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(Q1) A sequenceXn of random variables is said to converge to a number c in the mean square, if lim
n→∞

E[(Xn−c)2] = 0.
Show that convergence in the mean square implies convergence in probability. [10]

Let Xn converges to c in the mean square. Using the Markov inequality, we get

Pr(|Xn − c| ≥ ε) = Pr(|Xn − c|2 ≥ ε2) ≤
E
[
(Xn − c)2

]
ε2

.

This implies limn→∞ Pr(|Xn − c| ≥ ε) = 0, which is the desired result. J
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(Q2) Jobs are processed, one at a time. The processing times of jobs are independent random variables, uniformly
distributed in [1, 10]. Find or approximate the probability that the number of jobs processed within 200 time units
is at least 75. [10]

Let Xi be the random variable that denotes the processing time of the ith job, i ∈ N. Note that Xi ∈ [1, 10] and,
is uniformly distributed. Z = X1+...+X75−75·µ√

75σ
, where µ and σ are the mean and standard deviation of each Xi. So,

µ = 11/2 and σ ≈ 2.59.
Observe that we have to compute the following.

Pr(X1 + . . .+X75 ≤ 200)

≈ Pr (Z ≤ −9.47)

≈ Φ(−9.47) (by CLT)

J
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(Q3) X and Y are independent r.v.’s, distributed normally, as N(0, 1). Show that, for any fixed θ, the random variables
U = X cos θ + Y sin θ and V = −X sin θ + Y cos θ are independent and find their distributions. [10]

The MGF of X , i.e., MX(t) = et
2/2. Also, MY (t) = et

2/2. Using the fact that MaX+bY (t) = MX(at) ·MY (bt), the
MGF of U is

MU (t) = MX(t cos θ) ·MY (t sin θ)

= et
2 cos2 θ/2 · et2 sin2 θ/2 = et

2/2.

This implies that U follows N(0, 1).
Similarly, it can be shown that V follows N(0, 1).
Now, we have to show that U and V are independent. First, observe that U and V are obtained by rotating X and Y axis
by an angle of θ. So, X and Y can be obtained from rotating U and V line by an angle of −θ. Hence, U ≤ u, V ≤ v is
equivalent to X ≤ u cos θ − v sin θ, Y ≤ u sin θ + v cos θ.

Pr(U ≤ u, V ≤ v)

= Pr(X ≤ u cos θ − v sin θ, Y ≤ u sin θ + v cos θ)

= Pr(X ≤ u cos θ − v sin θ) · Pr(Y ≤ u sin θ + v cos θ) (∵ X and Y are independent.)

=
1√
2π

∫ u cos θ−v sin θ

−∞
e−x

2/2 ·
∫ u sin θ+v cos θ

−∞
e−y

2/2dy

=
1

2π

∫ u cos θ−v sin θ

−∞
e−x

2/2 ·
∫ u sin θ+v cos θ

−∞
e−y

2/2dy

=
1

2π

∫ u cos θ−v sin θ

−∞

∫ u sin θ+v cos θ

−∞
e−(x

2+y2)/2dxdy

=
1

2π

∫ u

−∞

∫ v

−∞
e−(u

2+v2)/2dudv (using Jacobian)

=
1√
2π

∫ u

−∞
e−u

2/2du · 1√
2π

∫ v

−∞
e−v

2/2dv

= Pr(U ≤ u) · Pr(V ≤ v) (∵ U and V follow N(0, 1))

This implies U and V are independent. J
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(Q4) (i) Prove that, in a Markov chain, if one state in a communicating class is recurrent, then all states in that class are
recurrent. (ii) Find a simple expression for P t0,0 for the two state (i.e. {0, 1}) Markov chain with the following
transition matrix P [

p 1− p
1− p p

]
[5+5=10]

The Markov chain can come back to state 0 after t steps either from state 0 (with a probability of p) or from state 1 (with
a probability of 1 − p). In the last case, the Markov chain must have reached state 1 from state 0 in t − 1 steps. So, we
can write

P t0,0 = P t−10,0 · p+ P t−10,1 · (1− p)
= P t−10,0 · p+ (1− P t−10,0 ) · (1− p) { as P t−10,0 + P t−10,0 = 1}
= (1− p) + P t−10,0 (2p− 1)

This is a linear recurrence. Solve this to get the value of P t0,0. J
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