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(Q1) Let X1, X2, . . . be a sequence of independent random variables that are uniformly distributed
in [0, 1], and let Yn = min{X1, . . . , Xn}. Show that Yn converges to 0, with probability 1.

(Q2) Consider a sequence Xn of non-negative random variables and suppose that

E

[ ∞∑
n=1

Xn

]
< ∞.

Show that Xn converges to 0, with probability 1, i.e. almost surely.

(Q3) A machine processes parts, one at a time. The processing times of different parts are indepen-
dent random variables, uniformly distributed on [1, 5]. Compute an approximate probability
that the number of parts processed within 320 time units is at least 100.

(Q4) (a) Can you generate a 2 SAT formula with three clauses that is not satisfiable?

(b) Let F be a 2 SAT formula with m clauses and n variables. Prove that there exists an
assignment to the variables such that at least 3m

4 clauses will satisfy?

(c) Try to generalize the above for d-SAT.

(Q5) A directed graphG(V,E) is a tournament if exactly one out of (x, y) and (y, x) is in E. Prove
that there exists a tournament on G having n!

2n−1 hamiltonian paths.

(Q6) Let m balls are put into n bins such that the bin for each ball is chosen independently and
uniformly at random. Let Ni, i ∈ [n], be the number of balls in the ith bin. Prove that

(a) Pr(
∣∣Ni − m

n

∣∣ ≥√ 3m
n lnn) ≤ 2

n .

(b) Pr(|Ni −Nj | ≥ 2
√

3m
n lnn) ≤ 4

n .

(Q7) Let there are n persons P1, . . . , Pn and n seats S1, . . . , Sn such that the seat Si is assigned to
Pi. P ′

is come in the increasing order of their indices to occupy seats in the following manner.
P1 occupy one of n seats uniformly at random. Other persons occupy the assigned seat if it is
available; otherwise they occupy one of the available seats uniformly at random. Compute the
probability that Pn occupies Sn.

(Q8) Let S ⊆ {1, . . . , n} be such that |S| ≤ k ≤ n;R1, . . . , Rα2k be random subsets of {1, . . . , n}.
Prove that Pr(S ⊆ Ri) ≥ 1

2k
and Pr(∃ i ∈ [α2k] : S ⊆ Ri) ≥ 1− 1

eα .

(Q9) Let X follows Bin(n, p). Then what is the most probable value X can take. Justify your
answer.

(Q10) Let X0, X1, . . . be a sequence for random variables evolving according to the following rule:
X0 = 0, and for all i ≥ 0

P (Xi+1 = Xi + 1) =
1

2Xi
, and P (Xi+1 = Xi) = 1− 1

2Xi
.

Prove that E
[
2Xn

]
= n+ 1. (Hint: You may use induction and conditional expectation.)
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