy. In particular, this means X/(X +Y) follows Beta(c, (3).
Furthermore, ¢ = 1 proves that

C =

L'(a)l'(8)
B(a,f) = =—"—=,a,8>0.
6.2 Kolmogorov’s zero-one law
Theorem 6.2.1 (Kolmogorov’s zero-one law). If Ay, Asg, ... are independent

o-fields, then the tail o-field

r-Q v

is trivial, that is, for all A € T, P(A) is either 0 or 1.

Proof. The first step in the proof is the following.
Step 1. For all n > 1, 7 is independent of \/;"_; A;.

Proof of Step 1. Fix n > 1. For any m > n, Theorem implies /i, A;
is independent of \/}" 41 A;. Since the above holds for all m > n, it follows
that

P(ANB)=PA)PB)forallAc \/ A, Be ] \/ A.
=1

m=n+11i1=n+1
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Since Up_p 11 Vieni1 Ai is a field (and \/;_; A; is a o-field), Theorem

implies that

n oo m

\/.Aianda< U \/ Ai)

=1 m=n+11i=n+1
are independent. Since o (Upe_, 11 Vit Ai) = Vieni1Ai D T, Step 1
follows. O
Step 2. The tail o-field 7 is independent of \/;2, A;.
Proof of Step 2. A consequence of Step 1 is that

P(ANB)=P(A)P(B)forall Ac | J\/ A, BET.

n=11i=1

Since ;2 iy A is a field, the o-field generated by which is \/;2, A;, Step
2 follows by using Theorem once again. O

Since /2, A; D T, Step 2 implies that 7 is independent of itself. In
other words,

P(A)=P(ANA)=P(A)?*forall AcT.
Thus P(A) equals either 0 or 1 for all A € T, as claimed in the statement.
This completes the proof. O

6.3 The strong law of large numbers

Definition. Random variables X,, converge almost surely (or a.s.) to X if
X, — X a.e., that is,

P ({w €O lim Xo(w) = X(w)}) ~1.
n—oo
The following is a trivial consequence of Kolmogorov’s zero-one law.

Exercise 6.3.1. Suppose X1, Xo,... are independent random variable such
that as n — oo,

n
n~! ZXi — X a.s.
i=1
Show that X is a degenerate random variable.
The following theorem, known as the strong law of large numbers or

SLLN, shows that if X1, X5, ... are i.i.d. with finite mean u, then the above
holds with X = p.
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Theorem 6.3.1 (SLLN). For i.i.d. random variables X1, Xo, ... with finite
mean 4,

1 n
— ZXi — I a.s.,
n
=1
as n — 0o.
For proving the SLLN, the following inequality will be used.
Theorem 6.3.2 (Kolmogorov maximal inequality). Let Xi,...,X,, be in-

dependent random variables with finite variance. Then, for any a > 0,

P ( max |Si — E(Sk)| > a) < a"*Var(S,),

1<k<n
where

k
Sk:ZXi,lgkgn.
i=1
The following inequality obtained by putting n = 1 above is known

as Chebyshev’s inequality in probability theory. This follows directly from
Markov’s inequality (Theorem |3.3.4)) as well.

Corollary 6.3.1 (Chebyshev’s inequality). If X has mean pu and finite
variance o2, then

P(X —pl>a)<a20?,a>0.

Proof of Theorem [6.53.3. WLOG, assume that Xi,..., X, are zero mean.
We start with the observation that

1<k<n

[max |Sk| Za} = UAk,
k=1

where
Ay =[Skl > a>|Sj|forall 1 <j<k—-1],k=1,...,n.
Since Ay, ..., A, are disjoint, it follows that

(S7)

n

- Z E (57211141@)

1

Var(S,) =

=

b
Il

I
NE

[E ((Sn — Sk)?14,) + E(Sp1a,) + 2E ((Sp — Sk)Skla,)]

X

S

—_

v

[E (S714,) + 2E ((Sn — Sk)Sk1a,)] -

b
Il
—
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Since S, — Sy and S;14, are independent and the former has zero mean, it
follows that
E ((Sn — Sk)Skla,) =0,

and hence
Var(S,) > Y E(S714,)
k=1
> Z E (a21Ak)
k=1
= o’P < max |Sg| > a) .
1<k<n
This completes the proof. ]

Exercise 6.3.2. Prove the following.

1. If X and Y are independent and integrable random wvariables, then
Cov(X,Y) exists and equals zero.

2. If X4,...,X, are independent random variables each having a finite
variance, then

Var(X; +...+ X,,) = Var(Xy) + ... + Var(X,,) .

Proof of Theorem[6.5.1. WLOG, assume that E(X;) = 0. For n > 1, define

n
SnEZZEE:)Q,
=1

X! = Xp1(|Xn| < 1),

and

Notice that

Y P(X,#£X;) = Y P(Xi|>n)
n=1 n=

=1
S [ Pz e @)

<

= / P(|X4| > s)ds
0

= E(|X1])

< 00,
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(6.3.1) following from the observation that P(|X1| > n) < P(|X1| > s) for
s < n. From the Borel-Cantelli lemma (Theorem [3.4.3)), it follows that

limsup | S, — S| < o0

n—00
almost surely, and hence

n S, —n1S, =0
almost surely. So it suffices to show that

n~1S! =0 a.s. (6.3.2)
Notice that by DCT,
E(X;) = E[X11(|X1]| < n)] = E(X1) =0,

and hence,

JingonflE(s;) =0.
Therefore, will follow if we can show that

n~t[S, — E(S;)] — 0 as.

For r > 1, set

Ly = S, — E(S})].
QT_III??QJ k (k)]

Since
1 / / —(r-1) r—1 r
it suffices to show that

27"Z, — 0 a.s.

The above would follow from Theorems [3.4.3] and [3.4.4! if it can be shown
that

> P[|Z,] > 2] < 0.
r=1
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for any € > 0. Kolmogorov’s inequality implies that

(o]
> P[|Z,| > 27]
r=1

(Exc[32)

<

IN

<

g P max
1<k<2r

Z 7247 "Var(Sh)

r=1
0o 27
g2 Z 47" Z Var(X")
g2 Z Var(X Z 47"

r=[log, j]

K Z §72Var(X%)
j=1

- E(Sp)| > 2”5)

the last line following from the calculation that

f: g = Ay-rog s

r=[log, jl

Z 4 logad

IN

3
4
3
4.

-2

Thus, in order to complete the proof, all that needs to be shown is that

To that end, observe that

> Var(X))

J=1

IN

IN

> ITE(XT(X| <))

J=1
o}

Y E(X(k—-1< X < k))fjj—?

J=k

01

E(X?1(k -1 < |X1| <k))2/k (6.3.3)

B
Il
—_

23 E(Xi[1(k -1 < |X1| < k)
k=1
2E|X1| < 00,
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(6.3.3) following from the fact that for k& > 2,

D D B e 1
=k j=k i1 k—=17k

and
> 00
Zj2§1+/ 2 2dr =2,
=1 !
which together imply
o
Z j?2<Z keN
ji=k
Hence, the proof follows. O

6.4 The second Borel-Cantelli lemma

Definition. Events A, A, ... are independent if 0({A41}),0({As2}),... are
independent o-fields.

The following theorem is a converse of Theorem [3.4.3] the first Borel-
Cantelli lemma, when the events are independent.

Theorem 6.4.1 (Second Borel-Cantelli lemma). If Ay, Ao, ... are indepen-
dent events such that

> P(4,) =00,
n=1

then
P (A, occurs for infinitely many n) = 1.

Proof. Since

E = [A,, occurs for infinitely many n| € ﬂ \/ {4, A%, 0,02},

n=1k=n

Kolmogorov’s zero-one law (Theorem [6.2.1) shows P(FE) is either 0 or 1.
Thus it suffices to show
P(E)>0. (6.4.1)
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Recall that for any n > 1,

=1
n
=1—exp <— Z P(AZ))
i=1
— 1,
as n — oo because Y .o, P(4;) = oo.
Let aq,az,... € (0,1) be such that
oo
Hai > 0.
i=1
For example, o; = e VP for i = 1,2,... satisfies the above. The above

calculations show there exists nq such that

P <Cj A,) Z aq .
=1

Since » 2, 1 P(A;) = 0o, a similar calculation shows there exists na > ny

such that
n2
P( U Al> Z a9 .

1=n1+1

Proceeding inductively, get integers 0 = ng < n; < ng < ... such that

n
Pl |J A|=arkeN.

iznk_l-i-l

Clearly,

k=1i=ng_1+1
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Therefore,

P(E)>P ﬁ Ej A

k=1i=ng_1+1

0o ng
= H P U A;
k=1 t=ng_1+1
> H ap >0
k=1
Thus (6.4.1) holds, from which the proof follows. O

An immediate consequence of the second Borel-Cantelli lemma is the
following, which should be compared with Theorem [3.4.4

Exercise 6.4.1. If X1, X9, X3,... are independent random variables, then
show that

o
X, — X as. = ZP(]Xn—X\>5)<oof07“all5>O.

n=1
Show that if the above holds, then X is a degenerate random variable.

Exercise 6.4.2. Suppose X1, Xo,... are random variables such that

i E(X2) < cc.
n=1

If Y1,Ya, ... are such that o(X,, : n > 1),0(Y1),0(Y2),... are independent
and Y, takes values 1 and —1, each with probability 1/2 forn = 1,2,...,
show that

n

ZXZ-Yi—>Z, as n — oo,

i=1
in L?, for some Z € L*(9).
Soln.: Let .

Zn=> XYin>1.
i=1

Theorem implies L2(£2) is a complete metric space, it suffices to show
that {Z, : n > 1} is a Cauchy sequence in L?(2). For 1 < m < n,

n 2
E[(Zn— Zm)?] = E ( > XY)
i=m+1

n

Y2=1)= ) EX)+2 >  EXXVY)).
i=m+1 m+1<i<j<n
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For m +1 < < j <n, independence of 0(X1, Xo,...),0(Y;),o0(Y;) shows
E(XiX;YiY;) = E(Xi X;)E(Y)E(Y;) = 0.

Thus,

E [(Zn - Zm)Q] - Z E(Xf) :

i=m+1
Given € > 0, choosing N such that
[e.e]
Y EX})<e,
i=N+1

which is possible from the given hypothesis, it holds that for N < m < n,

n o0

E[(Zn—Zm)’] = Y EBX)< Y EX})<e,

i=m+1 i=N+1

showing {Z,, : n > 1} is a Cauchy sequence in L?().

7 Modes of convergence

Convergence in LP and a.s. convergence have been defined in Subsections
and respectively. In this section, a few more modes of convergence
will be studied. The first one of them is convergence in probability, which
is weaker than both convergence in LP and a.s. convergence. As usual,
(Q2, A, P) is the probability space underlying all random variables which are
real-valued, unless mentioned otherwise.

7.1 Convergence in probability

Definition. For random wvariables X, X1, Xo,..., we say X, converges in
probability to X and write X, Px if

lim P (| X, —X|>¢)=0 foralle >0.

n—o0

Theorem 7.1.1. For random variables X, X1, Xo,..., X, P x if either
X, = X in LP for some 1 <p<oo or X, — X a.s.

Proof. Markov’s inequality implies that convergence in LP implies conver-
gence in probability, while DCT shows that a.s. convergence implies conver-
gence in probability. O

Exercise 7.1.1. If X, Py X and Xn £, X', then show that X = X', a.s.
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Example 7.1.1. Let Q = (0,1], A = B((0,1]) and P be the restriction of
Lebesgue measure to (0,1]. Define for all w € Q,

Xi(w) = 1<O<w§;>7
Xo(w) = 1<;<w§1>,
X3(w) = 1<0<°"§411>’
Xi(w) = 1<i<w§;>,
Xolw) = 1(5<ws]).
Xo(w) = 1<i<w§1>,

and so on. Then, X, P50 but

P (lim X, =0) =0.

n—o0

The above example shows that convergence in probability is a strictly
weaker notion of convergence than almost sure convergence.

Exercise 7.1.2. If X;, = Y in LP for some 1 <p < oo and X,, = Z a.s.,
show that
Y =27 a.s.

Exercise 7.1.3. 1. In Ezample show that for allp € [1,00), X,, —
0 in LP.

2. Show that for p € [1,00), convergence in LP neither implies nor is
implied by a.s. convergence.

Theorem 7.1.2. If X, -, X, then X,, has a subsequence X, such that
X, — X a.s.,
as k — 0.

Proof. Since X, I x , there exists n; such that

P(|Xn, — X[>1) <

N | =
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There exists Ny such that
1
P(\XH—X] > 2) <22 foralln> Ns.

Define ny = No V (n1 + 1). Proceeding similarly, we get positive integers
ny < ng < ng < ...such that

1
P <|Xnk —X|> k> < 27% for all k.

Hence,

= 1
ZP(!XW - X| > k> < 0.
k=1

The Borel-Cantelli Lemma implies that

1
P (\Xnk - X|> z for infinitely many k) =0.

Thus,

Xn, — X as.,
as k — oo. This completes the proof. O
Theorem 7.1.3. If X, L X and | Xn| <Y for some Y with E(Y) < oo,

then prove that
lim E(X,) =E(X).

n—o0

Proof. Exercise. O

Exercise 7.1.4. Prove or disprove the following claim. If X, and X are
random wvariables such that any subsequence {X,, : k > 1} of X, has a
further subsequence {Xn, :1=1} such that

Xnk] — X a.s.,
then X, = X a.s.

Exercise 7.1.5. Show that the following are equivalent for random variables
X, and X.

1. Asn%oo,Xni)X.

2. Bvery subsequence {X,, : k > 1} of {X,, : n > 1} has a further
subsequence {Xp, 11> 1} such that as | — oo,

chl — X a.s.

3. BEvery subsequence {X,, : k > 1} of {X,, : n > 1} has a further
subsequence { Xy, 11> 1} such that as I — oo,

Xy, — X .
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7.2 'Weak convergence

Definition. For probability measures p, pipa, ... on (Rd,B(Rd)), [y, CON-
verges weakly to u, written as pun, = u, if

lim fduy, = / fdu for all bounded continuous function f : R 5 R.
Rd

n—oo Rd

For R-valued random variables X, X1, Xo, ..., X,, converges weakly, in law
or in distribution to X, written as X,, = X, if

PoX 1= PoX 1 n—-oo.

Theorem 7.2.1. If p, i/, pu1, pio, . . . are probability measures on (Rd, B(Rd))
such that p, = p and py, = 1/, then

p=p.

The proof uses the following exercise which is a simple application of the
good set principle.

Exercise 7.2.1. Show that for any probability measure P on (Rd,B(Rd)),
P(A) =inf{P(U) : U open,U D A} =sup{P(F) : F closed, F C A}.

Proof of Theorem [7.2.1] In view of Exc[7.2.1] it suffices to show that

w(F) =y (F) for all closed F' C R, (7.2.1)
Fix a closed F C R,
Let || - || be the Euclidean norm on R¢. Define
d(z,F) =inf{||z —y|| : y € F}, z € R (7.2.2)

We shall first show that d(-, F') is a continuous function with respect to the
norm || - ||. For z,2' € R% and y € F, the triangle inequality implies

lz =yl < llz = 2| + [l2" = y]l.
Taking inf over y € F' shows
d(z,F) < ||z — 9:/|| + d(:c', F).
Interchanging the roles of z and 2/, in conjunction with the above, implies
|d(z, F) —d(z/, F)| < ||z — 2'||, z,2" € RY . (7.2.3)
Thus d(-, F') is a continuous function. Fix € > 0 and define

fo(x) =1A (et d(z, F)), 2 € R (7.2.4)
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Since d(-, F') is continuous, so is f.. Since f. is bounded as well, the
hypothesis implies

/fs dp = /fs dy’ . (7.2.5)

Since

where F. = {z ¢ RY: d(x, F) < ¢}, (7.2.5) implies
p(Fe) < p (F°),

that is,

Since F' is closed,

F={z:d(z,F)=0} = () Fi

k=1
showing that
p(Fiy) L p(F), k— oo (7.2.7)
Thus p(F) > p/(F). Interchanging the roles of p and p’ implies the reverse
inequality, from which, follows and completes the proof. O

The following is a trivial exercise, the solution of which follows from the
definition.

Exercise 7.2.2. Show that for R%-valued random variables X, X1, Xa, ..
X, = X if and only if

*)

lim E(f(X,)) = E(f(X))

n—oo
for all bounded continuous f : R — R.

Theorem 7.2.2 (Continuous mapping theorem). If X, X1, Xo, ... are R%1-
valued random variables and f : RM — R% s q continuous function, then

f(Xn) = f(X) inR%.
Proof. Follows from the definition of weak convergence. O

Theorem 7.2.3 (Portmanteau theorem on R?). The following are equiva-
lent for probability measures i, 12, . .. on (Rd,B(Rd)).

1. Asn — 00, tn = p.

2. For all bounded uniformly continuous functions f : R* — R,

li dpin, = du .
nl_{gO/Rdfu /Rdfu
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3. For all closed set F C RY,

lim sup pp (F)) < p(F).

n—o0

4. For all open set U C R4,

lim inf p, (U) > w(U) .

n—

Proof. We shall show that 1=2=3=4=-1.

Proof of 1 = 2. Follows tautologically from the definition of weak conver-
gence. ]

Proof of 2 =3. Assume that 2 holds. Fix a closed set F ¢ R% and ¢ > 0.

Let d(-, F) and f-(-) be as in (7.2.2) and (7.2.4), respectively. It follows
from ([7.2.3) that d(-, F') is uniformly continuous, and hence so if f.. A

restatement of (7.2.6)) is that

1p<1-f.<1p,

where F; is as defined there. Thus,

lim sup pp, (F) < limsup/(l — fe) dup

n—oo n—oo

(by hypothesis of 2) = /(1 — fo)du
< p(F).
Since F' is a closed set, ((7.2.7) holds, which shows 3. O

Proof of 3 =4. Follows trivially from the fact that the complement of an
open set is closed. O

Proof of 4 =1. Assume 4. Let f : R* — R be bounded and continuous.
Thus there exist @ € R and b > 0 such that 0 < b(f —a) < 1. Since

Iy [1, f2, - . . are probability measures, for the sake of showing
li_}m /fd,un = /fd,u, (7.2.8)

it can be assumed without loss of generality that 0 < f < 1.

Fix 0 < e < 1. Since {z € R: u (f~'{z}) > 0} is a countable set, there
exist £/2 < ay < € such that p(f '{a1}) = 0. Proceeding inductively,
0=agp<a; <...<a,=1 can be chosen such that

—1
g?gk(ai —a;—1) <eand pu(fHao,...,a}) =0.
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Thus, letting
k
9=> aif Mai_1,ai,
i=1

ensures g — e < f < g. Hence

lim inf/fdun > lilginf/(g — &) dun

n—o0
k
= —c+ hnrggf Z az,un l(ai,l, ai])
"
(a; >0) > —e+ hnrggolfzazun i1, )

(a5 > 0) > — + Zl ai timinf i, (£ (ai-1, a;))
1

Z_E—I_Zal'u 1az 1,%,)),

the last line following from the hypothesis of 4 and that f~'(a;_1,a;) is an
open set, which is a consequence of continuity of f. The choices of ay, . . ., ag
imply that

Zw a1, a0) Zazu faval) = [oduz [ fdn

thus showing
liminf/fdun > /fdu—e.
n—oo

Since € is arbitrary, the desired lower bound on lim inf is obtained. Replacing

f by —f yields the reverse inequality, which establishes 1. O
This completes the proof. O
Exercise 7.2.3. Suppose that X1, ..., Xso are R%*-valued random variables

and X, = (Xn1,. .., Xpa) forn=1,...,00.

1. If
XmLXOOZ',n%OO,Z‘:L...,d,

show that X,, = X

2. Show that the converse holds when X is a degenerate random vari-
able, that is, there exists © € R? such that Xoo = x a.s.
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8 Characteristic function and other transforms

The concept of Fourier transform in analysis is essentially called character-
istic function in probability theory.

8.1 Fourier transform

For studying Fourier transforms, the theory of integration for functions tak-
ing values in C, the complex plane, has to be developed. This follows the
predictable path of defining it for the real and imaginary parts separately.
The real and imaginary parts of a complex number will be denoted by R and
3, respectively. That is, for z = a + ib € C, where i = v/—1 and a,b € R,

R(z) =a and (z)=

Definition. Given a measure space (£2, A, u) a function f : Q — C s
integrable if both R(f) and S(f) belong to L' (2, A, 1), and in that case, the
integral of f with respect to u is defined by

/Qfdu:/géﬁ(f)duﬂ'/ﬂg

Exercise 8.1.1. Given a measure space (€2, A, u) and a function f : Q@ — C,
show that f is integrable if and only if R(f) and I(f) are Borel functions
from © to R and

/\f\du<00-

The following result is essentially the version of Theorem for C-
valued functions.

Theorem 8.1.1. For a measure space (2, A, 1), the following hold for in-
tegrable functions f,g:Q — C:

/fdMZ/gdu,
/afdu—a/fdu,

3. f+ g is integrable and

/(f+g)dM=/fdu+/gdu,
'/fdu‘</|f|du-
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2. for a € C,

4. and



Proof. The proof of 1, 2 and 3 is exactly the same as that of 2, 3 and 5 of
Theorem respectively. For the proof of 4, define

a:/fm.

If @ = 0, then 4 is automatic as the left hand side of the claimed inequality
is zero in that case. Assuming a € C\ {0} without loss of generality, 2

implies
/a_lfd,u:ofl/fd,u
=1;

the equality in the second line follows from the definition of a. Thus

1= [Rapdu< [la~fldu=lal ™ [ I71dn

from which the proof of 4 follows by multiplying throughout by |«]. O

The following versions of Fubini and DCT can easily be proven and hence
their proofs are left as exercises.

Theorem 8.1.2 (Fubini for complex-valued functions). Suppose (£2;, A;, ;)
is a o-finite measure space for i = 1,2. Then for an integrable function
f:Q1 xQ — C, it holds that

/ F (w1, w2) ra(dun) oy (doy) = / F (w1, w2) o1 (dwoy) ra(dn)
Q1 JQo Qo J

Proof. Exercise. O

The above theorem can be generalized to any finite product, which is
also left as an exercise.

Theorem 8.1.3 (DCT for complex-valued functions). If fi,..., foo, g are
integrable functions from a measure space (2, A, u) to C such that fr, = fx
asn — oo and |fn| < |g| for all n, then

lim mw:/mw.
n—oo

Proof. Exercise. O

Fourier transforms can now be defined.

124



Definition. Let L'(R? — C) be the collection of functions from R? to C
which are integrable with respect to the Lebesgue measure on Re. For f €
L' (R? = C), its Fourier transform f is a function from R? to C defined by

fie) = | f@yee) o, ¢ R,

where i = /=1 and (-,-) is the usual inner product on R?.

Example 8.1.1. Suppose f is the Gaussian density on R, that is,
flz) = (27r)*1/267x2/2, z €R.

Though we wish to calculate the Fourier transform of f, we start with ob-
serving that for &€ € R,

/ e f(z) dx = (271)1/2/ £=2%/2 gy
R

R

(51‘ _ :):22 — 522 _ @_25)2> — (QW)—l/QBEQ/Q/ e~ (@=6?%/2 g
R

_ L2
For those with knowledge of complex analysis, h : C — C defined by
h(z) = / e f(x)dzx, z € C,
R

which is defined because fR e f(x)dx < oo for all € > 0, is an entire
function. Since ,
h(z) =e* /2 for all z € R,

and the right hand side is also an entire function of z € C, the result from
complex analysis, that any two entire functions which agree on the real line
agree on C, implies

h(z) = ¢/ for all z € C.
Putting z = i€ for & € R, it follows that
flOy =4/ cer.

Those who are not familiar with complex analysis may derive the above via
the following exercise.

Exercise 8.1.2. If f : R — [0,00) is a Borel function such that

/ e f(x) dx < 0o and / e " f(x)dr < oo for somet > 0,
R R
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then show that
/ |z|" f(z) dx < oo for alln=0,1,2,...
R

and
o

Fley =3 ey / "fla)de, —t < €<t

n= 0
Hint. Show that [ el f(z) dz < oo and use DCT.

The following is an easy application of Fubini and the above example.
Exercise 8.1.3. Suppose for a fized o > 0, f: R — R is defined by
Flx) = (2m) W2 del#7/20% 5 c R,

| - || being the usual (Buclidean) L? norm on RY:

Show that
i) = W ¢ c e,
Theorem 8.1.4. For f € LY(RY — C), its Fourier transform [ is an

uniformly continuous function from R% to C and satisfies

sup | F(¢ |</'u )| dz.

£cRe

Proof. For ¢ € R,

| =  f@)e do

<

y
— [ 7@ da,

and for £, ¢ € RY, a similar calculation shows

()&

‘ G / f(z §a) _ 1‘ da .
It follows from DCT that
lim [ 7@ 1) dw =0,
thus showing fis uniformly continuous. O
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Theorem 8.1.5 (Fourier inversion theorem). If f € L'(R? — C) is such
that f € L'(RY — C), then

flz) = (27lr)d /Rd F(©)e %) dg for a.e. x € RY. (8.1.1)

Before proceeding to the proof, let us record an implication of (8.1.1)).

Corollary 8.1.1. If f satisfies the hypothesis of Theorem and is con-
tinuous, then

__1 ()16 d
flx) = (27T)d/Rdf(£)e d¢ for all x € R®.

Remark 8.1.1. In the harmonic analysis literature, the Fourier transform
of f € L' R? — C) is often defined as

f(&) = f( )26 dp ¢ € RY.

With the above definition, for an f satisfying the hypothesis of Theorem

takes the form
= @(x) for a.e. z € RY, (8.1.2)
Indeed, can be rewritten as that for a.e. x € R?,
oy =t [ ([ raereray) ae

(pumng € =21, dé = (2r (2t y—a dy> a9

(Lo
( / Fly)e?mitov=e) dy) o
o

)=,
-/,
-,

]Rd

27r10 —z)

which is equivalent to (8.1.2)).

The proof of Theorem [8.1.5| uses the following lemma which is important
in analysis for several other reasons.

Lemma 8.1.1. If L'(R? — C) is equipped with the usual L' metric, then
C’C(Rd, C) = {f ‘R = C : f is continuous and compactly supported}
is dense in L'(R? — C).
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Proof. Let g : R? — [0,00) be integrable and ¢ > 0. An argument similar
to that leading to (3.5.4)) shows that

o
9= cnla, (8.1.3)
n=1

for some c1,ca, ... € (0,00) and Ay, As, ... € B(R?). Integrability of g with
respect to A, the Lebesgue measure on R?, and that ¢, > 0 imply

AMA,) <ooforallm>1.

Exercise which is valid on R? as well, shows that for all n, there
exists K, compact and U,, open with K,, C A, C U,, and

1
MU\ Ky) < 0—52—”—1 .

Since Uy, is open, Uf is a closed set which is disjoint from K,. Thus
6p =inf{||lz—y|: € Kn, y € U} >0.

Let N be such that

[e.9]

D eA(4n) <

n=N-+1

i

DN ™

which exists because of (8.1.3)) and the assumption that g is integrable.
Clearly,

g, (x) <1— (176, d(z, Ky)) <1y, (z), n=1,...,N.

Define
N

f@)=> en (1= (1AG,"d(z, Kp))), x € RY.

n=1

Then f is a compactly supported continuous function with

[e] N
1 =gl < D cad(An) + D cnA(Un\ Ky)
n=N+1 n=1
€ = —n—1

For g € L'(R? — C), applying the same argument to the positive and
negative parts of each of $(g) and I(g), the proof follows. O
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Proof of Theorem [8.1.5, Let f be as given, that is, f, fe L'(R? — C). For
fixed e > 0 and = € R, write

e~ 1(€@) o= 18112 /2 RIS —i(gx) o—e[I&]1%/2
| ftee de= [ ([ feren ay ) eieme ez g
—/ () </ (&) o—e[I€1I7 /2 d{) dy
Rd Rd

(8.1.4)

the second line following from Fubini and the observation

—e?[l€ll?/2
([, rae) [ 1wy <oo.

Putting 0 = 7!, Exc shows that

/ et (&y—2) o —€lIEl*/2 ge — (Qﬂ)d/ZE*deny*frllz/%Q )
Rd
Thus (8.1.4) shows
f(f) —ilem) o= IEI?/2 gg = (27) 42~ [ f(y)el2I/2e gy
R4
(substitute z=e1(y— z)) = (27r)d/2/ flz+ €z)e_||'zH2/2 dz.
Rd
Rewrite the above as

fz + e2)(2m) "2 P2 gy = (27) 2 f(g) —il&e) o= lEIP/2 gg |
Rd
R (8.1.5)
DCT and integrability of f imply

lim f(&)e_i<§’z)e_52||§||2/2 g = / f(f)e_i<§’x> d¢, for all z € R?,
el0 JRd Rd

Thus the claim would follow once it is shown that there exist integers 1 <
k1 < ko < ... such that

lim [+ 2/kp)(2m)” 2= 112I1/2 g = f(x) for a.e. z € RY.

n—oo Rd

The above would follow from Theorem [3.4.5] and the observation
/ e EIP12 g — (27yd/2
]R‘i
if it can be shown that

lim \f(z+ 2/k) — f(z)| e 12 dzda = 0. (8.1.6)

k—oo Jrd JRd
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Proceeding towards (8.1.6]), using Tonelli write
/ |f(x—|—z/k)—f(:L')|e_HZ”2/2dzda:
Re JRd
= [V [ A 2/k) - fo)] dods
R R
_ / 121202 k) d,
Rd

where
o) = [ 1f(e+9) = fla)| doy <R,
Since 0 < g < 2| f]|1, DCT would imply (8.1.6]) once it is shown that

lim g(y) =0. (8.1.7)

y—0

Fix 0 > 0 and use Lemma to get h € C.(RY, C) satisfying
]
I~k <3

Since h is a continuous function supported on a compact set, say K C R?,
it is uniformly continuous. Thus there exists n > 0 such that

h(y) —h(z)] < § whenever [ly — z[| <7, y, 2 € R?.

1
6 (K)

For y € RY with [ly|| <,

o) <207 =+ [ Jhla+9) = hia)| da

2

< 5+/ |h(z +y) — h(z)| dz
3 Rd

2

—5+/ \h(xz +y) — h(z)| dx
3 KU(K—y)

2 J

: 25, 0 _
(Choice of ) < 35+ 6A(K) MK U (K —y))
< 26+ i

= 3% T 6A(K)

=9.

OA(K)

This establishes (8.1.7)), from which the proof follows. O

Remark 8.1.2. Fquation (8.1.5) is often called an “approximate identity”.
Indeed, (8.1.1)) essentially follows by letting € | 0 in (8.1.5)).
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8.2 Characteristic function

Definition. For a probability measure p on (RY, B(RY)), its characteristic
function ¢,, is defined by

0u(O) = [ ¢ do, ¢ R

For an R¥-valued random variable X defined on a probability space (22, A, P),
its characteristic function is defined as the characteristic function of the
measure P o X~ on R®.

Henceforth, B(RY) is the o-field associated with RY. The following is a
trivial exercise.

Exercise 8.2.1. If 1 is a probability measure on R¢ which has a density f
with respect to Lebesgue measure, then show that

Qs,u = fa
where ¢, is the characteristic function of . and f is the Fourier transform
of f.

The proof of the following theorem is very similar to that of Theorem
and is hence left as an exercise.

Theorem 8.2.1. If ¢ is the characteristic function of a probability measure
on R%, then ¢ is uniformly continuous and satisfies

sup [¢(t)] < 1= ¢(0).

teR

Proof. Exercise. O

Definition. For probability measures 1, pta on R%, the convolution of i1
and pa is the probability measure 1 * po defined by

s a(4) = [ (A=) palde). 4 € BRY,

where A—xz ={a—x:a € A}.

The following result provides an useful interpretation of convolution,
namely it is the push-forward of the product measure under sum.

Lemma 8.2.1. Suppose py and pg are probability measures on R?. Define
T:R* xR = R? by T(x,y) =2 +y. Then

p1 ¥ pe = (1 @ pg) o T,

that is, pu1 * o is the push-forward measure of the product measure p1 & po
on (R*?, B(R*?)) under T.
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Proof. For B € B(R%),

(11 ® p2) (T7'B) =

I
=
=
—~

Sy
|
=
=
[\
U
<
~—

and hence the proof. O
An immediate corollary of Lemma [8:2.1] is the following.

Corollary 8.2.1. The convolution operator is commutative, that is,
1 flo = pio * p1 for all probability measures piy, pro on R,

Exercise 8.2.2. If X; and X» are independent R*-valued random variables
defined on (2, A, P) such that P o Xi_1 = u; fori=1,2, show that

PO(X1+X2)_1 = U1 * 2.
The following result connects characteristic functions with convolutions.

Lemma 8.2.2. For probability measures py and po on R,

¢M1*H2(§> = ¢u1 (f)ﬁbm (f) for all § € Rd7

where Qu,, Guyy Quisus are the characteristic functions of pi, o, g1 * pa, re-
spectively.

Proof. For ¢ € R,

prspa (€)= /d e' &) p1 * pio(dx)

R
(Lemma B.2.T) = SVt 1y (dy) ® po(dz)
R4 xR
(Fubini) = ¢, (§)du, (§) -
as claimed. O

Exercise 8.2.3. If y1 and po are probability measures on R, show that
W1 * o has a density with respect to Lebesgue if so does either puy or uo.

The next result is essentially a consequence of Theorem [8.1.5

132



Theorem 8.2.2. If the characteristic function ¢, of a probability measure
p on R? is integrable, that is,

G (5.2.1)
then
u(B) = / f(x)dz for all B € B(RY),
B
where
fz) = — / €D, (€) de, x € RY (3.2.2)
= 2n) g pls) a5, | >

Proof. Let X be an RP-valued random variable, defined on some probability
space (£, A, P), having distribution y, that is, P o X! = y. What has to
be shown is that f, defined by , is the density of X.

Suppose Z = (Z1,...,7Z4) is a random variable defined on the same
probability space (for which £ may have to be expanded), independent of
X, such that 7y, ..., Z, are independent from standard normal, that is, they

have density ,
$(z) = (2m) V2 /2 2 e R.

Define
Y.=X+¢eZ,>0.

Exc shows that for al € > 0, Y, has a density, say f.. Lemma [3.2.2
shows that for fixed € > 0,

Jo(©) = du(©)e 112, ¢ e R,
Theorem [8.1.5] shows that for a.e. x,

fg(l’) = (27’r)_d g/b;(g)e_i<fy$>_52||f||2/2 dé’ (823)
Rd
= @2 [ Gu(€)e e dg
Rd
as € | 0 by DCT. That is,

nh_)rgo fim = [ ae. (8.2.4)

Hence f > 0 a.e. Faotou’s lemma implies
f(z)dz <liminf f,,(z)dz = 1.
Rd n—oo

Thus f is non-negative and integrable.

Rewrite (8.2.2)) as
Ou(x) = (2m)f(=a), x € RY,
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and use Corollary and Theorem along with integrability of f to
argue that for all £ € R¢,

Bu(§) = Cm) " | Gpla)e 67 dy = [ f(ea)e 6 da

Putting £ = 0 and using Theorem [8.2.1] again, it follows that

1= y f(=z)dx = /Rd f(z)dx.

This, in conjunction with (8.2.4) and Theorem [3.4.2] which is Scheffé’s
lemma, implies
fijm—= fin L', n— oco. (8.2.5)

Recall from the definition of Y that as e | 0, Yz — X. Exc implies
Y. = X, as € | 0. However, (8.2.5) means

Yy =V, (8.2.6)

where V is a random variable with density f. Theorem shows V £ X ,
that is, f is the density of X, which was required to be shown. Hence the
proof follows. 0

The next result connects characteristic functions with weak convergence.

Theorem 8.2.3 (Lévy’s continuity theorem). Suppose pi, pia, ..., foo are
probability measures on R with respective characteristic functions ¢1, ¢ . . .
ey Do Then py = oo if and only if

Tim () = goo(€) for all € € R (8.2.7)

Proof. The “only if” part follows trivially from the definition of weak conver-
gence. For the “if” part, assume . Suppose X1,..., X are random
variables with respective distributions 1, ..., ieo. By an appeal to Theorem
.2.3], it suffices to show that for all bounded uniformly continuous function

f:RY SR,
lim B (f(Xa)) = E(f(X0)) - (8.2.8)

n—o0

Let Y = (YU, ..., Y(9) be independent of (Xi,..., Xs) where Y, .
., Y@ are ii.d. real-valued random variables with density

hy) = (1 —y) 1(jy] < 1).

It can be checked that
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Define
Yie=X,+eY,e>0,n=12,...,00

Thus the characteristic function ¢y, of Yy, is

d
e (€ H (€)), € = (&1, £&) ER™.

Integrability of h on R and (8.2.7) imply by DCT that for all fixed £ > 0,
?y,. = Py, in L', n— oo.

Proceeding with the help of Theorem and Scheffé’s lemma, as in (8.2.3))-
(8.2.6)), it can be argued from the above that

Yie = Yooe, n — 00,6 > 0. (8.2.9)

To prove (8.2.§), fix a bounded uniformly continuous f : R? — R and
0 > 0. Choose € > 0 such that

|f(@) = f(y)| <6 whenever |lz — yllo < e, 2,y €R,

where || - |lo is the L norm on R? as in ([£.3.2)). Since ||V < 1, it is
immediate that
[Vie — Xnlloo <&,n=1,...,00.

Thus |f(X,) — f(Yne)] < 6 for all n = 1,...,00. This in conjunction with

establishes
limsup [E(f (X)) — E(f(X))| <26

n—oo

Since ¢ is arbitrary, (8.2.8|) follows, which completes the proof. O
The following is a consequence of the above result and Theorem

Corollary 8.2.2. The characteristic function of a probability measure is
unique, that is, if py and pg are probability measures on R with respective
characteristic functions ¢1 and ¢2, then

p1 = po == ¢1(€) = ¢a(§) for all £ € R

The following result is usually the most used one for proving weak con-
vergence in R%.

Theorem 8.2.4 (Cramér-Wold device). For R? valued random variables
X, X1,Xo,...,
X,=X

if and only if
(&, Xn) = (£, X) for all £ € RY.
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Proof. The “only if” part follows from Theorem and the fact that
x — (€,2) is a continuous map from R? to R for all £ € R, The “if” part
follows from Theorem R.2.3] O

Corollary 8.2.3. For R%-valued random variables X and Y,
x<y if and only if (£, X) 4 (£,Y) for all ¢ € RY.

8.3 Moments generating function
Definition. For a probability measure . on RY, its moments generating
function (MGF) is a function ¢ : R — (0, 00] defined by
0O = [ e©ulds), € € Y.
Ra
For an R%-valued random variable X, its moments generating function is
the MGF of Po X1,

Theorem 8.3.1. Suppose X and Y are R¥-valued random variables with
respective MGF's vx and 1y . If there exists € > 0 such that

Yx(A) = Yy (X) < oo whenever A € R, ||\ < e, (8.3.1)

where || - || is any norm on R?, then X Ly,

Proof. Let us first prove this for the case d = 1. That is, assume X and Y
are real-valued random variables with

E (eex) =E <€0Y> <ooforall —e<O<ce. (8.3.2)

It has to be shown that X < V.
For those familiar with complex analysis, the functions

fx(2) =E (e*¥) and fy(z) =E(e*) forall z € C, |R(z)| < &

are holomorphic functions on the strip {z € C: —¢ < R(z) < e};
simply means fx and fy agree on (—¢,¢). Recall the complex analysis result
that if two holomorphic functions g and h on a connected open subset U of
C agree on some set which has a limit point in U, then ¢ = h on U. The
said result implies

fx(z) = fy(z) forall ze€ C, |R(z)| <e.

Putting z = i€, where ¢ = /—1, for £ € R, shows that the characteristic
functions of X and Y are the same. Corollary with d = 1 implies

x<ly.
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For a proof without using complex analysis, let ¢x and ¢y be the char-
acteristic functions of X and Y, respectively. An implication of (8.3.2) is

E <65|X‘) <E (eEX —I—e_EX) < 00.

Hence
0 >E <e€|X|> —E (Z% —e"|X| ) - Z%n!s E(X").  (8.3.3)
Therefore, all moments of X are finite and
. 1 n n
> S EBXM)|e" < oo
n!
n=0
Using Fubini, it can thus be shown that
. 1 n AV
ox(t) = ZO BNt 0<t <e. (8.3.4)

A similar argument works for Y and (8.3.2)) shows
BE(X") =BE(Y"), n>1.

The above combined with (8.3.4)) and its equivalent for Y implies

oy (t) =ox(t),0<t<e. (8.3.5)
For —e <t <, (8.3.3) implies
= L. n n ieX - 1 n n
> it [B(XmeN)| < 37 —e"B(X]") < oo
n=0 n=0
Apply Fubini to get
‘ o0 1 o0 1 '
_ e X . n _ S\ ieX yvn
d)X(s—i—t)—E(eE Z_%”!(ZtX) > _Z_%n!(zt) E(e**X"), —e<t<e.
(8.3.6)

A similar argument works for Y which agrees with the above power series

for —e <t <0 by (8.3.5). Thus
E(e"*X") =E (¢Y"), n>1.
For 0 <t <, (8.3.6)), its equivalent for ¥ and the above show that

dx(e+1t)=ody(e+1).
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In other words,
dx(s) =ody(s), e <s<2e.
Like (8.3.5)) implies the above, proceeding inductively it can be shown that
for all n > 1,
qu(t) = qby(t), (n - 1)5 <t < mne.
Since this holds for all n > 1, ¢x and ¢y agree on [0,00). A similar argu-
ment works for the negative half-line, and shows ¢x is identical to ¢y, a

consequence of which is X 2y This proves the claim for d = 1.
For a general d, assume (8.3.1)). Corollary shows that if suffices to

prove

€, X) 2 (£,Y), £ R (8.3.7)

Fix ¢ € R% As the above trivially holds for ¢ = 0, assume without loss
of generality that [|£]| > 0. Letting § = £/||¢]|, (8.3.1) with A = 6¢, for
—0 < 0 < shows

Px (08) = by (0€) < oo,

which is the same as
E (69<£’X>> =E (60<£’Y>> < oo, —0<0<S.

By the claim for d = 1, which has already been proven, (8.3.7) follows and
so does the proof. O

9 The central limit theorems

In order to state the central limit theorems in higher dimensions, the multi-
variate normal distribution has to be first studied. This is done in the first
subsection.

9.1 Multivariate normal distribution

Exercise 9.1.1. Let X4,...,X, be i.i.d. from standard normal, and
X1
X=1:
Xn

Fiz p € R™ and let ¥ be a n X n real symmetric positive definite (p.d.)
matriz, that is, 27 = ¥ and 7 Xz > 0 for all x € R™\ {0}. Let ©1/2 be the
p.d. square oot of ¥, that is, ¥1/2 is the unique p.d. matriz whose square is
3. Define

Y =p+ 22X (9.1.1)
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Show that the density of Y = (Y1,...,Y,,) is

1
9) = Gyl det(5 1)

exp (=30 =05 =) y e R,

Soln.: Follows from Theorem [4.3.21

The density obtained in the above exercise is the density of the so-called
multivariate normal distribution which is formally defined below. The next
several results are devoted to understanding the properties of this distribu-
tion. Observing that det(X1/2) = /det(X), the following definition makes
perfect sense.

Definition. If X = (X1,...,X,) has density

1
(271')”/2

1 — n
f(z) = ) exp (—Q(x — )z - ,u)> ,x e R™, (9.1.2)

for some p € R™ and n x n p.d. matrix 3, then X follows n-dimensional
multivariate normal distribution with parameters p and X, which is written

as

The interpretation of x4 and ¥ in the distribution N, (u,3) will be clear
after a couple of results. The following theorem is essentially the converse

of Exc

Theorem 9.1.1. If X ~ N, (1, %) and (Y1,...,Y,) =Y = X7V2(X — p),
then Yi,...,Y, are i.i.d. from standard normal.

Proof. The density of X is

1 1 _ n
(27r)”/2 D) exp <—2(:n _ M)TE 1(;3 — M)) ,reR

YV = Z—l/QX _ 2_1/2,&,
Theorem implies that the density of Y is

gly) = det(;—l/z)f (21/2 (y - 2’1%))
7 (52 + )

_ 1
B det(2—1/2
21/2 271 <21/2y)>

fz) =

Writing

l\D\l—l [\3‘

n/2 exp <
n/2 exp (
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the last line follows from the fact that X/2 is symmetric and
yl/2y—1x1/2 _

Exercise shows that Y7,...,Y,, are i.i.d. from standard normal, which
completes the proof. O

The next theorem shows that if X ~ N,(u,X), then p and X are the
“mean vector” and the “covariance matrix” of X, respectively.

Theorem 9.1.2. If X ~ N, (u,X) where
= (1, pn) and = ((045))1<ij<n ,
then

E(Xl) :Niyi: 1,...,71,
COV(Xi,Xj) =045, 1 < i,j <n.
In particular, Var(X;) = oy fori=1,...,n.

Proof. Let (Y1,...,Y,) =Y = S V%X — p); Y1,...,Y, are iid. from
standard normal by Theorem [9.1.1] Rewrite the above as

X =pu+3"%v,
or .
X; :,ui—l—ZGinj,i: 1,...,n,
j=1
where X/2 = ((0;;))1<ij<n. Since Yi,...,Y; are zero mean random vari-

ables, it immediately follows E(X;) = p; for i = 1,...,n. Exercise m
shows that for fixed 1 < 14,5 < n,

Cov(X;, X;) = Cov (Z 0 Ve, Y 93‘13/1)
k=1 =1

= Z Z 0;10;:Cov (Y, Y)

k=1 1=1
n

= E Oir 0 »
k=1

the last line following from the fact that Y7,...,Y,, are independent and each
has variance one. Recalling that 6y, is the (i, k)-th entry of ¥'/2 which is a
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symmetric matrix, write

Z Oinbjr = Z 010k
k=1 k=1

= (i, 7)-th entry of ¥1/2x1/2
= (4,7)-th entry of ¥

=0jj .
It thus follows that
Cov(X;, Xj) =04,1<i,5<n.
Taking ¢ = j implies Var(X;) = 0;; and completes the proof. O

Example 9.1.1. Let Zy,...,Z, be i.i.d. from standard normal and Z = (Z1,
.oy Zq). Fix a dxd symmetric non-negative definite (n.n.d.) matriz ¥ and
€ R and define

X =p+3x'?27, (9.1.3)

where elements of R® are to be interpreted as column vectors by convention.
Let us calculate the characteristic function of X. Fiz A € R% and write

MX=\pu+6T7,

where
0 =12\,

Recall that 67 Z follows N(0, ||0]|?), where || - || is the L?>-norm, if ||0] > 0;
0T Z is degenerate at zero otherwise. Assuming for a moment thatt = ||0]| >

0,
, A
E(e?2) =K (exp (it >>
( ) 6]

T
<because aﬂﬁﬁ ~ N(0, 1)) = e /2

- 2
_ ez

_ Lor

= exp <—29 0)
Lip

= exp —5)\ YA .

If ||6]] = 0, that is, 0 is the zero vector, then also

E (ewTZ) = exp (—;)\TE)\) ,
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because both sides equal 1 in this case. Thus,
B (e41X) = ¥ (e72) — exp (3T = 2721 )
2
In other words, the characteristic function ¢x of X is
1
bx(\) = exp <z’>\Tu - QATE)\> A eRe,

Definition. An R%-valued random variable X follows Ng(u, %) for p € R?
and a d x d symmetric n.n.d. matrix X3, if the characteristic function of X
18

1
bx(\) = exp (MTM — 2)\TZ)\> AeR?.

The above definition is consistent with (9.1.2)) in the following sense. If ¥
is p.d. and X ~ Ny(p, ) according to the above definition, then the density

of X is f as in (9.1.2). Indeed, (9.1.3)) should be compared with (9.1.1]) to

see this immediately.

Remark 9.1.1. The distribution Ng(u,X) is called a “singular normal dis-
tribution” if ¥ is n.n.d. but not p.d. It should be noted that a singular normal
distribution in one dimension is a degenerate distribution.

Exercise 9.1.2. Show that a Ny(u,X) distribution has a density if and only
if X is p.d.

Theorem 9.1.3. For an R¥-valued random variable X, 1 € R% and a d x d
n.n.d. matrix X2,

X~ Ny(1,2) = (\X)~ N A, ATSN) for all X e RY.

Proof. For the “= part”, assume X ~ Ny(u,¥) and fix A € R%. Then for
teR,

E (eit<>\,X)> —E <€i<t/\,X>)
1
= exp <i(t)\)T,u — 2(t/\)TE(t)\)>
— itf—0*t?/2
where # = ATy and 02 = ATZA. As the above is true for all t € R,

(A, X) ~ N(0,0%). This proves the “= part”.
For the reverse implication, assume that

(A, X) ~ N (ATp,ATEA) for all A € R?.
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Let Y ~ Ng(p,X). The already proven “=- part” shows that
AY) ~ N (A, ATEN) for all A € RY.
Thus (A, X) g (A, Y) for all A € R%. The Cramér-Wold device shows
x<y,
from which the “< part” follows. This completes the proof. ]

Exercise 9.1.3. If X is a R%*-valued random vector such that for all A € R,
AT X follows one-dimensional normal, show that X ~ Ng(u, X), where p and
> are the mean vector and the variance-covariance matriz of X, respectively.

Exercise 9.1.4. If X; ~ Nyg(pi, ;) for i = 1,...,n and Xq,..., X, are
independent, show that

N n n
> Xi~ N (Zm,zzz) .
i=1 i=1 =1

The above property of the normal distribution is of utmost importance
and will be crucially used in the proof of the Lindeberg central limit theorem
in the next subsection.

9.2 The central limit theorems in R

The following result, due to Lindeberg, is arguably the most general central
limit theorem (CLT) on R for independent summands.

Theorem 9.2.1 (Lindeberg’s CLT on R). Suppose that forn € N, X,1,. ..
.oy Xnn are independent R-valued random variables satisfying the following:

=1
and
n
nh_}II;OZE (Xfﬂ-l(]Xm'\ >¢€)) =0, for everye > 0. (9.2.1)
i=1
Then, as n — oo,
n
> Xoi=Z,
i=1

where Z ~ N(0,02).

The proof uses the following exercises.
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Exercise 9.2.1. If X,, ~ N(0,02) and 0 < 0, — o < oo, show that
X, = X where X ~ N(0,0?).

Hint. If Z ~ N(0,1), then X, £ 0,7 — o 2.
Exercise 9.2.2. Suppose X, X1, Xo,... are random variables such that for

all thrice differentiable bounded f : R — R whose first three derivatives are
bounded, it holds that

lim E(f(Xy)) =E(f(X)) .

n—o0

Show that X,, = X.

Hint. Let
1, z <0,
flz)=X1—-2zY o0<z<1,
0, r>1.
Observe that for w <y,
r—w
L oouw)() < f (y—w) < ooy () for allz € R.

Proof of Theorem[9.2.1. Using Exc it suffices to show that

lim E (£(S.)) = E(£(2)) , (9.2.2)

n—o0

for all thrice differentiable f : R — R such that f and its first three deriva-
tives are bounded, where

n
=1

Fix such f.
Let (Z1, Zs, . ..) be a collection of i.i.d. standard normal random variables
which is independent of the triangular array {X,; : 1 <i <mn,n > 1}. Set

Oni = E(X,Q”-),ISZ'STL,TLZLZ..-,

and

Zafn,nz 1.

=1

Op —

Since

n
> 0niZi~N(0,0%),n=1,2,..., (9.2.3)
=1
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and 02 — o2, Exc shows

JLII;OE (f <ZaniZi>> =E(f(2)) .
=1

Thus, (9.2.2) would follow once it is shown that

nlggoE< (Z Oni )) =0. (9.2.4)

Fix n € {1,2,...} and write

—f (Z UniZi> = (f(Vic1) = F(V)),
i—1

=1
where
Y, = Z XnJ+ZUnJ Zj,i=0,1,...,n,
Jj=i+1

with the usual interpretation of the sum as zero if the lower limit exceeds
the upper limit. Thus,

E (f(sn) —f (Z aZ))

Fix i € {1,...,n} and write

<D B(Yio) = FV)) - (9:25)
=1

Y, =W+ o0niZ;,

and
Yii =W+ Xy,

where

W = Z an+ZO'n]

Jj=t+1

It is immediate that W, X,,;, Z; are 1ndependent. Taylor’s theorem implies

F(Yict) = FOW) + Xsf (W) + X2 (61) (926)
= f(W) + Xnif' (W) + %Xfw» W) + éxgi (&), (9.2.7)

for some &1 and & between W and Y;_1, where f/, f”, f""" are the first three
derivatives of f, respectively. Let

K = sup (If@)| V| @) V17 @)V 1))
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which is finite by assumption. A consequence of (9.2.6)) is that
1
100) = (FO7) 4 X ) + 5 X370 )|
1
= LX%|7E) - W)

1 / "
< X (17" €+ 1" (W)
<KX7.

Similarly, shows
1050) = (FOV) 4 X W) 4 X370 )| < GRIXAP < K.
Thus,
1050) = (FOV) 4 X (O0) 4+ X307 )| < KOG A X,
Therefore,
KE (X3 A LX) 2 B0 = (109) + Xy 00) + 3330707 )|
> [BC0-00) = B (107 + X 07) 4 5 XEr"00) )

_ ‘mm_l)) B(F(V) — 5ok (W)

)

the last line following from the independence of W and X,,; and that the
mean and variance of X,,; are zero and J?N-, respectively. A similar calcula-
tion shows

L2 B(f(W))| < KE (jomZif?) = Co;

B09) ~ B0V - 502,

where C = KE(|Z;]3). Combine the two inequalities obtained to get
|E(f(Yie1) = F(Y))| < KE (X2 A | Xoil’) + Cayi.

Summing the above inequality over i = 1,...,n and using (9.2.5), we

get
E (f(sm —f (Z amzi»

<CY oh + KDY B(X2 A Xul’)
=1 =1
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Thus, (9.2.4) would follow, which would complete the proof, once the fol-

lowing are shown:

n
JE&Z% =0, (9.2.8)
=1
n
and nlggoZE (X2 N | X0l?) = 0. (9.2.9)

i=1

For (9.2.8)), write

max O'2

n 1<i<n ne*

Since 02 — 0% < 00, ([9.2.8) would follow if it can be shown that

lim max o2; = 0.
n—o0 1<i<n

Fix ¢ > 0 and write

oni = B(XRL(1Xni| <€) + B(X31(1 Xni| > €)) < €® + B(XG1(| Xn| > ).

Hence
max 02; < 2 + Juax E(X21(| X > €))
1<i<n
<e +ZE 1(|Xi| > €)).
Invoke (9.2.1)) to argue

lim sup max a i < g2
n—oo 1<i<n

Since € is arbitrary,

lim max o2; =0,
n—00 1<i<n

which shows (9.2.8)).
Finally, for (9.2.9), fix £ > 0 and write

n
> E (X2 A Xnl) ZE (1X i 31(| Xi| <€) +ZE (1 Xn| > 2))
=1

< EZE(XEM‘) + ZE (X211 Xnil > €))
; i=1

= eo? +ZE (1 X0i| > €))
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Let n — oo and use (9.2.1)) to get
lim sup Z E (X2 A [ Xnil?) <eo”.

Since ¢ is arbitrary, (9.2.9) follows. This in conjunction with (9.2.8)) shows
(19.2.4)), which completes the proof. O

Remark 9.2.1. The above proof is transparent in that it displays the prop-
erty of normal that has been used. Indeed, (9.2.3) does use the fact that the

sum of independent normal random variables also follows normal.

The assumption is called Lindeberg’s condition. The family
{Xni:1<i<n,n=12 ...} is called a triangular array, which is why,
Theorem [9.2.1] is also known as CLT for triangular arrays. The following
special case of Theorem [9.2.1]is known as the central limit theorem for i.i.d.
random variables with finite variance.

Theorem 9.2.2. Suppose X1, Xs,... are i.i.d. zero-mean random variables
with finite variance o2. Then

n
n_l/QZXZ- = Z, n— 00,
i=1

where Z follows N(0,0?).

Proof. Define
1
Xm:—XZ,lgzgn,nZI

vn

Then

n
Y E(XZ) =0 foralln=1,2,...
i=1
and DCT implies that for € > 0,

> B (X21( X > €)) = E(X71(1X31] > v/ne)) = 0,n — oo.
=1

Theorem [9.2.1] completes the proof. O

The following corollary of Theorem [9.2.1] gives an easy way of checking
the Lindeberg condition, which is based on the inequality

E (yxy2+5> > &F (X21(|X| > ), 6,6 > 0.
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Corollary 9.2.1 (Lyapunov CLT). Suppose that for n € N, X,1,..., Xun
are independent R-valued random variables satisfying the following:

E(Xn)=0,i=1,....n,n=1,2,...,

n
: 2 2
nl;rgozlE(an) =0° <00,
iz
and for some § > 0,
n
3 246\
Jm 3B (1Xl) =0
1=

Then, as n — 00,
n
> Xni=Z,
i=1
where Z ~ N(0,0?).

9.3 The central limit theorems in R¢

The following is the generalization of Theorem to R%.

Theorem 9.3.1 (Lindeberg CLT on R%). Suppose for all fitedn = 1,2,.. .,
Xnt, .- Xnn are independent R%-valued random variables with zero mean
and covariance matrices Y1, ..., Ynn, respectively. Assume that
n
lim Yini = 5

n—o00 4
=1

for some d x d matriz %, where the above limit is taken entry by entry.
Assume furthermore that for all € > 0,

n
Tim 7B (X211 Xnil| > <)) =0,
i=1
where || - || is the Euclidean L*-norm. Then ¥ is n.n.d. and

kn
ZXm- = Z,n— o,
i=1

where Z ~ Ng(0,%).

Proof. Since X is the entrywise limit of n.n.d. matrices, it is n.n.d. Thus
there exists an R%valued Z which follows N4(0,%). Theorem which
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is the Cramér-Wold device, would complete the proof once it is shown that

for all ¢ € RY,
<g, me-> = (£,Z), n— 0. (9.3.1)
=1

Fix ¢ € R%\ {0}, which is interpreted as a column vector, and write
n n
<§72Xm'> = ZYni where Yy,; = (£, Xpi), 1 <i<n,neN.
i=1 i=1
It is immediate that Yj1,...,Y,, are independent,
E(Y,) =0 and Var(Yy;) =&Y i=1,...,n,n>1.
Thus
n
D Var(V) — £'5€.

i=1

Finally, for € > 0, the Cauchy-Schwarz inequality in R? implies for & > 0,
E (Y1([Yail > €)) < IEIPE (116 1*1 (1 X0ill > [1€17 "))

showing that the triangular array {Y,; : i = 1,...,n, n = 1,2,...} satisfies
Lindeberg’s condition. Theorem shows

n
Y Y=Y,
i=1
where Y ~ N(0,¢'X¢). Theorem shows ¥ < (¢€,Z) and hence the
above is the same as ({9.3.1)), from which the proof follows. O

The following is the generalization of Theorem [9.2.2] and follows from
Theorem [9.3.1] in the same way as the former does from Theorem [9.2.1]

Corollary 9.3.1. If X1, Xo, ... are i.i.d. R%-valued random variables with
mean zero and covariance matriz X, where entries of 3 are all finite,

n
n Py "X = 7,

i=1

where Z ~ Ng(0,X).
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10 Conditional expectation

10.1 Conditional expectation as an L? projection

Suppose (€2, A, P) is a probability space and X € L?(2) and F C Ais a
o-field. The goal of this subsection is to show that X has a “projection” on
L?(Q, F, P) and the same will be defined as the “conditional expectation of
X given F7.

Theorem 10.1.1. There exists Z € L*(Q, F, P) such that
|X = Z|la =inf{||X =Y|2: Y € L*(Q, F,P)} < 00.

Proof. Let
v=inf{||X —Y|s: Y € L*Q,F,P)}.

Taking Y = 0 in the right hand side, it is immediate that v < || X||2 < 0.
There exist Z1, Zs,... € L?(Q, F, P) such that

1Z0 — X|l2 — v.

We shall show that {Z,} is a Cauchy sequence in L?(2).
Fix € > 0. Fix N such that

2
1Zn — X2 < \/vz—i—%,nzN.

For fixed m,n > N, denote U = Z,, — X and V = Z,, — X and write

1Zm — Znlls = E (U = V)?)
=2E(U*+V?) —E[(U +V)?]

B2y

=2(1Zm = X3+ 120 — X |3 - 20%)

= 2E(U? +V?) —4E

( L + Zn,
as ——

5 € L*(, F, P)> < 2E(U? + V?) — 4o?

2 2
(choice of N) <2 (v2+z+v2+84 —21}2)

2.

In other words, ||Z,, — Zy||2 < € for all m,n > N, that is, {Z,} is Cauchy
in L?(Q, F, P).

Theorem 3.4.6implies {Z, } is a convergent sequence, that is, there exists
Z € L*(Q, F, P) such that || Z, — Z||2 — 0. Therefore

1Z ~ X2 = lim [1Z, — X]l2 = v,
n—oo

thus completing the proof. ]
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Definition. The conditional expectation of X given F, denoted by E(X|F),
is Z € L*(Q, F, P) satisfying

| X = Z|o =inf{||X = Y|]2: Y € L}*(Q, F,P)}. (10.1.1)

The following result can be thought of as the Pythagoras theorem in
L*(Q, A, P).

Theorem 10.1.2. For all Y € L? (Q, F, P),
E[(X —EX|F)Y]=0.
The above holds, in particular, with Y replaced by Z = E(X|F) and hence
IX13 = 1X = ZI5 + 12113 .
Proof. Let Z = E(X|F) and Y € L?(, F, P). Define
fla) =X = (Z+aY)|3 aeR.
The definition of Z implies
fla) = £(0).
Rewriting
fl@)=E[(x-2)- ay)ﬂ —E[(X - 2)?] —20E[(X — 2)Y]+a2E(Y?),

elementary calculus shows that

df (o)
0=—"7— = —2E - 2Z2)Y].
< (X - 2)Y]
a=0
This proves the first claim. The second claim follows by putting Y = Z and
the last one follows trivially from that. O

Theorem 10.1.3. For all Z € L*(Q), F, P), Z = E(X|F) if and only if
/XdP:/ Z dP for all A € F.
A A

Proof. The “only if” part follows from Theorem [10.1.2] by putting Y = 14
for any A € F. Conversely, suppose that

/XdP:/ZdeorallAe]:.
A A
Let Z' = E(X|F). The already proven “only if” part shows that for A € F,

/Z’dP:/XdP:/ZdP.
A A A

In other words, Z — Z' is an F-measurable integrable (L?(Q2) C L'(f))
random variable satisfying

/(Z—Z’)dP:OforallAEf.
A

Thus Z = Z' a.s. Hence Z = E(X|F), proving the “if” part. O
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10.2 Conditional expectation for L' functions

Theorem [10.1.3{ will help us define conditional expectation for L! functions,
that is, integrable random variables. As before (2,4, P) is a probability
space and F C A is a o-field. Now X € L'(Q, A, P).

Theorem 10.2.1. There exists Z € L' (2, F, P) such that
/ZdP:/XdeorallAe]:.
A A

Proof. First assume X > 0. Define X,, = X An and
Zn =E(Xp|F),n>1.

Theorem [10.1.3| shows for all A € F,

/anP:/XndPg/XanP:/Zn+1dP.
A A A A

Thus Z,+1 — Z, is F-measurable and
/(Zn+1 — Zy)dP >0 for all A€ F.
A

Hence Z,, < Z,+1 a.s. A similar argument shows Z,, > 0 a.s.
Letting Z = sup,, Z,, it thus follows that 0 < Z,, 1 Z a.s. MCT shows
that for all A € F,

/ZdP: lim ZndP = lim XndP:/XdP,
A A

showing the desired equality. For an integrable X which is not necessarily
non-negative, splitting X = X — X, the proof follows. O

Definition. For X € L'(Q, F, P), its conditional expectation is defined as
E(X|F) = Z if Z € LY(Q, F, P) and satisfies

/ZdP:/XdeorallAe]:,
A A

which exists by Theorem |10.2.1. This definition is consistent with (10.1.1))
for square-integrable X by Theorem |10.1.5

Exercise 10.2.1. Show that for integrable X1, X,
E(X1 4+ Xo|F) = E(X1|F) + E(X2|F).
Theorem 10.2.2. If X, XY are integrable and Y is F-measurable, then

E(XY|F)=YE(X|F).
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Proof. Assume X > 0 and let Z = E(XF). If Y = 1p for some F € F,
then for any A € F,

/XYdP: X dP
A ANF

(definition of Z, ANF € F) = / Z dP
ANF

:/YZdP.
A

Routine arguments via simple functions and MCT show that

/XYdP:/YZdP
A A

for all F-measurable Y > 0. Taking A = Q and using the fact that XY is
integrable, it follows that so is Y Z. In other words,

E(XY|F)=YZ = YE(X|F).

For integrable X and any F-measurable Y such that XY is integrable,
write X = X — X~ and likewise for Y. Since

0< XY+ <|XY],
from what we showed it follows that for i,j € {+, —},
E(X'Y/|F) =Y/E (X'|F) .
This completes the proof. ]

Exercise 10.2.2. If X is integrable and F is independent of o(X), show
that
E(X|F)=E(X).

Theorem 10.2.3 (Tower property). If X is integrable and F C G C A are
o-fields, then
E (E(X|G)|F) = E(X|F).

Proof. Let Y = E(X|F) and Z = E(X|G). For A € F, the definition of Y

implies
/ YdP = / XdP
A A

(A € F C G and definition of Z) = / ZdP.
A

Since this holds for all A € F and Y is F-measurable, we get
E(Z|F) =Y,

which is the claimed equality. O
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Taking F = {0, Q} in the above theorem, we get the following result.
Corollary 10.2.1. If X is integrable and G C A is a o-field, then
E(E(X|9)) = E(X).

10.3 Martingales
As before, (2, A, P) is a probability space.

Definition. If 71 C Fo C ... C A are o-fields and X1, Xa,... € LY(Q) are
such that
E(Xp+1|Fn) = Xy foralln=1,2,...,

then (Xpn, Fn)n>1 is a martingale. The collection {Fy}n>1 is a filtration.
Exercise 10.3.1. If (X,,, Fn)n>1 @5 a martingale, show that
E(Xu|Fm) = Xm for all1 <m <n, (10.3.1)

and
E(X,) =E(Xy) foralln>1. (10.3.2)

Example 10.3.1. Suppose (X,, : n=0,1,2,...) is a simple symmetric ran-
dom walk (SSRW) on 7Z starting from the origin and F,, = o(Xo,...,Xn)-
Show that (X, Fn)n>o and (X2 —n, F,) are martingales.

Definition. An N-valued random variable T is a stopping time with respect

to a filtration {Fp}tn>1 if [T =n] € Fp, for alln > 1.

The following result essentially shows that ((10.3.2)) holds if n is replaced
by a bounded stopping time.

Theorem 10.3.1 (Optional stopping theorem). If (X,,, Fp)n>1 i a martin-
gale and T is a bounded stopping time with respect to the filtration {Fy,}n>1,
then

E(X;) =E(Xy).

Proof. Since 7 is bounded, suppose 7 < n and write

= (Xn)
- E(X1)7
(110.3.2) implying the last line. This completes the proof. ]
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The above result has interesting applications in gambler’s ruin probabil-
ity.
Example 10.3.2. Suppose (X, : n = 0,1,2,...) is an SSRW on Z and
Fn=0(Xo,...,Xn). Let o, 5 € N and
T=inf{n >1: X, equals either of —a,B}. (10.3.3)

In other words, [ X, = —a] is the event that a gambler, who enters a casino
(where on each bet, the gambler either wins a rupee or loses a rupee, each
with probability 1/2, independently of all previous bets) with « rupees and
wishes to continue until they win B rupees, is ruined before achieving the
target. We wish to calculate the ruin probability, which is P(X; = —a).

For a fited n > 1, 7 An is a stopping time with respect to {Fp}tn>1
because

[TAn=il=[r=ie€F fori=1,...,n—1,

and
[TAn=n|=[r>nl=[r<n-1°€ F,_1 C Fp.

The optional stopping theorem implies
E(X:an) =0.
It is easy to see that T < 0o a.s. Indeed,

oo (nt1)(a+B)
Pir<oo)=2P (] [ [Xi-Xiq=1]
n=0i=n(a+p)+1

o [ (n+1)(a+B)

=1—P ﬂ ﬂ [Xz - X1 = 1]

n=0 \i=n(a+8)+1

o0
1= (1-27)
n=0
=1.
Thus T An =T for large n a.s. Hence
Xoan — X; a.s.
Since | Xran| < aV B, DCOT implies
E(X;) = lim E(X;r,) =0.
n—oo

Recalling that X, equals either —a or (8, it thus follows that

P(X, = —a) = . (10.3.4)




Exercise 10.3.2. For 7 as in (10.3.3)), show that
E(r) =ap.
Hint. Use (10.3.4) and the fact that (X2 —n, Fp)n>1 s a martingale.

The following is another interesting consequence of the optional stopping
theorem.

Theorem 10.3.2 (Wald’s identity). If Z1, Za, ... are i.i.d. random variables
with a finite mean p, Fp, = 0(Z1,...,2Zy) and 7 is an {Fy }n>1-stopping time
with a finite mean, then

-
E (Z Zi> = uE(7).
i=1
Proof. Let us first show the identity when Z; > 0. Setting

n
Xn:ZZi—n,u,nzl,Z...,
i=1

it is obvious that (X, F,) is a martingale. The optional stopping theorem
shows that
E(X:an) =E(X1)=0,n>1.

That is,
TAN
E (Z Z,») = uE(1 An).
i=1
Letting n — oo and using MCT, the desired identity follows when Z; > 0.

For i.i.d. Z1, Z5, ... which are not necessarily non-negative, Zl+, ZQJF, ...
are i.i.d. The proved identity for non-negative random variables shows

E (ET: Zj) =E(Z])E(r),
=1

and likewise for the negative parts. Combining the two completes the proof.
O

Exercise 10.3.3. If Z1, Z,, ... are independent non-negative random vari-
ables each having a finite mean p, F, = 0(Z1,...,2Zy,) and 7 is an {Fp tn>1-
stopping time with a finite mean, show that

E (Z Zi> = uB(7).
=1
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